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Authors investigate the metric generalized inverses of linear operators in Banach spaces. Authors prove by the methods of geometry
of Banach spaces that, if X is approximately compact and X is 2-strictly convex, then metric generalized inverses of bounded linear
operators in X are upper semicontinuous. Moreover, authors also give criteria for metric generalized inverses of bounded linear

operators to be lower semicontinuous. Finally, a sufficient condition for set-valued mapping T° to be continuous mapping is given.

1. Introduction

Let (X, || - |) be a real Banach space. Let S(X) and B(X)
denote the unit sphere and the unit ball, respectively. By X~
we denote the dual space of X. Let N, R,and R" denote the set
of natural numbers, reals, and nonnegative reals, respectively.

Let Ay = {x € S(X) : f(x) = lIfl = lxll = 1} and

[x, %] = {tx; + (1 —t)x, : t € [0,1]}. By x, 2 x we
denote that {x,}, is weakly convergent to x. C (C¥) denotes
closed hull of C (weak closed hull) and dist(x, C) denotes the
distance of x and C. Let C ¢ X be a nonempty subset of X.
Then the set-valued mapping P : X — C

Po(x) = {z € C:|lx - z| = dist (x,C) := ing [l - y”} 1)
ye

is called the metric projection operator from X onto C.

A subset C of X is said to be proximal if P(x) # @ for all
x € X (see [1]). C is said to be semi-Chebyshev if P-(x) is at
most a singleton for all x € X. C is said to be Chebyshev if
it is proximal and semi-Chebyshev. It is well known that (see
[1]) X is reflexive if and only if each closed convex subset of
X is proximal and that X is strictly convex if and only if each
convex subset of X is semi-Chebyshev.

Definition 1 (see [2]). A nonempty subset C of X is said to
be approximatively compact if, for any {y,}°, ¢ C and any
x € X satisfying [|x - y,[ — inf,cllx =yl (n — ©0), the
sequence {y,},, has a subsequence converging to an element
in C. X is called approximatively compact if every nonempty

closed convex subset of X is approximatively compact.

Definition 2 (see [3]). Set-valued mapping F : X — Y is
called upper semicontinuous at x,, if, for each norm open set
W with F(x,) ¢ W, there exists a norm neighborhood U of x,,
such that F(x) ¢ W forall xin U. F is called lower continuous
atx,, if, forany y € F(x,) andany {x,},> in X withx,, — x,
there exists y, € F(x,) such that y, — yasn — oo.Fis
called continuous at x,, if F is upper semicontinuous and is
lower continuous at x,,.

Let us present the history of the approximative compact-
ness and related notions. This notion has been introduced by
Jefimow and Stechkin in [2] as a property of Banach spaces,
which guarantees the existence of the best approximation
element in a nonempty closed convex set C for any x € X.
In 2007, Chen et al. (see [4]) proved that a nonempty closed
convex C of a midpoint locally uniformly rotund space is
approximately compact if and only if C is Chebyshev set
and the metric projection operator P is continuous. In 1972,
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Oshman (see [5]) proved that the metric projection operator
P is upper semicontinuous.

Definition 3 (see [6]). A Banach space X is called nearly
dentable space if, for any f € S(X™) and any open set Uy, 2

Ay, we have quk@andAf OE(B(X)\UAI) = 0.

Definition 4 (see [7]). A Banach space X is said to be k-strictly
convex if for any k + 1 elements x,,x,,...,X;,; € S(X), if
loxy + x5+ -+ x5, | = k+ 1, then x, x,, .. ., x4, are linearly
dependent.

Definition 5 (see [8]). A Banach space X is said to be
nearly strictly convex space if every convex subset of S(X) is
relatively compact.

L. Singer defined in [7] the k-strictly convex spaces and the
dual notion (k-smooth spaces) was introduced by Sullivan.
In 1988, Skowski and Stachura [8] introduced the notion of
nearly strict convexity of Banach spaces by means of the
Kuratowski measure of noncompactness. It is well known that
if X is a k-strictly convex space, then X is a nearly strictly
convex space. It is easy to see that, if X is a nearly dentable
space, then X is a reflexive space. In 2011, Shang et al (see [6])
defined nearly dentable space and proved the following two
results.

Theorem 6. A Banach space X is approximatively compact if
and only if

(1) X is a nearly dentable space,
(2) X is a nearly strictly convex space.

Theorem 7. Let X be nearly a dentable space. Then for any
closed convex set C, the metric projection operator P is upper
semicontinuous.

Let T be a linear bounded operator from X into Y. Let
D(T), R(T), and N(T) denote the domain, range, and null
space of T, respectively. If N(T') # {0} or R(T') #Y, the oper-
ator equation Tx = y is generally ill-posed. In applications,
one usually looks for the best approximate solution (b.a.s.) to
the equation Tx = y (see [9]).

A point x, € D(T) is called the best approximate solution
to the operator equation Tx = y, if

|70 = y]| = inf {|Tx = y] : x € DD},

"%”zmm{MMveIMTLMW—ynziﬁ mw_ﬂﬂ,

x€D(T)

)

where y € Y(see [9]).
Nashed and Votruba [9] introduced the concept of the
(set-valued) metric generalized inverse T' as follows.
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Definition 8. Let X, Y be Banach spaces and let T' be a linear

operator from X to Y. The set-valued mapping T° : Y — X
defined by

T°(y) = {x, € D(T) : x, is a best approximation
€)
solution to T (x) = y}

for any y € D(T?) is called the (set-valued) metric gene-
ralized inverse of T, where

D (Ta) = {y € Y: T (x) = y has a best approximation

solution in X}.

(4)

During the last three decades, the linear generalized
inverses of linear operators in Banach spaces and their
applications have been investigated by many authors. In this
paper, authors investigate the metric generalized inverses
of linear operators in Banach spaces. Authors prove by
the methods of geometry of Banach spaces that, if X is
approximatively compact and X is 2-strictly convex space,
then metric generalized inverse of a bounded linear operator
is upper semicontinuous. Moreover, authors also give criteria
for metric generalized inverses of bounded linear operators
to be lower semicontinuous. Finally, authors give a sufficient
condition for the set-valued mapping T° to be continuous
mapping. The topic of this paper is related to the topic of [10-
15].

2. Main Results

Theorem 9. Let X and Y be nearly dentable Banach spaces
and X, a closed subspace of X. Then for any bounded linear
operator T, if D(T) is a closed subspace of X, and R(T) is a
Chebyshev subspace of Y, then (1) & (2) + (3) and (1) = (4),
where

(1) X, is a 2-strictly convex Banach space;

(2) for any y € Y, there exist x, € D(T) and x, € D(T)
such that the set-valued mapping satisfies the equality

T°(y) = [x1, %
(3) the set-valued mapping T is upper semicontinuous;

(4) for any y € Y, the set-valued mapping T° is lower
semicontinuous at y if and only if the function g(y) =

sup{llz, - 2,1 : z,, 2, € T°(y)} is lower semicontinuous
at y.

In order to prove this theorem, we give a lemma.

Lemmal0. Let X be a reflexive 2-strictly convex Banach space.
Then for any closed convex set C and x € X, there exist y, € C
and y, € C such that Po(x) = [y, y,].
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Proof. (a) We may assume without loss of generality that
x =0 and inf [0 — yll = 1. Hence, for any x; € Pc(0),
x, € P-(0), and x5 € P-(0), we have

X;+ X, + X3 eC2|x1+x2+x3
3 3 5)
5
o 2 Il el + sl
3
This implies that [x; + x, + x5]| = |2, ]| + %, [ + [|x5]]. Since X

is 2-strictly convex, we may assume that x; = t,x, + t,x,. By
the Hahn-Banach theorem, there exists f € S(X™) such that
f(x; + x5 + x3) = 3. Noticing that x; € S(X), x, € S(X), and
x5 € S(X), we have f(x,) = f(x;) = f(x;) = 1. Thus

1= f(x;) = ftyxy +6,%,) =t f (x)) + 1, f (%) = £, + 15,
X3 =t X + 1%,

(6)

(b) By infye(;IIO—yII = 1, itis easy to see that P (0) ¢ S(X).
Since X is a 2-strictly convex space, X is a nearly convex space.
Since X is a nearly convex space and P(0) is closed convex
set, P-(0) is compact. Hence there exist y; ¢ P-(0) and y, C
P.(0) such that

d(0) = sup {|x - y| : x € Pc(0),y € P (0)} = |3y —yzll')
7

We may assume without loss of generality that P-(0) is not
a singleton. Moreover, for any y € P-(0),if y, =ty + (1 -
t)y,,thent # 0. Otherwise, we have y; = y,. Therefore, by the
proof of (a), we have y = ay; + (1 — &)y, for any y € P(0).
Suppose that & < 0. Then

-
= 1— = —_— . 8
y=apt(l-a)y, =y =1—y+ —n. &)
Hence we have
Iy =2l = - - =
Y17 )2l = (N l—ocy 1—oc’vl

)

-
Tl =l <=yl

a contradiction. Hence ¢ > 0. Similarly, we have 1 — & > 0.
Thus « € [0, 1]. This means that, for any y € P5(0), we have
y € [y, ¥,]. Hence we have the equation Po(x) = [y, ,]-
This completes the proof. O

Proof of Theorem 9. Consider that (2) + (3) = (1). Suppose
that X, is not a 2-strictly convex Banach space. Then there
exist x; € S(X;), x, € S(X;), and x5 € S(X;) such that

er + 2 05 = | + el + s =3 q0)

and x;, x,, and x; are linearly independent. Therefore, by
the Hahn-Banach theorem, there exists f € S(X7) such that
f(x; + x5 + x3) = 3. Noticing that x; € S(X,), x, € S(X;),
and x; € S(X,), we have f(x,) = f(x,) = f(x;) = 1.
Pick y, € Y. Define the subspace {ty, : t € R} of Y. Since

{ty, : t € R} is a one-dimensional subspace of Y, we obtain
that {ty, : t € R} is a strictly convex Banach space. This
implies that {ty, : t € R}isa Chebyshev subspace of Y. Define
the bounded linear operator

Tx = f(x) ¥y»

Since T is a bounded linear operator and R(T') is a Chebyshev
subspace of Y, there exist z; € D(T) and z, € D(T) such that
Ta( ¥o) = [21,2,]. Moreover, it is easy to see that

x € X;. 1)

[eall = ] = fls
= min {v eD(T): ”TV - )’0" = xeig(fT) ||Tx - }’0"]> :
(12)

This implies that x,, x,, x5 € T(y,) = [2,,2,]. Hence there
existt; € (0,1),¢, € (0,1), and #5 € (0, 1) such that

x, =tz +(1-1) 2,
X, =tz + (1 -t;) 25, (13)

X3 =tz +(1-1;) z,.

X t, 1-1 2
x, | =t 1-t, <Zl>. (14)
X5 t, 1-t, 2

Hence there exists (a, b, ¢) # (0, 0, 0) such that

Then

a(t;,1-t)+b(ty,1-1,) +c(t;, 1 —t5) =(0,0).  (15)
Then

ax, + bx, + cx;

=a(t,1-1) (2) th(ty1-1) (2)

relty1-ts) <2> (16)

=la(t,,1-t)+b(ty, 1 -t,) +c(t5,1—15)] (2)

= (0,0)(2) - 0.

This implies that x;, x,, and x; are linearly dependent, a
contradiction. Hence we obtain that X is a 2-strictly convex
Banach space.

Consider that (1) = (2) + (3). (a) Since R(T) is a
Chebyshev subspace of Y, we obtain that for any y € Y,
Pyery(y) is single-point set. Hence, for any y € Y, there exists
X, € D(T) such that T_I(PR(T) (»)) = x, — N(T). Moreover,
by Lemma 10, there exist z; € Py (%) and z, € Py (%)
such that Py 7y(x,) = [z, 2,]. Thus

T° (y) =% - Py (x0) = %0 = [215 2]
(17)

[x0 = 215% — 2,] -



(b) By Theorem 7, the metric projector operator Pgry is
upper semicontinuous. Since R(T) is a Chebyshev subspace,
we obtain that Py is a single-valued operator. This means
that the metric projector operator Pyry is continuous. Next
we will prove that T is upper semicontinuous; that is, for
any {y,}02, ¢ Y, y, — y € Y and any norm open set W
with Ta( y) € W, there exists a natural number N, such that
T%(y,) ¢ W whenever n > N,. Otherwise, there exists x,, €
T9(y,) such that {x,},2, N W = 0. Since the metric projector
operator Ppr is continuous, we obtain that Ppry(y,) —
Pgery(y) asn — oo. Noticing that Tx,, = Pp(1y(y,), we have
Tx, — Pyq(y)asn — oo.Since T is a bounded linear
operator, we obtain that N(T) is a closed subspace of D(T).
Put

=, D)

.N(T)—>R(T),

T [x] = Tx, (18)

where [x] € D(T)/N(T) and x € D(T). It is easy to see
that R(T) = R(T). Moreover, R(T) = R(T). In fact, suppose
that R(T) # R(T). Then there exists y' € R(T) such that
y ¢ R(T). It is easy to see that {y € R(T) : ||y' -yl =
dist( y', R(T))} = 0. This implies that R(T’) is not a Chebyshev
subspace of Y, a contradiction. By R(T) = R(T), we obtain
that R(T)) is a Banach space. Moreover, it is easy to see that T is
a bounded linear operator and N (T) = {0}. This implies that
the bounded linear operator T is both injective and surjective.

=-1
By the inverse operator theorem, T is a bounded linear

operator. Hence we have

] =T (Peery ) — T (Paery () = [x]. (19)

This means that ||[x,]| — [|[x]| asn — oco. Noticing that

X, €T (3,)

Il = _inf

T['xn] = T('xn + Z) = PR(T) (yn) >
(20)
xeT’ (y) R
[[x]l = inf [lx+z],
zeN(T)
T[x] =T (x+2) = Pppy (¥),
it is easy to see that ||[x,]I| = |x,|l and [[x]| = [x]. Since

0,1 — Ml Nl = llx,ll and [[x] = llx]l, we have
lx, I — llxll asn — oco. We will derive a contradiction for
each of the following two cases.

Case 1 (x = 0). By (19), we have [x,] — [x] =0asn — oo.
This implies that ||[x,]|| = 0asn — oco. Thus |x,|| — 0as
n — co.By x = 0, we have 0 € T°(y) ¢ W. Moreover, by
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lx, I — 0, wehave x, — 0asn — 00, which contradicts
the equation {x,} 2, N W 0.

Case 2 (x#0). By y, — y, we obtain that {y,}°, is a
bounded sequence. Since the distance function is continuous,
we have

1 = Prery ()| = dist (3, R(T)) — dist (y, R(T))

as 1 — ©O.

This implies that {y,, — Prery ()}, is a bounded sequence.

Hence {Py(p)(,)},<; is a bounded sequence. Since T s
a bounded linear operator, we obtain that {[x,]},>, is a
bounded sequence. By [[[x,]]| = |Ix, [, we obtain that {x,}>’,
is a bounded sequence. Since X is a nearly dentable Banach
space, X is reflexive. Hence, there exists a subsequence
{xnk}zz1 of {x,}72, such that X, 2, x'. Since D(T) is a closed
convex set, D(T) is a weakly closed convex set. Hence we

obtain that x' € D(T). By x,, 2 X' and x' € D(T), we have
Tx,, 21X Noticing that Tx,, — Tx, we have Tx' = Tx.

Since x € Ta(y), we have ||x'[| > ||x]. By the Hahn-Banach
theorem, there exists f € S(X*) such that f(x') = |Ix'|I.
Hence

| = £

= lim " [x,,
k— oo k

)= lim £ (x,) < lim x|

(22)
1= llxll -

This implies that [|x'|| = [|x]. By {xnk}z(:’1 c D(T) and ||x'|| =
l|x|l, we have x' € Ta(y). Define

X x’
My Zy = M . (23)

Z TR
.|

nk:

By IIxnk I — lx'll and Xy, 2 x', we have Z,, at z,. Since
{x, }p2y € D(T), x € D(T), 2, = x, [lx,|landz, = % x|,
we have {znk};ﬁl C D(T), and z,, € D(T).

Next we will prove that there exists a subsequence {z,, }lool
of {z, };2, such that z, — z;asl — co.Pick f € A(zo)
Then for x € Ap\ (Af N D(T)), we have x ¢ D(T).
Since D(T) is a closed set, there exists &, > 0 such that
dist(x, D(T)) > 2¢, for any x € Ay \ (Af N D(T)). Noticing
that {znk},i“;l ¢ D(T), we have dist(x, {znk}izl) > 2¢,. Then
dist(Af N D(T), {znk}iil) = 0. In fact, suppose that dist(Af n
D(T),{znk}ii’l) > 0. Then for any x € Ay N D(T), there
exists &, > 0 such that dist(x, {z, };2,) > 2e,. Hence, for any
x €Ay, there exists €, > 0 such that dist(x, {znk};ﬁl) > 2¢,.
We define the open set

Uy, = g{yeX:”x—y“<sx}. (24)
X€As
Itis easy to see that A C UAf and UAf ﬂ{znk'}l‘.’f1 = 0. Since X

is a nearly dentable space, we obtain that X is a reflexive space.
Hence co(B(X)\ UAf ) = co”(B(X)\ UAf ) is a weakly compact
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set and A¢n co(B(X)\ UAf) = (. By the separation theorem

of locally convex space, there exists g € X* = (X, w)* and

r > 0 such that
inf{g(z):zGAf}—
o _—w(BX)\__(BX)
>sup{g(z).z€co <_UAf >_CO<_UAf )]»
(25)

Noticing that {
have g(z,) — r > sup{g(z) :

ani}?:’l C E(B(X)/UAf) and z, € Ay, we
z € {znk_}f.fl}. This means that

2z, i zy is impossible, a contradiction. Hence dist(A ; N
D(T), {znk}iil) = 0. Then there exists a subsequence {znl};f1
of {znk},‘ﬁ1 such that dist(z,, A, N D(T)) — 0 as! — oo.
Then there exists a sequence {hnl};’fl CAfN D(T) such that
||znl - hn, | — 0asl — oo. Since X, is a 2-strictly convex
space, we obtain that X is a nearly strictly convex space. This
means that A -ND(T') is compact. Hence the sequence {hnl o
has a Cauchy subsequence. By |z, — h, | — 0, we have that

{z,,}/) has a Cauchy subsequence. Noticing that z,, i Zy, We
obtain that there exists a subsequence {Z,,j};?zl of {z,, }|} such

that Zy, = 2 as j — oo. By ||xnk|| — |x'|| and Z, = Zp
we have
! !
)= D2 1=
- <12,
llilx U 2, = <] Zo|| 26
!
e o -

— 0 as j — oo.

Moreover, we have x' € Ta( y) € W, which contradicts the
equation {x,}>>, N W = 0. Hence, for any bounded linear
operator T and y € Y, if D(T) is a closed subspace of X; and
R(T) is Chebyshev subspace of Y, then there exist x;, x, €
D(T) such that the set-valued mapping Ta( y) = [x,x,] is
upper semicontinuous.

Consider that (1)=(4). Let the function g(y) = sup{llz; -
2|l : x;, %, € T°(y)} be lower semicontinuous at y. Since X,
is a 2-strictly convex Banach space, there exist x; € D(T) and
x, € D(T) such that set-valued mapping T°(y) = [x,, x,].
Hence g(y) = llx; — x,|l. Let y, — yasn — oo. Then
dist(x,, T%(y,)) =
& > 0 and a subsequence {Ta(ynk)},‘zi1 of {Ta(yn)}fli1 such
that dist(xl,Ta(ynk)) > 8¢, for any k € N. We define the
open set

0 asn — o00. Otherwise, there exist

W (y) = U int B(x,¢&). 27)

xe€ [xl,xz]

Since X, is a 2-strictly convex Banach space, by the impli-
cation (1)=(2)+(3), the set-valued mapping T is upper

semicontinuous. Hence there exists a natural number k, such
that Ta(ynk) c W(y) whenever k > k. Let Ta(ynk) =

[xl,,,k,xz)nk]. Then there exist Vi € Ta(y) = [x,,x,] and
Yo, € Ta(y) = [x;, x,] such that

"xl,nk - yl,nk < &, “xZ,nk - y2,nk || < &. (28)

Then

"x1 ~im|| = "xl’”k B xl" B ||xl’"k Vi

> 8¢y — &y = 7¢y, (29)

i =2l 2 [ean = 2] = [ = 2,
> 8¢y — &y = 7&,.

Noticing that y,,, € T%(y) = [x},x,] and y,, € T°(y) =
[x1,x,], we have |y, ,, — %l = llx; = %0 = llx; = yi, |-
Moreover, we may assume without loss of generality that
%1 = Y1l < llxy = 35, [I. Therefore, by (29), we have

”yl,nk - y2,nk < ”yl,nk - x2|| = ”xl - x2|| - ||X1 - yl,nk ||
< [l = x| - 72
(30)
Then
"xl’”k ~Xon ] = |'x1>”k AT “ + “yl»"k ~ Xom "
< ”xl,nk - yl,nk + “yl,nk - yZ,nk ||
+ ||y2’nk ~ X H (31
< gt ||x1 - x2|| —7g + &
< ||x1 - x2|| — 5¢g.
This implies that

liminfg (y,,) = liminf x,,, - %, |
< Jx, — ] - 5¢, (32)

=g(»),

a contradiction. Then dist(x,, T%(y,)) = 0 asn — co. Hence
there exists x,; € Ta(yn) such that |x,, — x|

< xy = x|

— 0 as
n — oo. Similarly, there exists x,, € T9( y,) such that
lx,, =%, — 0asn — oo. Forany x € Ta(y) = [x1,%,],
there exists t € [0, 1] such that x = tx; + (1 — t)x,. Moreover,
it is easy to see that tx, | + (1 - t)x,,, € Ta(yn) = [x,1> X0

Hence, for any x € T%(y) = [x,, x,], we have

||txn,1 +(1-t)x,,~ x||
= |tx,y + (L= 1) x5 = (tx, + (1= 1) x,) |
< ||txn)1 - tx1|| + ||(1 —t)x,,—(1-1) x2|| (33)

=ty = x| + (=0 [x, = x|

—> 0 as n — 00.



This means that, if the function g(y) = sup{lz; — z,| :
X, X, € Ta( y)} is lower semicontinuous at y, then the set-
valued mapping T° is lower semicontinuous at y.

Let the set-valued mapping T° be lower semicontinuous
at y. Since X, is a 2-strictly convex Banach space, there exist
x, € D(T) and x, € D(T) such that the set-valued mapping

satisfies the equality Ta( y) = [x,, x,]. Hence we have g(y) =
I, = x,. Let y, — yasn — ocoand T%(y,) = (2,15 Zu2)-
Then g(y,) = llz,,; — z,, . Since the set-valued mapping T°
is lower semicontinuous at y, there exist x,,; € T9( y,) and

X5 € T%(y,) such that lx,; =%l = Oand|x,,-x,| — 0
asn — 00. Since
9) = N2n1 = 2zaall = 201 = %2l
N Y] Il ESRE | (34)
> ooy = x5 = [ = x| = 21 = x5
we have
liminfg (y,)
2 lgﬁgggf(llxl = x| =I5 = %ol = 1x1 = 1)

= lim |x; - x,| -

n— oo

lim ||x1 X ||

n— 00

lim ||x2 Xpo ||

n— 00

= "xl —x2|| =g(y).

(35)

Hence the function g(y) = sup{llz, — z,| : 2z,,2, € T°(y)} is
lower semicontinuous at y. This completes the proof. O

Theorem 11. Let X and Y be nearly dentable Banach spaces
and X, a closed subspace of X. Then for any bounded linear
operator T, if D(T) is a closed subspace of X,, N(T) is a
hyperplane of D(T), and R(T) is a Chebyshev subspace of Y,
then (1) & (2) + (3), where

(1) X, is a 2-strictly convex Banach space;

(2) for any y € Y, there exist x;, € D(T) and x, € D(T)
such that the set-valued mapping satisfies the equality

T°(y) =[x}, %,];

(3) the set-valued mapping T° is continuous.
In order to prove the theorem, we first give a lemma.

Lemma 12. Let X be a reflexive 2-strictly convex space and
H = {x € X : f(x) = 0} be a hyperplane of X. Then the
function g(y) = supillz, — z,ll : z,,2, € Py(y)} is lower
semicontinuous.

Proof. (a) We will prove that, if y;, y, € {x € X : f(x) =
then g(yl) = g(y,). It is easy to see that y, — y, € H and

dist(y,, H) = dist(y,, H). Hence, for any z € Py(y,), we have
dist (y;, H) = dist (y,, H) = ”)’2 - Z“
(36)
= "J’l ~(h -yt Z)” .
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This implies that y; — y, + z € Py(y;). Hence we have y, —
¥, + Py(y,) € Py(y;). Similarly, we have y, — y; + Py(y;) C
Pr(3,)- By y1 = y5 + Py(y,) € Py(yy) and y, — y; + Py(y)) €

Py (y,), we have y, — v, + Py(y,) = Py(y,). This implies that
91) = g(y).
(b) Let f(x) = Ay, f(y) = Ay, and A > A, > 0. Next we

will prove that g(x) > g(y). Pick x;; € Py(x). Then

A A=A A A—A
f(/\_jx+—1)t1 ZXH):f</\_jx)+f<—1/\1 2xH>

/()

(37)
Moreover, we have
A A - A
Py (x) DPH<A—jx+ 1A1 sz>. (38)
In fact, noticing that f(x) = dist(x, H) and f(y) = dist(y, H),
we have
A A=A
H(/\—jx+ 1/\1 2xH> -z
>x—z| - |x— <&x+ M- /\ZxH>H
A A
A=A %)
D L
1
A A,
== |x-xy|l=—=f(x)= ,
for any z ¢ Py(x). By
(152 257200) -]
Ay
> f(y) = dist (y, H) (40)
(A A=A,
:dlst(/\—?x 1, H,H),
we have
A A=A
Z¢PH<A_jx+ 1/11 2xH>. (41)
This implies that
A A -A
Py (x) DPH<fx+ 111 ZxH). (42)
By (a), there exists z € X such that
A, A=A
PH< Zx+ ng> =Py (y) +z (43)
Ay Ay

By (42) and (43), we have Py(x) > Py(y) + z. Hence g(x) >
9.
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(c) We will prove that, if f(y) = A > 0 and Py(y) =
[z,,2,], then PHt(y) D [ty + (1 —t)z),ty + (1 — t)z,], where
H, ={x e X: f(x) =tAyandt € (0,1). Let x € H, and
x ¢ Py (). Then

dist (y, H,) = dist (y — x, H, — x) = dist (y — x, H)

(44)
=f()-f@<|y-=x|.
Let (1 — t)z = x — ty. Therefore, by (44), we have
1 1
@1 () -1 (o) - T -
1 t
== |51
1 - f(x)
- Ly LSOy
(45)

This means that z € Hand ||z — y| > A = f(y) = dist(y, H).
Hence we have z ¢ Py(y) = [2,,2,]. Then x ¢ [ty + (1 -1t)z,,
ty + (1 — t)z,]. Otherwise, there exists & € [0, 1] such that
x =hlty+(1-t)z;]+(1-h)[ty+(1-t)z,]. By x = ty+(1-t)z,
we have z = hz, + (1 —h)z,, a contradiction. This implies that
Py (y) > [ty + (1 =)z, ty + (1 - t)z,].

(d) Suppose that there exists y € Y such that function
g(y) is not lower semicontinuous at y. Then there exists ¢ >
0 and {y,}2, such that g(y) > g(y,) + €and y, — yas
n — 00. Moreover, we may assume without loss of generality
that f(y) > 0. Otherwise, let f = —f. Pick yy € Py(y). By
(a) and (b), there exists {t,}°, c [0, 1] such that g(t,y + (1 -
t)ye) =9g(y,) andt, — lasn — oo.Put

antny+(1_tn)(y_yH)’
(46)
I_IzH ={XEX:f(x)z(l_tn)f(y_yH)}'

Hence, for any z € Py_(y), we have

dist (z,,, H) = dist (2, + (y — 2,), H+ (y — 2,,))
= dist (y, H, )
=ly-zl=lz - (z. =y + 2|,
flz,-y+2)
=f(z,-y)+ f(2)

=(1-t,)f(y-yu)-(1-t,)f(y-yu)=0.

(47)

This implies that z,, — ¥ + z € Py(z,). Hence we have

9(z,) = SuP{“Zl _22” :21,2, € Py (2,)}
(48)
2 SuP{"xl = X[ s %%, € Py (}’)}

Let Py(y) = [2;,%,]. Therefore, by (c) and H, = {x e X:
f(x) = (1 =t,)f(y — yp)}, we have PHz"(y) > [ty + (1 -
t)z,t,y + (1 -t,)z,]. Hence

sup {”xl — %] X%, € Py, ()’)}

2(1-t,) ]z -2z =0-t)g(y) — g(y).

(49)

By g(z,) > supfllx; — x|l : x;,x, € Py_(y)} and g(z,,) =

g(y,), wehaveliminf, , g(y,) = lim inf: L 09(z,) 2 g(y),
a contradiction. This completes the proof. O

Proof of Theorem 11. By Theorem 9, we just need to prove
that, for any y € Y, the function g(y) = sup{llz; — 2, :
2,,2, € T°(y)} is lower semicontinuous on y. Let y, — y
asn — 00. Since Y is a nearly dentable Banach space and
R(T) is a Chebyshev subspace of Y, by Theorem 7, we have
Prery(¥w) — Prery(y) asn — oo. Put

T:MHR(T),

N(T) T [x] = Tx, (50)

where [x] € D(T)/N(T) and x € D(T). By the proof of

—=-1
Theorem 9, we obtain that T~ is a bounded linear operator.
Then

(] =T (Pegry () — 1 =T (Pagy (7))

as n — Q.

(51)

Hence there exist x € [x] and x,, € [x,] such that x, — xas
n — oo. By Lemma 12, we obtain that liminf, | h(x,) >
h(x), where h(x) = supfllx; — x,[ : x;,%, € Pyepy()}
Noticing that h(x) = g(y) and h(x,) = g(y,), we have
liminf, | g(y,) = g(y). This completes the proof. O

By Theorems 6 and 9, we have the following.

Theorem13. Let X andY be approximatively compact Banach
spaces and X, a closed subspace of X. Then for any bounded
linear operator T, if D(T) is a closed subspace of X, and R(T) is
a Chebyshev subspace of Y, then (1) © (2)+(3) and (1) = (4),
where

(1) X, is a 2-strictly convex Banach space;

(2) for any y € Y, there exist x, € D(T) and x, € D(T)
such that the set-valued mapping satisfies the equality

Ta(y) = [xp xz];
(3) the set-valued mapping T° is upper semicontinuous;

(4) for any y € Y, the set-valued mapping T° is lower
semicontinuous at y if and only if the function g(y) =
supillz; -z, : 21,2, € Ta(y)} is lower semicontinuous
at y.



By Theorems 6 and 11, we have the following.

Theorem14. Let X andY be approximatively compact Banach
spaces and X, a closed subspace of X. Then for any bounded
linear operator T, if D(T) is a closed subspace of X,, N(T) is
a hyperplane of D(T), and R(T) is a Chebyshev subspace of Y,
then (1) © (2) + (3), where

(1) X, is a 2-strictly convex Banach space;

(2) for any y €Y, there exist x, € D(T) and x, € D(T)
such that the set-valued mapping satisfies the equality

T2(y) = [x1, %,;

(3) the set-valued mapping T is continuous.
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