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The purpose of this paper is to introduce a new relaxed extragradient algorithms for the split feasibility problem. Our relaxed
extragradient algorithm is new and it generalized some results for solving the split feasibility problem.

1. Introduction

The split feasibility problem has received much attention due
to its applications in image denoising, signal processing, and
image reconstruction, with particular progress in intensity
modulated therapy; see, for instance [1-4]. In this paper,
we continue to study the split feasibility problem and its
approximation algorithms.

To begin with, let us first recall the notation of the
split feasibility problem and some existing algorithms in the
literature. Recall that the split feasibility problem introduced
by Censor and Elfving [4] can be formulated as finding a
point x" with the property

x'eC, Ax' e Q, @
where C and Q are two closed convex subsets of two Hilbert
spaces H, and H,, respectively, and A H, - H,isa
bounded linear operator. The original algorithm introduced
in [4] involves the computation of the inverse AL

K= A_lprojQ (projA(C) (Axk)) , k=0, (2)

where C, Q ¢ R" are closed convex sets and A is a full rank
nxn matrix. It is an interesting problem to construct iterative
algorithms for the split feasibility problem to the bounded
linear operator.

We use E to denote the solution set of the split feasibility
problem; that is,

E:Z{xTGC:AxTEQ}. (3)

In the sequel, we assume that the split feasibility problem
is consistent. Let ® > 0 and assume that x* € E. Thus,
Ax" € Q. It follows that pronAxT = Ax" which implies
OA* (I - prOjQ)AxT = 0. Hence, we deduce that the fixed
point equation (I - @A™ (I — pron)A\)xT = x" holds. Note
that x™ € C. It is obvious that

projc (I — @A* (I - projg) A) x" = x'. (4)

By using (4), Byrne [5] presented a more popular CQ
algorithm:

K = proj. (xk - @A" (I - projg) Axk) , neN. (5

The CQ algorithm only needs to compute the projections
proj and projg,. It is therefore implementable when proj-
and projg, have closed-form expressions. Consequently, CQ
algorithm has received so much attention; see [6-17]. In
particular, in [14], Xu proposed an averaged CQ algorithm
and he obtained the weak convergence result.

On the other hand, we note that x € E; then there exists
x" € Q@ such that Ax — x" = 0. Thus, we consider the distance
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function d(Ax,x") = |JAx — x'| and the minimization

problem

.1
min -

xeCxteQ2 ”Ax - XT “2 (6)

Since x' € @, we then consider the minimization
min ¢ (x) := l||Ax — proj Ax”z. (7)
xeC 2 Q

However, (7) is, in general, ill-posed. We import the well-
known Tikhonov’s regularization method

i 1 , 1
min g, = 5 (1 = projg)Ax|” + Jadal’,  (®)

where & > 0 is the regularization parameter. Note that the
gradient Vo, of ¢, is

Vo, = Vo (x) +al = A" (I - projg) A+al.  (9)

Using (9), some regularized methods have been suggested.
For example, Xu [14] suggested the following regularized
method:

k+

K = Proje (I - wkv%k) x*

= projc ((1 — @) X — @ A" (I - projg) Axk) :
(10)

He proved that the sequence {x*} generated by (10) converges
to the solution of the split feasibility problem. Ceng et al. [7]
presented the following extragradient method:

Xy, = x € H; chosen arbitrarily,

3 = projc (¥ - @,7g,, (+)), -
KL ﬁkxk + (1 _ /3k) projc (xk - (Dngoak (yk)) >

n>0.

and proved that the sequence {x*} generated by (11) con-
verges weakly to the solution of the split feasibility problem.
Motivated by the above results, in this paper, we construct a
new extragradient algorithm for solving the split feasibility
problem. Strong convergence result is demonstrated.

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert
space H. A mapping ® : C — C is called nonexpansive if

Bu—-0v| <|u-v|, Vu,veC. (12)

A mapping W : C — C is said to be v-inverse strong
monotone, if there exists a constant » > 0 such that

(u—v,Wu—-Wv) >9|Wu-Wv|*, Vu,veC. (13)
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Recall that the metric projection from H onto C denoted by
proj. means that

%" = proje (x")[| = inf {|x" = x| : x e C}. (4)

proj can be characterized by

(4 — v, projc. (u) — proje. (v)) = ||proj.(u) — proj. (M|,
(15)

for all u,v € H. Hence, it is nonexpansive. It is also known
that 2proj — I is nonexpansive.

Letgp : C — H beamonotone mapping. The variational
inequality problem is to find x" € C such that

<(p (xT),x - xT> >0, VxeC. (16)

The solution set of the variational inequality is denoted by
VI(C, ¢). Tt is well known that x* € VI(C, ¢) if and only if
xt = proja:(x‘1 - )L(p(xu)), VA > 0. A set-valued mapping
R : H — 2" is called monotone if, for each u € H, f € Ru,
and g € Ry, we have

(u-v,f-g)=0. (17)

A monotone mapping R : H — 2" is called maximal if its
graph G(R) is not properly contained in the graph of any other
monotone mappings. It is known that a monotone mapping
R is maximal if and only if for each pair (x, f) € H x H with
(u—v, f—g) = 0forevery (v, g) € G(R); then we have f € Ru.
LetR : C — H be a monotone and k-Lipschitz continuous
mapping and let N¢v be the normal cone to C at v € C; that
is,

Nyv={weH : (v-u,w) =0,Yu € C}. (18)
Define
Rv+ Ngv, if >
Wy = v+ Nev 1 veC (19)
0, if v ¢cC.

Then, W is maximal monotone and 0 € Wv if and only if
v € VI(C, R); see [18] for more details.
Lemma 1 (see [14]). One knows the following properties:
(i) A*(I - projg)A is Lipschitz continuous with Lipschitz
constant |A||*;
(ii) A*(I - projg)A is 1/||A|? inverse strong monotone;
(iii) I — @A™ (I — projgy)A is nonexpansive for all @ €
(0,2/IA]7).
Lemma 2 (see [19]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Let the mapping ® : C — H be (-

inverse strong monotone and let o > 0 be a constant. Then, we
have

(1= @) = (1 - )
< 5" - + 0 (e -20) [ (x") - o (<), 20

VxT,x1E e C.

In particular, if 0 < ¢ < 2, then I — o® is nonexpansive.
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Lemma 3 (see [20]). Let {{*} and {o*} be bounded sequences
in a Banach space X and let {8} be a sequence in [0, 1] with
0 < liminf, _, o, B < limsup,,_,  Bi < 1. Suppose that

lk+1 = (1 - ﬁk) Uk + ﬁklk (21)
foralln >0 and

imaup (o4 o[ i) <0 o

n—oo
Then, lim,HOOHok -Fl=o.

Lemma 4 (see [21]). Assume that {&} is a sequence of
nonnegative real numbers such that

Eror < (1=9) & + 9o (23)

where {y,} is a sequence in (0, 1) and {9,} is a sequence such
that

M) Zﬁil Yk = 00;
(2) limsup,,_, o, (9/yi) <0 0r Y02, 9] < oo.

Then, lim,, _, . ,&, = 0.

3. Main Results

Let H, and H, be two Hilbert spaces and let C, Q be
two nonempty closed and convex subsets of H, and H,,
respectively. Suppose that A : H, — H, is a bounded linear
operator and F : C — H, is a r-contraction. We will state
and prove our main results in this paper and at the end of
this paper we will give an example to show that our results
improve the works in the literature.

Algorithm 5. Let x, € C. Let {x*} be a sequence generated by

y* = proj. [xk ~ 8A" (I - projg) Ax* + o ([ka - xk)] ,

K = proje [xk - A A" (I - projg) Ayk + (yk - xk)] ,
n>N,
(24)

where {o; } € (0,1) isasequence; &y, Ay € [a,b] C (0, 2/1A1%)
and py € (0, 1) are sequences satisfying A, < Zyk/IIAIIZ.

Theorem 6. Suppose that E+# 0. Assume lim, , o = 0,
limn—mo (Ak+1 - )Lk) = 0 hmn—>oo (6k+1 - 6k) = 0
lim,, _, o (s — i) = 0, and Y2, o = 00. Then the sequence
{xk} generated by (24) converges strongly to v = Pz ([F)7.

Proof. From the assumptions lim, , . o = 0 and §, €
(0,2/||A|*), we can choose oy such that e, < 1 - (8kIIA||2/2)
when n is sufficiently large. For the convenience and without
loss of generality, we assume that o, < 1 — (6k||A||2 /2) for all
n € N. Then, we deduce §;./(1-o) € (0, 2/IAl?) foralln € N.

Let x' € E. In the first section, we know that x'
projc[xJr —EA*(I - proj@)AxT] for any & > 0. Since §;/(1
) € 0,2/ Al1%) and Ay /. € (0,2/| A1), we have

x" = projc

[xT - 8A* (I - projg) Ax' ]
(1- o)

= projc [ockxT +(1-0oy)

8, A* (I - proj, ) Ax'
x(xT— k ( pm]@) x)]’ Vn >N,
(1- )

(25)

X = proj xh - M
¢ wA* (I - projg) Ax'

S .

x(x*— A - )], Vn>N.
wA* (I - projg) Axt
(26)

From (24) and (25), we have

"yk - xT" = ”projc [ock[ka +(1-a)x"

- ;A" (I - projg) Axk] - x*"

proje [(xkﬂ:xk +(1-0y)

(k & A (I—pron)Axk>
x| x" -
(1-oy)

- proje [ockxT +(1-og)

( + O A" (I - projg) AxT>
x| x" -
(1- o)

<

o ([ka - xT) +(1-0y)
y |:(xk ~ 8:A™ (I - projg) Ax* )
(1-oy)

~ <xT _GAT (I - projg) AxT)
(1 - o)

(27)



From Lemma 1, we know that I — §, A™ (I — projg)A/(1 - oy)
and I-A; /A" (I-projg)A are nonexpansive. It follows that

Iy =l

< (1-oy)

(- ey i)

_(I_ 8 )x+
(1 - o) A* (I - projg) A
+ oy "[ka - FxT" + oy “FxT - xT"

< ol "xk - xT" + oy, "[FxT - xT“ +(1-0y) “xk - xT“

=[1-(1-1)oy] "xk - xT" + oy H[FxT - xT".
(28)
Thus,
[« -]
= “projC [xk - A A” (I - projg) Ay*
UACEESIEEY

projc [ (1 - )

k /\k
tm (Y — -
wA* (I - projg) Ay

~ projc [ (1 - ) x'

T Ak
k wA* (I - projg) Ax'

<0

(yk A . >
wA* (I - projg) Ay*
o Ak
x
wA* (I - projg) Ax'

e e A T

+ Uk

IN

(1- ) "xk - xT" + g0 ”[FxT - xT“
+ug [1— (1 - 1) o] "xk - xT"

=(1-(1-1) moy) "xk - xT" + U0y H[FxT - xT"

A
<max |5 e )
]

(29)

Hence, {x*} is bounded. It follows from (28) that the sequence
{ yk} is also bounded.
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Set S = 2proj. — I. Note that S is nonexpansive. Thus, we
can rewrite x**! in (24) as

k+1
X

I+S
== [(I_P‘k)xk+."‘k<yk_

)]
W A* (I — pron) Ayk

1-—
Hi o, M yk B Ag :
2 2 wA* (I - projg) Ay

1
+2S ((1 — ) <"+ (y"

)
wA* (I - projg) Ay*

1- 1+
kak+ #kzk
2 2

>

(30)

where

zk

= [Mk (yk - A )
wA* (I - projg) Ayk

+S ((1 — ) 5+ Mk(yk

i)
A (I - projg) Ay

X (1+ ) "
31

It follows that

= 1y [(ykﬂ _ Ak+1 )
= 1 ; ;
' e A* (I - projg) Ayk+t

+S < (1 - (’tk+1)xk+1 + Upt1

: ))]
k+1 k+1

x|y - - .

( s A" (I = projg) Ayk+!

x (1 + ."’k+1)_1

" [ (yk : M )
uA* (1 - projg) Ay*

+§((1—yk)xk

k Ak
T\ Y —
WA* (I - proj@) Ayk

x (1+ ‘uk)fl.
(32)
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So,

K+l _k
[ -

M1
1+ M1

<

()’k+l _ Ak+1 )
e A (I = projg) Ay<+!

_ (}’k _ /\k )
WA (I - pron) Ayk

k
M ¥

Lt phey 14y
A
k k
X y — " -
uA* (I = projg) Ay

1

+
1+ i1

xS |: (1 - /’lk+1)xk+l + Upt1

: )]
k+1 k+1

x|y - " .

( e A (I = projg) Ayks!

‘S<(1—Hk)xk+.“k

(- i)
uA* (I = projg) Ay

1 1
+ p—
Lt phey 14y
s((1- )

k /\k
T\ Y —
wA* (I = projg) Ay

M1 ( _ Ak ) k+1
. . y
e A* (I - projg) A

I+ i1

<

— (I— - /\k+1 : )yk

trr A (I = projg) A
M1 Ak+1 _ /\k ||A k"
I+ Hicr1 | Hic1

x|y - Ag
uA* (I = projg) Ay

k
M W
L+ 1+

+

1

I+ Hie+1

k
(1 _."‘k+1)x o + Upet1

: )
k+1 k+1

X y — . -

( e A* (I = projg) Ay<+!

- (1- )
|

- (yk - b )
wA" (I - projg) Ay*

5
1 1
+ —
L+t 1+
s((1-u)
A
k k
+ - .
H (y wA* (I - projg) Ayk )>“
(33)
It follows that
||Zk+1 _Zk"
< _Hin “ k+1_yk||+ [ et _/\k ”A k"
1+t L+ pieer | P
+ ﬂ — u—k
T+ 1+
A 1
k k mo* . k
x [y = =A" (I - projg) Ay"|| +
P “ L+ e

(1= peen) (X5 = 2) + (g — ey ) (55 = 59)

Ak+1 k+1
I-
T Hen [( e A (I - ij@) A 4
_ (I _ - Ak+1 : ) yk]
i A (1= PrOJQ) A

+ (A = Agsr) A" (I = projg) Ay*

1 1
+ p—
L+ 1+
S((l—yk)xk

k /\k
T\ Y -
wA" (I - projg) Ay*

ﬂ k1 _ k 1= sy | ket Lk
e A I
M1 Ak+1 _ /\k ||A k"
I+ i1 | Hrer1
|.”k Mk+1| " k k" MR u
L+ ey T+ ey 1+
k /\k
P AT (T proig) A
1 1

+
T+t 1+



s((1-u)

k Ak
TV —
wA* (I - projg) Ayk

A—A
+| k k+1|

e |A* (1 - projg) Ay"| .

(34)

From (24), we have

||yk+1 _ }’k ”

= “Proja: [(kaﬂ:ka + (1= agyy) 6
— 81 A" (I - projg) Axk“]
— projc [(xk[ka +(1-o)x"
— 8, A" (I - projg) Ax]|

' + (1 - 0‘k+l)xk+1

< Jlor”

~ 81 A" (I~ projg) Ax"]

— [oFx® + (1 - ) x* = 3,A" (I - projg) Ax"]|
< (1= 8 A" (1~ projg) A) !

(1= 8, A" (I~ projg) A) x|
o [P -

X “A* (I - projg) Axk“ + oy "[ka - xk“

< “xk+1 - xk“ + |0y —

+ 0y "[kau - xk+1|| + o “[ka - xk" .

(35)

Hence, we deduce

k+1 k
[+ -]

< "kar1 - xk" + (8441 — Ok "A* (I - projg) Axk"

+ 0yq "[ka+1 - xk““ + oy "[ka - xk”
M1 )ﬂ _ ﬂ k
’ L+ phesr [k "Ay "
M1 u* yk _ Ax
Lty 1+ wA* (I - projg) Ay
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|Mk terr| " k " 1
L+ fhesy 1+#k1 L+ py
k k Ak
° ((1 B (y A" (I projg) Ay* ))“
A~ Akl k
1+ M1 " ‘
(36)
Since lim, , o = 0, lim, , . (A — A) = 0O,
lim, _, o, (0r; — 6) = 0, and lim,,_, o (g — ) = 0, we
derive that
tim sup (| = 2 - [« =) < 0. 7)
By Lemma 3, we obtain
i - -0 -
Hence,
Jim 1| = Jim ZEE =0, 9

By Lemma 1, Lemma 2, and (29), we get
-1
- sl -
< (1-p) | "

+ e [loe (U:xk —x")+(1-ay)

| e )

2

(& O
(1-ay) A* (I - projg) Axt
2
< [ak'|ka - xTH +(1-0og)

X

('~ ey (i)

|

(A
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+(1- ) “xk - xT"z

8, 2
cnin (122
TP TG

X ”A*(I - pron)Axk -A"(I - pron)AxJr "2

+(1-0og) Mk||xk - 9ch||2

+(1- ) “xk - xT“Z + (xkptk||ﬂ:xk = xT“Z

()
T - AP

X ”A*(I - pron)Axk -A"(I - pron)AxJr "2

2 2
+ ock"[ka - xT“ + "xk - xT” .

(40)
Therefore, we have
. (L ) L)
HEIAr T (-
x |A* (I - projg) Ax* — A* (I - projg) Ax" ||2
e I ol I "

2
< ock"[ka - xT“ + ("xn -

x "Xk _ Xk+1|' )

1
o+ [ =)

Noting that 0 < a < A < 2u/|IA[%, we get liminf,,_,  py >
0. Since lim, , o = 0 and b < 2/|IA|I*>, we obtain
liminf, yka(Z/IIAII2 -b/(1 - ay)) > 0. Thus, we have

Tim A" (I - projg) Ax" — A” (I - projg) Ax"| = 0.
(42)

Using (15), we have

-«

= “projC [ock[ka +(1—0p) X = 8,A" (I- pProjg) Axk]
— proje [x" = 8,A* (I - projg) Ax*]"2

< <ockﬂ:xk +(1 - ) x* — §A” (I - projg,) Ax*

- (xT - 8A” (I - projg) AxT) Y- xT>

{ "xk - 8,A" (I - projg) Ax

le

- (x" = 8A™ (I - projg) Ax")
v o (P =)+ o -
= [l + (1 - o) x* = 8, A" (I - projg) Ax
—(x" = 8A™ (I - projg) Ax") = (¥ - xT)"z}
% {1(x* - 8A" (1 - projg) Ax¥)
- (¢ = 8,A" (1 - projg) Ax")|"
+ 20, [t — ]
x[[x* = 8A™ (1 - projg) Ax®
- (x" - A" (1 - projg) Ax")
v () + [y~ '
- (" -5
= 8 (A" (I - projg) Ax* - A” (I - projg) Ax")
+ o (Bx* - )]
< % { |(+* = 8eA" (1 - projg) Ax")
= (x" - 8" (1 - projg) Ax")[
VI T
o [CEPURLACY

—-A" (I - projg) AxT)

(I- proj@) Ax

+ o (FF -}
A e R PR |
|- yk" + 20 {5, x5~ )
+28; (x* =y, A" (I - projg) Ax*
— A* (I - projg) Ax")
— 8% (A™ (1 - projg) Ax* — A* (I - projg) Ax")

- o ([ka - xk)Hz}



8

< U v e -
= 2 e - -]
+28 |+ - 5|
x | A" (1 - projg) Ax* - A" (T - projg) Ax'| },
(43)
where M > 0 is some constant such that
sup {2[] | | - 8xA™ (1 - projg) Ax*
— (x" = 8A" (I - projg) Ax")  (44)
+ oy (Fx* = x)|} < m.
It follows that
e I e R Ry i
+ 20 [P = [ = | 28 [ - ]

x |A* (I - projg) Ax* — A™ (I - projg) Ax'| ,

(45)
and hence
[ -
S O R P
< "xk - xT"2 + oM - yk"xk - yk"2 (46)

+ 20 [Pt ] " -+ 200 - 5
x |A* (I - projg) Ax* — A* (I - projg) Ax|
which implies that
wle =
< (=] [ = -
+ o M + 20 || Fx = x| | = 4| + 26, | - 5|

x |A* (I - projg) Ax* — A™ (I - projg) Ax'| .
(47)

Since oy — 0, |x, — Y = 0and |A*(I - proj@)Axk -
A*(I - pron)AxTH — 0, we derive

lim ”xk - yk" =0. (48)

n—00
Next we show that

lim sup <§ -F»,v - yk> <0, (49)

n— 00
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where ¥ = Pz(F7). To show it, we choose a subsequence { ;Vn,-}
of { yk } such that

lim sup <'17— [F’77,37—yk> = lim <’77— [F?,'i—yni). (50)

n— 00 i— 00

Since {y*} is bounded and { Yy, } is then bounded, we have the
fact that a subsequence { ynij} of {y,,} converges weakly to z.

Next we show that z € E. We define a mapping W by

W = {A* (I - projg) Av+ Nev, veC, (51)

0, v ¢ C.

Then W is maximal monotone. Let (v, w) € G(W). Since w —
A*(I - projy)Av € Nevand y* € C, we get

<v ~ ¥, w - A" (I - projg) Av) > 0. (52)

On the other hand, from yk = projc[ock[ka +(1 - ock)xk -
S, A - proj@)Axk], we have
<v Y — o Fx - (1 - o) X
(53)
+ 8A” (I - proj) Ax*) > 0.

That is,

(54)
Xk
+— ) > 0.
8 (xk — Fxk) >
Therefore, we have

V= y,,w)

> (V= y,,Av) 2 (v = y,, A" (I - projy) Av)

n T Xn, * .
_<v—yni,(y' ') +A (I—pro;Q)Axni

[P S
S, I-F)x,
= <v — Yu» A" (I = projg) Av

(y”i B x”i)

0

n;

- A" (I - projg) Ax,, —

[04

5, I-F)x, >
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= (V= 3, A" (I - projg) Av — A” (I - projg) Ay, )

— V- (y"i B x“i) + (X”i
IS, 5, I-F)x,

+ <V = Vnp A (I - pI'OjQ) Ayn,.
-A" (I - projg) Axni>

> <v— Y A (I = projg) Ay, —A™ (I - projg) Axni>

_ V- (y”i B x”i) + “”i
IS, 5, I-Fx, |

Noting thater, — 0, [y, —x, [ — Oand A*(I - projg)A is
Lipschitz continuous, we deduce from above

(55)

(v-z,w) 2 0. (56)

Since W is maximal monotone, we have z € W™ '(0) and
hence

z € VI(C,A" (I - projg) A) = E. (57)
Therefore,

lim sup <7 -7~ yk>

(58)
= lim (V-F5,9-y,)=(F-F,7-z) <0.

1— 00

Again from (15), we have

2
|31

proje [akka +(1-0og)

(- e )

- proje [oc,ﬁ +(1-oy)

2

" ( (- A° ?? —pr%)Aw)]
< <ock (Fx* =%) + (1 - o)

d(SE T =)

- ( (- A° ?f—proj@)fw)]’yk‘7>

<o (T-FxXN5-yF + (1-a)

X

ok O
(1-og) A* (I - projg) Axk

-3

(- i)
U (1-oy)A* (I - projy) AV
<o (T- 3,7 y*) + ap (F7 - Fx*, 7 - yF)
a7y -
<oy (T-F9,7 - y*) + o [P - P
x[[7 -+ (=) | -3 " -]
<y <7— 7,7 — yk> +[1-(1 -1 oay] "xk —5" "yk —V“

<o (F- 7 ) ¢ L0 % (12_ D% | ok 5

1 —
eIl
(59)
Hence,

112 12
b5l < - -0 -]
(60)
+204 (7 F3,5 - y¥).
Therefore,
k 12 ko~ 2 2
[ =3 = = [ =3+ ey -]
<[1=pe (=0 o] "xk - i"z (61)
+ 24,0 <¥ -F»,v - yk> .
We apply Lemma 4 to the last inequality to deduce that X -
. This completes the proof. O
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