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To better deal with imprecise and uncertain information in decision making, the definition of linguistic intuitionistic fuzzy
sets (LIFSs) is introduced, which is characterized by a linguistic membership degree and a linguistic nonmembership degree,
respectively. To compare any two linguistic intuitionistic fuzzy values (LIFVs), the score function and accuracy function are
defined. Then, based on t-norm and ¢-conorm, several aggregation operators are proposed to aggregate linguistic intuitionistic
fuzzy information, which avoid the limitations in exiting linguistic operation. In addition, the desired properties of these linguistic
intuitionistic fuzzy aggregation operators are discussed. Finally, a numerical example is provided to illustrate the efficiency of the
proposed method in multiple attribute group decision making (MAGDM).

1. Introduction

Intuitionistic fuzzy set (IFS) [1], which is characterized by
a degree of membership and a degree of nonmembership,
is a very powerful tool to process vague information. After
the pioneering study of Atanassov [1], the IFS has captured
much attention from researchers in various fields and many
achievements have been made, such as entropy measure of
IES [2-7], distance, or similarity measure between IFSs [8-
13] and aggregation operators of IFS [14-21]. In addition,
related to IFS, some authors proposed several other tools
to handle vague and imprecise information whereby two
or more sources of vagueness appear simultaneously [22].
Atanassov and Gargov [23] introduced the notion of interval-
valued intuitionistic fuzzy set (IVIFS), which is characterized
by a membership function and a nonmembership function
with interval values. Torra [24] and Torra and Narukawa [25]
gave a definition of hesitant fuzzy set (HFS), which can better
deal with the situations where several values are possible to
determine the membership of an element. Zhu et al. [26]
defined dual hesitant fuzzy set in terms of two functions that
return two sets of membership values and nonmembership
values, respectively, for each element in the domain.
Although, the foregoing fuzzy tools are suitable for
dealing with problems that are defined as quantitative sit-
uations [22], uncertainty is often because of the vagueness
of meanings that is used by experts in problems whose

nature is rather qualitative. For example, for reason of the
increasing complexity of the decision making environment,
time pressure, and the lack of data or knowledge about
the problem domain, in the process of decision making
under intuitionistic fuzzy environment, a decision maker
may have difficulty in expressing the degree of membership
and nonmembership as exact values, whereas he or she may
think the use of linguistic values is more straightforward
and suitable to express the degree of membership and non-
membership. Similar to IFS, linguistic intuitionistic fuzzy set
(LIFS) is characterized by a linguistic membership degree and
a linguistic nonmembership degree, respectively. By using
the LIFS, decision makers are able to consider a linguistic
hesitancy degree in the belongingness of an element to a set,
where they cannot easily express their subjective judgment
with a single linguistic term.

The outline of the paper is organized as follows. The
following section presents a brief introduction to the basic
knowledge that will be used in the definition of LIFS.
Section 3 gives the concept of LIFS and constructs the
score function and accuracy function for LIFS. Section 4
develops several aggregation operators for LIFS. Section 5
proposes a MAGDM method with linguistic intuitionistic
fuzzy information. In Section 6, an application of the new
approach is presented. Finally, conclusions are provided in
Section 7.
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2. Preliminaries

In the following, some basic concepts and knowledge related
to IFS and linguistic approach are briefly described.

Definition 1 (see [1]). Let X be a universal set. An IFS A in X
is given as

A={(x,py (x),v4(x) | x € X}, 1)

where the functions p,(x) : X — [0,1], v4(x) : X — [0,1]
stand for the degree of membership and nonmembership
of the element x to A, respectively. Any x € X meets the
condition 0 < p,(x) + v4(x) < 1.

7 4(x) is called intuitionistic index or degree of indeter-
minacy of x to A : myu(x) = 1 — py(x) — v4(x). Obviously, if
ma(x) = 0, IFS A is reduced to a fuzzy set.

Some basic definitions and operations on IFS are pre-
sented as follows.

Definition 2 (see [14, 15]). If A and B are two IFSs of the set
X, then
(1) A = Bifand only if Vx € X, py(x) = pp(x), and
vu(x) = vp(x);
(2) A° = {(x,v4(x), us(x)) | x € X}, where A® is the
complement of A;
(3) AN B = (min(ps(x), pg(x)), max(v,(x), vg(x)));
(4) AV B = (max(p,(x), ug(x)), min(v,(x), vg(x)));
(5) A® B = (pa(x) + pp(x) — pa(x)pp(x), v4(x)vp(x));
(6) A® B = (us(x)up(x), v4(x) + vp(x) = v4(x)vp(x));
(7) M = (1= (1= gD va (), A > 05
(8) AM = ()M 1= (1= v, (x)M), A > 0.

In real world, many decision making problems present
qualitative aspects that are complex to assess by means of
numerical values. In such cases, it may be more suitable to
consider them as linguistic variables.

LetS = {s; | i = 0,1,...,t} be a finite linguistic term set
with odd cardinality, where s; represents a possible linguistic
term for a linguistic variable. For example, a set of seven terms
S can be expressed as follows:

S ={s, = N (none),s; = VL (verylow),s, = L (low),
s3 = M (medium), s, = H (high), (2)
ss = VH (very high) , s, = P (perfect)} .

It is required that the linguistic term set should satisfy the
following characteristics [27-30].
(1) The set is ordered: s; > s, if and only if i > j.
(2) There is a negation operator: Neg(s;) = s; such that
j=t—i
(3) Max operator: max(s;, s;) = s;, if and only if i > j.

(4) Min operator: min(s;, s;) = s;, if and only ifi < j.
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To preserve all the given information, Xu [31] extended
the discrete term set S to a continuous linguistic term set S =
{sq | g < 54 <50 € [0,t]}, where, if s, € S, then s, is called
the original linguistic term. Otherwise, s,, is called the virtual
linguistic term.

Definition 3 (see [31, 32]). Consider any two linguistic terms
Sa» Sg € S, and p,uy,u, € [0,1], the add and multiply
operations of linguistic variable are defined as follows:

SaEBSﬁ ZSﬁGBS“ :Soc+ﬁ’

3)

Sa®5/325[3®5a:5(xﬁ'

t-norm and f-conorm have been widely used to construct
operations for fuzzy sets and IFSs.

Definition 4 (see [33,34]). A t-norm is a mapping T": [0, 1] x
[0,1] — [0, 1] satisfying, for all x, y,z € [0, 1],

1) T(x,1) = x;

(2) T(x, y) = T(y, x);

() T(x, T(y,2)) = T(T(x, y), 2);

(4) T(x, y) < T(x,z) whenever y < z.

The four basic t-norms T, Tp, T}, and T, are given as
follows:

Ty (x, y) = min(x, y), (lattice operation);
Tp(x,y) = x - y, (algebraic operation);
T;(x, y) = max(x+ y—1,0), (Lukasiewicz operation);

if (x,y)e[0,1)*

0 . .
Tp(x, y) = {min (5,9) otherise, (drastic operation).

Definition 5 (see [33, 34]). A t-conorm is a mapping S :
[0,1] x [0,1] — [0, 1] satistying, for all x, ¥,z € [0, 1],

(1) 8(x,0) = x;

(2) S(x, y) = S(y, x);

(3) S(x,S(y, 2)) = S(S(x, y), 2);

(4) S(x, ¥) < S(x,z) whenever y < z.

The four basic t-conorms Sy, Sp, Sy, and Sy, are given as
follows:

Su(x, y) = max(x, y), (lattice operation);
Sp(x,y) =x+ y —x - y, (algebraic operation);
Si(x, y) = min(x + y, 1), (Lukasiewicz operation);

_ [ max(x,p) if(x,)€(0,1]? : .
Sp(x, ) { ! e (drastic operation).

3. Linguistic Intuitionistic Fuzzy Set

The concept of linguistic intuitionistic fuzzy set (LIFS) is
given as follows.
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Definition 6. Let X be a finite universal setand S = {s, | s, <
Sq < Sp o € [0,t]} a continuous linguistic term set. A LIFS A
in X is given as

A={(x,s9(x),s,(x)) | x € X}, (4)

where sy(x),s,(x) € S stand for the linguistic membership
degree and linguistic nonmembership of the element x to A,
respectively.

For any x € X, the condition 0 < 0 + 0 < t is always
satisfied. 7r(x) is called linguistic indeterminacy degree of x
to A : 7(x) = s,_g_,. Obviously, if 8 + 0 = t, then LIFS
A has the minimum linguistic indeterminacy degree, that
is, m(x) = sy, which means the membership degree of x to
A can be precisely expressed with a single linguistic term
and LIFS A is reduced to a linguistic variable. Oppositely,
if @ = 0 = 0, then LIFS A(x) has the maximum linguistic
indeterminacy degree; that is, m(x) = s,. Similar to IFS,
the LIFS A(x) can be transformed into an interval linguistic
variable [sy(x),s,_,(x)], which indicates that the minimum
and maximum linguistic membership degrees of the elements
x to A are sy and s,_, respectively.

For notational simplicity, we suppose both LIFS A and
B contain only one element, which stand for linguistic
intuitionistic fuzzy values (LIFVs), that is, the pairs A =
(sg>S,) and B = (sy,sv).

To compare any two LIFVs, the score function and
accuracy function are defined as follows.

Definition 7. Let A = (s, $5) and B = (s, s,) be two LIFVs,

with sg, S5, 5, 5, € S = {s, | 5y < s, < 5, € [0,¢]}. The score
function of A is defined as

S(A) = S¢19-0)/2> ®)
and the accuracy function is defined as
H (A) = $pi0- (6)
Thus, A and B can be ranked by the following procedure:
(1) if S(A) > S(B), then A > B;
(2) if S(A) = S(B) and
(a) H(A) = H(B), then A = B;

(b) H(A) > H(B), then A > B;
(c) H(A) < H(B), then A < B.

Itiseasytoseethat0 < (t+0-0)/2 <tand0<0+0 <t,
which means s(;,9_4/2> S916 € S-

Example 8. Let A = (s, s;), B =_(so,s4), and C = (s,s5) be
LIFVs, which are derived from S = {s, | s, < s, < $5, & €
o 61]\}£;plying formulas (5) and (6), we have
S(A)=s,>S(B)=S(C) =5,
H(B)=s, <H(C) = sq. 7

Thus, we obtain A > C > B.

4. Aggregation Operators for Linguistic
Intuitionistic Fuzzy Sets

Since the definition of LIFS is given, it is necessary to
introduce the operations and computations between them.

Definition 9. Let A = (sg,s,) and B = (s, s,) be two LIFVs;
then
(1) A= Bifandonlyifsy = s, and s, = s,
(2) A° = (s,, s9), where A® is the complement of A;
(3) the intersection of A and B: A A B
(min(sg, s,,), max(s,, s,));

(4) the union of A and B: A VvV B =
(max(sy, sﬂ), min(s,, s,)).

Motivated by t-norm and t-conorm, we propose the
following operation laws for linguistic variables.

Definition 10. Considering any two linguistic terms s, sg €

S = {s, | so <'s, < s,y € [0,¢]}, the add and multiply
operations of linguistic variable are defined as follows:

So @S = Sp® Sy = Sys(ayt,prt) (8)
Su ®Sp = Sg® Sy = ST(astpit) )

where S(a/t, 3/t) and T'(«/t, B/t) are t-conorm and t-norm,
respectively.

Since S(a/t, B/t), T(a/t, B/t) € [0,1], we have tS(a/t,
B/t), tT(a/t, B/t) € [0,t], which indicate the operation
results match the original linguistic term set S; that is,
Sts(a/t. Bl StT(/tplt) € S. In addition, it is worth noting that,
because of the monotonicity of t-conorm and t-norm, the
values of function tS(«/t, f/t) and tT'(«/t, 3/t) are monoton-
ically increasing with the increasing of & and 3, which means
the operation results obtained by (8) and (9) are in accord
with our intuition.

If we take the well-known Sp(a/t, f/t) and Tp(e/t, 3/t)
into (8) and (9), respectively, then they can be rewritten as
follows:

Sa @ Sp = Sp D Sy = St(ajt+p/t-apt?) = Sa+p-ap/t> (10)
Sa ® Sﬁ = SB ® Sq = St(ocﬁ/tz) = Stxﬁ/t'

Example I1. LetS = {s, | s, < s, < s € [0,6]}. Applying
(10), we have 53 @ 54 = $3,4 3146 = S5 54 D S5 = Syy5 4us/6 =
S5.667> 53 ® S5 = Saxass = Sp> AN Sy ® S5 = Sy5/6 = S3333-

Thus, we obtain s; ®s, < s, ®s; and s;®s, < s, ®s5. Such
results seem to be intuitive and can be easily accepted.

Alternatively, if we take the operation laws of Definition 3,
we have s, ® s, = s, ¢ S, 5, ®55 = s, ¢ S, where the
subscripts of s, and s,, are bigger than the cardinality of
linguistic term set S. In addition, if we extend the discrete
term set S to a continuous term set S = {s | a €
[0,g]} [35], where g (g > t) is a sufficiently large positive



integer, there is an unavoidable question on how to define
the semantics for s, and s,,. Obviously, s, or s,, has different
semantics in different linguistic term set S with different
cardinalities. As a result, it is unrealistic to assign semantics
to a given linguistic value s, derived from linguistic term set
with variable cardinality. If we follow the method of s, ® s =
min{s,, g, s;} and s, ® sz = min{s,g, s,} [36] for 5,55 € S =
{sy | so <5, < spy € [0, t]}, then we have s; & s, =
S4® S5 =5gand s; ® s, = 5, ® S5 = 5. Such results seem to be
counter-intuitive and may not be easily accepted. Applying
(10), we can overcome the limitations that the subscripts of
the linguistic variable are bigger than the cardinality of the
corresponding linguistic term set S and obtain results agreed
with our intuition.

Based on (10), we can get the following operation laws for
LIFVs.

Definition 12. Let A = (sy,5,) and B =
Sus Sy € S = {s,

(sﬂ, s,) be two LIFVs,

where sy, s, s« € [0, ]} with

A > 0; then

| s < 54 <

A®B = (St(G/ter/t—@[x,/tz)’St(m//tz)) = (56+;470;4/t’sm//t)’ (11)

A®B = (St(Gy/tz)’St(a/t+v/t—av/t2)) = (Sey/t’szﬁv—ov/t)’ (12)

MA = (s (13)

t(1-(1-0/0") St(o/t)* ) )

A
A" = (S0 St1-(-07th) - (14)

Some special cases of LA and A” are obtained as follows.
IfA = (50’ Sg) = (St’ SO)’ then

AA = (St(l—(l—e/t)A)’St(a/t)*) = (St(l—(l—t/t)")’ £/ ) (5650) >

A
A" = (S0 Staaorry) = (St Ssao) = (5650 -
(15)
IfA= (59’ 50) = (50) St), then

AA = (Stu—(l—e/t)*)’St(a/tﬂ) = (Stu—(l—ow)’ te/et ) (s0-5¢)

A
AT = (Srw/t)“St(l—(l—a/n*)) = (st(O/t)A’St(l—(l—t/t))‘)) = (50>¢) -
(16)

IfA= (59’ Sa) = (S()) 5()), then

AA = ( Si1-(1-6/6") Sto/t)* ) ( St1-(1- O/t)A)’St(O/t)A):(SO’SO)’

A
AT = (St(e/t)" St(l—(l—a’/t))‘)) = (St(O/t)“ St(l—(l—O/t)A)) = (so» 5(()) -)
17
IfA — 0, then
M = (St(l—(l—e/tﬂ)’St(a/t)*) = (505¢)»
\ (18)
AT = (St(e/t)“5t(1—(1—a/¢)A)) = (St’so)'
If A — 400, then
M = (St(l—(l—e/o*)’St(a/t)*) = (5550
(19)

A
AT = (St(e/t)"5:(1—(1—0/:)*)) = (SO’St)'
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Theorem 13. Let A = (sy,s,) and B = (sﬂ,sv) be two LIFVs,
where 9,85, S, € S = {sy | $p < s < sppax € [0,¢]} with

A Ay, A, > 0. Then, one has

(1) M(AeB) =AAa AB,

Q) MA@ LA = (A, +1,)A,

(3) A*®B* = (A® B)",

(4) AM @ AN = AMHh,

Proof. (1) By (11), we have A @ B = (Sg,y—gu/t> Sovst)- Thus,
based on (13), we have

A (A @ B) = (S11_(-@sptufoiry Scconfonn’)
(20)
= (Sr(l—a—e/:)*(l—y/rﬂ)’ St(o /0 it
Similarly, since AA = (St(l—(l—e/t) Sio/t) /\) and AB =
(St(l_(l_#/t)/\), St(v/t))t), then
AA ® AB
= (5t<1—(1—9/t)*>+t<1—(1—u/r>‘>—r<1—<1—9/r>*><1—(1—u/t)‘> ’
(21

St(a/t)Mv/t)*/t)
= (St(l—(l—e/tﬂ(l—u/t)*)’ Stw/m(yw) :

Hence, we obtain A(A® B) = AA & AB.
(2) By (13), we have LA = (st(1 (1- e/t)Al)’St(a/t)Al) and
LA = (st(1 1-6/1Y2y St(a/t) Az) thus, we obtain

AMA® LA
= (Sru—u—e/t)*l>+r<1—<1—9/t>*2)—r(l—(l—e/r)“)<1—<1—6/r>*2>’
St(o/y1 (0/0) )
= (Stu—e/t)*l (1-0/0)"2> St(g/p) 1412 )
= (Sr(l—e/t)h**z>5t(a/t)*1”z) = (A +1,) A
(22)

(3) By (14), we get At = (St(e/t)/\,St(l_“_g/t)l)) and B* =
(St(M/t)/\, St(l—(l—v/t)’\)); thus, based on (12), we have
A'@B

= (St(9/t)'\(y/t)'\’ 5r(1—(1—o/t>*)+t<1—(1—v/t)*)—t(l—(1—o/t)*><1—<1—v/t)*>)

(Srw/tﬂ(y/t)“ St(l—(l—a/n*(l—v/r)*)) :
(23)



Journal of Applied Mathematics

Since A ® B = (Sg,/t> Sg4v-gvye)> then, by (14), we have

(A® B)*

= (St(ey/t/t)*’ 5¢(1-(1-(a+v—ov/t)/t)*))
(24)

(St(e/tﬂ(y/t)“ 5t(1—<1—a/t—v/t—w/t2)*>)

(Sr(e/tﬂ(u/t)“ 5t<1—<1—o/t>‘(1—v/t>*>) :

Hence, we obtain A* ® B* = (A® B)’\.
(4) By (14), we have AM = (St(G/t)’\l’St(l—(lfcf/t))‘l)) and

AM = (Sy0/0%2> St(1—(1-0/1y2)); thus, we have
At g AN
= (St(O/t)"l ©/ty2>
St1-(1-0/0)M ) +(1-(1-0/1)2)~t(1-(1-0 /D)™ )(1-(1-0/0&))

= (Stw/t)Wz »St1-(1-o/ty1 )(1—0/&2))
A+A
= (Sapeyar Si—qopyroiny) = A,
(25)

which completes the proof of Theorem 13. O

Motivated by the intuitionistic fuzzy aggregation oper-
ators [14, 15], in what follows, we define some aggregation
operators for LIFVs.

Definition 14. Let A; = (sp,s,) (i = 1,2,...,n) be a set
of LIFVs. Then, the linguistic intuitionistic fuzzy weighted
averaging (LIFWA) operator is defined as

LIFWA (A}, A,,...,A,) =w, A ®w,A, @ dw,A,
= (Stu—n?:l(l—ei/t)"’f)’ ST (0,0 ) ’
(26)

where w = (wy,w,,...,w,)" is the weight vector of A; (i =
1,2,...,n),withw, € [0,1]and YL, w; = 1.

In Particular, if w = (1/m,1/n,...,1/n)%, then the
LIFWA operator is reduced to a linguistic intuitionistic fuzzy
averaging (LIFA) operator; that is,

1 1
LIFWA (A, Ay, A,) = A, 6 —A, @@ -A,
n n

S

= <5t<1—n,”=1<1—ei/t)1/">’ StH?=1(ai/t)‘/"> :
(27)

Based on Definition 14, we get some properties of the
LIFWA operator.

Theorem 15. Let A; = (sg,s,) (i = 1,2,...,n) be a set of
LIFVs and w = (wy, w,, ..., w,)" the weight vector of A, (i =
0,1,2,...,n), withw; € [0,1] and Y., w; = 1; then one has
the following.

(1) Idempotency. If all A; (i = 1,2,...,n) are equal, that
is, A; = (g, S5,) = (Sg> S5)> for any i, then

LIFWA (A}, A,, ..., A,) = (sg,5,) - (28)

(2) Monotonicity. Let A'I. = (591{,501{) (i=12,...,n)bea
set of LIFVs. If sy > sg and s, < s, for any i, then

SA,),
(29)

LIFWA (A, A),..., A}) > LIFWA (A}, A,, ..

Sfor any w.

(3) Boundary. Consider

<miin (sei),miax (sai)> < LIFWA (A, A,,...,A,)

(30)
< (miax (Sgi) , miin (sgi)> .
Proof. (1) Since A; = (sq,, S5,) = (Sg> S,;), for any i, then
LIFWA (A}, A,,..., A,)
= (s a-ame ST o) (31)

= (St(l—(l—e/t))’st(a/t)) = (59>S¢7)'

(2) If sgy > s, that is, 6! > 0,, for any i, then we have

0! 6,

Similarly, when s, <

1T, (o] /DY < ¢ T, (as/ )",

According to Definition 7, we obtain

S5 for any i, we can get

(St(l—nz‘:lu—e:/t)”")’ Stn,-":l<o{/t>l/")
(33)
z (Stu—n,il(l—e,-/r)“”)’ Srn?zl(o,-/t)lf“) :

that is,

!

LIFWA (A}, A),..., A") 2 LIFWA (A}, A,,..., A,,).

(34)



(3) Since min; (59) < sp, < max; (59) and max;(s, ) <
$o, < miny(s, ), for any i, then, based on the monotonicity
of Theorem 15 we derive

(miin(se) max (s, )) < LIFWA (A}, Ay, ..., A,)

(35)
< (miax (56,.) ,miin (%,)) .
O
Definition 16. Let A; = (sei,sgi) (i = 1,2,...,n) be a set

of LIFVs. Then, the linguistic intuitionistic fuzzy ordered
weighted averaging (LIFOWA) operator is defined as

LIFOWA (A}, A,,...,A,)

= wlA(l) EBwZA(z) (&3] @wnA(n) (36)

= (St(l—n?:1<1—9<,-)/t)”f>’ Srn,-”:1<o(,-)/t>“f) >

where A = (sq,,5,,) is the ith largest of A, A,,..., A

n
and w = (wy,w,,..., wn)T is the associated weight vector of
Ag (i=1,2,...,n),withw,; € [0,1] and )" w; = 1.

Similar to Theorem 15, we have some properties of the
LIFOWA operator.

Theorem 17. Let A; = (sg,s,) (i = 1,2,...,n) be a set of
linguistic intuitionistic fuzzy values and w = (w,, wy, . .., w,)"
the associated weight vector of Ay (i = 1,2,...,n), withw; €
[0,1] and Y, w; = 1; then one has the following.

(1) Idempotency. If all A; (i = 1,2,...,n) are equal, that
is, A; = (Sg.»S5,) = (59> S5), for any i, then

LIFOWA (A}, A,,..., A,) = (sg.55) - (37)

(2) Monotonicity. Let A'i = (Sei’)sa,.’) i=12,...,n)bea
set of linguistic intuitionistic fuzzy values. If sy > sy
and s, < s, , for any i, then

LIFOWA (A, A),..., A}) 2 LIFOWA (A}, A, ..., A,),

(38)

for any w.

(3) Boundary. Consider

(m_in(se) max( )><LIFOWA(A1,A2,...,A )
' (39)
< (max (sei),miin (sgi)>

(4) Commutativity. Let A'i = (59;,50;) (i=012,...,n)
be a set of linguistic intuitionistic fuzzy values, then for
any w

LIFOWA (A, A},..., A}) = LIFOWA (A}, A, ..., A,),

(40)
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! ! !
where (A}, A,,...,A))
(A, A, .. A)).

is any permutation of

Definition 18. Let A; = (sg,s,) (i = 1,2,...,n) be a set
of LIFVs. Then, the linguistic intuitionistic fuzzy weighted
geometric (LIFWG) operator is defined as

LIFWG (A}, Ay, ..., A,) = AT'®@ AV @ @ AW

= (S, 00> St -0 )
(41)

where w = (w;,w,,...,w,)"is the weight vector of A; (i =
1,2,...,n),withw, € [0,1]and Y., w; = 1.

The LIFWG operator has the following properties.

Theorem 19. Let A; = (s4,s,) (i = 1,2,...,n) be a set of
LIFVs and w = (wy, w,, ..., w,)" the weight vector of A, (i =
1,2,...,n), withw; € [0, 1] and Z:‘zl w; = 1; then one has the
following.

(1) Idempotency. If all A; (i = 1,2,...,n) are equal, that
is, A; = (g, S5,) = (Sg> S5)> for any i, then

LIFWG (A, A,,...,A,) = (s S,) - (42)

(2) Monotonicity. Let A'i = (sg,55) (i =1,2,...,n) bea
set of linguistic intuitionistic fuzzy values. If sy > so.
and s, < s, for any i, then

AL,
(43)

LIFWG (A}, A),...,A}) > LIFWG (A}, A,, ...

for any w.
(3) Boundary. Consider

<miin(59) max( )) < LIFWG (A}, A,,...,A,)

< <mlax (Sei) , miin (50,.)> .

Definition 20. Let A; = (59,->5¢r,-) (i = 1,2,...,n) be a set
of LIFVs. Then, the linguistic intuitionistic fuzzy ordered
weighted geometric (LIFOWG) operator is defined as

(44)

LIFOWG(A},A,,...,A,)

= A“’l QAR ®---® AL
(n)

@) (45)

= (Stn;;lw(,»)/t)"’f > 5t<1—H,-”=1(1—a<i>/t>”f)) >

where A = (sg(i),so(i)) is the ith largest of A, A,,..., A,
and w = (wy,w,,...,w,)" is the associated weight vector of
Ag (i=1,2,...,n),withw,; € [0,1] and )" w; = 1.

Similar to Theorem 15, we have some properties of the
LIFOWG operator.
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Theorem 21. Let A; = (sg,s,) (i = 1,2,...,n) be a set of

LIFVs and w = (wy, w,, ..., wn)T the associated weight vector
of Ay (i=1,2,...,n), withw; € [0,1] and ), w; = 1; then
one has the following.

(1) Idempotency. If all A; (i = 1,2,...,n) are equal, that
is, A; = (Sg.»S5,) = (59> S5), for any i, then

LIFOWG (A}, A,, ... A,) = (sg.S,) - (46)

(2) Monotonicity. Let A'i = (561{,50.!) (i=12,...,n)bea
set of linguistic intuitionistic fuzzy values. If sy > sg.
and s, < s, , for any i, then

LIFOWG (A, A}, .., A}) 2 LIFOWG (A}, A,, .., A,),

(47)
for any w.
(3) Boundary. Consider
<mjn (59,.) , max (sgi)> < LIFOWG (A}, A,, ..., A,)
(48)

< (max (59_) , min (ng)
i ! i !

(4) Commutativity. Let A'i = (59!’50!) (i=1,2,...,n)bea
set of linguistic intuitionistic fuzzy values; then for any
w

LIFOWG (A, A}, .., A}) = LIFOWG (A}, A,, .., A,),

(49)

where (A, A',..,Al) is any permutation of
(AL A, LA

Lemma 22 (see [37,38]). Letx; > 0, A; >0,i=1,2,...,n,
and Y A; = 1; then

n n

A
| |xi’ < Z)tixi, (50)
i=1 i=1

with equality if and only if x, = x, = -+ = x,,.
Based on Lemma 22, we have the following theorem.

Theorem 23. Let A; = (sgi,sai)(i = 1,2,...,n) be a set of
LIFVs; then one has

LIFWA (A}, A,, ... A,) 2 LIFWG (A}, A,, ... A,),

LIFOWA (A}, A,, ..., A,) 2 LIFOWG (A, A,, ..., A,),
(51)
with equality ifand only if A, = A, =---= A

ne

Proof. Let w = (wy,w,,...,w,)" be the weight vector of
A; (i =1,2,...,n),withw; € [0,1] and Y, w; = 1; then,
by Lemma 22, we have 1 - [T (1 - 6,/0) > 1 - Y7 w,(1 -

0,/t) = 1= X wi+ YLy w0/t = Yoy w6/t = T, (6,/6)",
with equality if and only if 8, = 6, = --- = 0,; that is,
t(1 = [T, (1= 6,/)") > t[]r,(6,/t)", with equality if and
onlyiff) = 6, = -+ = 6,5 and [[, (0;/1)" < YL wioy/t =
1= w(l-0;/t) < 1-[]L,(1-0;/t)", with equality if
and only if 0, = 0, = -+ = 0,; that is, t(l—[?:l(o_i/t)w,-) <
t(1 - [T, (1 = 0;/)"), with equality if and only if o, = 0, =

e = O"n_

Consequently, by  Definition7, @ we  obtain
(Se1-TT, (1-6,/0%)> ST 01/0) = (Serr2, 0,10
SH1-TT", (1-0,/0))» With equality if and only if 6, = 6, =
---=0,and 0, =0, = --- = g,; that is,

LIFWA (A}, Ay ..., A,) = LIFWG (A}, A,,...,A,), (52)
with equality ifand onlyif A, = A, =--- = A,.

Similarly, we can also prove LIFOWA(A, A,,...,A,)
LIFOWG(A,, A,,..., A,), with equality if and only if A,
Ay=-= A,

Besides the above properties, we can derive the following
desirable results of the LIFOWA and LIFOWG operators. [J

v

Theorem 24. Let A; = (s9,,85) (i = 1,2,...,n) be a set of

LIFVs and w = (w,,w,, ..., w,)" the associated weight vector
of Ay (i=1,2,...,n), withw; € [0,1] and ), w; = 1. Then
one has the following.

) Ifw = (1,0,...,0)", then

LIFOWA (A}, A,,...,A,) = LIFOWG (A, A,,...,A,)
=max (4;).
(53)
Q) Ifw = (0,0,...,1)", then
LIFOWA (A}, A,,...,A,) = LIFOWG (A, A,,...,A,)
= min (Ai).
1
(54)
() Ifw; =1 and w; = 0, for j#i, then
LIFOWA (A}, A,,...,A,) = LIFOWG (A, A,,...,A,)
= Agy
(55)
where Ag = (sg,.S5,) is the ith largest of
AL A, .. A,

Example 25. Let A| = (51,8,), A, = (51,83), Az = (85,84),
and A, = (s,,s,) be LIFVs, which are derived from S = {s, |
So < Sy < Se € [0,6]}, and let w = (0.2,0.3,0.4,0.1)” be the
weight vector of A; (i = 1,2, 3,4).



Applying (26) and (41), we obtain the aggregated LIFVs
as follows:

LIFWA (A}, Ag, - Ag) = (Ss0_72. 0oy STt o6 )
(51 827> 52. 781)
LIFWG (A}, A,,..., A (561-[! (@6 S6 (T, 10/
(51 516> S3. 157)
(56)
It is easy to see that
LIFWA (AI’A2>""A4) = (51.827>52.7s1)
> LIFWG (A}, A,,...,A,) (57)

= (51.516’53.157)'

By Definition 7, we calculate the following values of score
function and accuracy function.

S(Al) = S(6+1-2)/2 = S2.5 S (Az) = S6+1-3)/2 = S

S(A3) = Sera-92 = S» S(Ay) = Sgra_1y2 = Sa50 (58)
H(Az) =S143 = S H(A3) = S244 = S6-

Since S(A,) > S(A;) > S(A,) = S(A;) and H(A;) >
H(A,), then

=A = (51’52)’

=A, = (51>53)-

Aqgy=A,= (54’51) > A(z)

Ag =As= (52’54) > Aw

(59)

Assume that w = (0.155, 0.345,0.345,0.155)", which are
determined by the normal distribution based method [39], is
the associated weight vector of A ;). Then, by (36) and (45),
we have

LIFOWA (A}, A,,...,A,)

= (56(1—11;’:1(1—9(,-)/6)%)’ S6[11L (o) /6)" )

= (51.983’ 52.430) >

(60)
LIFOWG (A}, A,,...,A,)
= (Sén?:1<6(i)/6>”f’ 56(1—n?:1<1—a(i)/6>%'>)
= (51.575’524882) .
It is easy to see that
LIFOWA (A1> A A4) = (51.983’ 52.430)
> LIFOWG (A, A,,...,A,)
= (51.575» 52.882) .
(61)
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5. MAGDM Method with Linguistic
Intuitionistic Fuzzy Information

In the following, we present a handling method for MAGDM
problems, where the weight vector of attributes is known and
the attribute performance values take the form of LIFVs.

Let A = (A, A,,...,A,) be the set of alternatives and

C = (C,,C,,...,C,) the set of attributes, whose weight vector
is w = (W, w,,...,w,), withw; € [0,1] and Y., w; = 1. Let

(Dl, D,, ..., D;) be the set of decision makers Suppose
R (rlj)an is the decision matrix, where r (59 , (’j )

denotes the preference value and takes the form of LIFV
which is given by decision makers D, for alternative A; with

€eS={s;|i=0,1,...,th
The proposed method is described as follows.

respect to attribute C 1 and sg_', 5];_,
i’ V0

Step 1. Construct the linguistic intuitionistic fuzzy decision
matrix R = (rlj)mxn
Step 2. Utilize the LIFOWA or LIFOWG operator to derive

the aggregated decision matrix R = (1j),xu:

rij = (S9ij’50,-j) LIFOWA(r rlj,...,rfj), .

or 15 = (50,55, ) = LIFOWG (1}, 17, 75),

where the LIFOWA and LIFOWG weights are determined by
the normal distribution based method [39].

Step 3. Aggregate r;; (j = 1,2,...,n) to yield the collective
overall preference values r; for each alternative A; (i =
1,2,...,m) based on the LIFWA or LIFWG operator.

Step 4. Rank the alternatives in accordance with r;, according
to Definition 7.

6. Numerical Example

In this section, we consider an example adapted from
Herrera and Herrera-Viedma [40]. Suppose an investment
company, which wants to invest a sum of money in the
best option. There is a panel with four possible alternatives
of where to invest the money: A, is a car industry; A,
is a food company; A; is a computer company; A, is
an arms industry. The investment company must make a
decision according to four criteria: C, is the risk analysis;
C, is the growth analysis; C; is the social-political impact
analysis; C, is the environmental impact analysis. The weight
vector of attributes is w = (0.3,0.1,0.2,0.4). Three experts
are invited to provide their preferences for each alterna-
tive on each attribute with the linguistic term set S =
{s, = extremely poor,s, = very poor,s, = poor,s; =
slightly poor,s, = fair,s; = slightly good,ss = good,s, =
very good, sg = extremely good}.
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TaBLE 1: The decision matrix R; given by D, .

TABLE 4: The aggregated decision matrix R by LIFOWA operator.

C, C, C, C, C, C, C, C,
Ay (s6>51) (s3,51) (s353) (51 56) Ay (S300851865) (32600 S1470)  (S39080S2463)  (S1771> S5.070)
A, (83,54) (s3,54) (52, 55) (s2,54) Ay (SsssaS2367)  (SassmSasse)  (Sas370S3.051) (522600 S4.223)
Ay (s1553) (5253) (53, 5,) (S>51) As (83230092207)  (S2260083307)  (Sp5745 S2856)  (S3.657> $2.297)
Ay (56> 55) (5453) (5, 51) (s7,51) Ay (SsosS1a01) (3777 S378)  (Ssps00S1401)  (S47200 S1.184)
TaBLE 2: The decision matrix R, given by D,. TABLE 5: The aggregated decision matrix R by LIFOWG operator.
C, C, C, C, G G G Cy
A, (53, 8,) (54>81) (55,84) (55, 85) Ay (S355005200)  (S3217252303)  (S3ss00S2860)  (S1.690 Ss.501)
A, (55,5,) (s3,81) (53554) (555 85) Ay (S350 5256)  (SaaenSaa17)  (Saa62083727)  (S2207 Sa270)
A, (55, 83) (s5,53) (s155,) (s3585) Az (So20m52574)  (Sa20753584)  (S2710083.020)  (S27100 S2.774)
A, (55,5,) (53,53) (855 5,) (5487) Ay (Ssp0751505)  (S37300S35m) (50075 S1505)  (Sasas S1057)
TasLE 3: The decision matrix R, given by D. described by (11) and (12), we can also solve such decision
C, C, C, C, making problems. For example, suppose the decision makers
A, (53,55 (53:55) (50051 (5 50) take the weights of attributes as linguistic values in this
A (5,5,) (5,5,) (5,,5,) (50,5,) example, that is, w; = (s3,8,), w, = s, w3 = [s,,5,], and
A2 ( > 2) ( > 4) ( > 1) ( . 4) w, = [s4, s;], which can be transformed to LIFVs; that is, w; =
3 Se> 51 S5 S5 S35 8, S15 83 (53)52)’ w, = (Sl’ 57)) w; = (52’54)’ and w, = (54, Sl)' 'Ihus, by
A, (s5>51) (54>84) (s6>52) (s5,52)

Step 1. The decision makers provide their evaluation val-
ues and construct the linguistic intuitionistic fuzzy deci-
(Ff)mn (6 = 1,2,3) as shown in
Tables 1, 2, and 3, respectively.

sion matrix R;

Step 2. By the normal distribution based method [39],
the associated weight vector is determined as w =
(0.243,0.514,0.243)T. Then, utilize the LIFOWA operator
to derive the aggregated decision matrix R = (7;;) 4.4
which is shown in Table 4. Alternatively, if the LIFOWG
operator instead of LIFOWA operator is applied in Step 2, the
aggregated decision matrix R = (r;;),,x, can be derived as
shown in Table 5.

Step 3. Aggregater;; (j = 1,2,...,4) to yield the collective
overall preference values r; for each alternative A; (i =
1,2,...,4) based on the LIFWA or LIFWG operator with the
weight vector w = (0.3,0.1,0.2,0.4), as shown in Table 6.

Step 4. By ranking r; (i = 1,2,3,4) based on Definition 7,
the priorities of the alternatives can be obtained, which are
listed in Table 6. Obviously, both the methods come to the
same conclusion that the best alternative is A,.

In the above linguistic intuitionistic fuzzy aggregation
operators, the weights of the arguments are supposed to
be crisp numbers. However, for reason of complexity or
uncertainty of decision making, decision makers may have
difficulty in assigning weights of the attributes with crisp
numbers and may be inclined to appoint the weights of
the attributes as linguistic values, interval linguistic values,
or LIFVs. The existing linguistic aggregation operators can-
not deal with such cases. According to the operation laws

(11) and (12), the collective overall preference values r; for each
alternative A; (i = 1,2,...,4) with linguistic weights can be
obtained by the following:

r=(wer)e(wern,)e(w;er;,)
(63)
®(w,®1y).

Without loss of generalization, on the basis of Table 4, we
have the following results:

71 = ((53,52) ® (53908 S1.865)) @ ((51>57) ® (532640 S1.479))
® ((52,84) ® (53908 52.463)) @ (54> 51) ® (51771, 55.070))
= (83.2000 S1.245) »
73 = ((53.52) ® (83,580 52.367)) @ ((51,57) ® (52537 S2.856))
® ((52:84) ® (52537 53.051)) @ (54> 51) © (522600 54.223))
= (S293151221) >
73 = ((53,52) ® (53230 $2.207)) ® ((51>87) ® (522600 53.307))
® ((52:54) ® (52574 S2.856)) @ (54> 51) ® (3,657 S2.207))
= (3355 S0.882) »
7y = ((53,52) ® (55282 S1.401)) @ ((51587) ® (53777, S3.478))
® ((52,84) ® (55282 51.401)) @ (54> 51) ® (547200 S1.184))

= (55.109’ 50.424) >
(64)

by which we can obtain the rankings of alternatives: that is,
Ay >A3> A > A,
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TABLE 6: The collective overall preference values and the rankings of alternatives.
A, A, A, A, Ranking
LIFOWA
LIEWA (83142 $2.874) (827725 $3.199) (3,198 $2.495) (549385 $1.435) Ay > Ay > A > A,
LIFOWG
LIFWG (S26120 $3.932) (82596 $3.619) (S2.5015 $2.876) (S4.990> $1.650) Ay> Ay > Ay > A

Such results do not exceed the cardinality of the cor-
responding linguistic term set and can be easily accepted.
By contrast, if we transform the above LIFVs into interval
linguistic values and take the operation laws defined by
Definition 3, we may have similar problems discussed in
Example 11.

7. Conclusions

In this paper, we introduce the concept of LIFS, which
can be seen as a generalization of IFS and is suitable to
deal with imprecise and uncertain information in decision
making. We further define the score function and accuracy
function to compare the LIFVs. Moreover, we propose several
aggregation operators for LIFSs, such as the LIFWA operator,
LIFOWA operator, LIFWG operator, and LIFOWG operator,
together with their desired properties. Comparing with the
existing linguistic operation laws, we can obtain more intu-
itive and acceptable results by these aggregation operators
proposed.
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