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To be more precise about the real world activity, a stochastic multigroup SEIR epidemic model is formulated. we define the basic
reproduction number R and show that it is a sharp threshold for the dynamics of SDE model. If RS < 1, the disease-free equilibrium
is asymptotically stable; and if R} > 1, the disease persists and there exists a globally asymptotically stable stationary distribution.
Numerical simulation examples are carried out to substantiate the analytical results.

1. Introduction

For the past decades, many epidemic models have been
proposed for modeling the spread process of infectious
diseases, and in the meantime considerable attention has
been paid to study the dynamical properties of these various
models. Most models descend from the classical SIR model
of Kermack and McKendrick [1]; it is the earliest triumphs
in mathematical epidemiology. After that, many researchers
worked on epidemic models and established different type
of epidemic models [2-10]. In particular, multigroup models
have been proposed to describe the transmission dynamics
of infectious diseases in heterogeneous host populations,
such as meals, mumps, gonorrhea, HIV/AIDS, West-Nile
virus, and vector borne diseases such as Malaria. One of the
earliest works on multigroup models is the seminal paper
by Lajmanovich and Yorke [11] on a class of SIS multigroup
models for the transmission dynamics of Gonorrhea; they
established a complete analysis of the global dynamics. The
global stability of the unique equilibrium is proved by using a
complete analysis of the global Lyapunov function. Recently,
a group-theoretic approach to the method of global Lyapunov
function was proposed by Li and Shuai [12]; they studied the
following SEIR model:

n
S
S£ =A;—d;S; - ZﬁijSin
j=1

E| = i/gijsilj -(d’+€)E, i=12,...,n
j=1

1
Ii’ =¢E; - (di + yi) L.

@)

The model describes the spread of an infectious disease

in a heterogeneous population, which is partitioned into n
homogeneous group. Each group i is further compartmen-
talized into S;, E;, and I; here S;, E;, and I; denote the
subpopulation that are susceptible to the disease, infected but
noninfectious, and infectious, respectively. All parameters in

the above model are nonnegative constants and summarized
in the following list:

Bij+ transmission coefficient between compartments
S;and I i

d’;dF; dl: nature death rates of S, E, and I compart-
ments in the ith group, respectively;

A;: influx of individuals into the ith group;

g;: rate of becoming infectious after latent period in
the ith group who are immunized;

y;: recovery rate of infectious individuals in the ith

group.
There are two equilibria of this model as disease-free
equilibrium Py = (89,0,0,...,5%,0,0), where S) = A,/d?,
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and endemic equilibrium P* = (S},E[,I},...,S,,E,,I).
A threshold R, is defined which decides the epidemic will
prevalent or not; here,

Ry = p (M) )
denote the spectral radius of the matrix
ﬁi'eis(‘)
My=M(S),S),....S) =<4 :
o= MO S\ @ e )

(3)

For more details of it, if R, < 1, then P, is the unique
equilibrium and it is globally asymptotically stable in I, where
I is the limit set of system (1):

r= {(SI,EI,II,...,SH,EH,IH) | S,

<SS +E +I,<—Fk __ 1<k<nt.
IR min {dS, dF, 1} }

(4)

IfR, > 1, then P is unstable and it is uniformly persistent.
Furthermore, there exists an endemic equilibrium P* and it is
globally asymptotically stable in I'. In the whole proof, it used
a very important group theorem [12].

Given a nonnegative matrix A = (f3;;), the directed graph
G(A) associated with A = (f;) has vertices 1,2,...,n with
a directed arc (i, j) from i to j if and only if f;,,. It is
strongly connected if any two distinct vertices are joined by
an oriented path. The matrix A is irreducible if and only if
G(A) is strongly connected. A tree is a connected graph with
no cycles. A subtree T of a graph G is said to be spanning if T
contains all the vertices of G. A directed tree is a tree in which
each edge has been replaced by an arc directed one way to the
other. A directed tree is said to be rooted at a vertex, called
the root, if every arc is oriented in the direction towards the
root. An oriented cycle in a directed graph is a simple closed
oriented path. A unicyclic graph is a directed graph consisting
of a collection of disjoint rooted directed trees whose roots
are on an oriented cycle. For a given nonnegative matrix A =

(/3;‘]')’ let

—Zﬂll _/521 _/3n1 ]
I#1
_ﬁlz Zﬁzl T ﬁnZ
L= %2 : )
_l‘gln _1‘3271 e Z.ﬁnl
L I#n |

be the Laplacian matrix of the directed graph G(A) and C;;
denote the cofactor of the (4, j) entry of L. In light of these
results, complete determination of the global dynamic of
these models is essential for their application and further
development.

Whereas the statement above, the large-scale biological
system’s parameters are assumed as constants, but in the
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real situation, parameters involved with the model always
fluctuate around some average value due to continuous
fluctuation in the environment. In order to study the dynam-
ics of interacting population under realistic situation, we
need to analyse the associated stochastic model. Stochastic
epidemic models have been studied by many authors [13-29],
Tornatore et al. [23], Yu et al. [24], Ji et al. [25], Liu et al. [26],
and Ji etal. [27] using Lyanupov methods to find out sufficient
conditions of the stability of the steady-state based on the
deterministic threshold R,. Gray et al. [28] established a
stochastic SIS model and found out a sufficient and necessary
condition of the disease-free equilibrium. Hasminskii [29]
work on the stochastic persistence of epidemic model and
give many stochastic persistence definitions about epidemic
model.

In the present paper, we introduce white noise into system
(1) by perturbing model parameters d?, dF, d] to arrive at the
following system of stochastic differential equations:

ds, = ( A, —d'S, - Zﬁijsi1j> dt - 6S,dB(t),
j=1

dE; = iﬁijs,-l. —(d +¢)E; | dt - oEdB (), (6)
j=1
i=12...,n
dr; = [eE; - (d{ +v,) 1] dt — oT,dB (1),

where B(t) is standard brownian motions. Our main objective
is to derive a sharp threshold for the extinction and persis-
tence of the disease. We proved that the dynamics of our
model is determined by a noise modified basic reproduction
number:

ﬁijeiS?

o P<( ) ) (7)
0 (i +e+o?/2)(di+y+022) ) .,

More specifically, if RS < 1, the disease-free equilibrium P,
is asymptotically stable and the disease dies out. If RS > 1,
then P, is unstable, system (6) is stochastically persistent,
and there exists a stationary distribution. Our definition of
Rg includes as a special case of a basic reproduction number
for a stochastic SIS model in [22]. From (7), we see that
Rg < R, if o are nonzero. This implies that the presence of
noise lowers the threshold for the extinction of disease and
hence results in a larger parameter region for disease to die
out. This agrees with an earlier result on stochastic SIS models
in [22] and findings on stochastic logistic equations that the
presence of noise increases the parameter region in which
the species becomes extinct. Unlike the standard approach of
using Lyapunov functions in the literature of SDE epidemic
models, our stability analysis of P, applied the method of
linearization. And we use the recurrence condition to prove
the existence of stationary distribution.

In this paper, we establish the global existence of positive
solutions in Section 2. Stability analysis of the disease-free




Journal of Applied Mathematics

equilibrium is carried out in Section 3. In Section 4, we prove
the existence of a globally stable stationary distribution when
RS > 1. Numerical simulations are provided at the end of
Sections 3 and 4 to illustrate our analytical results.

2. Existence and Uniqueness of
the Positive Global Solution

In this section, we prove the positive global existence of our
stochastic system’s (6) solution. As a stochastic differential
equation, the functions involved with stochastic system are
generally required to satisfy the lipschitz condition and linear
growth condition. Obviously, the function of system (6) does
not satisfy the linear growth condition, so the solution may
explode at a finite time, only if we prove that the explosion
time is infinite. We use the lyapunov analysis method to
confirm our assumption that the solution of our system is
global existence and positive.

Theorem 1. If B = (B;j)uuy is irreducible, then, for any
initial value (S,(0), E;(0),1,(0),...,S,(0), E,(0),1,(0)) €
IRi” of system (6), there exists a unique solution (S,(t),
E\(t), I,(t),...,S,(t), E,(t), I,(t)) € R, and it satisfies

L, (1)) |

1) eR) =1
(8)

P((S;(0),E (1),1,(1),...,

IONAGH A

Sn (8), E, (£) 5

S, (t),E,(),1,

which means (S,(t), E{(t), I,(£),...,S,(t), E, (1), L,(t)) € Ri”.
Proof. Since the coefficients of the equation are locally
Lipschitz continuous, there is a unique local solution on
t € [0,7,), where 7, is the explosion time [30]. We assume
the solution (S, (t), E;(O)I;(t),...,S,(t), E,(t), L, (t)) = Y(t);
now, we need to prove Y (¢) is global. Let m, be sufficiently
large so that S;(0), E;(0), I,(0) all lie within the interval
[1/my, mg]. For each integer m > my, define the stopping
time 7,, = inf{t € [0,7,) min{S;(t), E;(t), ;(t)} <
1/m or max{S;(t), E;(t), ()} > m}. To complete the proof,
we need to show that lim,, , 7, = oo. If this statement is
false, then there are constants T > 0, € € (0, 1), and m, > my,
such that P(t,, < T) > e for all m > m;.

Let ¢; denote the cofactor of the ith diagonal entry of Ly,
which is the Laplacian matrix of (G, B) and g(x) = x—1-In x.
We define

n

V(Y(t))=2[acg(as >+g(E)+g(I) )

i=1

where a is a positive constant. Obviously, V(Y (t)) is positive.
Using It6’s formula, we obtain

dv (Y (1))

3
2548 ) + L (de,? + = (dI)?
282 22 T
= Z[ (1——>SdB+a<1——>EdB
=1 Ez
(1 - _) IdB]
Il
(10)
where
LV (Y (1))
= Z K; - (df + yl)li + Zac,-[a’UI]]
i=1 j=1
Z”: 455+ d5E agA; . Z;’l:l BijSil; . &E;
& ivi i Si Ei Ii
< Z K (d +V1)Ii + Zac,-ﬁij ]]
i1 =1
(11)

where K, = A; +acd; +d; +d. + ¢ +y + (ag/2)o” +
(1/2)0%+(1/2)0?. As B = (/31] axn 18 irreducible [12], we know
that Y2, Y7, Byacl; = YL, X, Byjacl;, which implies that
LV < [K;—(d] +y,- 21:1 Bijac)1;]. We define a = min{(d] +

Yi)/(Z?:l ﬁijci)’ i=12,...,

n}; then, we obtain

Lv < YK, (12)

-

i=1

Therefore,

E(V(Y(z,AT))

-E (v (Y (0) + LTWAT dv (Y (1) > (13)

T, AT n
SVOrO)+E| " Fdt< V(Y ©)+ YKT.
i1

SetQ,, = {1,, | 7,, < T for m > my}. Then, P(Q0,,) >
e. Note that, for every w € Q,,, there is at least one of
Si(t,,, w), Ei(7,,, w), I(t,,,w) that equals either m or 1/m.

Then,
V(Y (7))

> min In m

> min ( m - ac, — ac;In —
0<ksn ! " ac (14)

. 1 1

A min (— - ag —ac,»ln—),

o<k<n \ m acm



where we define ¢, such that ag, = 1. Then, we obtain

V(Y (0)+MT 2 E[1g V(Y (z,,))]

. m
>¢| min | m —ac — ag;ln —

0<ksn ac; (15)

.1 1
A min — —ag —agln — |.
o<ksn m acm

Letting m — o0, then co > V(Y(0)) + Yo, K;T = co0. So,
the assumption is wrong, and we obtain 7., = co. The proof
is complete. U

3. Extinction of the Epidemic

In the study of population systems, extinction and persistence
are two of the most important issues. For the deterministic
model (1), extinction is implied by showing that the disease-
free equilibrium (S}, 0,0, ..., S, 0,0) is asymptotically stable.
For our stochastic model (6), there does not exist the disease-
free equilibrium because of the first perturbation term o§;. If
E,;(t) — I,(t) = 0, the first equation in (6) changes to

dsS; = (A; - d;S;)dt — 0S,dB(t). (16)

For this kind of equations, Gray et al. [21] have shown that the
solution satisfies that

5"
i

o1 (T2 A,
TleOO? L S;(t)dt = i 17)

We make the change of variables u;(t) = S;(t) — §i, v;(t) =
E;(t) and w(t) = IL(t) so that the origin will represent
(S(¢), 0, 0); then, we consider the linearized system:

du; = <—dfui - Zﬁiﬁ,-wj> dt — ou,dB(t),
j=1

dvi:|:
j

dw: = [eivi - (df + yi) wi] dt — ow;dB (t) .

1

M=

ﬁij_iwj - (dlE + ei) vi] dt —ov,dB(t), (18)
1

i=1,2,...,n,

To be simplified, we rewrite the second and third equa-
tions in (18) as

dx (t) = Fx (t)dt + Gx (1) dB(t), 19)
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where
x(t) = [v (1), w; (t),...,v, (), w, O],
_(df +€1) o Sy
0 o= (dh+y,) (20)

F and G are commute, and the explicit solution of the
linearized system (18) is

x () = x(0) exp [(F - %GZ) t +GB (t)] @
where

1
—(dlE+e1 +502> B1nS?

F-lo-
2

0 —(dfl+yn+%02>
(22)

Let Rg = p(Mg ) denote the spectral radius of the matrix

0
M = ﬁijeisi (23)
O\ (dF +¢ +0%/2) (Al +y; +0%)2) < jen

if Rg < 1, which means all the eigenvalue of F — (1/ 2)G? have
negative real parts. Then, there is a pair of positive constants
C and A such that

exp [(F - %G2> t] " < Ce ™. (24)
It then follows that

[x ()] < Clx (0)] exp [-At + [|GI| B (£)]] - (25)
Using the strong law of large numbers states that

lim, _, . (B(t)/t) = 0 a.s.; we obtain

lim sup% log|x (t)| < -1 as. (26)

t — 00

In other words, the solution of (18) is almost surely expo-
nentially stable. Next, we give estimate for u;(t), using Ito’s
formula; we derive that

S, 25y,
U (£) = & G+ /Di-0B()

t —_ S 2
X [ui 0) + L Z/SijSiwj (s) et stoBlo g |
j=1

(27)
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According to (19), there exist T' > 0, w; 1) < e M. Substituting
it to (26), we get

S 2
u () = (@407 [2)t-0B(1)

T n _ s
x [ u; (0) + Jo Zﬁijsiwj (5) i+ 12)5+0B() g
=

tn — S 2
N JT Z B,Sw; (9) @540 2)5+0B(S) 4
=

(28)
-dt LR ds
<e "y (0) + L Z/;ijsiwj (s)e“i’ds
=
n /3..3.
z iji [ ~At+Vtnlnt (df—A)T—d?twtznzm]
+ S e -e .
=dy -1
j i
Therefore,
. 1 S
lim sup— log |u; (t)| = =d; v -1 < 0. (29)
t— 00

In this way, we proved that the solution of (7) is exponentially
stable. According to the Oseledec multiplicative ergodic
theorem [30], the necessary and sufficient condition for the
almost sure asymptotic stability of the trivial solution of the
system is the largest lyapunov exponent of the linearized
system is negative. Therefore, we have the following results.

Theorem 2. Assume that B = (B;;) ., is irreducible.

(1) IfRS < 1, then the disease-free equilibrium Py is almost
sure asymptotically stable, which means the disease will die out
almost surely.

(2) If RS > 1, then the disease-free equilibrium P, is
unstable.

Remark 3. 1t is useful to observe that for either the classical
deterministic model or the stochastic model, there is a
threshold which reflects the prevalent or extinction of the
epidemic, but the thresholds are different between them; the
stochastic threshold Rg is smaller then the deterministic one.
In other words, the conditions for I(t) to become extinct
in the SDE epidemic model are weaker than in the classical
deterministic epidemic model. We give the following example
that illustrates this result more explicitely.

Example 4. For simplicity, let k = 2 and we choose the
following system parameters:

Al =100; A2 =300
S S
d, =3 d,=3;
E E
d, =3 d,=5

d{=3; d£=5;

5
B =01 B;,=02
By =035 By =04
=1 =1
n=~L »n=L
(30)
so the stochastic multigroup SEIR model (6) becomes
ds; = (100 - 28, — 0.1S,I; — 0.2S,1,) dt — 6S;dB (t),
dE, = [0.1S,1, + 0.2S,I, — 4E,| dt — 0E,dB (1),
dI, = (E, - 4I,)dt - o,dB(t),
ds, = (300 - 35, — 03S,1, — 0.4S,1,) dt - 08,dB (), OV

dE, = [0.3S,1; +0.4S,1, — 6E,] dt — 0E,dB (¢),

dI, = (E, - 6I,)dt — oL, dB(t).

Clearly, if 0 = 0, system (27) becomes the related deter-
ministic multigroup SEIR model. We start our numerical
simulation with ¢ = 2, and the initial values are I,(0) =
10,,(0) = 20. Note that RS = p(MJ) = (40/63) < 1.
By Theorem 2, I, (¢), I,(t) will tend to zero exponentially. If
we consider the corresponding deterministic model, R, =
(4/3) > 1, I,(¢), L,(¢) will tend to their endemic equilibrium.
The computer simulation in Figure 1 illustrates extinction of
the disease.

Next, we keep the parameter value and start our computer
simulation at the initial value I,(0) = I,(0) = 1; we gain the
same results in Figure 2.

If we decrease the environment intensity to ¢ = 0.5
and starting from I;(0) = L,(0) = 1, this means that
Rg > 1. From Theorem 2, the disease-free equilibrium will
be unstable; results of one simulation run in Figure 3 proved
our results.

4, Stationary Distribution

As we know stochastic persistence means if solution trajec-
tories start from a positive initial condition, then they will
remain within the positive interior and bounded at all future
times. If we prove the existence of stationary distribution of
our stochastic multigroup SEIR model, it means the disease
will persist. Before proving the main theorem, we reference
to the book by Hasminskii [29]. Let X () be a regular time-
homogeneous Markov process described by the SDE

k
dX (t) =b(X)dt + Y 0, (X)dB, (¢). (32)

r=1

The diffusion matrix is defined as follows:
k
A(x) = (a;(x), a;(x)=Yo (X0 (x).  (33)
r=1

Lemma 5. The Markov process X(t) has a unique stationary

distribution u if there exists an open bounded domain U ¢ R,
and the conditions are satisfied.



6 Journal of Applied Mathematics
25 —_— 35
30 F
20
25
15+ 20

10 +

Time t

5 10

15 20 25 30 35 40 45 50
Time t

(®)

F1GURE 1: Computer simulation of paths I, (t), I, (¢) for the system (18) and its corresponding deterministic model, using the EM method with
step size 0.001, with initial values I, (0) = 10, I,(0) = 20. The full line expresses stochastic model’s simulation, and the dotted line expresses
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FIGURE 2: Computer simulation of paths I, (t), I, (t) for the system (18) and its corresponding deterministic model, using the EM method with
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step size 0.001, with initial values I,(0) =
the related deterministic model.
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FIGURE 3: Computer simulation of paths I, (t), I, (¢) for the system (18) and its corresponding deterministic model, using the EM method with
step size 0.001, with initial values I,(0) = 1, I,(0) = 1. The full line expresses stochastic model’s simulation, and the dotted line expresses the

related deterministic model.
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(P1). In the domain U and some neighborhood thereof, the + (1 Ez* ) dE, + —(dE %
smallest eigenvalue of the diffusion matrix A(x) is bounded E; 2E;
away from zero.

(P2).Ifx € R'\U, the mean time T at which a path issuing df +€ I (dE + ei) I
from x reaches the set U is finite, and sup,. ., E*T < 00 for every * € <1 B Tl> dr; + L

compact subset K ¢ R'. Let f(-) be a function integrable with
respect to the measure p. Then,

Substituting (6) to it and using (31), we obtain
(Thm = J f(X*@®)dt .[R’ f ) p(d) x)> =
(34)

LV

*

Zﬁv N ds

2
*o

forall x e R, = Zvi

i=1

Remark 6. The proof of the above lemma is given in Has-
minskii [29]. The existence of a stationary distribution with
density is given in Theorem 4.1 at page 119 and Lemma 9.4 at + Zﬁ 1]S I+
page 138.

To validate (P1), it sufficient to prove that F is uniformly n
elliptical in U, where F, = b(x)u, + (1/2)(tr(A(x)u,,)), + ZﬁijS,»Ij - (df; + ei)E,-
which means there is a positive number M such that j=1
Zu . ,J(x)EE > MIEJ* for any x € U. To validate (P2), it " E S I, E* o2
is enough to show that there exist some neighborhood U and Z +(df +¢)Ef +— g
a nonnegative C2-function V such that, for any x € R’ \U, j=1 2
LV is negative definite function (for details, see page 1163 in

B1D- + (dlE + ei) E, -

Theorem 7. Assume that B = (B;;) .y, is irreducible and RS >
1. There is a stationary distribution for system (7) and it has an

(df5 + 61’) (dlI + yi)

i 2
12 (dIi)

ergodic property. - (dlE + e,-) ’TI + ..
. S . . R (dE+€»)I-*02
Proof. Since 1 < R; < R, there is an endemic equilibrium i TE€ )4
P* = (S}, E},1I},...,S,,E,, I) for the deterministic system * 2€;
of (7). We obtain the following equation:
n 1 S* S.
_ 45¢* o =V |dSs¥ (- 2L _ 20
A, =d’s +Zlﬁ,.js,.1j, ZV[ 0S; ( 5 )
i
(35)
< _— E I C X (df+€i) (di1+)’f)
Zﬁzjsi Ij = (di + 6:‘) E;  €E; = (di + Yi) L. + Zﬁijsi I - c. L
j=1 j=1 i

Using the same method in the proof of Theorem 1.1 [7], we n e, .(s
choose /31] = ﬁl]Sl il << n B = (Bijs vis- s vabs + 32;[31';‘31' I _Z;ﬁijlj
J= j=

v; > 0 such that Bv = 0. Set

" E
V= Zvi (8;=S/InS;) + (E;— E] InE;) Zﬁ’/S’IJ E, (d * G)E I
i=1
(36)
df +e S'? +Eo* (df+e¢)l 2]
+——(L-1L'InL)|. + + o
€; 2 2€;
Applying Itd’s formula, we can calculate n n (dzE + 61') (dzI + Vi)
< Z Zﬁzjsi i I;
dV =1 =1 ei

n * * * E *
Z [( )dS +S—(dS) +Si02+Ei02+(di+€i)Ii o
i=1

1
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FIGURE 4: Frequency histograms of paths I, (t), I,(t) for the system (31) based on 10000 stochastic sumulations for each population at time
t = 100, using the EM method with step size 0.001, with initial values I,(0) = 1, ,(0) = 1.

(38)

Since Bv = 0, it follows that Z] 1/3]1 i =Y Bikvi; using

(31), we obtain

n
ZIBJIS] S] Iz V ZIBikSi*II:Vi
k=1
noo o (dre)(divy)
= ZﬁijSi I] v; = Vi
1 €
(39)
which means
LV
* * E *
< ivi S+ B + (4 +e) o’
P 2 2¢;
g L8
+3) B;S; I - Zﬁ,.jlj d (40)
=1 =1
I’
ﬁ “+e )E -+~
S - (o e)el
=H(S,,E.,1;,...,S,,E,, 1,).
Note that
s,,El,l,?LoH (SpEyLs.. 58, By 1) = -
(41)
lim H(S,,E.I,...,S,,E,1I,) = —co.
S;,E;,I; — 0o

So, there exists a domain U lying entirely in R)". For
(Su,EnI,....S,,E, L) € U\ R LV < -M, where M is
a positive constant. It implies that condition (P2) is satisfied.
Besides, there isa K = min{chiz,aEf,GIiz, i=12,...,n >
0 such that Zz] 1 zJEE Vit 0251.25;;2 + 2 Gz[izggi +
Yio El.2§3i_1 > K||&*|, which implies that condition (P2)
is satisfied. Therefore, according to Lemma 5, our stochastic
SEIR model (6) has a stationary distribution and it is ergodic.
The proof is complete. O

Example 8. To substantiate the analytic findings above, we
provide numerical simulation results for the stochastic model
(27). We also use the same parameters in Example 4, and let
o = 0.5. We have shown in Figure 3 that I,(t), I,(t) will
not tend to 0. Theorem 4.3 tells us that there is a stationary
distribution. Figure 4 shows histograms of the approximate
stationary distribution of the infective classes.
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