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We consider the existence of infinitely many classical solutions to a class of impulsive differential equations with Dirichlet boundary
value condition. Our main tools are based on variant fountain theorems and variational method. We study the case in which the
nonlinearity is sublinear. Some recent results are extended and improved.

1. Introduction

Consider the following Dirichlet boundary value problem of
impulsive differential equations:

~u" (t) + g () ult) = f (tu(1)),

A (1) =1 (u(t), j=L2.0p, M
u(0)=u(T) =0,

ae. te[0,T],

wlhereO = ty <t <t <I--- <t, < tPH’ =T, A@W'(t))) =
u (t}r) —u'(t]) = limsqt;u (s) - lims_w;u (s), g € L*[0,T],
f:[0,TIxR — Riscontinuous,and; : R —» R,1<j<p
are continuous.

Since impulsive differential equations can describe many
evolution processes in which their states are changed abruptly
at certain moments of time, they play an important role in
applications, such as in control theory, optimization theory,
biology, and some physics or mechanics problem; see [1-
5]. For general theory of impulsive differential equations, we
refer the readers to the monographs as [6, 7]. The existence
and multiplicity of solutions to impulsive differential equa-
tions with boundary value condition have been obtained by
using fixed point theorems and upper and lower solutions
method; see [8-12] and references therein. Recently, some
authors creatively applied variational method to deal with

impulsive problems and obtained some new results; see [13-
18]. For general theory of variational method, we refer the
readers to the monographs as [19, 20]. More precisely, Nieto
and O’Regan [13] studied Dirichlet problem as follows:

() +Au(t) = f(tu(t)),

A (t) =1 (u(t;), j=12....p, ()
u(0) =u(T) =0.

t#t;

For the sublinear case, they obtained the following result.

Lemma 1 (See [13]). Assume that the following conditions are
satisfied.

(1) There exist a,b > 0 and y € [0, 1) such that

|f (t,w)| <a+blul’  for every (t,u) € [0,T] xR. (3)

(2) There existaj,bj > 0 and y; €10,1) (j=12,....p)
such that

|I]- (u)| <aj+ b}}j for every u € R. (4)

Then Problem (2) has at least one solution.
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For superlinear case, Zhang and Yuan [15] obtained the
existence of one and infinitely many solutions for Problem
(2) under the well-known Ambrosetti-Rabinowitz condition;
that is, there exists 0 > 2 such that

0<OF (t,u) < f(t,u)u, YueR\{0}, te[0,T], (5

where F is a primitive function of f. Soon after, Zhou and
Li [16] obtained the existence of infinitely many solutions for
Problem (1) under the weaker condition; there exist 8 > 2 and
R > 0 such that

0<OF(t,u) < f(t,w)u, |ul>=R, Vte[0,T]. (6)
Recently, Sun and Chen studied the existence of infinitely
many solutions for Problem (1) with superlinear nonlinearity
f which is not satisfied (5) or (6). In addition, they also
studied the case where the nonlinearity is asymptotically
linear.

Motivated by the above facts, in this paper, our aim is to
study the existence of infinitely many solutions for Problem
(1) with nonlinearity f which is sublinear. To the best of
our knowledge, there are few papers concerned with this.
For sublinear case, Nieto and O’'Regan [13] only obtain the
existence of at least one solution.

We make the following assumptions:

(Hy) I; (1 < j < p) are odd and satisty
1 u u
Elj(u)u—jo Ij(s)dSZO, Jo Ij(s)dszo (7)
forall u € R.

(H,) Forany j € {1,2,..., p}, there exist constants bj >0
and y; > 1 such that

|1; )] < bjlul” (8)
forallu € R.
(H,) There exist constants R, > 0,d > 0 and y > 1 such
that
ftuu=0, F(t,u)—%f(t,u)u2d|u|y, 9)

for every t € [0,T] and u € R with |u| > R, where
F(t,u) = IOM f(t,s)ds. Moreover, F(t,u) > 0 for all
t € [0,T] and € R.

(H,) There exist constants 4 € (1,2) and C; > 0 such

that | £(t,u)] < C,(1 + [u[*™"). In what follows, C,,
i =1,2,...denote positive constants.

(Hs) there exist constants R, > 0,C, > 0,6 € [1,2) such
that

F(t,u) > C,lul° (10)

for every t € [0,T] and |u| < R,.
(Hg) F(t,u) is even in u, that is, F(t, —u) = F(t, u).
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Theorem 2. Assume that (H,)-(H,) are satisfied. Then Prob-
lem (1) has infinitely many classical solutions.

Remark 3. For the definition of classical solution, we refer
readers to paper [17,18]. By (H,) and (H,), I; (j=12,...,p)
are not sublinear as those in [13-18]. We note that there
are functions I; (j = 1,2,...,p) and f which satisty the
conditions of Theorem 2 but do not satisfy the conditions in
references we mentioned above. For example, let

3 .
Ii(s)=s, j=12,....p

3/2

171 lul <1,
F(t,u) = 3 -1
Gw=q8m-b oy
2
\ ()
-, ux1l,
2
_ )3
f(tu) = E|u| s lul <1,
3
-2, u<-1
2

If we choosey; =3,Ry =1,d =1/4,6 =3/2,y = L,and p =
3/2, then it is easy to check that the conditions in Theorem 2
are satisfied.

The organization of this paper is as follows. In Section 2,
we shall give some lemmas and some preliminary results. In
Section 3, the proofs of the main results are given.

2. Preliminaries

In order to prove our main results, we recall the variant
fountain theorem. Let E be a Banach space with the norm
|- Iland E = @@, X; with dim X, < co for any j € N. Set
Y, = EBI;:lXj, Zi = @2 X;. Consider the following c'-
functional I, : E — R defined by

ILi(u)=Aw)-AB(u), Ael[l,2]. (12)
Lemma 4 (see [21]). Suppose that the functional I, (u) defined
above satisfies the following.

(C1) I, maps bounded sets to bounded sets uniformly for
A € [1,2]. Furthermore, I,(—u) = I, (u) for all (A, u) €
[1,2] X E.

(C2) B(u) = 0;B(u) — ooas|lul — oo on any finite
dimensional subspace of E.

(C3) There exist p, > 1, > 0 such that

a.(A):= inf

ueZy,lull=px

Lw=>=0>b(1):= max I, (u)

u€Yy,llull=ry
(13)

forall A € [1,2] and di(A) = inf,cp < L(w) — 0 as
k — oo uniformly for A € [1,2]. Then there exist A, —
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Lu, €Y, such that I)IL,, | Y,(u(A,) = 0, I,\n(u(/\n)) -
¢ € [di(2),b(1)] asn — oo. In particular, if {u(A,)} has a
convergent subsequence for every k, then I, has infinitely many
nontrivial critical points {u,,} < E\ {0} satisfying I, (u;) — 0~
ask — oo.

In the Sobolev space E := Hé(O, T), consider the inner
product

T
(u,v)y = L u 1)V (1) dt, (14)

inducing the norm

1/2

lully = (LT | (t)jzdt> (1)

for any u,v € E. Since E is compactly embedded in

L°([0, T)) with norm [ul, = ([, lu(®)l*d6)"” for s € [2, +col,
as in [18, 22], we know that the eigenvalues of operator
S = —(d?/dt?) + g with the Dirichlet boundary conditions
are numbered by A;, < A, < < A, £ -0 o
00 (counted in their multiplicities) and a corresponding
system of eigenfunctions {e;}, which forms the completely
orthogonal basis in L*([0,T]). Assume A,,...,A, < 0,
Ayyy =--=Ap=0andlet E- = spanfe,,ey,...,e, }, E* =
span{e,-,,...,€,0}, and E* = span{ey,,...,}. Then E
E ®E"®E". We introduce on E the following product (1, v)
(182 |u, |Sl/2|V)Lz +(, vO)Lz and norm ||u| = (1, u)l/z, where
u=u +u’+u,v=v ++v' ¢ E @ E°@®E". Then | - |
and || - [|, are equivalent. By the Soblev imbedding theorem,
E is compactly embedded in C[0, T'], and there exists C; > 0
such that

lulle < Csllul, (16)
where

ul., = max |u(t)].
lletll o tE[O)T]| )l 17)

Define a functional ¢ on E by

¢ W) = % JOT (|u"2 +g(t) uz) dt + ji J-Ou(tj) I;(s)ds

T
- J F (t,u)dt
’ (18)

P ut;)
J I; (s)ds
-1 J0

1 2 )
=2 (I = I7) +

J

- JT F (t,u)dt,

0

whereu = u +u’+u" € Ewithu™ € E",u’ € E°,u* € E". By
the conditions of Theorem 2, we know that ¢ is continuously
differentiable and

(¢ w),v)
T L p
- J (' + g@ur)de+ Y1, (u(t;) v ()
j=1
- LTf (t, u) vdt
p T
= =)+ Y1 (u (1)) v(8) - | v
j=1 0

(19)
for any u,v € E.
Like for Lemma 2.4 in [17], one can prove that the critical

points of the functional ¢ are the classical solutions for
Problem (1).

3. Proofs of the Main Results

Now we define a class of functionals on E by

1 2 P u(t/v)
@y (1) = Ellu || + Z L I; (s)ds

=1
T (20)
Y <%||u_||2 N L Ftu) dt)
= Aw) - AB(w), Ae[L2],

where u” € E",u" € E". Denote by X := span{e;}, j € N.
Clearly, we see that ¢, € C'(E,R) for all A € [1,2] and the
critical points of ¢, correspond to the solutions to Problem

1).

Lemma 5. Let (H,) be satisfied. Then B(u) > 0. Furthermore,
B(u) — oo as|lull — oo on any finite dimensional subspace
of E.

Proof . Evidently, B(u) > 0 follows by the definition of the
functional B and (H,;). Now we claim that for any finite
dimensional subspace of F C E, there exists € > 0 such that

meas ({t € [0,T] : |u(t)] = e|ull}) > & Vu e F\{0}, (21)
where meas denotes the Lebesgue measure in R.

Otherwise, for any n € N, there exists u,, € F \ {0} such
that

L @
n

meas({t €[0,T]: |un (t)| > %Ilun}) <

Letv, = u,/llu,ll € F\ {0} for all n € N. Then |lv, || = 1 and

meas({t €[0,T] : |u, ()| > %}) < % VneN. (23)



Since dim F < 00, it follows from the compactness of the unit
sphere of F that there exists a subsequence, say {v, }, such that
v, — V,in F. Hence, we have ||vy|| = 1. By the equivalence of
the norms on the finite dimensional space F, we have v, —
Vv in L? [0, T1], that is,

T
j |v,, = Vo dt — 0 as n — oo. (24)
0

Thus there exist &, &, > 0 such that
meas {t € [0,T] : |v0 (t)| >} =&, (25)

In fact, if not, we have
1
meas {t €[0,T]: |v0 (t)| > —} =0, VneN. (26)
n

This implies that
T 2 1
0<| |w|dt<ST—0, asn— oo, (27)
0 n

which gives a contradiction.
Now let

Qo= {t € [0,T]: vy (1) 2 &},

1 (28)
0, - {t € [0,T] : v, (1)] < —} ,
n
and Q,j =[0,T] \ Q,. We have

1

meas (Q, N Q) > meas (Q) — meas (Q,, N Q) =&, — —

n
(29)

for all positive integer n. Let n be large enough such that &, —
(1/n) = (1/2)&, and &, — (1/n) = (1/2)&,. Then we have

1\ _ 1
v, (8) = vy )] = (El - ;) > ZEf, VteQ,nQ,. (30)

This implies that
T 2
L v, (t) = vy ()] dt

> J |v,, () = vy ()|t
Qo

n

(31)
> i&f meas (Q, N Q)

1., I\ 1,
256 (-7 2 ghe >0
for all large n, which is a contradiction with (24). For the ¢
given in (21), let
A, ={te[0,T]:lu@®)|zellul}, VYueF\{0}. (32)
Then

meas (A,) =&, YueF\{0}. (33)
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Observing that for any u € F with [lu|| > R, /e, the following
inequality holds

lu(®) >Ry VteA, (34)

Combining (34) and (H;), for any u € F with |lul| > R,/¢, we
have

1, -2 T
B = 5] +j F(t,u)dt
0

> J F (t,u)dt
A (35)

> J d|u|"dt
A

> d(e ||ul))! meas (A ) > de”*||ull”.

This implies B(u) — o0 as |lu] — oo on any finite
dimensional subspace of F C E. O

Lemma 6. Assume that (H,), (H,) are satisfied. Then there
exist a positive integer k, and a sequence p, — 0" ask — oo
such that

a.(A):= inf

u€Zy,llull=px

I, (u) >0, Vk> kO’ (36)

and di(A) = inf,cz < N(W) — 0ask — oo uniformly
for A € [1,2], where Z; = ED‘;(:’,(X]» = span{ey .} forall k € N,

Proof. Note first that Z, ¢ E* for all k > n° + 1 by definition
of E* in Section 2. Thus for any k > n’ + 1, by (H,), (H,), we
have

1 ) P u(tj) T
@, (1) = E||u|| +j; Jo I; (s)ds —AJO F(t,u)dt

1

T 37
> Shl® =2, | (lul+ ful) (7)

_ N

> —[lul® - 2TC, (lullo + lull)

[\

forall (A,u) € [1,2] X Z,. Set B := SUPycz, Jul=1 I ulls,- Then

Bk — 0 ask— oo. (38)

Indeed, it is clear that 0 < B, < Br.s0 B — B = 0as
k — oo. For every k > 0, there exists 1, € Z; such that
lugll = 1 and |lugll, > Bi/2. By the definition of Z, u, — 0
in E. Then this implies that 4, — 0in C[0, T]. Thus we have

proved that 8 = 0. Therefore, for any k > n° + 1, the following
inequality holds:

02 )2 Sl ~27C, (B lul + Bllul), (39

for all (A,u) € [1,2] x Z;. Let pp = 16TC, B, +
[16TC, B1"*"¥). Then by (38), we have p, — 0" ask —
00. Hence, by (39), straightforward computation shows that
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a(A) > p¢/4 > 0. Furthermore, for any k > k, and u € Z;
with [lu| < p, we have

@ (W) = =2TCy (B llull + Bellul®) . (40)

Clearly, we see that F(t,0) = 0 by the definition of F and
©,(0) = 0. Therefore,

0> inf ¢ (w) 2 -2TC, (B lul + Blul").  (41)

ueZ,llull<py

Combining (38) and (41), we have d;(A) =
infez juyep 1) — 0 as k  — oo uniformly for
A€ [1,2]. O

Lemma 7. Let (H,), (Hs) be satisfied. Then for the sequence
{pctren obtained in Lemma 6, there exist 0 < 1, < py for all
k € N such that

be(A):= max I, (u) <0,

ueYy,llull=ry

Yk € N, (42)

whereY), = EBI;:ij = span{e;,e,,...,e ) forallk € N.

Proof. Letu € Yy withu=u +u’+u" e E=E @ E° @ E".
By (16), for any u € Y, with [|ul| < R,/Cs, one has |lul,, < R;.
By (H;), we obtain

1, + P pulty)
o=y [0

=
T

_A<1||u-||2 v [ Few dt)
2 0

(43)
1 +112 4 y]-+1 T Fy
o T YO ol
j=1

1 4 v ,
< S+ Yo Cl ™ - CCylul®
i

for any u € Y, with |lu| < R,/C;, where the last
inequality follows by the equivalence of the norms on the
finite dimensional space Y. Since § < 2,9, > 1(j €
{1,2,...,p}), for |lull = ry, are small enough, we can get
be(A) == max,ey, =, [1 (1) <0, Vk € N.

Proof of Theorem 2. By (H,), (H,), ¢, maps bounded sets to
bounded sets uniformly for A € [1,2]. Evidently, (H,), (H)
imply that ¢, (—u) = ¢, (u) for all (A,u) € [1,2] x E. Thus
by Lemma 4, there exist A, — 1, u, € Y, such that

o) ly, @) = 0, ¢y WA,) — ¢ € [dp(2),b(D)] as

n — 00. For the sake of notational simplicity, in what follows
we always set u,, = u, foralln € N. By (H,), (Hs), one has

-y (u,) = %(pg lYn (u,) u, = @y (u4,)
2T (1)
= [5G () - [ 0
j=1

+A, JT [F (tu,) - %f (t,u,) un] dt

> 2, L [F(t, w,) - %f(t, un)un] dt—C.

n

>dA, J- lu,|'dt - C5, neN,
I‘YI
(44)

where I, = {t € [0,T] : |u,(t)] = Ry}and C; > Ois a
constant. Hence, there exists a constant Cg > 0 such that
jr lu,|Ydt < Cg, Vn € N. On the other hand, we can easily

obtain that f[o L lu,|Ydt < TRg, Vn € N. Thus, we have

T
_[0 lu,|"dt < C,. In view of the equivalence of any two norms
on finite dimensional space E~ ® E° and (16), we obtain

2

- 0P (0
Uy, +uy|, = (un + un,un)z

= ol Juty + ], (45)

-, .0
< C8|un + un|2,

where y' =(y/(y-1)) (y' = 0o when y = 1). Therefore, we
have

u, + u2|2 < Cg. (46)

In view of the equivalence of norms on E~ @ E°, we obtain
[, + ugll < Cy, Vn € N. Note that

T
I = 21, () + Al + 20, | P ()

(47)
P u,(t;)
- Z; Jo I;(s) ds.

]':
Thus

2 _ 2
loaa = loaa ™ + oty + 201

_ _ 2
<20, () + A uay |* + o, +ul

P ”n(t]‘)

j=1

T
+2A,,J F(t,u,)dt -
0

T
<Cp+Cy L (i) + "]

<Cp +CyT [C3 et | + C/;"”nuﬂ] .



Since y < 2, we have |lu,|| < C,,; that is, {u,} is bounded
in E. By a standard argument, this yields a critical point u*
of ¢ such that (p(uk) € [di(2),¢.(1)]. Since d;.(2) — 0 as
k — 00, we can obtain infinitely many critical points. [
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