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We present some new sharpened versions of Aczél-type inequality. Moreover, as applications, some refinements of integral type of

Aczél-type inequality are given.

1. Introduction

Let n be a positive integer, and leta;, b; (i = 1,2,...,n) be real
numbers such thata — Y7, a’ > 0or b} — Y1, b} > 0. Then,
the famous Aczél inequality [1] can be stated as follows:

n n n 2
(af - Zaiz) (blz - be) < ((/zlb1 - Za,-b,-) Y
in iz iz

Aczél's inequality plays a very important role in the
theory of functional equations in non-Euclidean geometry.
Due to the importance of Aczél’s inequality (1), it has
received considerable attention by many authors and has
motivated a large number of research papers giving it various
generalizations, improvements, and applications (see [2-21]
and the references therein).

In 1959, Popoviciu [10] first obtained an exponential
extension of the Aczél inequality as follows.

Theorem B. Let p > g > 1, (1/p) + (1/q) = 1, and let a;,
b, (i = 1,2,...,n) be positive numbers such thatal =Y, al >
0and bl - Y, bl > 0. Then

" 1/p n 1/q n
(a0-30) (s1-33r) <ut-Fom @
i=2 i=2

i=2

Later, in 1982, Vasi¢ and Pelari¢ [16] established the
following reversed version of inequality (2).

Theorem C. Letq < 0, p > 0, (1/p) + (1/q) = 1, and let a;,

b, (i = 1,2,...,n) be positive numbers such thatal =Y, al >

0and bl - Y, b > 0. Then

n 1/p n 1/q n
<af - Zaf) <bf - Zbiq> >ab - Za,-b,-. 3)
i i=2

i=2

In another paper, Vasi¢ and Pecari¢ [15] generalized
inequality (2) in the following form.

Theorem D. Let a,; > 0, B; > 0, af]’f -y, afjf >0,r =

L2,...,nj=12,....m, andletZ;-il(l/ﬁj) > 1. Then

m 8, n 8 l/ﬁj m n m
[(af-3d))  <Tlay-2Tor @

j=1 r=2j=1

In 2012, Tian [13] presented the reversed version of
inequality (4) as follows.

Theorem E. Let ar]b > 0, 3 #ﬁO, B <0( =23,...,m),
z;.":l(l/ﬁj) < 1oap; - al >0r=12...

r=2 % o j o=
1,2,...,m. Then
m 8 n 8 l/ﬁj m n m
((-34) = Tla-2Tor ©
j=1 r=2 j=1 r=2j=1

Moreover, in [13] Tian established an integral type of
inequality (5).
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Theorem F. Let f; > 0, f; < 0(j = 2,3,...,m),

Z;":l(l/ﬂj) =1 lett; >0 (j=12...,m),andlet f(x) (j =
1,2,...,m) be positive Riemann integrable functions on [a, b]

such that ¢/ — [7 {7 (x)dx > 0. Then

I I( - J 7 ) dx>1/ﬁj SI Jb [1f;@dx. ©
= j J *
j=1 a j=1

j=1

Remark 1. In fact, the integral form of inequality (4) is also
valid; that is, one has the following.

Theorem G. Let B; > 0 (j = 1,2,...,m), Z;":I(l/ﬁj) =1,
lett- >0(=12,...,m), andletf]-(x) (j=12,...,m)be
positive Riemann integrable functions on [a, b] such that tﬁ S -

[ f¥i(x)dx > 0. Then

/3] ) 5, 1/B; m ) b m
I(# J fwax) <[]y T150dx
U e

j=1
The main purpose of this work is to give new refinements
of inequalities (4) and (5). As applications, new refinements
of inequalities (6) and (7) are also given.

2. Refinements of Aczél-Type Inequality

In order to present our main results, we need some lemmas
as follows.

Lemma 2 (see [6]). Leta;, x; (i = 1,2,...,n) be real numbers
such thata; > 0 and x; > =1 If Y a; < 1, then

ﬁ1+x <1+Za1xl (8)
i=1

Ifeithera; > 1 (i =1,2,...,n)ora; <0 (i = 1,2,...,n) and
if all x; are positive or negative with x; > —1, then the reverse
inequality of (8) holds.

Lemma 3 (see [15]). Let a;j
1,2,...,m).

(@) IfA; 2 0and if 72, A; > 1, then

S-fi(sa) o

> 00 = 1,2,...,m,j =

n m m )‘J'
ZHai’}f > H(Z%) . (10)

(©IfA, >0, Aj
then

<0(j=23,...,m), andzgilkj <1,

n m m n )‘J'
ZHa31 > H(Z“"J) . (1)
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Lemma 4 (see [18]). Let0 < x < 1, & > 0. Then

X

(1-x)Y*<1- (12)

max {a, 1}

Lemma 5. Let0 < 3, < 3, < ---

m>21let0 < x; <1( =
m/2 if m even
{(m—l)/z if modd *
Then

< B SR = 1
.,m), and let &(m) =

ﬁ( )Uﬁ] ﬁxi

j=1
&(m) ()
m
i & [ )
E(m) j=1 max {ﬁZj’ 1} ] J
Proof. From the assumptions we have that
! > ! > 2 ! > ! >0
Bi B B Bu
(14)
1 1 .
— >0 (j=12,...,m-1).
/3j ﬁj+1

Case (I) (let mbe even). Inview of (1/3,-1/f3,)+1/f,+1/f,+
(/B =1/B) +1/Bs+1/Bs+--+ (1B = 1/B) + 1/B +
1/B,, = 1/B, + 1/, + -+ + 1/B,, = 1 by using inequality (9),
we get

ﬁ[l - (5 -2) ]“ﬁzj
m/2 , ﬁ
:H{[( x2]2]11>+x2121]
=
x [(1 —xf;’) N xf;, 11] 1By,
P ——
= [(1 - xfl) + xlel/ﬁz[(l _ xgz) + xf‘]l/ﬁz

% [(1 _ xﬁl) " xfl]l/ﬁl_l/ﬁz

1
P ) +

X [(1 - xf3) +

[(1_ ﬁa) xé%]l/ﬁfl/ﬁ‘z

1/By;

Ok

(1 ) oo [0 ) )

m m
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o)
)=

)™ ()™
=1

o ( Bsj- 1)1/132]1 1/521]

2] 1
m/2 ﬁ 1/:8)' m
=H(1—xj’) +ij.
j=1 j=1

(15)

On the other hand, applying Lemma4 and the
arithmetic-geometric means inequality we obtain

18y
TT[1- (-] ™

e By _ o ]
2 By oo
{;Z[ el O )

_ l—gﬂf 1 (xﬁ%j_ /;2]1)
m iz max{ﬁzj,l} 2 "2

j=1

- }m/Z (16)
_ }7?1/2

Applying Lemma 4 again, we get

5 m)2 ) m/2
_ 4 Baj ﬁz, 1
{1 i [max{ﬁzrl}(xZJ ) ”

(17)
2 ’"Z/ ? 1 By o)
<1 mj:1 [maX {ﬁZj’ 1} <x2] xzj—1> '

Combining (15), (16), and (17) yields immediately
inequality (13).

Case (II) (let m be odd). In view of (1/f; —
1B+ (1/Bs=1/By) +1/By+1/By +

1/B,) + 1/, +
"+(1/Bm—2_1//3m—1)+

Bp + 1By +1/B, =1/p +1/B, +

using inequality (9), we have

--+1/B, = 1,by

] { =) o)™

(1))

[ R }

X [(1 —xfn'”) +xfn’”]1/l3m
m 12 By 1By
A [0 0

j=1
(1 f;l 11)1/,32) 1—1/ﬁ2]:| } (1 B xfn'“)l/ﬁm

o ( é;j]ll)l/ﬁzj 1—1/ﬁz]:| } (xfn )1//3m

(18)

On the other hand, applying Lemma 4 and the arithmetic-
geometric means inequality we obtain



<{ = R —
m-1 5 max {6, 1}

(m=1)/2
ﬁZ ﬁZ 1
(-] |

[max{/szj, 1}

(m=1)/2
x (x37 - x571) } } .

(19)

St

Applying Lemma 4 again, we have

5 (m-1)/2 . ; ; ) (m-1)/2
__c I (W Wl
{1 m-—1 ]; [max{ﬁzj,l}(xzf xZJ-l) ]}

1 (m-1)/2 1 (xﬁz, xﬁz; 1)
B m—1 i max {ﬁzj) 1} 2 2
(20)

Hence, combining (18), (19), and (20) yields immediately
inequality (13). ]

Similar to the proof of Lemma5 but using Lemma 2
in place of Lemma 4, we immediately obtain the following
result.

Lemma6. Let f; > 0,0> By > B3>+ B, 7L, (1/B)) <

>2let0<x; <1 x;>1( =23,...,m), and let
m/2 if m even
E(l’l’l) { (m-1)/2 if m odd *
Then
ﬁZ] ﬁZ]l
m . om Em)( x,7 — x
B\ /P ( 2j 2j- 1) 21
H(l—xj’) +ij Z /3 (21)
j=1 j=1 j=1

Using the same methods as in Lemma 6, we get the
following Lemma.

Lemma?7. Let0> B > B, >---2f,,m>21letx;>1(j=
if m even

1,2,...,m), and let E(m) = {(':1/_21)/2 if m odd -

Then

m om & Poi _ (Pa ’

H(l _ xfj)l/ﬁj N l_[xj >1-— (Zm:)(xz]/)’#_l) (22)
2j

j=1 j=1 j=1
Now, we present some new refinements of inequalities (4)
and (5).

Theorem 8. Leta,; > 0,r = 1,2,...,n, j=1,2,....mym >
2,n > 21let0 < B, < B, < < B X (U/B) = 1,

Bj n B; m/2 if m even
aj = Y0, > 0, and let §(m) = {(m—l)/Z if m odd *
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(23)

X

= | max {1}
ey P 2
L 1’(2]) r(2j-1)
x Z /32] ﬁz; 1

N4 e

Proof. From the assumptions we find that

(af) - 3r,a) ™

J r=2"rj .

0< N <1 (j=12,....m). (24)
()

Thus, by using Lemma 5 with a substitution x

S, alh) )P (i =1,2,.

n B 1/B; n Bj 1/B;
ﬁ Zr:Z arj] " ﬁ Zr 2 ar]J
=1 afjfﬁ j=1 al ]

Em) =1 | max {ﬁzj, 1}

i ((“ff‘

..,m) in (13), we obtain

n P
Zr 2 r(;])

X 1- /3
2j
%))
n B 2
-l 1= 212 ar(;j_l)
ﬁz;‘—l
1(2j-1)
L 1 ?.(ZM) 1
& (m) .1 | max {ﬁzj,l}
gy P 2
n r(2]) 7(2] 1)
x| 2 By B :

AN TCY) I TE

(25)
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which implies

(26)
&(m) 1

« v
= | max{p,; 1}

Baj Paj 2
" i ar(Zj)_ar(Zj—l)
= aﬁz;‘ a:BZj—l
1(2f) 1(2j-1)

On the other hand, we get from Lemma 3 that

m n 1/B; n m
(1(34) = 5le @
r=2

j=1 r=2j=1

Combining (26) and (27) yields immediately the desired
inequality (23). O

Theorem 9. Leta,; > 0,0 > B > B, > -+ 2 B, af; -

Z:,=2a5j > 0, r = 1,2,...,7’1) ] = 1;2)-'-)m) letm 2 2’” 2 2’
[ m/2 if m even
and let E(m) = {(m_n/z if m odd *
Then
R - T
(- 2) = [lo- Sl
=1 r=2 j=1 r=2j=1
— A9y ...,0
11912 1m (28)
Baj Baj 2
55 (o
S 1B 5\ P
1(2j) 1(2j-1)

Inequality (28) is also valid for 3, > 0,0 > 3, = 5= --- = f5,,,
Yin (/B <1

Proof. The proof of Theorem 9 is similar to the one of
Theorem 8, and we omit it. O

3. Applications

In this section, we show two applications of the inequalities
newly obtained in Section 2.

Firstly, we present a new refinement of inequality (6) by
using Theorem 9.

Theorem 10. Let t; > 0 (j = 1,2,...,m), B; > 0,0 >

Bo 2 By = o 2 B XL (UFY = L et fi(x) (G o=
1,2,...,m) be positive integrable functions defined on |a, b]

. Bj b B m/2  if m even
with 7;; ~ [ 7 x)dx > 0, and let Em) = { "5, mod
en

m b 1/B;
H(tfj - J ff] (x) dx)

= e (29)
— ity oty
E(m) b fﬁzj (X) ﬁzj—1 (X) 2
X Z € J 2 _ 2! dx | .
=R i

Proof. For any positive integer #n, we choose an equidistant
partition of [a, b] as

a<a+ < <a+—k
n
-a
<---<a+ (n-1)<b, (30)
n
b- )
x;=a+ i, 1=0,1,...,n,
n
-a
Axy = , k=1,2,...,n (31)
n

) Since tfj - j: ffj(x)dx >0 (j =12,...,m), it follows
that

Bi 1 xC B k(b-a)\b-a
t; - hme{fj <a+ > >0

Therefore, there exists a positive integer N such that

tl.;"—ifﬁj <a+M)b_—a >0, (33)

n n

foralln >Nandj=1,2,...,m.



Moreover, for any n > N, it follows from Theorem 9 that

1B,
- Bj C ﬁj k(b_) b- !
H[fj -2 (“*TQ)TQ]

=1 k=1
m ﬁj n m k(b_a)
ZHt]. —Z(l_[fj<a+T
j=1 k=1 \ j=1
b_a>1//31+1//32+"'+1/ﬁm &(m) 1
X —tityesty Y o
( n 12 ;ﬂzj
z B k(b—a)) b-
X — £ <a+ —_—
[]; tf;j 2j n n
2
1 fﬁZJI k(b—a) b-
P 2j-1 n n
2j-1
(34)
Noting that
YL, (35)
B
we get
1/B;
B e B k(b-a)\b-a
IEEYAC n
j=1 k=1
"B, n k(b -a) b-a
2[00 -2 (115 (o
=1 k=1 \ j=1 h h
E(Zm:) 1
tityso sty Y —
1%2 = ﬁzj
L 1 /32j< k@ a))
X — 7 a+
Z:l tf;j 2j n
2
J k(b—a) b-a
/32] 1f2] 1 n n
2] 1
(36)
In view of the assumption that fj(x) (j = 1,2,...,m) are

positive Riemann integrable functions on [a, b], we find that
H;.ZI fi(x) and f])” (x) are also integrable on [a,b]. Letting
n — oo on both sides of inequality (36), we get the desired
inequality (29). O]

Next, we give a new refinement of inequality (7) by using
Theorem 8.

Theorem 11. Lett; > 0 (j = 1,2,...,m), 0 < fB; < f3, <
< B YL/B) = Lim = 2, and let fi(x) (j
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1,2,...,m) be positive integrable functions defined on [a, b]

. B; b B m/2 if m even
wzthj;jj - _[a fj](x)dx > 0, and let &(m) = {(m—l)/Z {}m id -
en

ml e (v g VB m bm
(1(- [ P wax) " <TTy- [ TTHwas
j=1 a j=1 a j=1

tity.. .5t
§(m)
§m |y
X —
j=1 ﬁZj
Baj Paj
J'b frj’ ) fz; p (%)
ﬁZ‘ ﬁZ 1
¢ ty 2111
(37)
Proof. The proof of Theorem1l is similar to the one of
Theorem 10, and we omit it. OJ
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