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A class of fractional order three-point boundary value system with resonance is investigated in this paper. Using some techniques
of inequalities, a completely new method is incorporated. We transform the problem into an integral equation with a pair of
undetermined parameters. The topological degree theory is applied to determine the particular value of the parameters so that

the system has a solution.

1. Introduction

In this paper, we consider the following fractional differential
system:

DEX(6)+ f (£ X (1) =0,

0<t<l, X=(x(t),x0),

X (0)=Y(0) =0, 0<n<l,

@

where Df, is standard Riemann-Liouville fractional deriva-
tiveoforder 1 < « < 2,0 <y < land f = (f},f,) isa
nonlinear two-dimension continuous vector function.

In the last few decades, many authors have focused on the
dynamics of differential equations [1-7]; most of them have
investigated fractional differential equations which have been
applied in many fields such as physics, mechanics, chemistry,
and engineering; see [8-13]. In particular, the positive solu-
tions of the boundary value problem have attracted many
authors’ attention [14-25].

Recently, the existence of solutions of three-point bound-
ary value problem

Dy, u(t)+ f (t,u(t)) =0,
u(1)=pu(n),

1
X(1)=FX(’1)’

0<t<l,

2)

u(0) =0, 0<ny<l,

where Df, is standard Riemann-Liouville fractional deriva-
tive of order 1 < & < 2 has been studied by many authors
under the case that B < 1. They obtained some nice results
by using some fixed point theorems; see [26-28].

In [29], Ahmad and Nieto considered the existence results
for following three-point boundary value problem for a
coupled system of nonlinear fractional differential equations
given by

Diu(t)=f(tLv(t),Dhv(t) =0, 0<t<l,

DEv(t)=g(tu@®),DLu@))=0, 0<t<l, )
u(0) =0, u(l) =yu(n),
v() =yv(n),

wherel <o, <2, p,q,y>0,0<n<l,a—g=>1,-p=
1, yn‘x*l <1, ynﬁ 1<, Dy, is standard Riemann-Liouville
fractional derivative and f, g : [0,1] x R x R — Rare given
continuous functions. An existence result was proved in their
paper by applying the Schauder fixed point theorem.
However, few authors have investigated fractional differ-
ential boundary value problems with resonance [1, 2, 30-32].
In this paper, we establish some sufficient conditions
for the existence of the boundary value system (1) by using
intermediate value theorems. To present the main results,

v(0) =0,
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we assume that f(t,X) = (f1(t,X), f,(t, X)) satisfies the
following.
(H) f(t,X) € C([0,1] x Rx R,R X R), X = (x;,x,) €
R x R. Suppose that there exist nonnegative functions
(1), b;(t) (i,j = 1,2), with by, (t) > 0, by(t) > 0,
b(t) (i,j = 1,2, i# j) < by, (t), by (t) foranyt € [0, 1]
such that
X)| <@ () + by () |x "+ B 0 o[, i= 1,2,
(4)
where 0 < p,q; < 1( = 1,2),q, < p;, and
Py < qz For any real numbers a and b, the functions
fit, v)) (i = 1,2) satisfy

. a—1
v1—1>rPoof1 (t,t (u, v)) > —00,

|, (81

. a—1 5
V1—1>IPOOf1 (t,t (u, v)) < +00, (5)

foranyu € R, te(0,1],

. a-1
Jm fa (60

. o
Jm g (60

(u, v)) > —00,
1y, v)) < 400, (6)
te(0,1].

for any v € R,

Furthermore, assume that

vErPoofl (t, Y (vu (v))) = +00,

forany u(v) = —|v|, te(0,1],
)
vErPoofl (t, P (vu (V))) = —00,
for any u(v) <|v|, te€(0,1],
. a—1 _
v1—1>1}}oof2 (t,t (u(v) ,v)) = +00,
forany u(v) > —-1|v|, te(0,1],
(8)

Jim fo (667 (),) = —eo,
for any u(v) <|v|, te(0,1].

We have the following results.

Theorem 1. Assume that (H) holds. If
1
max “ G (5,5) (b () + by (5)) ds} <1,
<i< 0

where
1

T(e) (1-7*")

(1- s)"‘_1 (11—5)“71, 0<s<uy,
(1-39)* <s<l1,

G" (s,s) =

then (1) has at least one solution in [0, 1].
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Also, we consider the following special case of (H) as
follows.

(H) f(t,X) € C([0,1] x Rx R,LRx R), X = (x,x,) €
R x R. Suppose that there exist nonnegative functions
a;(t), b;(t) (i,j = 1,2), with by, () > 0, by(£) > 0,
bij(t) (i,j = 1,2, i# j) < by, (), b,,(t) forany ¢t € [0,1]
such that

|fi (6657 X)| < @, (6) + by () |xy | + B, () ||, 1= 1,2,

(11)

where 0 < p;,q; <1 (i =1,2),q, < p;>and p, < ¢,.
The functions f;(t, 2w, v) (G=1,2) satisfy
VEIPOO 'fl (t, ! (u, v))' <oo forany u€R, te(0,1],
(12)

lim |, (¢

u— *+oo

gl (u,v))' <oo foranyveR, te(01].
(13)

Furthermore, assume that (7) and (8) hold.

From Theorem 1, we have the following corollary.

Corollary 2. Assume that (H) and (9) hold; then (1) has at
least one solution in [0, 1].

2. Some Lemmas

In this section, we first introduce some definitions and
preliminary facts and some lemmas which will be used in this

paper.

Definition 3 (see [21]). The fractional integral of order o« > 0
of a function y : (0,00) — R is given by

I y() = ﬁ L (t = 9%y (s) ds (14)

provided that the right integral converges.

Definition 4 (see [21]). The standard Riemann-Liouville frac-
tional derivative of order « > 0 of a continuous function
y:(0,00) — Risgiven by

n

! n—a—1
T(n-a)dt" L ="y ()ds,  {15)

Dy, y (t) =

where n = [«] + 1, provided that the right integral converges.

Lemma 5 (see [21]). Assume that u € C(0,1) N L(0, 1) with
a fractional derivative of order a > 0 that belongs to C(0,1) N
L(0,1).Then
DS y(t)=y() +Ct* + Ct* P+ C YT, (16)
forsomeC; € R,i=1,2,...
greater than or equal to «.

,n, where n is the smallest integer
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The following lemma is a fixed point theorem in a
particular Banach space:

Q={(x®,y®)x@®),y®) € C(0,1],R)}, (17)

equipped with the norm

[(x @),y ®)| = max {trer%(%)li] |x (£)], max |y(t)|} .

te[0,1]
(18)

It is easy to show that if X(¢) € Q, then t* ' X(t) € Q.

Lemma 6 (see [33]). Let X be a Banach space with C ¢ X
closed and convex. Assume that U is a relatively open subset of
Cwith0 e UandT : U — C is completely continuous. Then
either

(i) T has a fixed point in U, or
(ii) there exist an u € OU and y € (0,1) withu = yTu.

To use this lemma to prove our main result, we need
transfer (1) into an integral operator.

Lemma 7 (see [34]). Problem (1) is equivalent to the following
integral equation:

1

X(t)=J- G(t,s) f (s X () ds+ X (1)L, (19)

0
where
G(t,s)
(#7119 =17 g - 97!
(=) =9 ) x (T (1= =)
0<s<min{t,y} <1
-9 - (- 9)"
(@) (1— 7Y ’
= 0<t<s<ns<l;

toc—l(l _ S)oc—l _ (1 _ nzx—l) (t _ S)oc—l
T (o) (1-1")

0<y<s<t<l

>

t“71(1 _ s)oc—l

» 0< Lnp<s<l.
T@ (D) max {t,f} <s

(20)

Lemma 8 (see [34]). Forany (t,s) € [0,1] x [0,1], G(t,s) is
continuous, and G(t, s) > 0 for any (t,s) € (0,1) x (0, 1).

Let

G(t,s)=t""'G* (t,9), (21)

where
G* (t,5)
( (1 _ S)[x—l _ (71 _ s)oc—l _ (1 _ ’704—1) (1 _ s/t)oc—l

I(@) (1-n*")
0<s<min{t,y} <1;

>

(15" - (- §)al
T () (1-771)
(11— = (1 _ﬂa-1) (1 - s/t)*!
T () (1-71)

0<n<s<t<ls

, 0<st<s<py<l;

= <

>

(1 _ s)(x—l

————, O0<maxq(,y;<s< 1.
T (-7 {t.n}

(22)

Then (1) is equivalent to the following integral equation:
1

X () = J G (t,5) f (s, X (s))ds + X (1) %, (23)
0

The new Green’s function G*(t, s) has the following proper-
ties.

Lemma 9 (see [34]). G (¢, s) is continuous for (t,s) € (0,1) X
(0,1) and
lim G (t,s)
t— 0"
=G"(0,s)
v
T () (1-5*1) 1 (24)
x {1 -9 = (g9}, ;

1 a—1
W(l_s) . n<s<l

Furthermore, G*(t,s) > 0 for (t,s) € (0,1) x (0, 1).

Lemma 10 (see [34]). G*(t, s) is nonincreasing with respect to
t € [0,1] for any s € (0,1). In particular, for any s € [0,1],
0G*(t,s)/ot < 0, and 0G™(t,s)/ot = 0 fort € [0,s]. That is,
G*(1,s) < G*(t,s) < G"(s, s), where

1

G'(Ls)= — —
T () (1-7*1)
B 1= = (-9, 0<s<n
11“"1(1—5)“_1, n<s<l,
G* (s,8) = ;
T T@@ =)
(1= (n-9"" o0<s<n
X a-1
1-=s)"", n<s<l.

(25)



Let
X (1) =ty (1). (26)
Then X(1) = Y(1), and (23) gives

Y (t) = Ll G (t,s) f (5:s'Y (9))ds+Y (1).  (27)

Let
W) =Y(@t)-Y(Q1). (28)

ThenY(t) = W({t)+Y(1), and W(1) = Y(1) - Y(1) = 0. From
(27), (28) can be rewritten as

W () = Ll G (t,9) f (" (W (s) + Y(l)))ds (29)

with W(1) = 0. Now the integral equation (27) is equivalent to
(29). It can be seen from (29) that the solution W (t) of (29) is
dependent on the value Y (1). Now, instead of (29), we replace
Y (1) with a real vector k = (u,v) and consider

W) = Ll G (t9) (s T (W(s)+x))ds.  (30)

For any k = (u,v), let
K={W(@®) = (w, (t),w, () € Q}, (31)

equipped with the norm W)l = max{max,.yw;(t),
max; o 11W,(t)}. Define an operator T in K as follows:

TW (1) = Ll G (t5) f (s T (W(s)+x))ds.  (32)

Using a similar method of Lemmas 3.5 and 3.6 in [34], we
obtain that T is completely continuous in K, and (30) has at
least a solution W (t) for any given real constant vector «; the
solution W (t) is dependent on the given vector k. We note the
solution W(t) := W,(t).

3. The Proof of Theorem 1

From Lemma 10, for any real vector «, the integral equation
(30) has at least a solution W(t). Therefore, to show that
problem (1) has a solution, it remains to show that there exists
ax = (u,7), such that W(1) = 0,0r Y(1) = x = (4, »).

In what follows, we will use the method of topological
degree to prove our main result.

Let D be an open subset of the plane R* with the boundary
0D being a simple closed curve; T is a continuous mapping
from D = DUAD to R%. Let (c,d) € R*. Denote by A a variable
point on the boundary oD. As A traverses the boundary,
assume that its image T(A) traces out a closed curve that does
not pass through the point (¢, d). As in complex analysis, we
can define the winding number of this curve with respect
to (¢, d), by measuring the total change of the argument of
the vector joining (c,d) and the variable point T(A). For
two-dimensional space, this number is equivalent to the
topological degree of the mapping T at (c, d).

We introduce a proposition from [8] as follows.
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Proposition 11. If the degree of a continuous mapping T with

respect to a point (c, d) is nonzero, then the equation T(u, v) =
(¢,d) has a solution (u,») € D.

From Section 2, for any parameters y, v, k = (¢, v), there
exists a solution W, (t) of (30). At the point t = 1, we denote
wy(1) == 0, w,(1) := 9. It is obvious that the parameters 0,
9 depend on the parameters y, ¥, so we define a map T as
follows:

T (1) = (6.9). (33)

Therefore, if we can find a domain D with its boundary

as a closed curve L, so that its image T(L) contains the point
(0,0) in it, then it is implied by Proposition 11 that there exists
a point k, = (pg, v,) in D such that T(yy, v,) = (0,0). Thus,
the function Y (¢) = W, () +r,=W(E)+Y(1)isa solution of
(29), where

W0 [ 60 (087 (0, 0+ ) s 69

We now proceed to find such L. For convenience, we take
a curve L = PQRS, where P = (—u*,-v"), Q = (-u",v"),
R = (", v"),S = (",—v"), and PQ, QR, RS, and SP are a
part of line. The image T(PQRS) = P'Q'R'S'. We want to
show that the point (8,9) = (0,0) is inside the closed curve
P'Q'R'S' as the parameters u*, ji*, and v* are large enough.
In fact, we will prove that the line P'Q'(R'S’) lies in the left
(right) side of the 9-axis, and the line Q'R'(S'P') lies above
(under) the -axis as u*, @*, and v* are large enough.

Let

1 1
a, =I G (s5)a (s)ds, by :j G* (s,5) by, () ds,
0 0
1
by, = j G (5,) by, (5) ds,
0
1 1
a, = J- G* (s,8) a, (s)ds, b, = J G* (s,5) by, (s)ds,
0 0

1
by, = j G* (5,5) by, (5) ds.
’ (35)

From (9) and (H), a;,a, 2 0and 0 < by}, by, by, by, < 1,
and by, < by}, by, < by,, we may take u*, 7", and v* large
enough satisfying

p= =200, (36)

===y (37)
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Then, the points P, Q, R, and S can be expressed as follows:

P= <—l2v*,—v*>,
bll
b

Q= <—£v*,v*>,
bll

R= <@v*,v*),
bZl

S= <@v*,—v*>.
by

Now the proof of Theorem 1 is reduced as the following
lemmas.

(38)

Lemma 12. Suppose that (H) and (9) hold. Then, for v* large
enough, P' lies in the third quadrant.

Proof. From (30), we have

W, (1) =W (1) = Ll G (L,s) f (57 (W (s) +x))ds.
(39)

By the definition of 6, 9 in (33), we may rewrite (39) as follows:

O =w (1) = Ll G"(1,5) fi (5, 8" (W (s) + 1)) ds,
(40)

9, =w,(1) = Ll G (1,s) f (557 (W (s) +)) ds.

Letx™ = (—u*,—v") = (=(b}, /b))y, —v"). From (40), we
have

1
0. =w, (1) = J G" (1,s) f, (s,s“‘1 (W (s) +;<*))ds,

0
9. =w, (1) = J: G*(1,3) f, (s, sSSTH(W () + K*)) ds.
(41)

Now we will show that 6

show thatlim . _,

9 — —00asv" — 0o. Weonly
0, = —ooand the proofoflim. _, .9, =
—0c0 is similar. Assume on the contrary that lim,. _, 0,
I > —oo. Thus, there exists a sequence {x,} = {(¢,,v,,)}> Uy,
(by,/b11)7,, < 0 such that lim 0, =1>-c0.

Recall that

Y, — —00

1
w, (t) = J G* (t,9) f, (s, Pal (Wkn (s) + Kn)) ds,
’ (42)

1
Wy, (t) = L G* (t,9) f, (s, s (Wkn (s) + Kn)) ds.

Now we claim that it is impossible to have
AT (W, 0 +x,)) <0, VEe[01]  (43)

as —v, is sufficiently large. Indeed, assume that (43) is true.
Then, by the first equation of (42), we have

wl;cn (t) <0 (44)

for all t € [0, 1]. Therefore, we obtain

lim (wy, (6)+,) = lim <wm ®+ @V’J -

Hn b,
(45)
for t € [0, 1]. We define some sets as follows:
by,
A, = {t € [0, 1] : jwy, (£) + b—vn 2wy, (f) + vn},
11
B, = {t €[0,1]: jwy, (1) + %vn <w,, () + vn}, (46)
11
C,= {tel01]:w, (t)+v,20}.
We have assumed in (7) that
lim f, (t, P (vu (V))) = -0

forany u(v) <|v|[, te€(0,1].

It is easy to show from (42), (H), and our assumption that the
set B, is not empty, and B,, ¢ C,,. We have the following:

Jim Jws, ©], = lim [, ©

(48)

= lim Max w,,, (t) = +oo.

v, — —00 teB,

Using conditions (6) and (8), we have from (45) that there
exists a constant  such that

f, ( gl (wm (t) + Zﬁvn,wzkn () + y)) <1l (49)

11



fort € [0,1] \ C, and any n large enough. From the second
formula of (42), (45)-(49), one gets

wy, (£) < (J +J +j )G* (s,8)
" 0in\c, Jc,na, Jc,nB,

X f, <s, s*7 <w1K” (s) + %vn, Wy, (5) + vn>) ds

11

< ZJ G* (s,5)ds
[0,1\C

+ j G" (s, 5)
C,nB

n' On

< f, <S’ ol <w1KH (s) + %v

11

Wy, (5) (+7,) )) ds
. zj G* (s,5)ds
.IN\C

+ L G" (s,5)

n

x f, <s, s <w1,€n (s) + %vn,

11

Wy, (s) + vn>> ds

1
< lJ G* (s,s)ds+J G* (s,s)a, (s)ds
[0,1\C, 0

b21 )22
+ |wy, () + 7=,
bll

Jl G (s,5) by, (s)ds
0

BYI

1
+ “wzx,,(f) + vn"Z L G" (s,5) by, (s)ds

< ZJ G* (s,8)ds+a, + (b +by,) "wz,cn (l‘)"C ,
[0,INC "

teC,
(50)
which implies that
l_[ G* (s,s)ds +a,
[0,1\C, 51
"wzxn(t)"cn = 1-b, - by, < 00 G

It contradicts (48).
Thus, for any —v, large enough, there exists some t €
(0, 1], such that

(L (W, () +x,)) > 0. (52)
Now we define

I,={tef0,1]: f (t."
I={tefo,1]: f,(t.,"

Then, I, is not empty.

! (WKn ®+ K,,)) > 0} ,

(53)
-1 (WKn (t) + K,,)) > 0}.
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We can further divide the set I, into two sets I, and T,
and divide the set I’ into two sets I’ and I’ as follows:

_ by,
I=1tel, lw, )+ 2v,<0¢,
bll

=)

= {te]n|w1,€n(t)+%vn>0},

11 (54)

F:

n

teI,'lleKn(t)+vn§0},

{
Tr’,: {tEI,’,|w2Kn(f)+V,,>0}-

It is easy to know that I, N I, = ¢,I~,’1 ﬂIA,’l =¢andl,=T,UI,
I'=Tul.

We claim that the set I, is not empty for —, large enough.
Otherwise, the function f;(t, t"‘_l(WKn (t) + x,,)) is bounded

from above. In fact, assume that f,(t, t"‘*l(WKn(t) + x,)) is
unbounded from above for —v, large enough; then we have
from (H) that there exist a sequence {t;} and a subsequence
{v, } of {»,} such that

Jim wy () = oo,

< ILHEOO <w2xni (ti) + vn,-)

Vg

lim fw,, (t;) + —v

V — —

= +00.
(55)

Using a similar method of (51), we can derive a contradiction.
Therefore, f,(t, t“il(WK (t) + «,,)) is bounded from above.
From (42), wy, (t) is bounded from above, which implies that
wy, (t) + (b,/b)v, — -ocoasv, — -oco.IfB, = ¢
(where B, is defined in (46)), then limv = o0y = —00, which
contradicts our assumption. Thus, B, #¢. Using a similar
method of getting (51) also gives a contradiction. Therefore,
fn is not empty.

Similarly as getting (51) again, we conclude that the
function f;(t,t*"' X) is bounded above by a constant for t €
[0,1] and x; € (-00,0] (i = 1,2). From the condition (H), if
wy, () + v, > 0(or wy, (t) +p, > 0) and f, (¢, (W, (1) +
K,)) < 0 (or f,(t,t*" 1(W (t) + x,)) < 0), then Wy, (t) +,
(or wy, (£)+p,) isalso bounded from above by a constant for

€ [0, 1]. Therefore, from the definition of In, I ,’l, there exists

a constant M > 1, independent of t and v, such that

A (W, 0 +x,)) <M, fortel,

L (67 (W, ) +x,)) < M,

Wy, () +v, <M

for t € 171’

tel,

n

for f, (t, ! (Wx,, () + Kn)) <0,
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b
wy, () + 29, < M,

by,
for f, (£, (W, (1) +x,)) <0, tell.
(56)
Let

M, (x,) = maxw,, (£). (57)

From the definitions of I, and I, we have
Ml (Kn) = I’:’l?\x wlzcn (t) = “wlxn(t)“I : (58)

€l, n

Since I, is not empty, it follows that M,(x,) — oo as

v, — —00. Recall from (9) and (35) thatb; < 1 (i, j = 1,2).
Therefore, we can choose v, > 0 large enough so that

M, (k,) > max {1, P, P,} (59)
for v, < -v, , where
G (s,8)ds+b,)+a, +b
. M(Jy G" (si5)ds+byy) +ay +by, (60)
1-b,
1
P, = <Mj G (s,8)ds(1 - by, + by)
0
+by, (1=byy +byy) + (ay +byy) by,
(61)

+@+%Mu@g>

X ((1=by)(1 -by,) - b12l’21)_1

Now, for later use, for any integral in a domain A
LG* (5,5) b (s) g (s)ds, for g(s)>0,i,j=1,2, (62)
we define a subset (A), as
(A),={teAlg@®) >1}. (63)
Thus, the integral in (62) can be rewritten as
JA G* (s,5) b (s)g(s) ds = J-(A)1 G™ (s,5) bij (s)g(s)ds

+ J- G* (s,5) b (s) g (s)ds
A\(A), (64)

From (H), (42), and the definitions of Tn, IA,, and Z’l, IA,’I, for
YV, < =, , we have

IO Jl G* (t.9) f, (s, s (Wkn (s) + Kn)) ds

o

<

G" (t,s) fi (s, Pal (Wx,, (s) + Kn)) ds

=

n

<

G" (s,9) f, (s,s ! (WKn (s) + Kn)) ds

:NI

+L@@g%@$

n

P

b12
wy, () + =7,

+ .[f G (s,5) (bll (s) b,

n

by, (5) [wyy, (5) + vn|q1 ) ds

IN

J G" (s,9) fi (s, $*7 (Wxn (s) + Kn)) ds

G* (s,s)a, (s)ds

blZ )t
wy, () + =7, ds

11

|,
+ L‘ N G* (s,5) by (s)

n

b

wy, (s) + ds

+ J( G" (5,5) by, (s)

J’(1 ﬂI'

Jujn([o,u\I,L»U(@m;)\@m;)l)

bll

+

(s,8) by, (s) .sz (s)+v lqlds

+ G" (s,s) by, (s)

X [w,
(65)

which yields from (56) and the definition in (63) that

wy, () < L G* (s,9) f (s, st (WKn (s) + Kn)) ds

+J G* (s, s)al(s)ds+J G (s,9) by (s)ds

L\(,)

n n’1

+ JA G (s,5)by; (s)

n’/1

+ jA G* (s,8) by, (s)
(I,nIL),

wy, (s)+ —2v,|ds
n b 1

|w2,<n (s) + vn| ds

+M JA G, 9) by (s)ds.
LN IN)U(INL\ILN,),)

(66)



Further, one gets from (56) that

1 1
wy, () < L G" (s,s)Mds + L G* (s,s)a, (s)ds

1 1
+ J G* (s,8) by, (s)ds + MJ G* (s,8) by, (s)ds
0 0

21l

1
+ L G* (5,9 by () ds (|, (t)||fnm; )

+J G* (s,9) by, (s)ds<

1
= M(J G” (s,s)ds +b12> +a, +b, +b, M, (x,)
0

+ b12||wzxn(t)||fnmn
n

(67)

which gives

1
M, (x,) < M (J G" (s,s)ds + b12> +a, +by, +b, M, (x,)
0

+ s, O

(68)
That is,

Ml (Kn)

M (JOI G™ (s,s)ds + b12) +ap+by + b12||w2kn(t)"1]n1;

1-b,
(69)
IfI, N I = ¢, then we have from (69) that
1
M(| G (s,s)ds+b,)+a, +b
M, (x,) < ¢ o) v =, 00

1-b,

which contradicts (59).
If I, N I #¢, using a similar method of (69), we can
estimate szn(t) as

s, @7,

< 'lwz"n (®) “I,’l (71)

1, =
M(IO G (s,s)ds+b21)+aa+b22+b21M(1cn)
1-by, '
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Substituting this into (69), we obtain

M (x,)
1

< (M (J G (5,8)ds (1= by, + byy) + by (1= by, + b21)>
0

+(ay +by) by, + (a, +byy) (1 - b22)>

x((1=b)(1-by) - b12h21)_1’

(72)

which finally contradicts (59). Therefore, our result is proved.

Similarly, we can show that lim,. _, ., 9,» = —oo. Thus,
the point T(—u*, —v*) lies in the third quadrant. The proof is
completed. O

Lemma 13. Suppose that (H) and (9) hold. Then, for v* > 0
large enough, Q' lies in the second quadrant.
9 =

Proof. 1t suffices to show that lim co and

lim,- _, 0" = —o0o0.

First, we claim that lim . _, 9" = co. On the contrary,
we assume that there exists a sequence {x,} = {(¢,,7,)} =
{(=(by,/b,1)v,,v,)} such that limvn_,ooSn =1 < 00.Bya
similar method in Lemma 12, we know it is impossible to have

fr (L7 (W, () +x,)) 20,

as v, is sufficiently large.
Now, for large v,,, we define

Jo={telo.1]
Jy={tel0,1]

Then, J! is not empty.

As in Lemma 12, we can further divide the set J, into two
sets ], and J,, and divide the set J/, into two sets j:; and ]A,’l as
follows:

7" — 00

Vte[0,1]  (73)

f (6 (W () +x,)) <0},

: fy (t, ! (Wx,, () + Kn)) < O}.

(74)

b—v > 0}
by,

- &vn < 0},
by (75)

Jh={tel, lwy (t)+v,20},

]n te]lwlx

T, = {te] | wy,, () =

L=t e, | wy, )+, <0}

Then J, 0, = ¢, Ji0J; = ¢and J, = J, 0T,y J, = Ty U T
Using a similar method as in the proof of Lemma 12,
we can show that the set E is not empty. Furthermore, the
function f,(t,t*"' X) is bounded below by a constant for t €
[0,1] and x; € [0,00) (i = 1,2). If Wy, (1) + p, < 0
(or wlxn(t) + v, < 0)and f(t, t“il(WKn(t) +x,)) > 0 (or
£t t“il(WKn (t)+x,)) > 0), then Wy, )+, (or wz,{n(t) +U,)
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is also bounded below by a constant for t € [0,1]. From
the definition of ] ) 7' and the condition (H), there exists a
constant M < —1, independent of t and v, such that

fi(ET (W, () +x,)) 2 M, forte],

5 (t, ! (Wx,, (1) + Kn)) >M, forte],

Wy, () +7,>M

— (76)
for f, (t, ! (Wxn () + Kn)) >0, tej,
wy, (t) - @vn > M,
" by
for fy (6t (W, (t)+x,)) >0, te 7
Let
ml (Kn) = I}:}? w21<n (t) . (77)
From the definitions of E and ]71, we have
m, (k,) = min w,, (t) = “wz,C (t)”},, (78)

I’

and it follows that m,(x,) — —ooasv, — o00. Therefore,
we can choose v, large enough so that

m, (x,) < min{-1,Q,;,Q,} (79)

for v, > v, , where

Mjol G* (s,5)ds(1+by)—a,—b,,
b 1-by, ’

1
_[0 G" (5,8)ds (1= by —by) + by (1 - by - bZl)M
(1-by) (1 -byy) —byby,

B (ay +by) (1-byy) + (a; + by) by
(1 - bzz) (1 - bu) —byby,

sz

(80)

Notice that b12 < bn, b,, < by,. From (H), (42), and the

definitions of] , ] and ]’, f, forv, > v, , we have

Wy, (£) 2 J G* (s,9) f, (s, s (WK (s) + K,,)) ds
T "

> Jf G (5,9) f (55" (W, (5) +x,))ds

_ J;, G (s,5)a, (s)ds

n

)23
Wy, (s) -

- L G (s,s) (b21 (s)

bll
+by, (s) 'wzxn (s) + Vn|q2> ds
> Jf G (5,9) fi (55" (W, (5) +x,))ds

—J G (s,5)a, (s)ds

P2
J G" (5,5) by (5) |wy, (s) = &”n ds
), " by,
)23
J; G™ (5,5) by, (5) [wy, (5) = 22v,| ds
Jin([0,11\],,) " 11
J G” (s,5) by, (s) |w2xn (s) + vn'qzds.
" (81)
Thus,
wZK,‘ (t)
> JL (5,8) f> (s ( ot (Wx,, (s) + Kn)) ds
J- G" (s,8) a, (s)ds
2
j G (5,8) by, (s) Wy, (s) - ds
by,
-1 G (5.5) by ()
]'ﬂ([O T\ )U( (I'ﬂf,,)\(]’ﬂ]n) )
2]
X |wy, (s)— @vn ds
" by,
_ I G (59)by () |wy,
Uy
- ,[A G (5,9 by (5) |w2K (s)+, s,
JAYVAN "
(82)
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which follows from (76) and the definition of (63) that which implies that
m2 (Kn)

Wy, (1) 2 M J; G* (s,s) ds — J.A, G* (s,8)a, (s)ds .
T I M (Jo G* (s,8)ds + b21> —a,— by, - b21||w1,cn(t)"

A
— . 1-b, '
+M Jf; G (s,8) b,y (s)ds (85)
_ JA G” (5,5) by, (s) ds Iszl N J, = ¢, from (85), we have
UnNTn)y
— 7l
M(| G (s,5)ds+b )—a/z—b
b o (Io 21 22
X |lwy, (£) = L2y 0 m, (1) > 1-b J (86)
1 Mgy, 22
i which Eontradicts (79).
- J(f’) G (5,9 by, (5) dS'leKn )+ Vn"]j‘ IfJI N J, #¢. Using a similar method of (85), we have
— t —
— JA G (s,9) by, (s) ds ||w1Kn ( )"l;nln
VAV ” ( )”
> —|lwy, (f
1 1 v,
_MJ G s,sds—JG* s,8)a, (s)ds — B
0 (59 0 (594 (5 M(folG* (S,S)ds+b12>—al—bu—b1zmz (rc0)
! 1-by, '
+ MJ G* (s,5) by, (s)ds (87)
0 (83)
1 Substituting it into (85), we obtain
_ J G (s,5) by, (s)ds
’ m, (x,)
b
><<|w1K t)”] o, bﬁv > j' G* (s,5)ds(1=by, —by) + by (1 -by, _bZI)M
1 (1- 22) ( —byy) = by by
L G (59 by ()ds B (a, +byy) (1= byy) + (ay +byy) by
1 (1=by) (1=by) ~byby,
[ 6" 9 s () - ) )

which also contradicts (79). Therefore, lim - _, 9 =
* Now, we show that lim_ . 0 = —0c0.
G b > v* = 00
J SRE On the contrary, assume that there exists a vector
sequence {x,} = {(y4,, v,)} such that u, = —(b,,/b,,), and

—

(=}

G" (s,s)ds+b ) -b .
< 21 22 angnOOGn =1> —oo0. (89)
+ "v"" (b“l;jz - bleZl) Similarly as before, it is impossible to have

11

m 1t (W, () +x,)) <0, Vte[0,1]  (90)
b O, + s (5. R UACEES)

as v, is sufficiently large.

Thus, Now for large v,,, we define

Tn = {t [S [Oa 1] : fl (t’ ta_l (WKn (t) + Kn)) > 0} ’

_ (" (1)
m, (x,) > M(JO G* (s,s)ds +b21> —a, by " T; _ {t c[0.1]: f, (t)ta—l (WK,, ) +K”)) N O}.

—by "wl""(t)"fﬁﬂlﬂ + by, (k) Then, I,, is not empty.
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We can further divide the set I, into two sets I,, and I,
I =~

and divide the set I into two sets I and I as follows:

AUt
—v <0
11

?n={te1|wm(ﬂ z v>0}
11

I,= {tel | wy, (£) =

(92)
~I
I, = {teI | wye (1) +, <0}
~
I, = {teI |w2x )+, >0}
It is easy to know that?nrﬁn =¢,1, : =¢and], = ilufn,

_ = =
I,=1Ul,.

Using a similar method of the proof of Lemma 12, we
obtain that the set T,, is not empty. Furthermore, there exists
a constant M > 1, independent of t and v,, such that

fi(EET (W, () +x,)) <M, forte 1,

(6T (W, () +x,)) <M, forte i,

wy, () +7, <M,

= (93)
for f, (t, ! (WK" () + K,,)) <0, tel,
b
Wy, () = 727, < M,
by
N
for f (67 (W, (t)+x,)) <0, tel,
Let
M, (x,) = max wy, (1) (94)
tel,
From the definitions of ?n and i,, we have
M, (i) = maxw,, ) = |, O] (05

n

Since I, is not empty, it follows that M, (x,) — oo as v, —
00. Therefore, we can choose v,,; large enough so that

M, (x,) > max{l,ﬁl,ﬁz} , (96)

for v, > v, , where

M(Jol G* (s,s)ds + b12> +a, +by

>

o)
1l

1-b,
1 *
P - _[0 G (S’S)ds[(l_bzz)"'blz]+b12(1_b22+b21)M
’ (1-b1y) (1= b) — bioby
(ay +by,) by, + (“1 +by) (1- 22)
(1_ 11)(1 ) b12b21
(97)

1

From (H) and (42), we have

Wy, (t)

- Jl G* (t.s) f, (s, ! (Wxn (s) + Kn)) ds
0

< Ji, G* (s,9) fi (s, s (Wkn (s) + Kn)) ds

J; G" (s,s)a, (s)ds

b

wy, (s) = ds

+ J: G* (5,5)by; (s)
a,

11

b

G (s,8) by (s) wy, () = ds

11

G (5,8) by, (s) lwzk (s)+» | ds

+j: G (s9)by ()
(Inﬂ([o)ll\f ))U((I I, )\(1 nr,),)

X 'wzkn (s) + vn|qlds,
(98)

which follows from (93) and the definition in (63) that

1 N 1
Wy, (1) < L G* (s,s)Mds + Jo G* (s,s)a, (s)ds

+MJ G" (5,5) by, (s)ds

fe

by
by, "
11

—+

)

*(s,5) by, (s)ds <17ﬁl (x,) -

n

_ G (s,9)b (s)ds

\(1,,)

+
~l)

n

" J: 7 G* (s,8) by, (s)ds
an

% ([, + )

(99)

Thus,

1 N 1
wy,, (t) < Jo G" (s,s) Mds + L G” (s,s)a, (s)ds

1
+ MJ G (5,5) by, (s)ds
0

by,

1
+ Jo G* (s,5) by, (s)ds (ﬁl (k,) - b, "

)

1
+ J G™ (s,8) by, (s)ds
0
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1
+J G* (s,8) by, (s)ds

o

(0 —_—)
M< G (s, s)ds+b12>+a1+bu
b

+ by M, () + blZ“wZKn (t)n?nrﬁ;’

(100)

which implies that
1

M, (x,) < M <J G (s,5)ds + b12> ay + by + by, M, ()
0

+ b, 0

1,0,
(101)
Therefore, we have
Ml (Kn)
(J G" (s, s)ds+b12)+a1+b11+b12|'w2K = o
1-b,
(102)
If In N I; = ¢, then we have from (76) that
G* ds+b b
M, (x,) < MG s rbn) ra vl

1-b,

wh1ch contradlcts (102).

If I N I # ¢. Using a similar method to that in Lemma 12,
we have

Ml (Kn)
.[01 G (5,8)ds [(1=by) + by, ] + by, (1= by, + byy) 7
(1=by) (1= by) - byyby,
(ay +byy) byy + (ay +by,) (1= byy)
(1 - bll) (1 - bzz) - b12b21
(104)

which also contradicts (96). Thus, the point T(-u*,v*) =
(=(by,/by;)v", v") lies in the second quadrant. The proof is
completed. O

Lemma 14. Suppose that (H) and (9) hold. Then, for v* large
enough, the line P'Q’ lies in the left of 9-axis.

Proof. For any point A(6,9) in P'Q’, it suffices to show that
0 - —coasv® — ooforanyv e [-v*,v"].

On the contrary, we assume that there exists a vector
sequence {x,} = {(y,,,)} satistying u, = —(b,,/b,;)v, and
a point ¥(v,,) € [-v,,,] such that 0(-(b,,/b,,)v,, v(v,)) —

Abstract and Applied Analysis

I'>-coasv, — 0. We define some sets I I I andI

n -nn
~I =I

I, I,, and some numbers M, M 1(x,) as in Lemma 13. Using
a similar method of the proof of Lemma 13, we have

Wy, ()

< Ji G* (s,9) fi (s, s (Wxn (s) + Kn)) ds

+ J: G (s,5)a, (s)ds
i

n

+ J: G (s,5)by; (s)
(

n/1

b,
Wy, (s) - #vn
11

+ J: _ G (s,8) by (s) Wy, (s) -
1\1,)

n\\4n

bll

+J-A L G (9, (s) |w2K (s) +v (v, 1
(I,nL,), "

+ G* (5,9) by, (s)

JI N0, INT U, ATNT,NTL),)

X |w2Kn (s) +v(v,)|"
(105)

It follows from (93)-(96) that

1 . 1
wy, (£) < JO G (s,s) M ds + L G" (s,8)a, (s)ds

G (5,8) by, (s)ds

+
<)
‘o—

1
+

s

G" (s,8) by, (s)ds (M (k,) —

)

0 11

G" (s,8) by, (s)ds

+ +
o R i

G" (s,8) by, (s)ds

% (Jeoae, Ol 2+ I 01
(106)
Notice that —v, < ¥(v,) < v,; from (35), one gets
wy, (1) < J G* (s,s)Mds +a, + Mby, + b,
0
T b12
+by <M1 (1,) = b_v" )
1
(107)

b (Js, O+ 1)

1
_ M(J G (s,s)ds+b12> va +b,
0

+ by M, (x,) + blZ“wZKn(t)”inf;’
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which implies that

Ml (Kn)
— (1l .
M (Jo G” (s,s)ds + blz) +a, +b, + b12|'w2’<n(t)||i,nf
: 1-by, '
(108)
It is easy to show that
A M (Jol G* (s,s)ds + blz) +a, +b, (109
M (x,) < :

1-b,
forT,n T; = ¢, which contradicts (102), and
Ml (Kn)

L«
< Jo G" (5,5)ds [(1=by) +bip] + by (1 - byy) +byoby i
(1=0yy) (1 = by) = byyby)

+ (ay +byy) by, + (a; + byy) (1 -byy)
(1=byy) (1 =by) —byyby,

(110)

for ?n rﬁ; # ¢, which contradicts (96) also. Thus, the line P'Q
lies in the left of 9-axis. The proof is completed. O

Similar to the proof of Lemma 12, we can show that the
image point R’ of the point R lies in the first quadrant. From
(37), we have @* = (by,/b,)v". Using a similar method of
Lemma 13, we can show that the image point S’ of the point S
lies in the fourth quadrant.

Using the conditions (36) and (37), similar to Lemma 14,
we can show that the image line Q'R’ of the line QR lies above
the O-axis, R'S' lies in the right of the 9-axis, and S'P' lies
under the 0-axis. Therefore, we have the following lemmas.

Lemma 15. Suppose that (H) and (9) hold. For v* large
enough, Q'R lies above the 0-axis, Q' lies in the second
quadrant, and R’ lies in the first quadrant.

Lemma 16. Suppose that (H) and (9) hold. For v* large
enough, R'S' lies in the right of the 9-axis and S' lies in the
fourth quadrant.

Lemma 17. Suppose that (H) and (9) hold. For v* large
enough, S'P' lies below the 0-axis.

Proof of Theorem 1. From Lemmas 12-17, when u*, v*, and
gt are large enough and satisfy (36) and (37), then the
image P'Q'R’S' of the curve PQRS will contain the zero in
it. From Proposition 11, it follows that there exists a vector
Ky = (Mo, 7,) such that the solution W, (¢) of (30) satisfies
on(l) = 0, which implies that the integral equation (27) has
a solution Y (). From (26), it follows that (19) has a solution.
Therefore, the problem (1) has at least one solution. The proof
is completed. O
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4. Examples

Example 1. Consider the following boundary value system:

£113 £1/3 13 4
D)+ P e 2Dy
2 TR0

te(0,1),

tl/3 x1/3 (t) t1/3 t
D3/2 )+ ————— + — 173 tH)y+-=0,
o+)’() 3 1+|x1/3(t)| 2 y () 4

te(0,1),

x(0) = y(0) = 0, xa)=f“x(§y

y(1)=2”2y<%>,

an)
where
hi (t, £ (x, )’)) = fi (t>t1/2 (x, J’))
1/2 1/2 1/3 t
- %x“ () + %WM i,
f (t’ ¢! (x, )’)) =1 (t’tl/z (x, J’))
R () t'/2

1/3 t
= — ")+ -
3 1+68)x1B @) 2 Yoo 4

(112)
It is obvious that
t1/2 tl/z
'fl (t,tl/z (x, y))| < 7|x O + T'y(t)|1/3 it
t1/2 t1/2 ,
|f2 (£, (x,y))| < T|x(t)|1/3 + le(t)|1/3 o
(113)
where
£172 Ry 1
=7 h®=74 WO=F
£
b22 (t) = T)
(114)
t 1
t)=t, £ ==, S
a (t) a, (t) 1 " :

1
P1=P2=‘h=‘b=§-
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It is easy to check that the function f satisfies (8)-(12). Notice
that

1
ST/ (1-a/2)")

G" (s,5)

1/2 1

(1—s)l/z—< s) , OSSSE s

’ (1-9)'? l<s<1 e
> 2— - >
£1/2

by (8). b1z (6) < by (0,63, (8) = max {b; ()} = —-.

Consider

max Jl G" (s,5) (b (s) + by (5)) ds

1<i<2 Jo

1 12 a2
SJ G" (s,5) S as
0 2 2

1
J G* (s, s)sds
0

1 (116)

r(1/2)(1-@1/2)"?)

X 1[(l—s)s]l/zds— . l—s s 1/2615
0 0 2

B 1 <7T_7T)~0.2945<1
\/ﬁ(l_ \/5/2) 8 32 1.2533

which satisfies (9). Therefore, all conditions of Theorem 1 hold
and thus the problem (111) has at least a solution.
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