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Some common fixed point theorems for % -operator pairs are proved. As an application, the existence and uniqueness of the
common solution for systems of functional equations arising in dynamic programming are discussed. Also, an example to validate

all the conditions of the main result is presented.

1. Introduction and Preliminaries

Jungck [1] introduced compatible mappings as a general-
ization of weakly commuting mappings. Jungck and Pathak
[2] defined the concept of the biased mappings in order to
generalize the concept of compatible mappings. Also, several
authors [3-6] studied various classes of compatible mappings
and proved common fixed point theorems for these classes.
Recently, Hussain et al. [7] introduced 77 -operator pairs
as a new class of noncommuting self-mappings that contains
the occasionally weakly compatible, and Sintunavarat and
Kumam [8] introduced generalized % -operator pairs that
contain # % -operator pairs. On the other hand, fixed point
theory has various applications in other fields, for instance,
obtaining a solution of several classes of functional equations
(or a system of functional equations) arising in dynamic
programming (see [9-12]). Bellman and Lee [13], Zhang [14],
and Chang and Ma [15] point out that the basic form of
the functional equations of dynamic programming and the
system of functional equations of dynamic programming are
as follows:

f)=sapH (x5, f(T (%), Vxes,
S

f ) =sup{u(x,y) +G(x,9.9(T(x,9))}, Vxes,

yeD

g(x) =sup{u(x,y)+F(xp f(T(x )}, Vxes.
yeD
@

In this presented work, #% -operator pairs are compared
with the various type of compatible mappings and it is
shown that the 77 -operator pairs reduce to symmetric
Banach operator pairs under relaxed conditions. We omit the
completeness condition of the space. Then some common
fixed point theorems are proved for 7/ -operator pairs.
Eventually, the results are used to show the existence and
uniqueness of common solution for systems of functional
equations without completeness of the space.

The set of fixed points of T' is denoted by F(T). A point
x € M is a coincidence point (common fixed point) of S and
T if Sx = Tx(x = Sx = Tx). Let C(S,T), PC(S,T) denote
the sets of all coincidence points and points of coincidence,
respectively, of the pair (S,T). The pair (S,T) is called a
Banach operator pair if the set F(T) is S-invariant, namely,
S(F(T)) < F(T).If (S, T) is a Banach operator pair, then (T, S)
need not be a Banach operator pair. Let (X, d) be a metric
space and f, S self-mappings on X; the pair (f,S) is called as
follows:

(0) symmetric Banach operator if both (f£,S) and (S, f)
are Banach operator pairs [16];
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(1) compatible if d( fSx,,Sfx,) — 0, whenever {x,} isa
sequence in X such that fx, and Sx,, — t € X [1];

(2) PP-operator pair if d(x, Sx) < diam(C(f, S)), for some
x € C(£,9) [17];

(3) JF 7 -operator pair if there exists a point w = fx = Sx
in PC(f,S) such that

d (w, x) < diam (PC(f,S)); (2)
see [7];
(4) compatible of type (A) if
d (Sfx, ffx,) — 0, (3)

whenever {x,} is a sequence in X such that fx, and
Sx, — te X [6];
(5) weakly S-biased of type (A) if fp =
d (SSp: fp) < d (fSp.Sp); (4)
see [18];
(6) compatible of type (B) if

Jim d (Sfx,, ffx,)

d (fSx,,SSx,) — 0,

Sp implies that

< % [ lim d (Sfx,, St) + lim d(st,55x,)]

)
Jim d (fSx,, SSx,,)

< L Jimd (£x, 1) + Jim d (1, £F,)].

whenever {x,} is a sequence in X such that

lim, , . fx, =lim,_, Sx, =t € X [3];
(7) compatible of type (P) if
Jim d (ffx,,SSx,) =0, (6)

whenever {x,} is a sequence in X such that
lim, ,  fx, =lim, , Sx, =t € X [4];

(8) compatible of type (C) if
Tim d (Sf,. ffx,)

% [ lim d (Sfx,,50) + lim d (St,55x,)

+lim d (St, ffx,)]

Jim d (fSx,, SSx,,)

(7)

% [ lim d (fSx,, ft) + lim d (ft, ffx,)

+ lim d (ft,85x,)],

whenever {x,} is a sequence in X such that
lim,_, . fx, =lim,_, . Sx, =t € X [5].
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2. 77 -Operator Pair

Proposition 1. Let f and S be self-mappings of metric space
(X, d), and C(f,S) #0.1f f and S are compatible, or compatible
of type (A), or compatible of type (P), or compatible of type (B),
or compatible of type (C), then (f,S) is a F # -operator pair.

Proof. If f and S are one of the assumptions listed, then f
and S are weakly compatible and, hence, they are occasionally
weakly compatible; then (£, S) is a £ % -operator pair. O

Notation 1. The following example shows that the converse of
Proposition 1 is not true, in general.

Example 2. Suppose that (X = [0, 1], d) is a metric space with

d(x, y) = |x — y| and f, S are defined by
x%, if x#0,
f= {1, if x =0,
(8)
x
) .f 0)
Sx =42 it
1, ifx=0
Then, C(f,S) = {0,1/2}, PC(f,S) = {1, 1/4}. On the other
hand, for w = 1/4 € PC(f,S) we have f(1/2) = §(1/2) = 1/4
and
11 1 1
d(5,1> 5__| < diam (PC(£,S)) = ‘1_2 )

Thus, (f,S) is a # # -operator pair.
Now, suppose that {x,} is a sequence in [0, 1] defined by
x, = 1/2. Then, lim, _, . fx, =lim, _, . Sx, =t =1/4, fx, =
Sx, = 1/4,and fSx, = 1/16, Sfx, = 1/8. Since
. 1
Jim | fSx, — Sfx,| = T #0, (10)

so (£, S) is not compatible.
SSx, = 1/8, ffx, = 1/16. Since
lim |fo - SSx | = i;eo 11)
n—00 n n 16"

thus (£, S) is not compatible of type (A).
Since

nlergo | fSx,, — SSx,|

LI %[hm |£Sx, — fil + lim |t~ ffx,|] = 0,

16 n— 00
(12)
then (£, S) is not compatible of type (B).
Since
Tim [5x, - ff,] = 1—16 40, (13)

thus (£, S) is not compatible of type (P).
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Since

nli_)n&) | fSx,, — SSx,,|

1 1
= L 2 i v, - fil+ Jim [t Sl

16 n— 0o
+ lim | ft-8Sx,)| = —
therefore, (£, S) is not compatible of type (C).

Proposition 3. Let f and S be self-mappings of metric space
(X,d). If (1,S) is a FI -operator pair such that PC(f,S) is
singleton, then (f,S) is symmetric Banach operator pair.

Proof. By hypothesis, there is a point fx = Sx = w € PC(f,S)
such that d(x, w) < diam(PC(f,S)) = 0. Thus,x =w = fx =
Sx and x is a unique point of C(f,S). Also, by Proposition
2.4 [19] (f,S) is weakly compatible and hence, by Lemma 2.1
[19], w = x is a unique common fixed point of f and S. Now,
since the sets PC( f,S) and C(f, S) are singleton, then F(f) =

F(S) = {x}, f(F(S)) € F(S) and S(F(f)) < F(f); thatis, (f, S)

is symmetric Banach operator pair.

Example 4. Suppose that (X = [0, 5], d) is a metric space with

d(x, y) = |x — y| and f, S are defined by
0, if x=0,
fx=41x+4, ifxe(0,1],
x—l, ifxE (1,5], (15)
oo |2 ifxe@],
~ o, ifxef{o}u(,s].
Then C(f,S) = PC(f,S) = {0}. Clearly (f,S) is F&-

operator pair and symmetric Banach operator pair.

Proposition 5. Let f and S be self-mappings of metric space
(X, d). If (f,S) is a F H -operator pair and for all x, y € X we
have

d(fx. fy)
<¢ ( max {d (Sx,Sy),d (Sx, fx),d (fy,Sy), (16)
Ld(s d(s
S (@(sw ) +d(n f)}).
where ¢ : [0,00) — [0,00) is a nondecreasing function

satisfying the condition ¢(t) < t fort > 0, then (f,S) is
symmetric Banach operator pair.

Proof. Since (f,S)isa f -operator pair, there is a point fx =
Sx = win PC(f,S) such that d(x, w) < diam(PC(f,S)). Now,
if there is another point fy = Sy = z in PC(f,S) and z # w,
then, by (16),

d(w,z) =d(fx fy)

<¢ <max {d(w, z),0,0, % (dw,z)+d (w,Z))}> ;
(17)

therefore, d(w,z) < ¢(d(w,z)) < d(w,z) which is a
contradiction. Then w = z, that is, PC(f, S) is singleton and,
hence, by Proposition 3 (£, S) is symmetric Banach operator
pair. O

Proposition 6. Let f and S be self-mappings of metric space
d). If (f,S) is a P-operator pair such that C(f,S) is
singleton, then (f, S) is symmetric Banach operator pair.

Corollary 7. Let (f,S) be an occasionally weakly compatible
pair of self-mappings on X that C(f,S) is singleton; then (f,S)
is symmetric Banach operator pair.

Proof. Clearly, occasionally weakly compatible mappings are
P-operators; then by Proposition 6 the result is obtained.
O

3. Common Fixed Point

Definition 8 (see [20]). A function y :
called an altering distance function if

[0,00] — [0,00] is

(i) v is monotone increasing and continuous;
(ii) w(t) = 0ifand only if t = 0.

Theorem 9. Suppose that S and T are self-mappings of metric
space (X, d). The pair (S,T) is a f I -operator pair and, for all
x,y€X,

y (d(Sx.Ty))

<y ( max {d (Sx,Sy),d (Sx, Tx),d (Sy, Ty),
(18)

% [d (T, Ty) +d (8,1} )

— ¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)}),
where v is an altering distance function and ¢ : [0,00] —
[0, 00] is a continuous function with ¢(t) = 0 if and only ift =
0. Then S and T have a unique common fixed point. Moreover,

any fixed point of S is a fixed point of T and conversely.

Proof. By hypothesis, there exists a point w € X such that
w = Sx = Tx and

d (w, x) < diam (PC (S, T)). (19)

Suppose that there exists another point z € X and z # w, for
which z = Sy = T'y. Then, from (18), we get

v (d(w,z))
<y/<max{d(w,z) 0,0, = [d(w z)+d(z, w)]})

— ¢ (max{d (w, z),0,0});
(20)

accordingly, y(d(w, z)) < y(d(w,z)) — ¢(d(w, z)), which is
a contradiction with definition of ¢. Therefore, PC(S, T is



singleton so diam(PC(S,T)) = 0. By using (19), d(w, x) <
diam(PC(S,T)) = 0; thus, w = x; that is, x is a unique
common fixed point of S and T

Now, suppose that u is a fixed point of S but u # Tu, from
(18),

v (d (u, Tu))
= ¥ (d (Su, Tu))

<y (max {O,d(Tu, u),d (u, Tu), % [0+d(u, Tu)]})

— ¢ (max {0,d (u, Tu),d (u, Tu)});
(21

thus, y(d(u, Tu)) < y(d(u, Tu)) — ¢(d(u, Tu)), which is a
contradiction with definition of ¢. Hence, u = Tu. By using a
similar argument, the conclusion will be obtained. O

Example 10. Supposethat X = {0,2,4,6,...}andd : XxX —
R is given by
x+y, ifx+y,

22
0, if x=y. (22)

4|
Then (X, d) is a metric space.
Lety : [0,00) — [0,00) be defined as

v (t) =2t fort e [0,00). (23)

Suppose that ¢ : [0,00) — [0, 00) is defined as

s, ifs<l,

24
1, ifs>1. (24)

¢(S)={

Then v : [0,00) — [0, 00) is an altering distance function
and ¢ : [0,00) — [0,00) is a continuous function with
¢(t) =0ifandonlyift = 0. Let S,T: X — X be defined as

2x, if x+0,
Sx = )
0, ifx=0,
(25)
Tx = 2x -2, %fx#=0,
0, if x =0.

Now, we have the following cases for x, y € X.
Casel x#y.
(i) If y#0and x > y, then
v (d(5x.7))
—y(d(2n2y-2) =y (2x 427 -2)

=8(x+y-1),

v ( max {d (Sx,Sy),d (Sx,Tx),d (Sy, Ty),

% [d (Tx, Ty) + d (Sy, Tx)] })
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=y (max {2x + 2y,4x - 2,4y - 2,
2x +2y - 3})
=y (4x -2) = 2(4x - 2)°,
¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)})
= ¢ (max {2x + 2y,4x — 2,4y — 2})

=¢p(dx—-2) =1
(26)
Since, 8(x + y — 1)? < 2(4x - 2)* — 1, then relation (18) is
established.
(ii) If x #0 and y > x, then
v (d(5x.7))
—y(d(2x2y-2) =y (2x+2y-2) =8(x+ y— 1)},

v < max {d (Sx,Sy).d (Sx,Tx),d (Sy, Ty),

% [d(Tx,1y) +d (sy, )}
=y (max {2x + 2y,4x — 2,4y — 2,2x + 2y - 3})
=y (4y-2)=2(4y - 2)2,
¢ (max {d (Sx,Sy),d (Tx, Sx),d (Sy, Ty)})
= ¢ (max {2x + 2y,4x — 2,4y - 2})

=¢(4y-2)=1.
(27)

Since, 8(x + y — 1)* < 2(4y - 2)? — 1, then relation (18) is
established.
(iii) y = 0; then
v (d (Sx,Ty)) = v (d (2x,0)) = v (2x) = 8x°,

v ( max {d (Sx,Sy),d (Sx,Tx),d (Sy, Ty),

[d (Tx, Ty) + d (Sy, Tx)] })

=y (max {2x,4x - 2,0,2x - 2})

N | —

(28)

=y (4x - 2) = 2(4x - 2)%,
¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)})
= ¢ (max {2x,4x —2,0}) = p (4x —2) = 1.

Since, 8x% < 2(4x — 2)? — 1, then relation (18) is established.
(iv) x = 0; then

y(d (Sx,Ty))

=y (d(0,2y-2) =y (2 -2) = 202y - 2)}



Abstract and Applied Analysis

v ( max {d (Sx,Sy),d (Sx,Tx),d (Sy, Ty),

% [d(Tx, Ty) + d (S, Tx)] })
=y (max{2y,0,4y - 2,2y — 1})
=y (4y -2) = 2(4y - 2,
¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)})

= ¢ (max{2y,0,4y-2}) = (4y-2) = 1.
(29)

Since, 2(2y - 2)? < 2(4y - 2)? — 1, then relation (18) is
established.

Case2. x = y.
In this case, it is easy to see that the relation (18) is hold.
Therefore, for all x, y € X,

y (d (Sx, Ty))
<y ( max {d (Sx,Sy).d (Sx,Tx),d (Sy, Ty),

1

ST Ty) +d (5.19)] })

— ¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)}).
(30)

Accordingly, the conditions of Theorem 9 are satisfied and 0
is the unique common fixed point of S and T

Suppose that @ is the collection of mappings ¢
[0,00) — [0, 00) which are upper semicontinuous, nonde-
creasing in each coordinate variable and ¢(¢) < t forallt > 0

[21].

Lemma 11 (see [21]). If ¢; € ©® and i € I where I is a finite
index set, then there exists some ¢ € O such that max{¢;(t) :
iel} <¢(t)forallt > 0.

Let £, g,S,and T be self-mappings of a metric space (X, d)
such that

d(fx gy)
< ag, (d(Sx,Ty)) + (1 - a)

x max {4, (d (Sx.Ty),
6: (5 (% )+ d (3. g0)),

6 (5 [d(5x.99) +d (17, )] ).

60 (5 [ (5% f) +d (13, 1)),

853 14 (5x.g) + d (17,901 )}
(31)

forall x, y € X, where ¢, € ©,i=0,1,2,3,4,5,0<a < 1.

Theorem 12. Let f, g,S, and T be self-mappings of a metric
space (X, d) satisfying (31). If (f,S) and (g, T) are each 7 ¥ -
operator pairs, then f, g, S, and T have a unique common fixed
point.

Proof. By hypothesis there exist points x, y € X such that
fx =Sx =wand gy = Ty = z. If fx+ gy, then, from (31),
we get

d(fx, gy)
< ady (d(fx,gy)) +(1-a)

x max () (d (£ 95)). ¢, (0),
6 (5 14 (9 +d (ay. 1)),

8 (3 1 ar 201,65 (3 1 (x|
(32)

which implies that d(fx,gy) < a¢(d(fx,gy)) + (1 -
a)p(d(fx, gy)) = ¢(d(fx, gy)) < d(fx, gy), a contradiction.
Thus, w = fx = gy = z. Suppose that there exists another
point u such that fu = Su. Then condition (31) implies that
fu=8u=gy=Ty= fx =Sx. Hence,w = fx = fu. That
is, PC(f, S) is singleton. Since d(x, w) < diam(PC(f,S)) =0,
so d(x,w) = 0 and x = w is a unique common fixed point of
f and S. Similarly, y = z is a unique common fixed point of
g and T. Therefore, w = z is a unique common fixed point of
£.9,S,and T. O

Corollary 13. Let f,g,S, and T be self-mappings of a metric
space (X, d) satisfyingd( fx, gy) < kd(Sx,Ty), forallx,y € X
where 0 < k < 1. If (£,S) and (g, T) are each ¥ I -operator
pairs, then f, g,S, and T have a unique common fixed point.

Proof. 1t is sufficient to set a = 1 and take ¢,(t) = kt € ® in
Theorem 12. O

Corollary14. Let f, S be self-mappings of a metric space (X, d)
satisfying the following condition:

d(fx fy)
< agy (d (Sx,8y)) + (1 -a)

X max {gbl (d(Sx,Sy)),

6, (5 14 (5% fx) +d (s ),
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6s (5 1d (sx ) +d (s )}
(33)

If (f,S) is I -operator pair, then f and S have a unique
common fixed point.

Proof. Considering that g := f and T := S in Theorem 12,
the result is obtained. O

Theorem 15. Let f,S be self-mappings of a metric space
(X, d) satisfying (33). Suppose that (f,S) is nontrivial Banach
operator pair on X, then f and S have a unique common fixed
point.

Proof. By hypothesis F(S) # @ and f(F(S)) € F(S). From (33),
for any x, y € F(S)

d(fx, fy)
< ady (d(x, y)) + (1 -a)

xmax {4, (d (7)),
62 (5140 f2) +d (2 ).

6 (514 0e ) +d (0 ),

8u (5 140 ) +d (0 ),

6 (5 @G ) +d ()}

(34)

By Corollary 14 (with S as identity map on X), f has a unique
fixed point on F(S) and hence f and S have a unique common
fixed point. O

Corollary16. Let f, S be self-mappings of a metric space (X, d)
satisfying d(fx, fy) < kd(Sx,Sy), for all x, y € X where 0 <
k < 1.If(f,S) is a nontrivial Banach operator pair, then f and
S have a unique common fixed point.

Proof. It is sufficient to set a = 1 and take ¢,(t) = kt € @ in
Theorem 15. O

Example 17. Let X = [0, 1] be a metric space with the usual
metric d(x, y) = |x — y| for all x, y € X. Define fx = gx =
—1+ 3, 8x = 1-(1/2)x* and Tx = x for all x € [0, 1].
Obviously, | fx — gyl = 0 and | fx — gy| < k|Sx — Ty| for all
x,y € Xand 0 < k < 1. Also, C(£,S) = {~1+ 3}, PC(f,S) =
{-1+/3}, C(g,T) = {-1++/3}, and PC(g,T) = {-1++/3}. So,
clearly (£, S) and (g, T') are each 7 # -operator pairs. Thus, all
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the conditions of Corollary 13 are satisfied and —1 + V/3 is the
unique common fixed point of f, g,S, and T.

4. Applications

In this section, we utilize the common fixed point theorems
and their results to deduce the existence and uniqueness of
the common solution for the system of functional equations
in dynamic programming.

Remark 18. Many authors (e.g., see [9, 11-15, 22], or [3-
5, 8-12, 17, 22] in [22]) used the fixed point theory to solve
functional equations arising in dynamic programming on
complete metric spaces such as Banach spaces. But, in the
final section, we omit the completeness of the space and we
state the result in the normed vector spaces and metric spaces
setting.

Let X,Y be normed vector spaces, S < X the state
space, and D C Y the decision space. Denote by B(S) the
set of all bounded real-valued functions on S and d(f, g) =
sup{] f(x) — g(x)| : x € S}. Tt is clear that (B(S), d) is a metric
space:

19 = opt () + Hy (s, £ (T (e 3)

VxeS i=12,
(35)
g; (%) = opt {u(x,y) +F (x99, (T (x, )}
ye
VxeS i=1,2,

where opt stands for sup orinf,u : SXD — R,T:SxD — §,
and H, F; : SxDxR — Rfori = 1,2. Suppose that the
mappings A; and T; (i = 1, 2) are defined:

Ah(<) = opt [ () + (5 b (T (5 )

VxeS, heB(S), i=12,

Tik (x) = 35; {u(x, y) + F; (% 3,k (T (x, )},

VxeS, keB(S), i=1,2.

Theorem 19. Suppose that the following conditions are satis-

fied:

(i) for given h € B(S), there exist r(h) > 0 such that
|t (x, y)| + max {|H; (x, . h (T (x, y)))]
|F; (. 3, B (T (%, )] =12} (37)
<r(h), V(x,y)eSxD;
(ii)
[H (%, 3, h (1)) = Hy (x, y, k (1))
< agy (d (Tyh (), Tok () + (1 - a)

X max {¢1 (d(T,h (1), T,k (1)),
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é, (% [d(T,h(t), A h(®)]

+d(T,k (), A,k ()] )
1
¢ (5 1T, A,k )
+d (Tyk (8), AR ()] )
1
gu (514 (T80, 4,1 0)
+d (Tyk (8), AR ()] )
1
95 (5 1 (T (0, A,k )
+d (Tyk (1), ALk ()] )} ,

(38)

forall (x,y) € Sx D, h,k € B(S),t € S, where ¢; € O,
i=0,1,2,3,4,50<a<l;
(iii) fori = 1,2,0#T; = {r,, : Az, = Tir, = ©,} C B(S);
(iv) there exist Ty, € I;(i = 1,2), such that
[H (337, 0) = F (.37, )| 20, -7, [ (39)

for some ., 7, €T and forall (x,y) € Sx D, t €8.

Then the system of functional equations (35) possesses a
unique common solution in B(S).

Proof. Assume that opt,., = inf,.p. By condition (i) and
(36), A; and T; are self-mappings of B(S). Using (i) and (36),
one can deduce that there exist y,z € D such that

Ah(x) > u(x,y) + Hy (%, 3,h(T (x,))) -, (40)
Ayk(x) > u(x,y)+ H,y (x,2,k(T (x,2))) — €. (41)
Note that
Ah(x)<u(x,2z)+H, (x,2,h(T (x,2))), (42)
Ayk(x) <u(x,y)+H, (x, ,h(T(x,9)). (43)
By virtue of (41) and (42),
Ajh(x) — Ak (x)
<H,(x,2,h(T (x,2))) — Hy (x,2,k (T (x,2))) + €

< |H1 (x,2,h(T (x,2))) — H, (x,2,k (T (x, z)))| + €.
(44)

From (40) and (43), we conclude that
Ath(x) - Ak (x)
> Hy (x, b (T (x,y))) = Hy (x, y, k(T (x, y))) - €

> |H, (x, y,h (T (x, ) = Hy (%, . k (T (x, )))| - €.
(45)

It follows from (44) and (45) that
|A R (x) = Ak ()]

< max {|H, (x, y, k(T (x, y))) = H, (%, . k (T (x, »)))]

|H, (x,2,h(T (x,2))) - H, (x,2,k (T (x,2)))|} + €.
(46)

Equation (46) and (ii) lead to
|A1h (x) — A,k (x)|

< max {|H, (x, y,h (T (x,9))) = H, (x, .k (T (x, ¥)))|
|H, (x,2,h (T (x,2))) - H, (x, 2,k (T (x,2)))|} +€

< ady (d (T,h (1), Tyk (0)) + (1 - a)
« max {¢1 (d(T,h (), T,k (1)),
1
62 (514 (T 0), 4,1 0)
+d(Tok (), A,k ()] )
1
85 (514 (T (0). A 1)
+d (Tyk (1), Ak (1))] )
1
g0 (514 (T (6). A, 0)
+d (Tyk (1), AR (1))] )
1
g5 (514 (T (1), A, 1)
+d (Tyk (), A,k ()] )} te

(47)
which yields that

d (A, h, Ak)

= sulsa |A h(x) = Ak (x)|
< agy (d (T\h (1), Tok (1)) + (1 - a)

xmax () (d (1,1 (0, T2k (1)),
1
¢ (5 14T 0, 4,1 (0)

+d (Tyk (), Ak (1))] )



6 (54T, Ak )
d(Tok (1), AR ()] )
1
¢4 (5 1d(Th @), 4,h )
+d (Tok (1), AR (1)) )
1
65 (514 (T (0), A,k 1)

+d (Tok (1), A,k ()] )} re
(48)
Lete — 0in (48); then
d (A h, A,k)
= sup |A1h (x) - A,k (x)l

x€S

< agy (d (T, (1), T,k (1)) + (1 - a)
xmax {, (d (T, (6, T2k (),
6 (5 (10,4, 0)
+d (Tyk (6, A,k 0)] )
1
g5 (51411 (6), A,k 1)
+d (T (0, 4,7 0)] ),
1
¢4 (5 14T (0, 4,h(0)
+d (Tok (6, 4,7 0)] ),
1
g5 (514 (11 (0), A,k 1)

+d (Tok (1), A,k ()] )} .
(49)

Now, we shall show that (A,,T;) and (A,,T,) are F¥-
operator pairs. By (iii) there exists 7, € I}; thus, A7, =
Tit, =0©, and by (iv) forall (x, y) € SX D, t €, wehave

|® 2 T | = 'Hl (x’ y’T% (t)) - Fl (x’y’ T, (t))' > (50)

for some 7, , 7, € I. Therefore, forall x € §

o
|®p1 (x) -1y, (x)'

< l|inf (H
_;lzrelD(l

(53074, (T () =, (307, (7 (. 9))
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7, (T (%, %)) ~u(x.7)

= linf (u (x, y) + H, (x, y,

yeD
~F (x. .7, (T (x,9)))) ‘

= |A1Tq1 - T,

=le, - o,

<sup|®,, (x)- O, (x)|
x€S

=d(e,,0,)
< diam (PC (A, T})).
(51)
So
sup |0, (x) - 7,, (x)| < diam (PC(A,,T})),  (s2)

and, hence, d(®P1 , TPI) < diam(PC(A,,T})). Thatis, (A, T})
is 7 J -operator pair. Similarly, (A,, T,) is also # % -operator
pair. Clearly, all the above process also holds for opt,., =
sup,cp- Then all of the conditions of Theorem 15 are satisfied
and h € B(S) is a unique common fixed point of A, T}, A,,
and T,; that is, h(x) is a unique common solution of
functional equations (35). O

Corollary 20. Suppose that the conditions (i), (iii), and (iv)
of Theorem 19 are satisfied. Moreover, if the following condition
also holds:

|Hy (x, 7, h(0) = Hy (x, y,k (0))] < ad (Tyh (1), T,k (1)),
(53)

forall (x,y) € Sx D, hk € B(S),t €S, where 0 < o < 1,
then the system of functional equations (35) possesses a unique
common solution in B(S).

Proof. 1t is sufficient to set a = 1 and take ¢,(t) = at € ® in
Theorem 19. O

Example 21. Let X = Y = R be normed vector spaces
endowed with the usual norm | - || defined by [x| = |x]
forall x € R.LetS = [0,1] € X be the state space and
D = [1,00) € Y the decision space. Define T : Sx D — §
andu:SxD — Rby

x+1

T(x,y)zyz—, Vx €S, yeD. (54)

> u(x,y) =0,

Define f;,g;: S — R (i = 1,2) by
fi(x) = [x x ],
(55)

g1 (x)zz\/}> gz(x):_
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Now, for all h,k € B(S); x € S, we define mappings A; and
T, (i=1,2) by

Ah (9 = sup e 3) (s (T (o )

Ask (x) = sup {u(x, y) + Hy (x, .,k (T (x, y)))}>

(56)

Th(x) = sup {u(x, y) + F (% »,h(T (x, y)},

Tik () = sup (5 3) + s (5 3k (T (o 3)

for which H;,F; : SxD xR — R (i = 1,2) are defined as
follows:

b iy 5]
Fl(x,y,t):%I:ﬁsin<t-<l—#>>], (57)

y+2

F, (x, y,t) = % [x3sin<t-<1— )/-11-2))]

So,
1
A h(x) =supH (x, ,h<x+ >>
1h(x) yeg 1 Yy V1
1 2 x+1
= — - h
s 16 (=)o (05553
(1-55)
. 1_
y+2
:i[x_,ﬂ]:f(x)
16 !
1
A,k (x) =sup H (x, ,k<x+ ))
2k (x) yeg 2 Y V12

=supi6[(x—x2)cos<k< x2112>
y

)

1

:1—6[x—x2] = f,(x),

1
ThxzsuF(x, ,h<x+ ))
1 () yeg 1 Yy )/2+1
1 x+1 1
= —_ 1 h . 1_
s [vwn (n(555) (1-533))]
1
=5\/§=g1(x),
1
Tkx=suF<x, ,k(x+ >>
2k (x) yeg 2 y V12

9
(e () 052
yeD 2 y:+2 y+2
1
= 5x3=g2(x),
(58)

forall x € S, h,k € B(S). Also, |H;|| < 1/16 and ||F;|| < 1/2,
(i = 1,2); then easily we have the following:

(i) for given h € B(S), there exist r(h) > 0 such that

|t (e, )| + max{|H; (x, y, b (T (x, )|
|F: (3B (T ()] i =128 (59)

<r(h), V(x,y)eSxD,

if choose a = 1, and ¢y (n) = (1/4)n, for n € [0, co) we have

(ii)

|H, (x, y, b (£)) = Hy (x, y, k (1))]

- %6[(x—x2)605<h(t)'<1_in))]
e[ eos (k. (1- 5]
cos(ha)-(l-ﬁ))
~eos (k0 (1-5755) )|

1 2
= — |x -«
16

= agy (d (Tyh (x), Tk (x))) .
(60)

Therefore, |H,(x, y,h(t)) — Hy(x, y,k(t))| < ady(d(T,
h(t), T,k(t))), for all (x, y) € Sx D, h,k € B(S),t € S.
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(i) Iy = {7, : A7, = Th1, = © } = B({0}) #0 and
L ={r, : Ayr, =Tor, =0, }=B({0})#

(iv) Clearly, ‘there ex1st Tp, € L(i=1,2), such that

'H %P, (t)) (x Y, T, | '@ -7 | (61)
for some 7,7, € I;and for all (x, y) € SxD.

Thus, all the assumptions of Theorem 19 are satisfied. So,
the system of (35) has a unique common solution in B(S).

Let

flx) = opt {u(ey)+H(xp f(T (%)}, Vxes,
g(x) = opt {u(ey)+F(xyg(T(x))}, Vxes,
(62)

whereu : SxD — R, T:SxD — SandH,F:SxDxR —
R. Suppose that the mappings A, and T} are defined:

Ajh(x) = Sgg{u (e, y) + H (%, 31 (T (x, )}

VxeS, heB(S)),

Tik (9 = opt [ () F (o 1k (T (5 )

VxeS, keB(S),

Theorem 22. Suppose that the following conditions are satis-
ﬁed:( i) for given h € B(S), there exist r(h) > 0 such that
Ju (%, y)| + max{|H (x, y, = (T (x, y)))|
F(oph(Ty)E (64)

<r(h), V(x,y)eSxD;

(ii)
|H (x>)/,h(t)) - H(X’y’k(t))l
< agy (d (T,h (1), Tyk () + (1 - a)

« max {¢1 (d(T,h (1), T,k (1)),
1
62 (5 14T 0. 4, (0)
+d (T, Ak )] ),
1
¢ (514 (T (6). A,k 0)
+d (Tyk (1), AR ()] )
1
60 (5 14T 0, 4,1 (0)

+d (Tyk (1), Ak (1))] )

Abstract and Applied Analysis

85 (5 (T @), A4,k )

+d (T 0, Ak 0)] )},
(65)

forall (x,y) € Sx D, h,k € B(S),t € S, where ¢; € O,
i=0,1,2,3,4,50<a<l;

(iii) 0 #T = {TP P AT, = Tit, = ®P} C B(S);

(iv) there exist T, €1, such that

|H (x, VT, (t)) -F(x,y.1, (t))| > 'G)p - TP|, (66)

for some 7., 7, € I'and for all (x, y) € Sx D, t €.

Then the functional equations (62) have a unique common
solution in B(S).
Proof. Assume that opt,., = sup,.p. By conditions (i) and
(63), A, and T| are self-mappings of B(S). Let h, k be any two

points of B(S), x € S, and € > 0 any positive number; using
(i) and (63), we deduce that there exist y,z € D such that

Ah(x) <u(x,y)+H(x,,h(T (x,5))) +e (67)
Ak (x) <u(x,y)+H(x,z,k(T (x,2))) +¢ (68)
A h(x) 2u(x,y)+H (x,z,h(T (x,2))), (69)

Ak (x)2u(x,y) + H(x,3,k(T (x, ). (70)
Subtracting (70) from (67) and using (ii),

Ah(x) - Ak(x)
<H (x,3,h(T (x, ) - H(x, y, k(T (x, ))) + €

< [H(x, ., h(T (x,y))) = H(x, .,k (T (x, )| + €
< ay (d (T,h(t), Tk (1)) + (1 - a)

x max [, (d (T,h (0, T,k (1)),
1
¢ (51410, 4,0 (0)
ATk, Ak0)] ),
1
¢ (514 (T (6). A,k 1)
ATk, 48 0)] ),
1
60 (514110, 4,1 (0)

d(Tk (), Ak (®))] )
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65 (5 (TR @), A,k )

+d(Tk (@), Ak ©)] )} e,
(71)
From (68) and (69), we get
Ah(x)— Ak (x)
>H (x,2,h(T (x,2))) — H(x,2,k(T (x,2))) — €
> |H (x,z,h(T (x,2))) — H (x,2,k (T (x,2)))| — €

> agy (d (T,h (), Tyk (D)) + (1 - a)

xmax { ¢ (d (T, (. Tk 0)

6. (5 (10, 4, (0)
+d (Tyk (8), Ak ()] )

1

¢s (514 (11 (0), A,k 1)

+d(Tok (D), AL (1)] )
8 (5 (@), 4, 0)))

+d (T)k (1), A h(1))] )

¢s (5 [A(Th 0, 4Kk 0)

+d(Tok (D), Ak ()] )} e
(72)
Hence, from (71) and (72)
|A B (x) = Ak (x)|

< [H (%, 3,1 (T (%, ))) = H (%, 3,k (T (x, y)))| + €

< agy (d (T\h (1), Tik (1)) + (1 - a)
x max {g, (d (Tyh (6. Tk (1))
1
62 (5 14T 1), 4,1 (0)
+ (T (0, Ak ©)] ),
1
¢ (514 (T (6). A, 1)

+d (T (), A, 0)] ),

1
1
¢u (514 (T (0), A, (0)
+d (Tyk (1), AR ()] )
1
¢s (514 (T (1), 4,k 1)

+d (Tyk (), Ak ()] )} ‘e,
(73)
So
d(Ah Ak) = suIS) |A h(x) = Ak ()|

<|H (x, 3, h(T (x,))) = H (%, y.k (T (x, )| + €

< ady, (d(T,h (), Tyk (1)) + (1 - a)

x max {4, (d (Th (1), Tk 1)),
1
62 (514 (T 0), 4, (0)
+d (T (0, 4,k ©)] ),
1
6 (514 (T @), 4,k 0)
+d (T (0, 4,h©)] ),
1
¢ (5 1T, 4,h )

+d (Tyk (), A h (1))] )

85 (5 (T (0, 4,k 0)

+d (Tok (1), Ak ()] )} e
(74)

Also from (iii) and (iv) and similar to Theorem 19, it is easy to
prove that the pair (A, T,) is # # -operator pair. Therefore,
by Corollary 14, A, and T} have a unique common fixed point
in B(S) and hence the functional equations (62) have a unique
common solution in B(S). O

Corollary 23. Suppose that the conditions (i), (iii), and (iv) of
Theorem 22 are satisfied. Moreover, if the following condition
also holds:

|H (x, y,h (£)) - H (x, y,k (1))| < ad (Tyh (t), T,k (),
(75)

forall (x,y) € SxD, h,k € B(S),t €S, where 0 < « < 1, then
the functional equations (62) have a unique common solution
in B(S).
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