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We show the existence and uniqueness of solutions for an antiperiodic boundary value problem of nonlinear impulsive g, -difference
equations by applying some well-known fixed point theorems. An example is presented to illustrate the main results.

1. Introduction

The subject of g-calculus (also known as quantum calculus)
is regarded as ordinary calculus without the idea of limit.
The systematic development of g-calculus started with the
work of Jackson [1] at the beginning of the twentieth century.
The application of g-calculus covers a variety of topics such
as special functions, particle physics and supersymmetry,
combinatorics, initial and boundary value problems of g-
difference equations, operator theory, and control theory. For
details of the advancement of g-calculus, we refer the reader
to the texts [2-4] and papers [5-13].

One of the advantages for considering g-difference equa-
tions is that these equations are always completely con-
trollable and appear in the g-optimal control problem [14].
The variational g-calculus is regarded as a generalization
of the continuous variational calculus due to the presence
of an extra parameter g whose nature may be physical
or economical. The variational calculus on the g-uniform
lattice includes the study of the g-Euler equations and its
applications to the isoperimetric and Lagrange problem and
commutation equations. In other words, it suffices to solve
the g-Euler-Lagrange equation for finding the extremum of
the functional involved instead of solving the Euler-Lagrange
equation [15]. Further details can be found in [16-22].

Impulsive differential equations have extensively been
studied in the past two decades. In particular, initial and
boundary value problems of impulsive fractional differential

equations have attracted the attention of many researchers;
for instance, see [23-34] and references therein. In a recent
work [32], the authors discussed the existence and uniqueness
of solutions for impulsive g -difference equations.

Motivated by [32], we investigate the existence and
uniqueness of solutions for an antiperiodic boundary value
problem of nonlinear impulsive g, -difference equation in this
paper. Precisely, we consider

Dyu(t) = f(tu®),

Au(ty) = I (u(ty))
u(0)= -u(T),

O<q<1,te],

k=1,2,...,m, 1)

where D, are g;-derivatives (k = 0,1,2,...,m), f € C(J x
R,R), I, € CR,R),] = [0, T] (T > 0),0 =t¢t, <t <

Sty < e <ty <ty =TT = T\ Attty
and Au(t,) = u(t]) — u(t; ), where u(t]) and u(t; ) denote the
right and the left limits of u(t) att = t, (k = 1,2,...,m),
respectively.

Here, we remark that the classical g-difference equations
cannot be considered with impulses as the definition of g-
derivative fails to work when an impulse point t;, € (gt,t)
for some k € N. On the other hand, this situation does not
arise for impulsive problems on g-time scale as the points ¢
and gt are consecutive points. In quantum calculus on finite
intervals, the points t and gt + (1 — g )t; are considered
only in an interval [t;,?;,,]. Therefore, the problems with
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impulses at fixed times can be considered in the framework
of gi.-calculus. For more details, see [32].

2. Preliminaries

Let us set J, = [0,4,1, i = (e
(ty—1>tmls I, = (t,,» T] and introduce the space as follows:

PC(J,R)={u:] > R|lueC(Jy),k=0,1,...,m

)
and u (&) exist, k=1,2,...,m}

with the norm [lul| = sup,;|u(f)|. Then, PC(J, R) is a Banach
space.

Let us recall some basic concepts of g -calculus [32].

For 0 < g, < l and t € J;, we define the g, -derivatives of
a real valued continuous function f as

f@)— fgt+(1 _qk)tk)’

(1-qi) (t—t) (3)
Dy, f(t) = tlLrl;lquk f).

Dqkf (t) =

Higher order gy -derivatives are given by

Dy f(6)=f®),
D f(t) = D, Dy ' f (8), (4)

neN, tej.

The g -integral of a function f is defined by

t
L f O = [ FOd,s

=(1-qe) (t-t;) x Z%f (arit+ (1 -g)te),
t e
©)
provided that the series converges. If a € (t;,t) and f is

defined on the interval (¢;,t), then

L f(s) qus = L f(s) qus - th f(s) qus. (6)
Observe that

Dy, (1o f 9) =Dy | F9dys= 1),

ikl gk (Dqkf (1) = th Dy f (s)dgs = f (), )

A (DS ©) = [ Dyf Odys =10~ 7 @),

€ (. t).
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Note thatif f;, = 0 and g = qin (3) and (5), then D, f =
D,fand I, f=ol,f,where D,and I, are the well-known
g-derivative and g-integral of the function f(¢) defined by
f0-fat)

S (-gt

S 0= [ F©ds=Yr-a)d'f ).

D,f (1) =
(8)

Lemmal. A functionu € C(J,R) is a solution of the impulsive
antiperiodic boundary value problem (1) if and only if it is a
solution of the following impulsive qy-integral equation:

u(t)
’th(s,u(s))d s
0

—% [ij fsu(s)d, 5+ZI t))] tep
_ j Flsu()d,s
.y [ rsued, s )]

0<tp<t k-1
_%[Zj fsu(s)d, S+ZI t))] tel.
L i=0

)

Proof. Let u be a solution of (1). For t € J,, q,-integrating
both sides of (1), we get

w(t) = u(0) +, I, f (£, () = u(0) + L Flsu()dys

(10)
Thus, we have
u(*)—u(0)+J Flsuls)dys. )
For f € J,, g,-integrating both sides of (1), we obtain
() = u(th) + J: Flsu()d,s. (12)

In view of Au(t,) = u(t]) — u(t]) = I, (u(t,)), it follows that

u(t)=u(0)+ J; f(s,u(s)) dqls
1 (13)

+ 1f(s,u(s))dqos+11 (u(t)), Vvte],.
0

Similarly, we get

u(t) =u(0) + L f(s,u(s))qus

)

0<ti <t

“:k flsu@)d, s+ (u(ty))], (14)

t €.
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Using the antiperiodic boundary value condition u(0) =
—u(T), we obtain (9). Conversely, assume that u is a solution
of the impulsive g -integral equation (9); then by a direct
computation, it follows that the solution given by (9) satisfies
qi.-difference equation (1). This completes the proof. O

3. Main Results

Define an operator 7 : PC(J,R) — PC(J,R) as

Tu(t) = L f(s,u(s))qus

+ )

0<tp<t

[th 1 flsu@)d, s+ (u (tk))]

2

b

i=

fsu(s)d, s+ZI t))]
(15)

(=}

Obviously, problem (1) is equivalent to a fixed point problem
u = Ju. In consequence, problem (1) has a solution if and
only if the operator I has a fixed point.

Theorem 2. Assume that there exist continuous functions
a(t), b(t) and a nonnegative constant L such that

|f u@)|<a@)+b@)u@)l,
| w)| < L,

(16)
k=1,2,...,m

Then, problem (1) has at least one solution.

Proof. Let us denote sup,;la(t)| = A and sup,;|b(t)| = B.
Take R > 3(AT +mL)/(2 — 3BT) > 0 and define By = {u €
PC(J,R) | lull < R}. It is easy to verify that By is a bounded,
closed, and convex subset of PC(J, R).

In order to show that there exists a solution for problem
(1), we have to establish that the operator 5 has a fixed point
in By. The proof consists of two steps:

(i) I : By — Bg.

For any u € By, we have

|[Tu(t) < J; |f(s,u(s))|qus

)

0<ty<t

+%[§OL |f (s.u(s)] d, s+Z|I (u t))l]

[ 17wty s+l )]

t
< Lk [a(s) +Db(s)|u(s)|] dq s

)

0<ty<t

U:k [a(s)+b(s)|u(s)d, s+ L]

y J T a(s) +b©) ()] dys + ZL]
i i1

i=0 Jf

[A+Blul] (t-t;)

IA

1
+[A+ Bllul|]] t; + mL + 3 [(A+B|ull) T + mL]

S 3(AT2+ mL) | 331; el _

17)

which means |Tu| < R. So, T
following:

(ii) the operator I is relatively compact.

Let sup, esxp, | f ()l = f. For any t't"
0,1,2,...,m) witht' <t", we have

is By — Bg. Consider the

G]k(k:

[7u (") - Tu ()]

J- f (s, u(s))dgys- J f(s,u(s))qus

bk

<

(18)
¢

|f(s u(s))|qus

t/

<f't” '

which is independent of u and tends to zero as t" —t' —
0. Thus, J is equicontinuous. Hence, I By is relatively
compact as By C By is uniformly bounded. Further,
it is obvious that the operator J is continuous in view
of continuity of f and I. Therefore, the operator I
PC(J,R) — PC(J,R) is completely continuous on Bjy.
By the application of Schauder fixed point theorem, we
conclude that the operator 7 has at least one fixed point in
Bg. This, in turn, implies that problem (1) has at least one
solution. O

Theorem 3. Assume that there exist a function M(t) €
C(J,R") and a positive constant N such that 3(MT +mN) < 2
and

|f tw) - FEV| < M@©®) |u-v],

(19)
|l @) = L (W] < NJu~vl,

forteJu,veRandk=1,2,...,m, and M = sup,;|M(t)|.
Then, problem (1) has a unique solution.



Proof. For Vu,v € PC(J, R), we have
[(Tu) () - (Tv) ()
< L |f (s,u(s)) = f(s,v(5)] dgs

+ Z “k |f (s,u(s)) = f(s,v(9)|dy, s

0<tp<t L7tk

L

+

() - RO @) |

+

ti+l
| 1f o) - £ sl dys

t,

Mz

N | =

i

|L; (u (1) = I; (v (tz))|]

Mz &

i=1

< L M) =) (5)]d, s

k

bk
Ly H M(s) =) ($)]dy s (20)

0<te<t LItk

+N |(u - v) ()| ]

N % [i Jt M () [ =) ()l d, s

i=0 *ti

+§N|(u—v)(ti)|:|
< {J-:M(s)qus+ Z “i M(s)qu_ls+N]

0<tp<t

1 moortig
+3 [z J M (s)d,s+ mN] } llu — v

i=0 ti

< {[MT+mN] + % [MT+mN]} v
3(MT +mN
< STy,

By the given condition, 3(MT + mN) < 2, it follows that
ITu - Tv| < llu— v|. Therefore, 7 is a contraction. By
the contraction mapping principle, problem (1) has a unique
solution. O

4. Example

Example 1. Consider impulsive antiperiodic boundary value
problem of nonlinear g, -difference equation:

2

[ ¢ k
D u(t)=—sinu(t)+2+e, tel[0,1], t+#—,
1G4 (F) 10 (1) [0, 1] ¢3+k

K\
A”(z k> = HEW, k=12,
+
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u(0) =-u(1),
(21)

where g, = 1/(5+k) (k=0,1,2,...,5),t, = k/(3+k) (k =
1,2,...,5), f(t,u) = (t*/10)sinu + 2 + €', and I, (1) = e
Witha(t) =2 + €', b(t) = t2/10,and L = 1, it is easy to verify
that all conditions of Theorem 2 hold. Thus, by Theorem 2,
problem (21) has at least one solution.

Example 2. Consider impulsive antiperiodic boundary value
problem of nonlinear g -difference equation:

£
Dyt (£) = Earc tanu (t) +In(2+1¢),

2+k
te[0,1], t#—7,
3+k (22)
t
Au<2+k> - e—sinu<ﬂ>, k=1,2,3,
3+k 45 3+k
u(o):_u(l))

where g, =1/(4+k) (k=0,1,2,3),t, = (2+k)/(3+k) (k=
1,2,3), f(t,u) = (£2/15)arc tanu + In(2 + t), and L(u) =
(e'/45) sinu. With M(t) = £2/15, M = 1/15,and N = e/45,
combining with T' = 1 and m = 3, it is easy to verify that all
conditions of Theorem 3 hold. Thus, by Theorem 3, problem
(22) has a unique solution.
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