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We study the Schrodinger equation: —Au + V (x)u + f (x,u) =0, u € H Y(RY), where V is 1-periodic and f is 1-periodic in the
x-variables; 0 is in a gap of the spectrum of the operator —A + V. We prove that, under some new assumptions for f, this equation
has a nontrivial solution. Our assumptions for the nonlinearity f are very weak and greatly different from the known assumptions
in the literature.

1. Introduction and Statement of Results (f,) The limit lim,_,, f(x,£)/t = 0 holds uniformly
) ) ) o for x € RYN. And there exists D > 0 such that

In this paper, we consider the following Schrédinger equa-

. . 8 t

tion: inf L0 5y V., (5)

xeRNJt>D RN

“Au+V(x)u+ f(x,u)=0, MEHI(IRN), 1)
where V, (x) = max{+V(x), 0}, Vx € RYN.

where N > 1. For V and f, we assume the following. N _
(f5) For any (x,t) € R™ xR, F(x,t) > 0, where
V)V € C(RY) is I-periodic in Xx; forj=1,...,N,0

. . t
is in a spectral gap (—p_, ¢;) of ~A+V,and —p_, and Fxt) = ltf (x,t) - F(x,1), F(x,t) = J' f (x,5)ds.
Y, lie in the essential spectrum of —A + V. 2 0

Denote (6)
po = min {1, ). ) (f4) There exist 0 <NK <D .and v € (0, uy) such that,
for every (x,t) € R™ x R with [t] < x,
(f) f € C(RNxR) s l-periodicinx;forj=1,...,N. |f (x, t)| <t 7)
And there exist constants C > 0 and 2 < p < 2" such
that and, for every (x,t) € RN x R with« < |¢| < D,
Ifepl<C(1+1"), Yt eRYXR, (3) F(x,t) > 0. (8)
where Remark 1. By the definitions of F and F, it is easy to verify
N that, for all (x,¢) € RY x (R \ {0}),
. | =—=——, N>3 _
27:=1(N-2) (4) 0 (F(x,t)\ _2F(x,t) 9)
o N=12 a( =)
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Together with f(x,t) = o(t) as [t| — 0 and (f;), this implies
that

F(x,t)20 V(xt)eRYxR. (10)

Remark 2. There are many functions satisfying (f;)-(f,). We
give several examples here.

1+maxRN

Example]l. D =1+p,/2+e Vooko= 1 g2, 7 = 1y/2,

and

0, It <1,

11
tin|t], [t > 1. (a

f(x,t)={

Example2. D =3+ py/2+2maxpnV_,k = 3/2,v = p4y/2, and

0, [t <1,
flx,t)=1D@Et-1), t>1, (12)
D({t+1), t<-1.

I+max,_ N V_

Example 3. D = py/2 + e R
flx,t) =tIn(1 + [t]).

, K = v = Hy/2, and

A solution u of (1) is called nontrivial if u # 0. Our main
results are as follows.

Theorem 3. Suppose (v) and (f,)-(£f,) are satisfied. Then (1)
has a nontrivial solution.

Note that

(fz') the limits lim, _,, f(x, £)/t = 0 and limy _, o, (f (x,
t)/t) = +00 hold uniformly for x € RYN.

Implying (f,), we have the following corollary.

Corollary 4. Suppose (v), (f;), (f;), (f5), and (f,) are satisfied.
Then (1) has a nontrivial solution.

It is easy to verify that the condition

(fi) F(x,t) > 0, for every (x,t) € RN x R.

And the assumption that f(x,t)/t — Oast — 0
uniformly for x € RY imply (f;) and (f,). Therefore,
we have the following corollary.

Corollary 5. Suppose (v), (f,), (f,), and (f;) are satisfied. Then
(1) has a nontrivial solution.

Semilinear Schrodinger equations with periodic coeffi-
cients have attracted much attention in recent years due to
its numerous applications. One can see [1-24] and the ref-
erences therein. In [2], the authors used the dual variational
method to obtain a nontrivial solution of (1) with f(x,t) =
+W (x)|¢t|P7%t, where W is an asymptotically periodic func-
tion. In [20], Troestler and Willem firstly obtained nontrivial
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solutions for (1) with f being a C' function satisfying the
Ambrosetti-Rabinowitz condition:

(AR) there exists &« > 2 such that, for every u#0, 0 <
aG(x,u) < g(x,u)u, where g(x,u) = —f(x,u), G(x,
u) = —F(x,u), and

‘—af é’;’”) < C(julP? + 1ul?) (13)

with 2 < p < g < 2%. Then, in [9], Kryszewski and
Szulkin developed some infinite-dimensional link-
ing theorems. Using these theorems, they improved
Troestler and Willem’s results and obtained nontrivial
solutions for (1) with f only satisfying (f;) and the
(AR) condition. These generalized linking theorems
were also used by Li and Szulkin to obtain nontrivial
solution for (1) under some asymptotically linear
assumptions for f (see [11]). In [13] (see also [14]),
existence of nontrivial solutions for (1) under (f;)
and the (AR) condition was also obtained by Pankov
and Pfliiger through approximating (1) by a sequence
of equations defined in bounded domains. In the
celebrated paper [17], Schechter and Zou combined
a generalized linking theorem with the monotonic-
ity methods of Jeanjean (see [8]). They obtained a
nontrivial solution of (1) when f exhibits the critical
growth. A similar approach was applied by Szulkin
and Zou to obtain homoclinic orbits of asymptotically
linear Hamiltonian systems (see [19]). Moreover, in
[5] (see also [6]), Ding and Lee obtained nontriv-
ial solutions for (1) under some new superlinear
assumptions on f different from the classical (AR)
conditions.

Our assumptions on f are very weak and greatly dif-
ferent from the assumptions mentioned above. In fact, our
assumptions (f;)-(f,) do not involve the properties of f at
infinity. It may be asymptotically linear growth at infinity,
that is, lim supy oo f(x,1)/t) < +00, or superlinear growth
at infinity as well, that is, liminf}, _, ,(f(x,t)/t) = +oo.
Moreover, the assumptions (f;)-(f,) allow f(x,t) = Oina
neighborhood of t = 0 (see Remark 2).

In this paper, we use the generalized linking theorem
for a class of parameter-dependent functionals (see [17,
Theorem 2.1] or Proposition 8 in the present paper) to obtain
a sequence of approximate solutions for (1). Then, we prove
that these approximate solutions are bounded in L®(RM)
and H'(RM) (see Lemmas 13 and 14). Finally, using the
concentration-compactness principle, we obtain a nontrivial
solution of (1).

Notation. B,(a) denotes the open ball of radius r and center
a. For a Banach space E, we denote the dual space of E by
E' and denote strong and weak convergence in E by — and
—, respectively. For ¢ € C'(E;R), we denote the Fréchet
derivative of ¢ at u by ¢'(u). The Gateaux derivative of ¢
is denoted by ((p'(u),v), Vu,v € E. LP(RY) denotes the
standard L? space (1 < p < o00), and HY(RY) denotes
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the standard Sobolev space with norm [Ju];x = (JRN(IVuI2 +

12)dx)"?. We use O(h), o(h) to mean |O(h)| < Clhl,
o(h)/|h| — 0.

2. Existence of Approximate Solutions for (1)

Under the assumptions (v), (f;), and (f,), the functional

O (u) = ! J |Vul*dx + 1 J V (x) u’dx
2 JrN 2 JrN
(14)
+ J F(x,u)dx
RN

is of class C! on X := H'(RY), and the critical points of @ are
weak solutions of (1).

There is a standard variational setting for the quadratic
form jRN(IVuI2 + V(x)u?)dx. For the reader’s convenience,
we state it here. One can consult [5] or [6] for more details.

Assume that (v) holds, and let S = -A + V be
the self-adjoint operator acting on L*(R™) with domain
D(S) = H*(RM). By virtue of (v), we have the orthogonal
decomposition

L=0*(RY)=L"+L" (15)

such that S is negative (resp., positive) in L™ (resp., in L"). As
in [5, Section 2] (see also [6, Chapter 6.2]), let X = D(ISII/Z)
be equipped with the inner product

(u,v) = (1S"%u, 181"2v) (16)

12

and norm |u| = |||S|1/2u||Lz, where (-,-);2 denotes the inner

product of L%, From (v),
X =H'(R") (17)

with equivalent norms. Therefore, X continuously embeds in
LYR") forall 2 < g < 2N/(N - 2) if N > 3 and for all g > 2
if N = 1,2. In addition, we have the decomposition

X=X"+X, (18)

where X* = X n L* is orthogonal with respect to both
(-,+)r2 and (-, -). Therefore, for every u € X, there is a unique
decomposition

u=u" +u, uteX* (19)
with (u*,u”) = 0 and

J- |Vul*dx + J V (x) u’dx = ||u+||2 - ||u7||2, ueX.
RN RN

(20)

Moreover,
palle e < s e x, ()
il < 'y Ve x. (22)

The functional @ defined by (14) can be rewritten as

0w =5 (WP -l ) rvew, @

where
v(u) = J F (x,u) dx. (24)
RN

The above variational setting for the functional (14) is
standard. One can consult [5] or [6] for more details.

Let {e;f} be the total orthonormal sequence in X*. Let P :
X — X ,Q: X — X" be the orthogonal projections. We
define

|||u|||=max{||Pu||,sz—1H|(Qu,e;)|} (25)
k=1

on X. The topology generated by ||| - ||| is denoted by 7, and
all topological notation related to it will include this symbol.

Lemma 6. Suppose that (v) holds. Then

(a) maxpnV_ > p_,, where y_, is defined in (v);

(b) for any C > p_,, there exists uy, € X~ with |luyll = 1
such that Cllugll,> > 1.

Proof. (a) We apply an indirect argument, and assume by
contradiction that

max V_ < py. (26)

From assumption (v), —g_, is in the essential spectrum of the
operator (with domain D(L) = H 2(RM)):

L=-A+V:L*(RY) — L*(RY). (27)
Then, by Weyl’s criterion (see, e.g., [25, Theorem VILI2] or
[26, Theorem 7.2]), there exists a sequence {u,} C H*(RM)
with the properties that [u,ll,> = 1, Vnand || - Au, + Vu,+
portiyllz — 0.

Since p_; > maxpyV_, we deduce that =V_(x) + y_; > 0
for all x € R". Together with the facts that V" is a continuous
periodic function and V =V, — V_, this implies

inf (V(x)+p_;)>0. (28)

xeRN
It follows that there exists a constant C' > 0 such that
j VUl (Vo) + ) u?)dx = Cul, Ve X
’ (29)
Note that
JRN (Au, + V (x) u, + p_qu,) u,dx

(30)
= J (|Vun|2 +(V(x)+u_,) ufl) dx.
RN
Together with (29) and the fact that | — Au, + Vu,+

pitiyll: — 0and |lu,l,. = 1, this implies [lu,| — 0. It
contradicts [|u,[|;» = 1, V. Therefore, maxpn V_ > p_;.



(b) It suffices to prove that
poy=C_=inf{Jul® lueX ,Julp=1}. (31

From (21), we deduce that y_; < C_. From assumption (v),
—p_; is in the essential spectrum of L. By Weyl’s criterion,
there exists {u,} c H*(RY) such that flu,l;- = 1 and
| = Au, + Vu, + pu_ju,ll,» — 0. Multiplying —Au, + Vu, +
u_ u, by u! and then integrating it into R", by (20) and (22),
we get that

(p + i) a2

< J (|Vu2|2 +V (x) (u;)2 + %1(’/‘;)2) dx (32)

RN

= J (=Au, + V (x)u, + p_qu,) u; dx — 0.
RN

It follows that [l ||, — 1. Multiplying -Au, + Vu, + u_,u,
by u;, and then integrating it into R, we get that

) )2
o % 7Y O

[ (7l V@ ) ) e

RN
= J-RN (-Au, + Vu, + p_yu,) u, dx — 0.

It implies that p_; > C_. This together with y_; < C_ implies
p_,=C_. O

LetR > r > 0and

A:= inf flx t).

34
xeRNjt|l=D T (34)

From assumption (5), we have A > maxpnV_. Together with
the result (a) of Lemma 6, this implies that (1/2)(A + p_;) >

p_;. Choose
Aty
ye (l‘l»%)- (35)

Then by the result (b) of Lemma 6, there exists u, € X~ with
lugll = 1 such that

Yluol|2 > 1. (36)
Set
N={ueX ||ul|l=r},
(37)
M={ueX ®R"y, | |ul <R}.
Then, M is a submanifold of X* & R, with boundary
OM = {ue X ||ul <R}

Ufu +tug lu” € X,t>0, |lu” +tuyl| = R}.
(38)
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Definition 7. Let ¢ € CH{X;R). A sequence {u,} ¢ X is called
a Palais-Smale sequence at level ¢ ((PS),-sequence for short)
for ¢, if p(u,) — cand ||¢’(”n)||x’ — Qasn — oo.

The following proposition is proved in [17] (see [17,
Theorem 2.1]).

Proposition 8. Let 0 < K < 1. The family of C'-functional
{H,} has the form

Hy(w)=AMw)-Jw), ueX, Ae[K,1]. (39)
Assume

(@) J(u) =0, Vu € X;

() I +J(u) — +ooas ull — +oo;

(c) forall A € [K, 1], Hy is T-sequentially upper semicon-
tinuous; that is, if |||u,, — ul|l| — 0, then

lim sup H, (u,,) < H, (u), (40)

n— o0

and Hy is weakly sequentially continuous. Moreover,
H), maps bounded sets to bounded sets;

(d) there existuy € X~ \ {0} with |ug|| = 1and R >r >0
such that, for all A € [K, 1],

inf H, > sup H,.
N oM (4D)
Then there exists E C [K, 1] such that the Lebesgue measure

of [K,1] \ E is zero and, for every A € E, there exist ¢, and a
bounded (PS)., -sequence for H), where c, satisfies

SzltlpHA ¢ 2 irl\llfHA. (42)

ForO< K <1landA € [K,1],let

W, () = % JRN V() uldx

- (% JRN (|V14|2 +V, (x) uz)dx + w(u)) , ueX.
(43)

Then

Y, =-® (44)

and it is easy to verify that a critical point u of ¥, is a weak
solution of

“Au+Vy(x)u+ f(x,u)=0, uelX (45)
where
V,=V, - V.. (46)

Lemma 9. Suppose that (v) and (f;)-(f;) hold. Then, there
exist 0 < K, < 1land E ¢ [K,,1] such that the Lebesgue
measure of [K,, 1]\ E is zero and, for every A € E, there exist
¢ and a bounded (PS), -sequence for ¥y, where ¢, satisfies

+00 > supc, > inf¢, > 0.
/\Eg A A€E A (47)
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Proof. Foru € X, let

I(u)= % JRN V_ (x) u’dx,
X (48)
J(u) = 3 JRN (IVul® + V, (x) ) dx + y (u).

Then, I and J satisfy assumptions (a) and (b) in Proposition 8,
and, by (43), ¥, (1) = AI(u) — J(u).
From (43) and (20), foranyu € X and A € [K, 1], we have

Y (u) = )%1 JRN V_ (x) u’dx

_ (% ,[RN (|Vu|2 +V (x) uz)dx + JRN F (x,u) dx)

_1 _2_1 )
= - ]

1-1
2

J V_(x) uldx - J F (x,u) dx.
RN RN
(49)

Letu, € X and {u,} ¢ X be such that |||u, —u.||| — 0.1t
follows that u,, — wu,,u, — ul,and u, — u,. In addition,
up to a subsequence, we can assume thatu, — u, a.e.in RY.
Then, we have

[y (50)
lim inf J V_(x) uidx
n— oo RN
> J V_(x)u>dx (by Fatouwslemma), (51)
RN

o 2 2
lim influ | > [u "

By Remark 1, F(x,t) > 0 for all x and ¢. This together with
Fatou’s lemma implies

lim ian F(x,u,)dx > J F(x,u,)dx.  (52)
RN RN

n—oo
Then, by (49), we obtain
lim sup¥) (u,) < ¥ (14.) (53)

This implies that ) is 7-sequentially upper semicontinuous.
Ifu, — u, in X, then, for any fixed ¢ € X,asn — oo,

<_\P/{ (un) > (P>

= J (Vu, Vo + V u,) dx + J f (x,u,) pdx
RN RN
(54)

— J (Vu, Vo + Vyu,p)dx + J f(xu,)edx
RN RN

= (¥} (), 9).

This implies that ¥} is weakly sequentially continuous. More-
over, it is easy to see that ¥, maps bounded sets to bounded
sets. Therefore, ¥, satisfies assumption (c) in Proposition 8.

Finally, we will verify assumption (d) in Proposition 8 for
.

From assumption (f;) and f(x,t)/t — Oast — 0
uniformly for x € R", we deduce that, for any ¢ > 0, there
exists C, > 0 such that

F(x,t) <et’ +Clt|", V(xt) e RN xR,  (55)

From (49) and (55), we have, foru € N,

= Sl - S8 | V(s
: (56)

—eJ uzdx—CGJ |u|? dx.
RN RN
Then by the Sobolev inequality [[ul| ;» @~y < Cllul and flufl> <

Cllull (by (21) and (22)), we deduce that there exists a constant
C > 0 such that

¥y () = Sl - C (1= ) max V_ (x) Jul

N | =

(57)
— €eCllul® - CC_Jlul’.

Choose 0 < K, < 1 and € > 0 such that C(1 — K,)
maxpnV_(x) < 1/4and C, = 1/8. Then, forevery A € [K,, 1],
we have

1
¥ () > gnuuz - CC,Jlull?. (58)

Let 7 > 0 be such that ¥ 2CC, = 1/16 and 8 = r*/16. Then,
from (58), we deduce that, for N = {u € X" | ||u = r},

iIIbf‘I’,\ >B, Viel[K,1]. (59)

We will prove that supK*SASI‘I’A(u) — —ooas |y - oo
and u € X" @ R"u,. Arguing indirectly, assume that, for
some sequences A, € [K,,1] and u, € X" & R*u, with
lu, | — +oo, thereis & > 0 such that ¥ (u,) > - forall
n. Then, setting w,, = u, /||u,|l, we have ||w,7|| =1,and,uptoa
subsequence,w, — w,w, — w € X andw, — w' € X"

First, we consider the case w # 0. Dividing both sides of
(49) by ||un||2, we get that

_ A \PA,, (un)
lwal® Nl

B l 2 _l 12

= - L
_ F(x,

LA J V_ () widx — J (x uz") dx.
2 ey Y|
60)

From (5) and the result (a) of Lemma 6, we deduce that

F (x, A 1 1
lim inth) >—>-maxV_ > -y, (61)
tl—>o0 2 2 2 RN 2



where A is defined by (34). Note that, for x € {x € RY |
w # 0}, we have |u,(x)] — +00. This implies that, when # is
large enough,

F(x,u A+pu_
J #widx > SFH J wfldx
{xeRNlw#0} U, 4 {xeRN|w #0}
(62)
By (10), we have, when n is large enough,
F(x,u F(x,u
J ( zn)dx: J ( > ?l)wfldx
RY RY U
(63)
F(x,u
> J #widx.
{xeRN|w # 0} u,

Combining the above two inequalities yields

.. 1, -2 1 2
i Mol - s

_A J V_ (x) widx —j Flou,) u")dx>
RN

2 )’
.. 1, -2 1 2
< timinf (5w I - 5 ]

At J wfldx)
4 {xeRN|w + 0}
< ST - - 2 i
2 2 4 RN
I, -2 1 2 A+p g, 2
< Sl = Sl - =— = el
(64)

We used the inequalities

. —n2 2
fim oy | = [

n— 00

e 2 2
liminflwy | > ], (65)

lim inf w’dx

n—oo J{xERNIw¢0}

wfldx > J

RN

in the second inequality of (64).
Since w™ = tu, for some t € R, by (36), we get that

_ A+u_ _
I > 2w (66)

M"w
4 4y
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Note that, by the choice of y (see (35)), we have ((A +
p_1)/4y) > 1/2. Then by (64) and the fact that w # 0, we have
that

.. 1, 2 1 2
i 3enl - ]

1-21, 2 F(x,u,)
- JRN V_ (x) w,dx JRN —”un“z dx)

A+puy 1 2 1 2
- (- Dl - 5l <o
Y

(67)

It contradicts (60), since —iZ/Ilunll2 — 0asn — oo.
Second, we consider the case w = 0. In this case,
lim,, _, o, llw,, | = 0. It follows that

. . +
lim inf [lw, || > 1, (68)

since |w,| = 1 and w, = w, + w,. Therefore, the right hand
side of (60) isless than —1/4 when nis large enough. However,
asn — 00, the left hand side of (60) converges to zero. It
induces a contradiction.

Therefore, there exists R > r such that

sup sup ¥, <0.
Ae[K, 1] M (69)
This implies that ¥, satisfies assumption (d) in Proposition 8
if A € [K,, 1]. Finally, it is easy to see that

sup sup ¥, < +oo.
A€[K,,1] M (70)

Then, the results of this lemma follow immediately from
Proposition 8. 0

Lemmal0. Suppose that (v) and (f,)-(f;) are satisfied. Let A €
[K,,1] be fixed, where K, is the constant in Lemma 9. If {v, }
is a bounded (PS).-sequence for ¥y with ¢ 0, then, for every
n € N, there exists a, € Z" such that, up to a subsequence,
u, := v,(- + a,) satisfies

u, =, 20, ¥y (w)<c, ¥ (uy)=0. (71

Proof. The proof of this lemma is inspired by the proof of
Lemma 3.7 in [19]. Because {v,} is a bounded sequence in X,
up to a subsequence, either

(a) lim,, _, osup cpn _[Bl(y) [v,[*dx = 0 or

(b) there exist ¢ > 7N such that

2
IBl(an) [v,|"dx > .

0 and a, ¢

If (a) occurs, using the Lions lemma (see, e.g., [21, Lemma
1.21]), a similar argument as for the proof of [19, Lemma 3.6]
shows that

lim J F(x,v,)dx =0, lim J f (x,v,)vidx = 0.
RN RN

n—00 n—00
(72)
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It follows that

lim J (2F (x,v,) = f (x,v,) v,)dx =0.  (73)
RN

n—00

On the other hand, as {v,,} is a (PS),-sequence of ¥, we have
(‘I’)"(vn), v,y — 0and ¥,(v,) — c#0.It follows that

[, v, =2F (o)) dx

=2¥, (v,) - <‘I’/{ (v,) ,vn> — 2c#0, n — oo.

(74)
This contradicts (73). Therefore, case (a) cannot occur.
If case (b) occurs, let u, = v, (- + a,,). For every n,
2
j || "dx > 0. (75)
B,(0)

Because V and F(x,t) are 1-periodic in every X {u,} is still
bounded in X,

Jim %) (u,) <, ¥ (4,) =0, n— co. (76)

Up to a subsequence, we assume that u, — u, in X as

n — co.Sinceu, — u,in L} (R"), itfollows from (75) that

u, #0. Recall that ¥} (u,) is weakly sequentially continuous.
Therefore, ‘I’;’t(un) — ‘I’/{(u)l) and, by (76), ‘I’)'l(uA) =0.
Finally, by (f;) and Fatou’s lemma

e = lim (% () - 3 (%} () 0,)) .

= lim JRN F(x,u,) > JRN F(x,uy) =%, (u,).

n— 00

O

Lemma 11. There exist 0 < K,, < 1 andn > 0 such that, for
any A € [K,,, 1], ifu +0 satisfies ‘I’)'L(u) =0, then |ull > 5.

Proof. We adapt the arguments of Yang [23, p. 2626] and Liu
[12, Lemma 2.2]. Note that, by (f;) and (f,), for any ¢ > 0,
there exists C, > 0 such that

|f (e t)| < elt] + CJt1P7 (78)
Let u # 0 be a critical point of ;. Then u is a solution of
-Au+Vyu+ f(xu)=0, ueX (79)

Multiplying both sides of this equation by u*, respectively,
and then integrating into R", we get that

0= i"ui”2 +(1-A) J y V_(x) u,u*dx
: (80)
+ J f(x,u) udx.
RN

7
It follows that
||ui||2 =F(1-1) J V. (x)uudx ¥ J f (e u)u“dx
RN RN
< (1-21) supV_J lu] - |ui|dx
RN RY
+ 6,[ |ul - [u*| dx + C, j |ul?~" [u| dx
RN RN

< Cr (@ =2+ e full - "] + Collal”™ ]

(81)

where C,; and C, are positive constants related to the Sobolev
inequalities and suppnxV_. From the above two inequalities,
we obtain

2 2
lull® = ||u+|| + ||u || <2C, (1-XA)+e) lull® + 2C, lull®.

(82)

Because p > 2, this implies that ||u|| > # for some # > 0 if

€>0and1-K,, > Oaresmall enoughand A € [K,,,1]. The
desired result follows. O

Let K = max{K,,K,,}, where K, and K,, are the
constants that appeared in Lemmas 9 and 11, respectively.
Combining Lemmas 9-11, we obtain the following lemma.

Lemma12. Suppose (v) and (f,)-(£f;) are satisfied. Then, there
existyy > 0, {A,} € [K, 1], and {u,} ¢ X such that A, — 1,

sup ¥ (u,) < +00, | = 7, ‘I’)'Ln (u,) =0.  (83)

3. A Priori Bound of Approximate Solutions
and Proof of the Main Theorem

In this section, we give a priori bound for the sequence of
approximate solutions {u,} obtained in Lemma 12. We then
give the proofs of Theorem 3.

Lemma 13. Suppose (v) and (f;)-(f;) are satisfied. Let {u,} be
the sequence obtained in Lemma 12. Then, {u,} C L®(RN) and

P[4y | oo sy < D (84)

Proof. From ‘I’/{n (u,,) = 0, we deduce thatu,, is a weak solution
of (45) with A = A,; that is,

~Au, +Vy (x)u, + f(x,u,) =0 in RN, (85)

By assumption (f;) and the bootstrap argument of elliptic
equations, we deduce that u, € L(R™).

Multiplying both sides of (85) by v, = (u, — D)" :=
max{u, — D, 0} and integrating into R", we get that

J. Vv, dx + J (VA (x)u, + f (x, un)) v,dx = 0.
RN u,>D "
(86)



Recall that V), =V, - 1,V_and A, < 1. Then by (5), we get
that

J (VM (x)u, + f (x, un)) v,dx

n

= J <V)t (x) + M) u,v,dx > 0.
u,>D " u

n

(87)

This together with (86) yields v,, = 0. It follows that u,,(x) < D
on RN,

Similarly, multiplying both sides of (85) by w,, = (u, +
D)™ := max{—(u, + D), 0} and integrating into R, we can get
thatu, > —Don RYN. Therefore, for all ]l ooy < D. - O

Lemma 14. Suppose that (v), (f,), (£,), (f5), and (f,) are
satisfied. Let {u,,} be the sequence obtained in Lemma 12. Then

0 < inf flu,|| < sup |lu,[| < +oo. (88)
n

Proof. As ‘I’/(n(un) = 0 and u, #0, Lemma 11 implies that
inf,,[lu,ll > 0.

To prove sup, [lu,|| < +0c0, we apply an indirect argument
and assume by contradiction that [u,| — +oo.

Since ‘i’in(un) = 0, by (81), we get that

||u:||2 =5(1-1,) JRN V_ (%) uu, dx F JRN f (u,) udx

5[ P 4-2)0 (1)

(89)
It follows that
J+ | F Gron) Gy = )
RN
12 12
= e ” + [l
(90)
b [ f o) (- ) dx
RN
= (1-1,) 0 (Ju|*)-
Setw, = u,/|u,l. Then, by (90),
bl (1 [, 22 @ - ) e
RNty (91)

= (1-2,) 0 (Jlu,|)-

Then,by A, — lasn — oo, we have that

n — oo. (92)

J ALY (w —w, ) w,dx — -1,
RN u

n

From Lemma 12,

Cy = sup ¥, (u,) < +0o. (93)
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Then, by ¥, (u,) = 0, we obtain

2C, 2 2% (u,) - <‘I’,’L (u,) ,un> = ZJ F (x,u,)dx.
n RN

(94)
From (f;), we have
2C, > ZJ F(x,un)dxzzj F(x,u,)dx,
RY {x|Dzu, (x)|2x}
(95)

where « is the constant in (f,). As the continuous function
F is 1-periodic in every x; variable, we deduce from (8) that
there exists a constant C' > 0 such that

F(x,t)>C't%

(96)
for every (x,t) € RY x R with « < [t| < D.
Combining (95) and (96) leads to
Cy=C' J wdx. (97)
{xID=[u,, (x)|=x}

Dividing both sides of this inequality by [u,[* and sending
n — 00, we obtain

lim wldx = 0. (98)

n=oeo J{xIDZIun(x)IZK}
From (7), (21), and (22), we have that

f (% u,) (

u

dx

n

P
w, —w,)w

J{Xllun(ac)lqc}

n

s”J (w, - w,) w,|dx
{4, () | <xc} (99)

< vJRN |(w) —w,)w,|dx
v v
e P Y

where y; is the constant defined in (v).

Since f € C(RN xR) and lim, ,, f(x,t)/t = 0, we deduce
that there exists C > 0 such that, for every (x,t) € RY x R
with |t| < D,

|f (x,0)] < Cltl. (100)
This together with (98) gives
XU -
j u(w:_wn)wn dx
{xID2lu,, (x) 2K} u,
SCJ |(w, - w,)w,|dx
{xID>[u, (x)|2x}
1/2
< Clw; —w;"Lz(J dex)
{(xID=Ju, (x)[2x}
1/2
< 2C||wn||L2(J wﬁdx> 0, n— oo
{x|D=]u, (x)|>x}
(101)
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Combining (99) and (101) yields

f(xu,)

u

dx

(w; - w;l) wy,

lim sup J
n— 0o RN n

XU -
Slimsupj M(w:l —w,)w,|dx
n—00  Jxllu,(x)|<x} Uy,
XU -
+limsupJ M(w:—wn)wn dx < 1.
n—oo J{x|Dz|u,(x)|>x} u,

102)
This contradicts (92). Therefore, {u,} is bounded in X. O

Proof of Theorem 3. Let {u,} be the sequence obtained in
Lemma 12. From Lemma 14, {u,,} is bounded in X. Therefore,
up to a subsequence, either

(a) lim,, _, o SUp,cpn fBl(y) u, |*dx = 0 or

(b) there exist o > 7N such that

2
fBl(y,,) lu,|°dx > o.

0 and y, ¢

According to (72), if case (a) occurs,

lim J f(xu,)u;dx =0. (103)
RN

n— 00

Then, by (81) and A, — 1, we have

2
142

F(1-1,) J V_ (x) u,u, dx
IRN

¥ J f (xu,) udx
RN

IN

2 +
CO-A) il + || £ Gz — o
(104)
This contradicts inf,,||lu, || > 0 (see (88)). Therefore, case (a)

cannot occur. As case (b) therefore occurs, w,, = u,(- + y,)
satisfies w,, — uy # 0. From (14) and (43), we have that

W () = () + 2]

J Vuldx, YueX. (105
RN
It follows that

(#1 ), 0) == (2' W), 9) + (A~ 1) J[RN V-spdz, (106)

Yu,p € X.

By ‘I’)'{n(un) = 0 (see Lemma 12), we have ‘I",\n(wn) = 0. From
(106), we have that, for any ¢ € X,

<\III/\,1 (wn) "P> = = <(D, (wn) ’(P> + (/\n - 1)

(107)

X J V_(x) w,pdx.
[RN

Together with ‘I’/{ (w,) =0and A, — 1, this yields

(0 (w,),p) — 0, VpeX (108)
Finally, by w,, — u, # 0 and the weakly sequential continuity
of @', we have that ®'(1,) = 0. Therefore, 1, is a nontrivial
solution of (1). This completes the proof. O
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