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The existence of weak solution for p-Laplace problem is studied in the paper. By exploiting the relationship between the Nehari
manifold and fibering maps and combining the compact imbedding theorem and the behavior of Palais-Smale sequences in the
Nehari manifold, the existence of weak solutions is established. By means of the Arzela-Ascoli fixed point theorem, some existence
results of the corresponding time-fractional equations of the p-Laplace problem are obtained.

1. Introduction

Fractional calculus is a generalization of ordinary differen-
tiation and integration on an arbitrary order that can be
noninteger. The increasing interest of fractional equations is
motivated by their applications in various fields of science
such as physics, fluid mechanics, heat conduction with
memory, chemistry, and engineering [1]. In consequence, the
subject of fractional differential equations is gaining diverse
and continuous attention. For example, for fractional initial
value problems, the existence and multiplicity of solutions (or
positive solutions) were discussed in [2-4].

In this paper, we consider the following semilinear
boundary value problem:

— div (a (x) [Vu (x)|P*Vu (x))

= Mu ()1P%u () + b (x) |u (x)]* 'u (x), W
in Q,

u(x)=0, ono,
where Q is a bounded region with smooth boundary in RN
and a(x) is a positive weight function with positive measure

of the Sobolev space WOI"D(a(x), Q), u(x) € W()I’P(a(x), Q),

b(x) : Q@ — Ris asmooth function which may change sign,
and A is a real positive parameter and assume throughout that
aisafixed numbersuchthatl <a < p-12< p< p* (p” =
np/(n — p))). Thus, we will study a sublinear perturbation of
a linear problem.

The problem (1) is an important and basic mathematical
model, widely used in many fields. As for the specific
theoretical implicity of the above model, one can see Drabek
et al. [5], Adams and Fournier [6], and so on.

Similar problems have been studied by Brown and Zhang
[7, 8] (when a(x) = 1, p = 2, with @ > 2) and by Brown
[9] (when a(x) = 1, p = 2, but with 1 < a < 2) by using
variational viewpoint of the Nehari manifold. When a(x) =
1, p = 2, Amann and Lopez-Gomez [10] have studied the
existence of the equation by using global bifurcation theory
and Binding et al. [11, 12] used variational methods. Huang
and Pu in [13] have studied the following problem:

— div (@ (x) [Vu (x)|P*Vu (x))

= Ab (x) [u ()P0 () + ¢ () Ju ()|* 7,

2)

x € Q),

u(x)=0, xe€oQ,
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where Q is a bounded region with smooth boundary in RY,
A is a real positive parameter, b(x) is a nonnegative function
and satisfies b(x) € LY (p < q) or b(x) € L®(Q), and
c(x) is a smooth function which may change sign in Q, and
the existence of multiple positive solutions and the properties
on Nehari manifold for (2) have been established under the
assumption that p — 1 < & < p; — 1, where p, = ps/(s + 1),
p; = Np/(N = py), s € (N/p,0o) N [1/(p - 1),00), p, <
N(s+1).

In the above, we investigated the p-Laplace Dirichlet
problem. Next, we will switch our viewpoint to consider the
existence of weak solutions for the corresponding nonlinear
time-fractional differential equation of the problem (1). Con-
sider

DPu (x,1)
= div (a (x) [Vu (x, )P Vu (x, 1))

+ Mu (6, )P 2u (x, 1)

F b ) unt), inQn  (Eaped
u(x,t) =0, ondQr,
M(X,O) :(/)(x)) inQ,

u (x,0) =y (x), inQ,

where Q; = Q x [0,T], DP denotes the Caputo fractional
derivatives [14],0 < 3 < 1is a parameter describing the order
of the fractional time, and ¢(x), y(x) € Hé (Q) are given real-
valued functions.

Recently, the subject of fractional differential equations
has emerged as an important area of investigation. Indeed,
we can find numerous applications in viscoelasticity, elec-
trochemistry, control, electromagnetic, porous media, engi-
neering, and so forth. For some recent developments on the
subject, one can see [14-21]. As far as we know, no contribu-
tions exist concerning the existence of weak solutions for the
problems as we stated above.

2. Notations and Preliminary Results

Let Wo1 P(a(x), ) bea weighted Sobolev space with a positive
measurable weight function a(x); its norm is defined as
lul = (I (a(x)IVu(x)Ip)dx)l/p, and the function a(x)
satisfies v(xsl c < alx) £ cv(x), x € O, wherec > 1,
v(x) is also a weight function (see [5, 6,13]) and satisfies
w(x) € L}, (Q), v(x) /P e L] (Q), (x)™* € L'(Q); here,
s € (N/p,00) N [1/(p — 1), 00). Throughout this paper, we
denote by S, the best Sobolev constant for the imbedding

of WOI’P(a(x), Q) in LP(Q). In particular, [[ull;,q) < Spllull,
for all u € WO1 P (a(x), Q). For simplicity, we will denote

WOI’P(a(x),Q) by X and denote | - [|x by || - |, and unless
otherwise stated, integrals are over Q.
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Let A, denote the positive principal eigenvalue of the
problem:

— div (a (x) [Vu (x)| P> Vu (x))

= AMu ()P 2u(x), forxeQ, (3)

u(x)=0, forx e oQ,
with corresponding positive principal eigenfunction ¢,. The
Euler functional associated with (1) is

Iy () = 1 Jaqulde - & J [ulPdx
p p

. (4)
-— Jb () [u|*dx, foru e X.
a+1

The next lemma shows the behavior of functional J; on
X.

Lemma 1. (i) Suppose that A < A,; then ], is bounded below
on X.
(ii) If A > A, then ], is no longer bounded below on X.

Proof. (i) By the spectral theorem, we have

Ja|Vu|pdx -A j [ulPdx > (A; - ) J lulfdx, VueX,
(5)

and so
L= L, =) J e - 2 J |
A= M a+1

> %(/\1 ) J lulPdx (6)

b B (a+1)/p
— |Q|l ((x+U/P(J |M|de> ,

where b = sup,.b(x). Hence, J, is bounded below on X
when A < A,.

(ii)) If A > Ay, then lim, _, J,(t¢,) = —00, so J is
unbounded below on X. O

In order to obtain existence results in the case of A < A,
we introduce the Nehari manifold:

Ny ={ueX:(Jyw,u) =0}, (7)

where (-, -) denotes the usual duality. Thus, u € N, ifand only
if

J a|VulPdx — A J |ulPdx - J b(x) |u*"dx=0. (8)

Obviously, N, is a much smaller set than X and so it is
easier to study J, on N,.
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On N, we have

1
p a+l

_ (113 _ “i 1>J(b|u|"‘+l)dx.

The Nehari manifold is closely linked to the behavior of
functions of the form ¢,(t) : t — Jy(tu)(t > 0). Such
maps are known as fibering maps and were introduced by
Drabek and Pohozaev [22] and are also discussed in Brown
and Zhang [7]. If u € X, we have

o @) = ( )j(aw ~ Mul?) dx

)

o+l

Jb|u|“+1dx, (10)

t? t
¢, () =— J-a|Vu|p - MulPdx -
p a+1

o (1) = ¢! J alVul? - AlulPdx - ¢* J blul*dx,  (11)

¢! @)= (p-1)t? J a|Vul? = Mu|Pdx
(12)
—at™! J blul* ' dx.

We can see that u € N, if and only if ¢/, (1) = 0 and more
generally that ¢ (t) = 0 if and only if tu € Nj; that is,
elements in N, correspond to stationary points of fibering
maps. It follows from (11) and (12) that if (/)L(t) = 0, then
o) = t“(p-1) -« Ib|u|“+1dx. Thus, it is natural to
subdivide N into three parts corresponding to local minima,
local maxima, and points of inflection. Consider

Ny = {u €N, : Jb|u|"‘“dx > 0},
N; = {u €N, : Jb|u|““dx < o} , (13)
Ng = {u €N, : Jb|u|“+1dx = 0}.

So N}, Nj, and N} correspond to minima, maxima, and
points of inflection, respectively.
Letu € X, then

(i) if f a|Vul? — Mu|Pdx and I blu|**'dx have the same
sign, then ¢, (t) has a unique turning point at

1/((p-1)-
Jblul‘”ldx [((p-1)-a)

f (alVul? = Aul?) dx

t(u) = (14)

This turning point is a local minimum (maximum) so
that t(u)u € Nj(N;) if and only if [ blu|*"'dx > 0
(<0).

(ii) If [ alVul? — AjulPdx and [ blu|*"'dx have different
signs, then ¢,(t) has no turning points and so no
multiples of u lie in N;.

Thus, if we define

L) = {u € X ful =1, J alVul? = AulPdx > o} ,
(15)
B, () = {u € X ful = 1, J blul* dx > o} .

Analogously, we can define L_(A), L,(A), B_(A), and B,(A) by
replacing “> 0” by “< 0” or “= 07 As appropriate, we have the
following:

(i)ifu € L,(A) n B,(A), thent — ¢,(¢) has a local
minimum at = #(u) and t(u)u € Ny,

(ii) if u € L_(A) N B_(A), then t — ¢, (t) has a local
maximum at ¢ = t(u) and t(u)u € N,

(iii) if u € L,.(A) N B_(A), then t — ¢, (f) is strictly
increasing and no multiple of u lies in N,

(iv)ifu € L_(A) N B,(A), thent — ¢,(t) is strictly
decreasing and no multiple of u lies in N,.

Next, we will prove the existence of solutions of (1)
by investigating the existence of minimizers on N,. The
following lemma proved that minimizers on N, are “usually”
critical points for .

Lemma 2. Suppose that u, € N, is a local maximum or
minimum point for J, on N, uy ¢ Ny; then J)(uy) = 0 in
X Q).

Proof. If u, is a local minimizer point for J) on N, then u, is
a solution of the optimization problem:

Minimize J, (1) subjecttor (u) = <]/'\ (u) ,u> =0. (16)

Hence, by the theory of Lagrange multipliers, there exists
¢ € Rsuch that

Ty (uo) = pry (y),  in X' (Q). (17)
Thus,
<]/I\ (1) » “0>X = V(”)’t (uo) ”0>X~ (18)
Since uy € N, (J; (1), t4p) = 0 and so
j (alVutg|? = Ao lx = jb|u0|““dx. (19)
Hence,

() 1) = [ (alVinf” = Al

—(a+1) Jb|u0|“+ldx
=[(p-1) -« J (a|Vu0|P - )t|u0|p)dx.
(20)

Thus, if uy ¢ N3, (r} (1), tig)  # 0 and so by (18) u = 0. This
completes the proof. O



3. Properties of the Nehari Manifold

In this section, we will discuss the vital role played by the
condition L_(A) € B_(A) in determining the nature of the
Nehari manifold. When A < A, I(a|Vu|p - AMulP)dx > 0,
forallu € X,andso L,(A) = {u € X : |u| = 1} and
L_(A),Ly(A) = 0. When A = A, we have L_(A) = 0 and
Ly(A) = {¢,} and when A is greater than A,, L_(A) becomes
nonempty and gets bigger as A increases.

Theorem 3. Suppose there exists A such that, for all A < A,
L_(A) € B_(A). Then, for VA < A,
(i) Ly(A) € B_(A) and so Ly(A) N By(A) =0,
(ii) Ny is bounded,
(iii) 0 ¢ N_): and Ny is closed,
(iv) Nf N Nj =0.

Proof. (i) Suppose that the result is false. Then there exists u €
Ly(A) such that u ¢ B_(A);if A < y < A, then u € L_(u), and
so L_(u) € B_(A) which is a contradiction.

(ii) Suppose that N, is unbounded. Then there exists
{u,} < N;[ such that |lu,|| — ocoasn — o0.Letv, =
u,,/llu,|l; without loss of generality, we may assume that v, —
Vo in X and so v, — v, in L*(Q) and in L¥(Q). Since
u, € Ny, [(blv,|*")dx > 0and so [(blv,|*"")dx > 0. Since
u, € Ny € N, so, by (8), we have

J (a]Vun|p - A|un|p) dx = J- blu,|* dx, (21)
and divide by [|u,,||, so

[ atwsal? = A7) i = [ (bl | ) dx — 0.
(22)

Suppose v, -+ v, in X. Then J(a|Vv0|P)dx <
lim, ., [@|Vv,[")dx, and so [(alVv,|? — Alvg|P)dx <
lim, , j(aIanIP — A, [P)dx = 0. Thus, vy/|lvyll € L_(A) €

B_(A) which is impossible as _[(blvol““)dx > 0. Hence,
v, — v, in X. Thus, vyl = 1 and

J (a|Vv0|P - /\|v0|P) dx
(23)
= lim_ J (a]an|P - /\|vn|p) dx = 0.

Thus, v, € Ly(A) < B_(A) which is impossible as
J(blvol‘x“)dx > 0. Therefore, N is bounded.

(iii) Suppose 0 € N;. Then there exists {«,} < N, such
that lim, , u, = 0;letv, = u,/llu,ll and then we may
assume that v, — v, in X and so v, — v, in LP(Q) and
in L**'(Q). Since u, € Ny, we have

1 o
J ] J (blval™"") dx < 0;

j (a|an|p - A|vn|p) dx = ||u |
' (24)
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since the {v,} is bounded, it follows that
lim,, o, [(bv,|*)dx = 0 and so [(blvy|*)dx = o.
Suppose v, — v, in X; then |lv,|| = 1 and so v, € By(A).
Moreover

J (a|VvO|P - /\|v0|P) dx

_ lim J(a|an|P AP dx <o,

n— 00

(25)

and so v, € Ly(A) or L_(A). Hence, v, € B_(A) and this is
impossible as _[(blvol‘x”)dx = 0. Thus, we must have that
v, = v, in X; then

J (a|VVO|p - /\|v0|p) dx
(26)
< nlLIréoj (a|an|p - )t|vn|p) dx <0.

Hence v,/|lvyll € L_(A) N By(A) which is impossible and so
0 ¢ N, . We now prove that N is closed. Suppose {u,} € N,

andu, — win X. Thenu € N; and sou # 0. Moreover,
J (alVul? = MulP) dx = Jb|u|“+1dx <0. (27)

If both integrals equal 0, then u/|lu| € Ly(A) N By(A) which
contradicts (i). Hence both integrals must be negative and so
u € Ny . Thus N, is closed.

(iv) Letu € Ny NNy, asu € Ny, u # 0. Moreover, it is
clear that

J (alVul? = Mu|?) dx = Jb|u|““dx =0, (28)

and so u/|lu| € L,(A)NB,(A) which is impossible. Thus, N_;[ﬂ
N; =0. O

The following theorem presents J) (1) > 0 on N, and the
behavior of J, (1) on Nj.

Theorem 4. Suppose the same hypotheses are satisfied as in
Theorem 3; then
(i) Jy is bounded below on N,

(ii) inf - J3 () > 0 provided N, is nonempty.

Proof. The proof of (i) is an immediate consequence of the
boundedness of N

(ii) Suppose infueN;],\(u) = 0. Then there exists {u,} <
Nj such that lim, , ,J,(%,) = 0. And it is clear from (9)
that [(a|Vu,|? - Au,|P)dx — Oand [blu,|*"'dx — 0as

n — oo.Letv, = u,/|u,l; since 0 ¢ N_;, {llet,,I} is bounded
away from 0. Hence lim,,_, J(aIanIP — Ay, [P)dx = 0,and
lim, o, [ blv,|**'dx = 0; we may assume that v, — v, in X
and v, — v, in LP(Q) and in L**'(Q). Then Ib|v0|“+1dx =
0.Ifv, — wv,in X, we have |vy] = 1 and _[(aleOIP -
MvolP)dx = 0; that is, v, € Ly(A), whereas if v, + v, in
X, I(aleo|P = MvolP)dx < 0; that is, vy/[lvll € L_(A). In
both cases, however, we must also have vy/|lv,ll € By(A) and
this is a contradiction. Thus, inf - J; (1) > 0. O
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4, The Existence of Weak Solution

We now show that there exists a minimizer on N (N; ) which
is a critical point of ], (1) and so a nontrivial positive solution
of (1).

Theorem 5. Suppose L_(A) € B_(A) for all A < ; then, for
VA< A,

(i) there exists a minimizer point for ) on N,

(ii) there exists a minimizer point for J, on N, provided
that L_(A) is nonempty.

Proof. (i) By Theorem 4, J, is bounded below on Nj. Let
{u,} < NI be a minimizing sequence; that is,

Jim ]y () = uienz%]’\ (u) <0. (29)

Since N is bounded, we may assume that u,, — 1, in X and
u, — u,in L¥(Q) and in L**(Q). Since J; (u,) = (1/p -
1/(a +1)) | blu,|** dx, it follows that

Jb|u0|“+ldx - lim_ j b, dx >0, (30)

and so uy/llugll € B,(A). Hence, by Theorem 3, u/|lu,ll €
L,()) and so the fibering map ¢, has a unique minimum

at t(uy), such that t(uy)u, € Nj. Suppose u, -+ u, in X; then

j (a| Vg = Aluo|”) e
< lim J (a|Vun|p - A|un|p) dx (31)

= lim_ J blu, | dx = Jb|u0|a+ldx,
and so t(u,) > 1. Hence
Ta (t (ug) o) < Ja (1) < lim Jy (1) = ig\gh @), 32
uelNy

which is impossible.

Henceu, — u,in Xandsou, € N,.Itnow follows easily
that 1 is a minimizer point for J; on N;[, since J (1) = J(|ul)
and we may assume that u, is a nonnegative in (), since
Jy(uy) < 0, uy is a local minimum point for J, on N,. It
follows from Lemma 2 that v is a critical point of ], and so
is a weak solution of (1).

(i) Let {u,} <€ N, be a minimizing sequence. Then by
Theorem 4, we must havelim,, _, ., J; (1) = inf ], (1) > 0.

Suppose that {u,} is unbounded; we may suppose that
lu,] — oo0asn — oo Letv, = u,/llu,ls; since

{J,(u,)} is bounded, it follows that {j(aIVunlp — Mu,|P)dx}
and {j(b|un|“+1)dx} are bounded and so

nILHéO J (alenlp - /\lvn|p) dx = nleréo J (b|vn|“+l) dx =0;
(33)

since {v,} is bounded, we may assume that v, — v, in X and
v, — vpin LP(Q) and in L*"'(Q), so that J(blvol"‘“)dx =0.

Ifv, — v,inX, itis easy to see that v, € L (A)NB,(A) which
is impossible because of Theorem 3(i). Hence, v,, + v, in X
and so

J (a|VvO|P - /\|v0|P) dx
(34)
< nangoj (a|an|P - )L|vn|P) dx = 0;

hence, v, #0 and vy/|lvoll € L_(A) N By(A), which is again
impossible. Thus, {u,,} is bounded and so we may assume that
u, — tyin X andu, — uyin LP(Q)andin L**'(Q). Suppose
u, -+ Uy in X. Then

J (b|u0|‘x+l) dx = nILI%o J (b|un|a+l) dx

1 1

= <— - —)1 lim J; (u,) <0,

p a+l) now

AN

J (alVuto]” = Afu|”) dx < lim J (a]Via,|? = Alu,|7) dx
Jim, [ (o) dx

J (b|u0|“+1) dx.

(35)

Hence uy/|lugll € L_(A) N B_(A), and so t(uy)u, € N, , where

il 1/((p-1)-a)
J (bl ) dx ] <1. (36)

J (a|Vu0|p - /\|u0|P) dx
Moreover, t(ug)u,, — t(uy)u, but t(uy)u, + t(u,)u, and so

t (uo) = |:

To (t (ug) uo) < }_%h (t (o) )5 (37)
since the map t — J,(tu,,) attains its maximum at t = 1,

nli—n;oh (t (o) u,) < lim J; () = uief}\%h . (38
Hence, ], (t(u)uy) < inf, -]y (1) which is impossible. Thus,
u, — u,in X and it follows that u, is a minimizer point for
Jy(u) on N . Since J, (1) = J,(|ul), we may assume that u, is
anonnegative in €); since N is closed, 1, is a local minimum
point for J; on N,. It follows from Lemma 2 that 1 is a critical
point of ], and so is a weak solution of (1). O

5. The Corresponding
Time-Fractional Equation

In this section, we switch our viewpoint to the fractional
order equation (E, ;) in Sobolev space H ().

To discuss the existence of the positive solution for the
equation (E,;,), we present some basic notations, defini-
tions, and preliminary results which will be used throughout
this section.



Definition 6 (see [23]). The Caputo fractional derivative of
order « of a function f(t), t > 0, is defined as

t

p _ 1 1 ([al+1)
D°f@)= T o)) L (t—s){“}f ds, (39)

where {a} and [«] denote the fractional and the integer part
of the real number «, respectively, and I'() is the Gamma
function.

Definition 7 (see [23]). The Riemann-Liouville fractional
integral of order « of a function f(t), t > 0, is defined as

1

B0

j (t— ) f () ds, (40)

provided that the right side is pointwise defined on (0, 00).

Lemma 8 (see [23]). Assume y € C[0,T],0 < T < 1, and
0 < a < 1; then the problem

Du(t)=y(t), tel0,T], (41)

has the unique solution

u®)=u0)+u (O)t+%J t-9s)"y(s)ds. (42)

Now, we establish some results of the existence of weak
solution for (Ej ;).

By Lemma 8, we may reduce (E,;,) to an equivalent
integral equation as follows:

- (x)—w(x)t +u(x,t)

(lﬁ)J (¢

x (div (a (x) [Vu (x, 9)[P > Vu (x, 5))
+ Mu (x, )P u (x, 5)

+b () [ (x, )| 1t (x, 5) ) ds,

inQy,

u(x,t) =0, onoQy.

(E)L,b,integral )
Now we define
D (u)

=) +y(x)t

1 e
F(ﬁ)J(t )
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x (div (a () [Vu (x, )P Vi (x,5))
+ Au (x, 9P u (x, 5)
+ () [u (x5, 9)*u (x,9)) ds,
in Q,

u(x,t) =0, onodQy.

(E A,b,fixed )

Definition 9. One calls u € C([0,T]; Hy(Q)),0 < T < 1to
be a weak solution of the fractional order equation (E, ;,), if

JQ(u - O(u))vdx = 0,Vt € [0,T] for every v € H(}(Q).

Lemma 10. Let [a(x)[;oq) and [|b(x)ll o) be bounded;
then the operator ®(u) : HS(Q) — HYQ) is completely
continuous.

Proof. Put
F (u) = div (a (x) |V (x, 8)|P 2V (x, s))

1y (x,s).
(43)

+ Au (x, s)Ipfzu (%,8) +b(x) |u(x,s)|

We can rewrite

QW) =¢x)+y @) t+—— | (- 'F(u)ds. (44)

r(ﬁ) J

Foreachv € Hé (Q) and IIVIIH(}(Q) = 1 integration by parts, we
can get

I{F (1), )]
- ” (a (o) [Vul? 'V (45)
FAMulPuv + b (x) |u|“_1uv) dx| .
By Lemma 2, we know r(u) = (]ﬁ(u), u) = 0; that is,
J (alVul?) dx = Jx\lulpdx + Jblul“”dx. (46)
Since [[ullr(q) < Syllull, so
[ Mt < ) [ 1wt = A1l g < APl 47

And using the same proof as above, we can get j blu|*'dx <

161 oo () St 1ull***. Thus, we deduce

lull? < IATSEull? + Nbll ooy So Il ™. (48)
So
1/((p-1)-a)
16l Siet
Jull < | ——e . (49)
1-|A1S



Journal of Applied Mathematics

Andsince2 < p < p* (p* = np/(n—p)), and a(x) is a positive
sufficiently smooth function, there exists a positive constant
C, such that [la(x)ll;2q) = la(x)ll11q) = C. Hence

j (a(x)|Vul?)d,
Q

> L (a@)IVul*)d, = lla(x)l 1) L [Vul’d,
(50)
>C J Vuld,
Q

> CJ |u|2dx, Vx € Q,and a.e. time0 <t < T.
Q

We used Poincare’s inequality in the last inequality above.
Thus, by Sobolev imbedding theorem [11], we have

Wy (a(x),Q) — H, (a(x),Q) — H, (Q) — L*(Q),
(51)
and thus,
=Clull. (52)

In the following, we denote IIuIIHé(Q) and [lullg-1(q) by IIuIIHé
and ||u]| -1, respectively. Hence, by Cauchy-Schwarz inequal-
ities, Poincare inequalities, Holder inequalities, Sobolev
imbedding theorem, and (49), for 1 < & < p — 1, we can
get

IKF (), )|

Iy < Clillypeaar

- U (a () [VulP 'V

FAMulP?uv + b (x) |u|“_1uv) dxl

2 1/2 1/2
< (J |a(x) |Vu|p_1| dx) (J |Vv|2dx>
1/2 1/2
([l as) ([ vras)
1/2 1/2
+ (J |b(x)|u|“71u|2dx> <J |v|2dx>
e 1/2 , 12
< o)l [ 19 [dx) ([ 19vx)
1/2 172
# ([ fla2uf ) ( [ rovax)
) P 1/2 ) 1/2
‘ ||b(x)||Loo(Q)<J ") dx) (J V| dx)
—112 1/2
< [na(x)npo(m(j |Vl dx)
172
# 1 ([ [l )

a-1 2 172
+||b(x>||Loo<m(j 1l dx) ] IVl

—-1]2 1/2
< lla Ol [ 1027

+ M <J ||u|p_2u'2dx>1/2

el 12 1/2
16 @l [ [l dx)

172(p-1)(p-1)
2(p-1
< lla ()l | 1V etx)

172(p-1))(p-1)
# ([ P

(1/20)x
1 (o [ 1)

2p-1) (1/2(p-1))(p-1)
< ||a(x)||Lm(Q)<J IVl dx)

(1/2(p-1)(p-1)
Y (J |Vu|2(P*”dx>

(1/20)x
16 @l | V)

= lla ()l o IVl - vy T A IVadll @

+ "b (x)||L°°(Q) "Vu"?}(a)(g)
-1
< Clul,

+ 11 ()l ooy 1l

-1
< Cilull”™ + Callb ()l oy Il

(p-1)/((p~-1)-e)
1B ()| oo 2y S
! 1A SP

a/((p-1)-a)
16 ()| o0y Sy
L®(Q) a+1 - M.

+ C2||b(x)”L°°(Q)< -\ 8P
p

(53)
Here, C = max{l|a(x)| =y, |Al} and C;, C, from the Sobolev

imbedding theorem.
Thus, by Cauchy-Schwarz inequalities, we obtain

[P+ = sup (D (u),v)]

M <1
:”iup1 (¢ (x),v) +{w(x),v)t
_of1
1“([3),[ (t—-s)" (F(u),v)ds
< [{¢ (), )|+ Ky (), v) ]

J (t — )PV (F(w),v) ds

1
T (B)



< "(P (x)”LDO(Q) "V"H(} + "V/ ('x)"LOO(Q)”V"HéT

+[(F (), v)] (t-s)F'ds

r(/3) J
< ||¢(x)“L°°(n) + v (x)"Lo"(Q)T

J (t - s)ﬂ ds

0]

M
<16 @l + Wl T+ 55"

M
<16 @l W oo T + 5T
(54)

Hence, ®(u) is bounded.
On the other hand, given € > 0, setting

1/B

M -1
Ao ) o

then, for every v € Hy(Q), t;, < tyt;,t, € [0,T],0 <

T < l,and t, = t; < &, one has |Du(t,) — Qu(t))y =

SuP||v||H1g1|<(D”(t2) — Qu(t,),v)| < e. That is to say, ®(u) is
0

equicontinuity. In fact,

[@u(t,) — Du ()] 4

= sup |(Du(t,) - du(t,) )]

v, 1<1
112

((x),v) (t,—t,)

= sup
Il <1

L[, - o
T3 L (t, —s)" (F(u),v)ds

1

T(B)

< ||1//(x)||L°°(Q)"V“Hé &2 = 1]

J(a—ﬂﬁ<FW)st

F@ [ -5 as

F([>’)
-5 p-1 -S - S
r(/3)|<F(u) V>|J (t,=s)" = (ti=s) |d
<yl [f2 =] + BF]\EIﬁ) - /3;\?/3) g
= v oy It - ta] + Br ([3) (12 15).
(56)
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In the following, we divide the proof into two cases.

Casel.§ <t <t, <T < 1;since 0 < <1, we get

||<Du(t2) - CI)u(tl)”H,1

~ sup [(u(t)

V|11
[ ||H0

- Qu(t),v)|

< Wi It = ta] +

B ﬁ
ﬁf (ﬁ) (2 -1)
Bt (1, - ty)

= ”‘//(X)HLOO(Q) |t, —t,] + 3y (/3)

(57)

M
< “W(X)"LOO(Q) |t, —t,] + W |t, -t

M
= w0 oo )d + m‘sﬁ

M
< G 8F + —— 8P
“‘/’ "L 1) I (p)

=@wuwmm>lwm)y

here, t, <t < t,, and we apply the mean theorem tf
RPNty — 1)

-

Case2.0 < t, <8, t, < /P8,

|u (t,) = Du ()] 51

= sup [(@u(6,) - Du(t), )

v|,,1<1
I

< "V/ (x)"LOO(Q) |t2 -t I (ﬁ) (tﬁ tf)

M (ﬁl/ﬁS)ﬁ (58)

<y (o0 + BL (B)

M
< [l )00 0” + 8f
¥ @l + 55

M
(I o g )" <

By the means of the Arzela-Ascoli theorem, we know that
O(u) : Hé Q) — HY Q) is completely continuous. This
completes the proof. O

By Lemma 10, we know that Iﬂ(u - O(u))vdx = 0, Vt €

[0,T7],0 < T < 1, for every v € Hé (Q). That is to say, the
fractional order equation (E, ;) has a unique weak solution

u € C([0,T]; Hy(Q)).
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6. Conclusion

In this paper, we discussed the existence of a class of
semilinear equations in the case of 1 < a« < p — 1in
a weighted Sobolev space. By exploiting the relationship
between the Nehari manifold and fibering maps, we first ana-
lyzed the properties of the Nehari manifold in the weighted
Sobolev space, using these properties and combining the
compact imbedding theorem and the behavior of Palais-
Smale sequences on the Nehari manifold, we obtained the
existence of the positive solutions for the problem (1). Finally,
by using the Arzela-Ascoli fixed point theorem, the existence
of weak solution for the time-fractional equation (E, ;) was
obtained.
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