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We introduce and analyze a hybrid iterative algorithm by virtue of Korpelevich’s extragradient method, viscosity approximation
method, hybrid steepest-descent method, and averaged mapping approach to the gradient-projection algorithm. It is proven that
under appropriate assumptions, the proposed algorithm converges strongly to a common element of the fixed point set of infinitely
many nonexpansive mappings, the solution set of finitely many generalized mixed equilibrium problems (GMEPs), the solution set
of finitely many variational inequality problems (VIPs), the solution set of general system of variational inequalities (GSVI), and
the set of minimizers of convex minimization problem (CMP), which is just a unique solution of a triple hierarchical variational
inequality (THVI) in a real Hilbert space. In addition, we also consider the application of the proposed algorithm to solve a
hierarchical fixed point problem with constraints of finitely many GMEPs, finitely many VIPs, GSVI, and CMP. The results obtained

in this paper improve and extend the corresponding results announced by many others.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert
space H and let P be the metric projection of H onto C.
Let S : C — H be a nonlinear mapping on C. We denote
by Fix(S) the set of fixed points of S and by R the set of all
real numbers. A mapping S : C — H is called L-Lipschitz
continuous if there exists a constant L > 0 such that

ISx=Sy| <L|x-y|, Vx,yeC. )

In particular, if L = 1, then S is called a nonexpansive
mapping; if L € [0, 1), then S is called a contraction.

Let A : C — H be a nonlinear mapping on C. We
consider the following variational inequality problem (VIP):
find a point x € C such that

(Ax,y—-x) >0, VyeC. (2)

The solution set of VIP (2) is denoted by VI(C, A).

The VIP (2) was first discussed by Lions [1]. There
are many applications of VIP (2) in various fields; see, for
example, [2-5]. It is well known that if A is a strongly
monotone and Lipschitz-continuous mapping on C, then VIP
(2) has a unique solution. In 1976, Korpelevich [6] proposed
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an iterative algorithm for solving the VIP (2) in Euclidean
space R™:

In = PC (xn - TAxn) >
(3)

X1 = PC (xn - TA)/") , Vnx0,
with 7 > 0 a given number, which is known as the extragradi-
ent method. The literature on the VIP is vast, among which,
Korpelevich’s extragradient method has received great atten-
tion in various applications and undergone improvements in
many ways; see, for example, [7-20] and references therein,
to name but a few.

Let ¢ C — R be a real-valued function, let A :
H — H be anonlinear mapping, andlet® : CxC — R
be a bifunction. In 2008, Peng and Yao [8] introduced the
following generalized mixed equilibrium problem (GMEP) of
finding x € C such that

O(x,y) +¢(y) —9(x) +(Ax,y —x) 20,
Vy € C.

(4)

We denote the set of solutions of GMEP (4) by
GMEP(®, ¢, A). The GMEP (4) is very general in the
sense that it includes, as special cases, optimization
problems, variational inequalities, minimax problems,
Nash equilibrium problems in noncooperative games, and
others. The GMEP is further considered and studied; see, for
example, [10, 16, 18, 19, 21-23]. In particular, if ¢ = 0, then
GMERP (4) is reduced to the generalized equilibrium problem
(GEP) which is to find x € C such that
O(x,y)+(Ax,y-x) >0, VyeC. (5)

It was introduced and studied by S. Takahashi and W.
Takahashi [24]. The set of solutions of GEP is denoted by
GEP(G, A).

If A = 0, then GMEP (4) is reduced to the mixed
equilibrium problem (MEP), which is to find x € C such that

O(x,y)+¢(y)-p(x)20, VyeC (6)

It was considered and studied in [25]. The set of solutions of
MEP is denoted by MEP(®, ¢).

If o = 0and A = 0, then GMEP (4) is reduced to the
equilibrium problem (EP), which is to find x € C such that

O(x,y)=20, VyeC. (7)
It was considered and studied in [26, 27]. The set of solutions
of EP is denoted by EP(®). It is worth mentioning that the EP
is a unified model of several problems, namely, the variational
inequality problems, the optimization problems, the saddle
point problems, the complementarity problems, the fixed
point problems, the Nash equilibrium problems, and so forth.

It was assumed in [8] that ® : CxC — Risa bifunction
satisfying conditions (Al)-(A4) and ¢ : C — Risalower
semicontinuous and convex function with a restriction (BI)
or (B2), where

(Al) O(x,x) =0 forall x € C;
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(A2) © is monotone; that is, O(x, y) + O(y, x) < 0 for any

x,y €GC;
(A3) O is upper-hemicontinuous; that is, for each x, y, z €
C)
limsup® (tz + (1 -t)x,y) <O (x,y); )

t—0"

(A4) ©(x,-) is convex and lower semicontinuous for each
x €C;

(B1) for each x € H and r > 0, there exists a bounded
subset D, ¢ Cand y, € Csuchthatforanyz € C\D,,

0(27)+9(1) - 9@+ (re-zz-2) <0 ©)

(B2) Cis a bounded set.

Given a positive number r > 0. Let T,(®"P) : H - Cbe
the solution set of the auxiliary mixed equilibrium problem;
that is, for each x € H,

T (1) = {yec 1 0(.2) 9@ -9(y)
(10)
+%<y—x,z—y> 20, VZGC}-

Let F,,F, : C — H be two mappings. Consider the
following general system of variational inequalities (GSVT) of
finding (x*, y*) € C x C such that

(MFy +x" =y, x-x")>0, VxeC,

n
(mEx"+y"—x",x-y") >0, VxeC,
where v, > 0 and v, > 0 are two constants, which was
considered and studied in [9, 11, 28]. In particular, if F; = F, =
A, then the GSVI (11) is reduced to the following problem of
finding (x*, y*) € C x C such that

(mAYy" +x" -y ,x-x") >0, VxeC,

(12)
(MAx" +y" —x",x-y") >0, VxeC,
which is defined by Verma [29] and called as a new system
of variational inequalities (NSVI). Furthermore, if x* = y*,
then the NSVT reduces to the classical VIP (2). In 2008, Ceng
etal. [9] transformed the GSVI (11) into a fixed point problem

as follows.

Proposition CWY (see [9]). For given x,y € C,(x,y) is a
solution of the GSVI (11) if and only if X is a fixed point of the
mapping G : C — C defined by

Gx = P (I - F,)P-(I-v,F,)x, VYxe€C, (13)
wherey = Po(I — v,F,)x.

In particular, if the mapping F; : C — His ¢ j-inverse-
strongly monotone for j = 1,2, then the mapping G is
nonexpansive for all v; € (0,2¢ i1, j = 1,2. We denote by
GSVI(G) the fixed point set of the mapping G.
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Let f : C — Rbe a convex and continuously Fréchet
differentiable functional. Consider the convex minimization
problem (CMP) of minimizing f over the constraint set C

minimize { f (x) : x € C}, (14)

as considered and studied in [13, 14, 30-32]. We denote by
I the set of minimizers of CMP (14). The gradient-projection
algorithm (GPA) generates a sequence {x,,} determined by the
gradient Vf and the metric projection P:

X1 = Po(x, - AVf (x,)), V¥n=0 (15)
or more generally
Xp1 = Po(x, - A, Vf (x,)), Vn=0, (16)

where, in both (15) and (16), the initial guess x, is taken
from C arbitrarily and the parameters A or A, are positive
real numbers. The convergence of algorithms (15) and (16)
depends on the behavior of the gradient Vf. As a matter of
fact, it is known that if Vf is a-strongly monotone and L-
Lipschitz continuous, then, for 0 < A < 2a/L%, the operator
P-(I-AVf)is a contraction; hence, the sequence {x,,} defined
by the GPA (15) converges in a norm to the unique solution
of CMP (14). More generally, if {A,} is chosen to satisfy the

property

0< “,?Liélof A, <limsup i, < 2o 17)

>
n—00 L2

then the sequence {x,,} defined by the GPA (16) converges in
anorm to the unique minimizer of CMP (14). If the gradient
Vf is only assumed to be Lipschitz continuous, then {x,}
can only be weakly convergent if H is infinite-dimensional
(a counterexample is given in Section 5 of Xu [31]). Recently,
Xu [31] used averaged mappings to study the convergence
analysis of the GPA, which is hence an operator-oriented
approach.

Very recently, Ceng and Al-Homidan [23] introduced and
analyzed the following iterative algorithm by hybrid steepest-
descent viscosity method and derived its strong convergence
under appropriate conditions.

Theorem CA (see [23, Theorem 21]). Let C be a nonempty
closed convex subset of a real Hilbert space H. Let f : C —
R be a convex functional with L-Lipschitz continuous gradient
Vf.Let M, N be two integers. Let ®, be a bifunction from CxC
to R satisfying (A1)-(A4) and let ¢, : C — R U {+00} be a
proper lower semicontinuous and convex function, where k €
{1,2,...,M}. Let B, : H — Hand A; : C — H be y-
inverse-strongly monotone and n;-inverse-strongly monotone,
respectively, where k € {1,2,...,M} andi € {1,2,...,N}. Let
F . H — H be a k-Lipschitzian and n-strongly monotone
operator with positive constants k,11 > 0. Let V. : H — H be
an I-Lipschitzian mapping with a constant | > 0. Let 0 < p <

2n/x* and 0 < yl < 7, where T = 1-1 — u(2n — px?). Assume

that Q := N1 GMEP(®y, ¢, By) N Y VI(C, A;)NT # 0 and

that either (B1) or (B2) holds. For arbitrarily given x, € H, let
{x,,} be a sequence generated by

un = Tr(;)’?,d)(pM) (I - rM,nBM) thf;i\f:’(pM_l)

X (I =1y g nBya) Tr(il’%) (I=7r1,,B1) X5

Vp=Po(I=AynAn) Po(I—=An_1pAnoy) )

x P (I - Az,nAz)Pc (I- /\l,nAl)un’

Xne1 = snnyn + ﬁnxn + ((1 - ﬁn) I- Sn‘uF) Tnvn’
Vn>1,
where Po(I - A, Vf) = s,I+(1-s,)T, (here T, is nonexpansive

ands, = (2-A,L)/4 € (0,1/2) foreach A,, € (0,2/L)). Assume
that the following conditions hold:

(i) s, € (0,1/2) foreach A, € (0,2/L), andlim,,_, s, =0
(& lim, _, A, =2/L);

(i) {f,} < (0,1) and 0 < liminf, B, <
limsup, , B, < L;
(iii) {A;,} € [a;, b] € (0,27;) andlim,, _, |A; 51 =2l =0

foralli € {1,2,...,N}

(iv) {ri.,.} € lew> fi] € (0,2u) and lim, _, |1y 001 —Tipl =
0forallk € {1,2,...,M}.

Then {x,} converges stronglyas A, — (2/L) (& s, — 0)toa
point x* € Q, which is a unique solution in Q to the VIP:

((uF =yV)x",p-x") =0,

Equivalently, x* = P (I — (uF — yV))x".

In 2009, Yao et al. [33] considered the following hierar-
chical fixed point problem (HFPP): find hierarchically a fixed
point of a nonexpansive mapping T with respect to another
nonexpansive mapping S; namely, find X € Fix(T') such that

VpeQ. (19)

(X -S8%,X-x) <0, VxeFix(T). (20)

The solution set of HFPP (20) is denoted by A. It is obvious
to see that solving HFPP (20) is equivalent to the fixed point
problem of the composite mapping Py 1S; that is, find X €
C such that X = Pp1)SX. The authors [33] introduced and
analyzed the following iterative algorithm for solving HFPP
(20):

Yn = /';nsxn + (1 - ﬁn) Xn>
Vn > 0.

(21)
Xn+1 = (xnvxn + (1 - “n) Tyrv

Theorem YLM (see [33, Theorem 3.2]). Let C be a nonempty
closed convex subset of a real Hilbert space H. Let S and T be
two nonexpansive mappings of C into itself. Let V. : C — C
be a fixed contraction with « € (0,1). Let {a,} and {f3,} be
two sequences in (0, 1). For any given x,, € C, let {x,} be the
sequence generated by (21). Assume that the sequence {x,} is
bounded and that

(1) 2220 «, = 00;



(ii) lim,, _, oo (1/ @ )I(1/B,) = (1/B,-1)I = 0,
hmn—)oo(l/ﬁn)u - ((xn—l/‘xn)l =0;

(iii) lim,, , B, = 0, lim, («,/B,) =
hmn—»oo(ﬁrzl/(xn) =0;

(iv) Fix(T) N int C + G;

(v) there exists a constant k > 0 such that |x —
Tx| > kDist(x,Fix(T)) for each x € C, where
Dist(x, Fix(T)) = infyeFix(T)Hx - yl. Then {x,}
converges strongly to X = P,V X which solves the VIP
(X - SX%,X —x) <0, forall x € Fix(T).

|
(=]
Q
=
QU

Very recently, liduka [34, 35] considered a variational
inequality with a variational inequality constraint over the
set of fixed points of a nonexpansive mapping. Since this
problem has a triple structure in contrast with the bilevel
programming problems or the hierarchical constrained opti-
mization problems or the hierarchical fixed point problem,
it is referred to as the triple hierarchical constrained opti-
mization problem (THCOP). He presented some examples
of THCOP and developed iterative algorithms to find the
solution of such problem. The convergence analysis of the
proposed algorithms is also studied in [34, 35]. Since the
original problem is of a variational inequality, in this paper,
we call it triple hierarchical variational inequality (THVI).
Subsequently, Ceng et al. [36] introduced and considered the
following triple hierarchical variational inequality (THVT).

Problem 1. Let S,T C — C be two nonexpansive
mappings with Fix(T) #0,letV : C — H bea p-contractive
mapping with a constant p € [0,1),andlet F : C — H
be a x-Lipschitzian and #-strongly monotone mapping with
constants x,77 > 0. Let 0 < u < 2¢7/k* and 0 < y < 7, where

\/1 — u(2n — px?). Consider the following THVTI: find
x" € B such that

T=1-

((F-yV)x",x-x") >0, VxeE, (22)
which Z denotes the solution set of the following hierarchical
variational inequality (HVI): find z* € Fix(T) such that

((UF-yS)z",z-2") >0, VzeFix(T), (23)

where the solution set E is assumed to be nonempty.

The authors [36] proposed both implicit and explicit
iterative methods and studied the convergence analysis of the
sequences generated by the proposed methods. In this paper,
we introduce and study the following triple hierarchical
variational inequality (THVI) with constraints of mixed
equilibria, variational inequalities, and convex minimization
problem.

Problem 2. Let M, N be two integers. Let f : C — Rbea
convex functional with L-Lipschitz continuous gradient Vf.
Let ® be a bifunction from C x Cto Randlet¢g, : C —
R U {+00} be a proper lower semicontinuous and convex
function, where k € {1,2,...,M}. Let Bj,A; : H — H
and F; : C — H be inverse-strongly monotone mappings,
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where k € {1,2,...,M},i € {1,2,...,N},and j € {1,2}.
Let S H — H be a nonexpansive mapping and let
{S,},2, be a sequence of nonexpansive mappings on H. Let
F : H — H be a k-Lipschitzian and #-strongly monotone
operator with positive constants x, > 0. LetV : H — H
be an [-Lipschitzian mapping with a constant I > 0. Let
0 <u<2n/k,0 <y < t,and0 < yl < 7, where

T = 1 — /1 —u(2ny— ux?). Consider the following triple
hierarchical variational inequality (THVI): find x* € E such
that

((F-yV)x",x-x") >0, Vxe€E, (24)
where E denotes the solution set of the following hierarchical
variational inequality (HVI): find z* € Q := (N;2, Fix(S,)) N
(ML, GMEP(®y, ¢, B)) N (Y, VI(C, A;)) N GSVI(G) N T
such that

((uF-yS)z",z-2z") >0, VzeQ, (25)

where the solution set E is assumed to be nonempty.

Motivated and inspired by the above facts, we introduce
and analyze a hybrid iterative algorithm by the virtue of Kor-
pelevich’s extragradient method, the viscosity approximation
method, the hybrid steepest-descent method, and the aver-
aged mapping approach to the GPA. It is proven that under
appropriate assumptions, the proposed algorithm converges
strongly to a common element x* € Q := (N2, Fix(S,)) N
(N, GMEP(®y, ¢, BY)) N (MY, VI(C, A;)) NGSVI(G) NT of
the fixed point set of infinitely many nonexpansive mappings
{S,}12,> the solution set of finitely many GMEPs, the solution
set of finitely many VIPs, the solution set of GSVI (11), and
the set of minimizers of CMP (14), which is just a unique
solution of the THVI (24). In addition, we also consider the
application of the proposed algorithm to solve a hierarchical
fixed point problem with constraints of finitely many GMEPs,
finitely many VIPs, GSVI (11), and CMP (14). That is, under
very mild conditions, it is proven that the proposed algorithm
converges strongly to a unique solution x* € Q of the VIP:
((WV = uF)x*,x — x*) < 0, for all x € (; equivalently,
Po(I - (uF —yV))x™ = x*. The results obtained in this paper
improve and extend the corresponding results announced by
many others.

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert
space whose inner product and norm are denoted by (., -)
and || - ||, respectively. Let C be a nonempty closed convex
subset of H. We write x,, — x to indicate that the sequence
{x,} converges weakly to x and x, — x to indicate that
the sequence {x,} converges strongly to x. Moreover, we use
w,(x,) to denote the weak w-limit set of the sequence {x,};
that is,

w, (x,) = {xe H:x, —x
(26)
for some subsequence {xni} of {xn}}.
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Recall that a mapping A : C — H is called
(i) monotone if

(Ax-Ay,x-y) >0, Vx,yeC, (27)

(ii) #-strongly monotone if there exists a constant 7 > 0
such that

(Ax - Ay, x-y) zq|x-y|’, Vx,yeC, (28)

(iii) a-inverse-strongly monotone if there exists a constant
« > 0 such that

(Ax - Ay, x—y) = a|Ax - Ay|’, Vx,yeC. (29)

It is obvious that if A is a-inverse-strongly monotone,
then A is monotone and (1/«)-Lipschitz continuous. More-
over, we also have that, for all u,v € Cand A > 0,

(I = AA)u — (I - LA
= l(u - v) - MAu - AV)|?
= lu—v|* = 2M(Au — Av,u —v) + A*| Au — Av|?

< llu—=vI* + A (A - 20) |Au — Av|.
(30)

So, if A < 2a, then I — AA is a nonexpansive mapping from C
to H.

The metric projection from H onto C is the mapping P :
H — C which assigns to each point x € H the unique point
Pcx € C satistying the property

| = Pex]| = inf Jlx ~ y] =:d (%, C). (31)

Some important properties of projections are gathered in
the following proposition.

Proposition 1. For given x € H and z € C:
()z=Pxe(x—2z,y—2) <0, forall y € C;

(i) z = Pex & llx—z|* < llx— > = lly — 2l for all
yeGC

(iii) (Pex — Poy,x — ) > [|[Pox — Poyll, for all y € H.
Consequently, Pe is nonexpansive and monotone.
Definition 2. A mapping T : H — H is said to be

(a) nonexpansive if

ITx-Ty| <|x-y|, VxyeH, (32)

(b) firmly nonexpansive if 2T — I is nonexpansive or
equivalently if T is 1-inverse-strongly monotone (1-
ism), then

(x=y,Tx-Ty) > ||Tx - Ty||2, Vx,y € H; (33)

alternatively, T' is firmly nonexpansive if and only if T can be
expressed as

T:%(I+S), (34)

where S : H — H is nonexpansive; projections are firmly
nonexpansive.

It can be easily seen that if T is nonexpansive, then I - T is
monotone and a projection P is 1-ism. The inverse-strongly
monotone (also referred to as cocoercive) operators have
been applied widely in solving practical problems in various
fields.

Definition 3. A mapping T : H — H is said to be an
averaged mapping if it can be written as the average of the
identity I and a nonexpansive mapping; that is,

T=(1-a)l+aS, (35)

where « € (0,1) and S : H — H is nonexpansive. More
precisely, when the last equality holds, we say that T' is «-
averaged. Thus firmly nonexpansive mappings (in particular,
projections) are (1/2)-averaged mappings.

Proposition 4 (see [37]). Let T
mapping.

H — H be a given

(i) T is nonexpansive if and only if the complement I — T
is (1/2)-ism.

(ii) IfT is v-ism, then fory > 0, yT is (v/y)-ism.

(iii) T is averaged if and only if the complement I-T is v-ism
forsomev > 1/2. Indeed, for« € (0,1), T is a-averaged
ifand only if I — T is (1/2c)-ism.

Proposition 5 (see [37, 38]). Let S, T,V : H — H be given
operators.

(i) T = (1 - «)S + aV for some « € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement
I - T is firmly nonexpansive.

(iii) If T = (1 = «)S + &V for some o € (0,1) and if S is
firmly nonexpansive and V' is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings
is averaged. That is, if each of the mappings {T;}~,
is averaged, then so is the composite T, ---Ty. In
particular, if Ty is o -averaged and T, is «,-averaged,
where o), «, € (0,1), then the composite T, T, is «-
averaged, where & = &) + &, — o4 &,.

(v) If the mappings {T,-}f\:]1 are averaged and have a
common fixed point, then

N
() Fix (T;) = Fix (T, -+ Ty). (36)

i=1



The notation Fix(T') denotes the set of all fixed points of the
mapping T; that is, Fix(T) = {x e H : Tx = x}.

Next we list some elementary conclusions for the MEP.

Proposition 6 (see [25]). Assume that ® : CxC — R
satisfies (A1)-(A4) and let ¢ : C — R be a proper lower
semicontinuous and convex function. Assume that either (BI)
or (B2) holds. For r > 0 and x € H, define a mapping

T©9 . H — C as follows:

TP (x) = {z €C:0(zy)+e(¥) -9k
(37)
+%(y—z,z—x) >0,Vye C}

for all x € H. Then the following hold:

(i) for each x € H, Tr(®’¢') (x) is nonempty and single-
valued;

(ii) T'® is firmly nonexpansive; that is, for any x, y € H,

[0~ @Dy < (109 1Oy )\ (38)

(iii) Fix(T®?) = MEP(®, ¢);
(iv) MEP(O, ¢) is closed and convex;

2
W) ITOPx ~TOVx|" < ((s - O)/s|TOPx - TO9x,
T % — x) foralls,t >0and x € H.

We need some facts and tools in a real Hilbert space H
which are listed as lemmas below.

Lemma 7. Let X be a real inner product space. Then there
holds the following inequality:

I+ o7 < Ixl? +2(p,x +y), VxyeX.  (39)

Lemma 8. Let A C — H be a monotone mapping.
In the context of the variational inequality problem, the
characterization of the projection (see Proposition 1(i)) implies
that

ueVI(C,A) & u=P-(u-AAu), A>0. (40)
Lemma 9 (see [39, Demiclosedness principle]). Let C be a
nonempty closed convex subset of a real Hilbert space H. Let T
be a nonexpansive self-mapping on C. Then I -T is demiclosed.
That is, whenever {x,} is a sequence in C weakly converging to
some x € C and the sequence {(I — T)x,} strongly converges
to some Y, it follows that (I — T)x = y. Here I is the identity
operator of H.

Let {S,}2, be an infinite family of nonexpansive map-
pings on H and let {A,}’, be a sequence of nonnegative
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numbers in [0, 1]. For any n > 1, define a mapping W, on
H as follows:

Un,n+1 = I’

U,,=ASU,

nn+

l+(1_An)I’

Un,n—l = An—lsn—ll-]n,n + (1 - An—l) I’

Un,k = Aksk(-]n,kJrl + (1 - /\k) I, (41)

Upie1 = MearSeca U + (1= A ) 1

Unp = A,85U,5 + (1-2)1,

W,=U,; =M,8U,,+(1-1))L

Such a mapping W, is called the W-mapping generated by
S Su_tr--Srand A, AL, AL

Lemma 10 (see [40, Lemma 3.2]). Let C be a nonempty
closed convex subset of a real Hilbert space H. Let {S,}2,
be a sequence of nonexpansive self-mappings on C such that
N2, Fix(S,) # 0 and let {1} be a sequence in (0,b] for some
b € (0,1). Then, for every x € C and k > 1, the limit
lim, , U, xx exists where U, is defined as in (41).

Remark 11 (see [41, Remark 3.1]). It can be known from
Lemma 10 that if D is a nonempty bounded subset of C, then
for € > 0 there exists 1, > k such that for all n > n,

sup ||Un)kx -Upx| <e (42)
xeD

Remark 12 (see [41, Remark 3.2]). Utilizing Lemma 10, we
define a mapping W : C — C as follows:

Wx = nlergOan = ,,ILI%OUH,IX’ Vx € C. (43)

Such a W is called the W-mapping generated by S,, S,, ... and
Ay, Ay, ... Since W, is nonexpansive, W : C — C is also
nonexpansive. If {x,} is a bounded sequence in C, then it is
clear from Remark 11 that

Jim [W,x, - Wx,| = 0. (44)

Lemma 13 (see [40, Lemma 3.3]). Let C be a nonempty
closed convex subset of a real Hilbert space H. Let {S,} 2,
be a sequence of nonexpansive self-mappings on C such that
N2 Fix(S,) # 0, and let {A,} be a sequence in (0,b] for some
b € (0,1). Then, Fix(W) = N2, Fix(S,,).

The following lemma can be easily proven, and therefore,
we omit the proof.
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Lemma 14. LetV : H — H be an I-Lipschitzian mapping
with constant | > 0 and let F H — H bea k-
Lipschitzian and n-strongly monotone operator with positive
constants k,n > 0. Then for 0 < yl < un,

((UF =yV) x = (uF =yV) y,x = y)

Vx,y € H.

(45)

That is, uF—yV is strongly monotone with the constant un—yl >
0.

Let C be a nonempty closed convex subset of a real Hilbert
space H. We introduce some notations. Let A be a number in
(0, 1] and let u > 0. Associating with a nonexpansive mapping

T : C — H, we define the mapping T* : C — H by
T'x = Tx - MEF (Tx), VxeC, (46)

where F : H — H is an operator such that, for some positive
constants k,1 > 0, F isk-Lipschitzian and n-strongly monotone
on H; that is, F satisfies the following conditions:

|Fx — Ey|| < ]lx = v,
) (47)
(Fx—Fy,x=y) > n|x -y

forallx,y e H.

Lemma 15 (see [42, Lemma3.1]). T* is a contraction provided
that 0 < u < 21/ that is,

[7x =T < @ -An) -1,

where T = 1 — |1 — u(2n — ux?) € (0,11.

Lemma 16 (see [42]). Let {s,} be a sequence of nonnegative
numbers satisfying the conditions

Spp1 S (1 - ‘xn) Syt (XmBn’

where {«,,} and {B,,} are sequences of real numbers such that

Vx,y € C, (48)

Vnz1, (49)

() {a,} € [0,1] and 2| o, = 00 or equivalently

(1 - (xn) =

—18

n
Jim [T(1-) =0 (50)
k=1

[
—

1

(i) limsup,, _, B, < 0, or .72, lev,B,] < 0.

Then lim s, =0.

n—oovn

Lemma 17 (see [39]). Let H be a real Hilbert space. Then the
following hold:

@) lx = yI? = x> = Iyl* = 2{x = y, y) forall x, y € H;

(b) IAx + pyll* = Alxl* +ullyl* —Aullx — | forall x, y €
Hand A, p e [0, 1] withA +u=1;

(c) if {x,} is a sequence in H such that x,, — x, it follows
that

lim sup ||xn - y||2 = lim sup ||xn - x"2 + ||x - y||2,

n—00 n—00
(51)
Vy € H.

A set-valued mapping T : H — 2" is called monotone if
forallx,y e H, f e Txand g € Ty imply that (x - y, f -
g) = 0. A monotone set-valued mapping T : H — 2" is
called maximal if its graph Gph(T) is not properly contained
in the graph of any other monotone set-valued mapping. It is
known that a monotone set-valued mapping T : H — 2 is
maximal if and only if for (x, f) € HxH, (x=y, f—g) 2 0 for
every (y, g) € Gph(T) implies that f € Tx. Let A : C — H
be a monotone and Lipschitz continuous mapping and let Nov
be the normal cone to C at v € C, that is,

Nev={weH : {(v-u,w) >0,Vu € C}. (52)
Define
Ty = Av + Nev, 1f veC, (53)
9, if veC.

Lemma 18 (see [43]). Let A C — H be a monotone
mapping. Then there hold the following statements:

(i) T is maximal monotone;
(ii) v € T'0 & v € VI(C, A).

3. Strong Convergence Criteria for
the THVI and HFPP

In this section, we will introduce and analyze an iterative
algorithm for finding a solution of the THVI (24) with
constraints of several problems: the finitely many GMEPs,
the finitely many VIPs, GSVI (11), and CMP (14) in a real
Hilbert space. This algorithm is based on the Korpelevichs
extragradient method, the viscosity approximation method,
the hybrid steepest-descent method, and the averaged map-
ping approach to the GPA. We prove the strong convergence
of the proposed algorithm to a unique solution of THVI (24)
under suitable conditions. In addition, we also consider the
application of the proposed algorithm to solve a hierarchical
fixed point problem with the same constraints.

Theorem 19. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let M, N be two integers. Let f : C — R
be a convex functional with L-Lipschitz continuous gradient
Vf. Let ©® be a bifunction from C x C to R satisfying (Al)-
(A4) and let @y C — R U {+oo} be a proper lower
semicontinuous and convex function, where k € {1,2,..., M}.
Let By, A H — H and F; C — H be
Ui-inverse-strongly monotone, n;-inverse-strongly monotone,
and (;-inverse-strongly monotone, respectively, where k €
{1,2,...,M},i € {1,2,...,N}, and j € {1,2}. Let S : H —
H be a nonexpansive mapping, let {S,},>, be a sequence of
nonexpansive mappings on H, and let {A,} be a sequence in
(0,b] for some b € (0,1). Let F H — H bea k-
Lipschitzian and n-strongly monotone operator with positive
constants k,n1 > 0. Let V. : H — H be an I-Lipschitzian
mapping with the constant] > 0. Let 0 < p < 25/x*, 0 <y < T,

and 0 < yl < 1, where T = 1 — \|1 — u(2n — px?). Assume that



either (B1) or (B2) holds. For arbitrarily given x, € H, let {x,}
be a sequence generated by

=T

M,

u

N i\[/r"PM) (I _ rM,nBM) T(®M—1:§0M—1)

x (I =Ty uBrger) Tr(il’(pl) (I - 1,,By) X,
v, = Fe (I - AN,nAN)
x P (I - AN—I,nAN—l) P (I- /\Z,nAZ) (54)
X PC (I - )Ll,nAl) Up>
Yn = (XnySVn + (I - anMF) WnGvn’

X1 = SnYVXn + (I - Sn‘uF) Tnyn’ Vn>1,

where Po(I-0,Vf) = s,1+(1—s,)T,(here T, is nonexpansive,
s, = 2-06,L)/4 € (0,1/2) for each 6, € (0,2/L)),
{o,} € (0,1], v; € (O,ZCj)forj = 1,2, and W, is the W-
mapping defined by (41). Suppose that the following conditions
are satisfied:

(H1) s,, € (0,1/2) for each 0, € (0,2/L), and lim,,_, s, =
0 (e lim,_, .0, =2/L);

(H2) Y2, s, = coandlim,_, . (1/s,)I1 = (e, /ex,)| = 0;

(H3) lim,, _, ,(6"/s,t,) = 0, lim,_, (1/s,)|(1/a,) —
(I/a,_ )| =0, and lim,, _, . (1/a,)|1 = (s,_1/s)| = 0;

(H4) lim,, _, (e,,/s,,) = 0;

(H5) {A,,} < la,b] < (0,21) and lim

Aipil/s,e,) =0 foralli € {1,2,...,N};

(H6) {r.,,} < lew fil <€ (0,2u) and lim, , (|7, —
Trnoal/s,a,) = 0 forallk € {1,2,..., M}.

Then there hold the following:

(lA’i,n -

n— o0

(1) limnaoo("xn+1 - xn”/(xn) = 0;
(ii) w,(x,) c Q provided lim,, _, . lx,, — y,ll = 0;
(iii) w,(x,) C E provided ||x,, — y,|l = o(«,) additionally.

Proof. Since Vf is L-Lipschitzian, it follows that Vf is 1/L-
ism; see [44] (see also [31]). By Proposition 4(ii) we know
that for 6 > 0, OVf is (1/0L)-ism. So by Proposition 4(iii)
we deduce that I — OVf is (OL/2)-averaged. Now since
the projection P is (1/2)-averaged, it is easy to see from
Proposition 5(iv) that the composite Po(I — OVf) is ((2 +
OL)/4)-averaged for 6 € (0,2/L). Hence we obtain that for
eachn > 1, P-(I - 6,Vf) is (2 + 6, L)/4)-averaged for each
0, € (0,2/L). Therefore, we can write

P (- 6,9f) = 2 —49nLI N 2 +49"LTn -
55

=s,0+(1-s,)T,

where T, is nonexpansive and s,, := s,(0,) = 2 -0,L)/4 €
(0,1/2) for each 0, € (0,2/L). It is clear that

2
Gn—>z<:>sn—>0. (56)
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Put

k (Or9k) (®p—1-Pk-1)
An:Trky,,k(Pk (I—Tk’an)T k-1>Pk-1

Tk-1n

(57)
X (I = 1y nBpeet) Tr(l(anl)(pl) (I -r,By)x,
forallk € {1,2,...,M}andn > 1,
Ain = PC (I - /\i,nBi)
(58)

x Pe (I - /\i—l,nBi—l) e Po(I- /\l,nBl)

foralli € {1,2,...,N}, A(L = J and Aon = I, where I is the
identity mapping on H. Then we have u, = AYx, and v, =
AIZ U,

We divide the rest of the proof into several steps.

Step 1. Let us show that {x,,} is bounded. Indeed, taking into
account the assumption E# 0 in Problem 2, we know that
Q +0. By (H4), we may assume, without loss of generality,
that«, <'s, forall n > 1. Taking p € Q arbitrarily. Then from
(30) and Proposition 6(ii) we have

Jn = Pl

Tr(z\?f)(pM) (I - rM,nBM) A]::I—lxn
—Tﬁsﬁ""’“) (I = rpByr) AI:I_I P"
= "(I = 'r1nBy) Afilxn = (I =1y uBy) AJZPIP“

AM-1, _ AM-L 59)
< Al x, - AY p|

< [, - ot
= llx. - 2l
Similarly, we have
v, - ol
= |Pc (1 = AxuAn) A, = Pe (T = AyuAn) A1)
< (1= AgpAn) AN, = (1= Ay, An) A3 p

N-1 N-1
S”An un_An p'l

< [ A%, - A p|

= Jun 2l
(60)

Combining (59) and (60), we have

Iva = 2l < %, - pll- (61)
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Since p = Gp = Pc(I = v, F))Pc(I = v,F,)p, F; is ;-inverse-
strongly monotone for j = 1,2,and 0 < »; < 2(; for j = 1,2,
we deduce that, for any n > 1,

IGv,, - oI
=P (I =,F,) Pc (I -9,F,)v,
~Pc (I = F,) Pc (I - ,F,) P"2
< |(I=»FE)P-(I-9F)v,
~(I = F)Pc(I-,F) P"2
= ||[Pc (I = v,F,) v, = Pc (I = v,F,) p]
v, [FLPe (I = v,F,) v, — F,Pe (I - %,F,) p] |’
< | Pl = v,F,)v, — Po(T = v,Fy)p|
+v, (v; = 20) |Fy P (I = v,Fy) v,
~F,Pc (I - »,F,) P“Z
< [Bo(I = v, Fy)v,, — Po(I - v,F)p|
< | = vyFyv, - (I - % E)pl
=, = p) = m(Ey, - Byp)|’
< v, - P"2 + 9y (v, = 20,) | By, — F2P||2

< v, - oI .
62

Utilizing Lemma 15 and the relation «,, < s, from (54), (61),

and (62), we obtain that -
Iy -l
= |,y (Sv, = Sp) + (I - &, uF) W, Gv,,
~(I - a,uF) p+ o, (yS - puF) p
< a,y [|Sv, - Sp|
+ (1 - &,4F) W, G, = (I - ,uF) p
+at, [|(yS — uF) p
< oy v, = pll + (1 - a,7) |Gy, - p]
+ 0, [ (yS - uF) pl|
<oy v, = pll + (1= a,7) v, - p|
+ o, [ (yS - uF) pl
< oy x, = pll + (1 - ,7) %, - £
+a, | (yS = wF) p|
= (1= 0, (T =) % = pll + &, [ (¥S = uF) p|

9
< |lx, = pll + e, [ (vS — uF) pl|
< "xn —P" + Sy ”(YS_ ”F)pH >
(63)
and hence
%1 = 2

= |lsy (Vx, = Vp) + (I = s,uF) T, p,
= (I = s,uF) p+s, (yS = uF) p|
< s,y [Vx, - V|
+ (I = s,pF) T3, = (I = s,6F) p
+ 5, (yS = uF) p
< syl 2, = pll + (1= 5,7) |y - £
+ 5, (yS — uF) p
< syl |x, - pl
+ (1= 5,7) (|, = pll + 5, [|(vS = uF) )
+ 5, (yS — uF) p
< syl = pll + (1= s,7) |x, - pll
+ 5, [ (¥S = uF) p|| + 5, | (vS - wF) p
= (1 =5, (r=yD) |, - pl
+ 5, (|(vS = wF) p|| + | (vS - uF) p|))
= (1=s,(z=yD) |, - pl

_ 1S =kF) pT||_+ ﬂfys ~uF) p

+s,(t

l39-41) 01+ 50|

Smax<|||xn—p||,| ‘r—yl

(64)

By induction, we get

“xn_p"
S — uF + [(yS — uF
Smax{"xl—P")"(y ”)pi!'—lll(y P‘)P"},
Y
Vn > 1.
(65)

Hence {x,} is bounded and so are the sequences

{uhs vahs (-

Step 2. Let us show that lim,, , . (lx,,; — x,[l/«,) = 0.
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Indeed, taking into account the (1/L)-inverse-strong
monotonicity of Vf, we know that Po(I — ,Vf) is nonex-
pansive for 8, € (0,2/L). Hence it follows that for any given
peq,

1P (T = 6,9y
< [P (1= 6,.1V/) 3 - 2l + |2l
= [Pc (I = 6,:1f) ¥ = P (I = 6, VF) ol + | 2l
< [lyu =2l + 2l

< |yl + 2]l o
66

This together with the boundedness of {y,} implies that
{Pc(I - A,.,1Vf)y,} is bounded. Also, observe that

” nt1Vn — Tnyn"

_ 4PC (I B 9n+lvf) - (2 - 9n+1L)I
2+46,,,L In

4P-(I-6,Vf)-(2-6,L)I
2+6,L "

4P =6,.9f)
1" 27e,,L "
‘ 2+6,,,L7"

= " (4 (2 + enL) PC (I - 6n+lvf) Yn
—4 (2 + 6n+1L) PC (I - Gan) Gyn)
x ((2+6,,L) (2+6,0)7|

O Oy
(2 +0,,,L)(2+6,L) In

9n+1)PC (I - 6n+lvf) In T 4(2 + 9n+1L)
x (PC (I _6n+lvf)yn - PC (I _envf) yn))

X ((2+6,,L) (2+6,1)"
4L |6n+1 |

(2 +6,,L)(2+06,L) I

4L |0n - 9n+1| "PC I - 6n+lvf) yﬂ“
(2 + 6n+1L) (2 + enL)

(42 +6,,1)

X "PC (I - 6n+lvf) Y — PC (I - envf) yn”)

4B, (1-60,5)
2+6,L "

2-6,L

2- 6n+1L
2+6Ly

=| (4L (6, -
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% ((2+6,,L)2+6,1))™")

L Y
(2 +0,,L)(2+6,L)
<[00,
s L [Be (1 0,0 %7) 3, + 4157 ()] + L]
< -6,

(67)

where Supgl{LIIPc(I—9n+1Vf)yn|| +4|Vf ()l + Ly, < M
for some M > 0. So, by (67), we have that

" nt1Vn+1 — nyn“

< “Tn+1yn+1 - Tn+1yn|| + ||Tn+1yn - Tnyn"

5| +516,,, -6 (68)

il

< ||yn+1

4M
= Yl + —

|Sn+1 Snl .

< “y n+1
Note that

”vn+1 - Vn”
= ||AIZ+1L£”+1 - Alr\zjun“
= "PC (I - /\N,nﬂAN) Alr\af-:llunﬂ

_PC (I - /\N,nAN) Alzilun

"PC(I ANni1AN )A 1”n+1

n+1

~Po (I~ Ay aAn) At
"Pc (I- ANnAN)An-fllunH
~Pc (I~ ANnAN)AN lun“

"(I /\Nn+1AN)An+llun+l

_(I /\NnAN)A

n+1 Upt1

+ "(I - /\N,nAN) AN_lum—l

n+1

(I ANnAN) N lun“

< Aymer = Al |'ANAn+l Ui |
N-1
+ ||An+1 Ups1 — An un”
< |AN,n+1 Nn| ”ANAnJrl n+1||
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N-2
+ Ancimen = ANl ||AN—1An+1 ”n+1”

N-2
||An+1 Uppr — An un"

N-1
< At = Al [ANAT |

2
|/\N Lt ~ AN- lnl "AN 1 n+1”n+1”

0
o A = Ayl ||A1An+1un+l|'

0
+ ||An+1”n+1 -

N
< MOZ |/‘i,n+1 - Ai,n' + "un+1 - un" >
i=1

(69)

where supn>1{zl LIA; Al +1un+1||} < M, for some M, > 0.
Also, utilizing Proposition 6(ii), (v) we deduce that

||un+1 — U, ”

A M M
- ||An+1xn+1 - An xn"

(Or90)
TrM,I:r:pM (I - rM n+lBM) An+1 Xy

Tr;)id)(PM) (I — M, nBM) AM '

T(©rPa)

Mol (I T, n+lBM) An+1 Xn+1

(CIVR V)
TrM]:I o (I M, nBM) Aﬂ+1 X1

(Or-Pr)
TrM,iA o (I "M, nBM) An+1 X1

~TO9 (1 — 1y, By) AM ' x

T™Mn n

T(GM)(PM)

"Mpn+1

(I- "', a1 Ba) An+1 Xn+1

(®rpn)
T P0(T = Tage1 Bu) A X

(®r1.900) M-1
T (I = agn Ba) Ay X

(On9m) M-1
TrMill(pM (I - rM,nBM) An+1 Xn+1

+ ”(I - rM,nBM) A?l{:llxnﬂ

- (I 7’MnBM) AM l‘xn“

|”M,n+1 - rM,nl

"M+l

(®n9n) M-1
T, w90 (T - 7’M,n+1BM) A1 Xn1

"Mpn+1

- (I rMn+1BM) Anﬂ Xp+1 ”

M-1
+ |rM,n+1 - rM,n' "BMAnH Xn+1|'

M-1
"Anﬂ Xp+l — An xn“
= |rM,n+1 - rM,n|
1
“BMAnH an“ +
"Mpn+1

®M’(PM
X T (- ”Mn+1BM) An+1 Xnt1

|

M-1
- (I - rM,nHBM) An+1 Xn+1

||An+1 Xns1 — AIZIil‘xn“

< |rM,n+1 - rM,nl

1

I +

M,n+1

T (On1:Pr)

X
"Mpn+1

(I — T, n+lBM) An-*—l Xn+1

|

M-1
- (I - rM,nJrlBM) An+1 X+l

teet |”1,n+1 - ”1,n|

1

0
x |:“B1An+1xn+1" +
T+l

X

(©1,¢1) 0
Trmlﬂ V(I =111 Br) A1 X

|

_(I r n+lB )A

n+1xn+1

0 0
+ ||An+1xn+1 - An‘xn

_ M
= Mlz |rk,n+1 - rk,n| + "xn+1 - xn“ >
k=1

where M, > 0 is a constant such that for each n > 1

Mk

[||Bk e+
7’k,n+1

=~
Il
—_

(Or91)
Trk ﬁfyk (I- rkn+lBk) An+1xn+1

- (I Tk, n+lBk) An+1xn+1

]SMI.

1

(70)

(71)
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Also, from (54) we have

Vil = G VSV + (I - ‘xn+1/’lF) Wo1GVpirs

(72)
Y = 0, YV, + (I = a,uF) W, Gv,,, Vn>1.
Simple calculation shows that
Yne1 = Vn = Gu1¥ (SVnJrl - Svn)
+ ((Xﬂ+1 - “n) ()/SVn - HFWnGVn)
(73)

+ (I - ‘xn+1/"F) Wn+1GVn+1
- (I - ‘xn+1MF) WnGVn'

In the meantime, from (41), since W, S,, and U,,; are all
nonexpansive, we have

[Wii1GVar = WG |

< W,1GVpsy = W, Gy, |
+ Wi G, = W, G, |

< [Vaer = vl + Wi G, - W, Gy |

= [V = vl
+||MT,U,,.1,GY, - M T, U, ,Gv, |

< Vaer = vl + A1 [Uni12G, = U0 G|

= [V = vl (74)
+ A1 A, T5U,15GY, — A, T5U, 5G|

< ”Vn+1 - Vn" + AIAZ ||Un+1,3GVn - Un,3GVn||

< |Visr = vall +# A125 -+ A,

X ||Un+1,n+lGVn - Un,n+1GVn||

n
< ||vn+1 - vn" + MZHAi,
i=1

where M, is a constant such that U 1001GVall +

IU,e1Gv,ll < M, for each n > 1. Therefore, by utilizing
Lemma 15, from (69)-(74) and {A,} < (0,b] c (0,1) it
follows that

151 = vl

< QY ||Svn+1 - Svn”

+ |(Xn+1 - ocn| ||ySvn - ‘uFWnGV”“
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+ (T = @ty F) Wiy G
= (I = 6, uE) W, G, |
< GV [Ver = Vil + s — o
x[[ySv, = uFW,Gv,|
+ (1= 21 7) [Woss Gy = WG, |
< GtV [Ver = Vil + s =

x ")/SVH - MFWnGVn”
_n
+ (1 - (xn+1T) ”VnJrl - Vn” + MZH/\i
i=1

< (1 ~ X1 (T - V)) ||Vn+1 - Vn“

+ |‘Xn+1 - “n| ||ySvn - .”FWnGVn" + MZHAi

i=1

<(1-au(t-7)

N
X |:MOZ |Ai,n+1 - /\i,n| + ”unﬂ - un”
i=1

+ |“n+1 - “n| ||ySvn - .”FWnGVn" + MZHAi

i=1

<(T-au (t-7)

N
x |:Moz |Ai,n+1 - /\i,n|
i=1

M

+Mlz |rk,n+1 - rk,n| + ||xn+1 - xn”
k=1

+ |“n+1 - ocn| HySvn - yFWnGvn" + MZH)LI-

i=1

< (1 ~ X1 (T - V)) ||xn+1 - xn“

. N ~ M
+ MOZ |)‘i,n+1 - Ai,n| + Ml Z |rk,n+1 - rk,n|
i=1 k=1

+ | — o] [lySv, — uFW,Gv, | + MZHA,-.
i=1
(75)

On the other hand, from (54) we have

Xpi2 = 5n+1yv'xn+1 + (I - Sn+1."iF) Tn+1yn+1’ (76)

Xp+1 = SnYVXn + (I - Sn[’lF) T,,yn, Vn>1.
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The simple calculations show that VLY + (T + [yva, - HFTn)’n") [

+ S,,H)/l |lxn+1 - xn"
X2 = Xnt1 = (I - Sn+1/’lF) Tn+1yn+1
- (I - 5n+1MF) Tnyn
(77)

N M
+ (Sn+1 - Sn) (nyn - tuFTnyn) + MOZ |Ai,n+1 - /\i,n| + Ml z |rk,n+1 ~ Tk
i=1 k=1

= (1 = Sp+1 (T - Yl)) ||xn+1 - xn"

V. -Vx,).
Sy (Vi = V) s = | [yS9, - WFW, G |

— 4M
MY" —_— Vx, — uFT, -
Utilizing Lemma 15 we deduce from (68), (75), and (77) that ALY ( L " H)/ Yn~ HE ) "") |S”+1 Sn

< (1= Spy (7= VD) X1 = .

len+2 - xn+1|| AT & S
+ M3 Z |/\i,n+1 - Ai,nl + Z |rk,n+1 - rk,nl
< "(I - 5n+1.“F) Tn+1yn+1 - (I - 5n+1HF) Tnyn" = k=t
+ |5n+1 - Snl ”VVXn - HFTnyn" + |oanrl - ocnl +b" + l5n+1 - Sn| ) s
+Sp1Y ”Vxnﬂ - Vxn" (78)
< (1 - 5n+1T) ||Tn+1yn+1 - Tnyn"
here M i h that f h 1
+ |5n+1 B Sn| ||)/Vx,, _ #FTn)’n" where M; > 0 is a constant such that for each n >
I B _ _ - —
' StV ”xn+1 xn" . MO + Ml + M2 + % + ||nyn - A“FTnyn”
AN (79)
< (1 - Sn+1T) ||yn+1 - yﬂ" + T |Sn+1 - Si’ll + "ySVn — P[FWnGvn" < MS'
+ |5n+1 - 5n| ”VV'xn - /"FTnyn" Therefore,
+ 5n+lyl ”xn+1 - xn"
"xnﬂ - xn"
< (1-5,447) o,
X, — X, _
[0 =P - < (15, (r -y P2l
n
. N . M — NlA’ —A') 71| erk, —Tk’ ,1|
+MOZ IAi,nJrl _Ai,n|+M12|rk,n+l ~Tkn +M3 <Z = o - + Z s o s
i=1 k=1 i=1 n k=1 n
e = oo [ySv, — uEW, G| T g)
(04 04 (04
= n 4M n n n
+ MZLIA,- T [$e1 = 54| 1, = 4]
=(1 —Sn(T—Yl))a—
~1
+ |5n+1 - 5n| ||van - #FTnyn" ! 1 1
Sy s - 5] s ) bl (- )
< (1 — 5n+1T) "xn+1 - xn" N M3 <§: |A’i,n — Ai,n—ll + f |rk,n - rk,n—l'
i-1 K k=1 O

N M
+ Moz Nier = Ainl + M, Z Pkt = T

i=1 k=1 —1

+ |(xn_an—l| + L Isn_sn1|>
+ |(xn+1 - ocn| ||)/Sv,1 - yPWnGvn" «, o, o,
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”Xn_xn—lu 1
S(1—(T—Yl)5n)T+(T—Vl)5n'T_—yl
L S
g o Sn (xn “n—l
<Z|A1n_ in— 1| z'rkn Tien— 1|
S0, Pr] S0,
+ |‘xn_(xn—l| + E + |Sn_sn1|>}
Snocn sn(xn Sn(xn
”xn ~ Xn1 " M4
< (1= (= 1l)5) P s, 2
{ 1]1 1
X _— ) — =
Sn 1%y L]

Z|/\1n_ in— 1|
S0,

i=1

Z |rkn rkn 1|

k=1
bn—l

+ bl
Snn

where M; + ||x,, — x,_,| < M,, for all n > 1 for some M, >
0. From (H2), (H3), (H5), and (H®6), it follows that ZEZI(T -
yD)s, = co and

%1 1- Sn-1
s

1-

1
+ —
N

1
« (x

n n

(80)

_ L n ilAi,n - Ai,n—1|
i=1

X1 n%n

“n—l

(81)

|rkn T n— 1|
P

S0,

fl
bn—l

+ ]» =0.
Snan

Thus, applying Lemma 16 to (80), we immediately conclude
that

n

_Sn1

N

n

lim P =l (82)
n—oo an

So, from lim,, , &, = 0 it follows that
lim ||xn+1 - xn” =0. (83)

n— 00

Step 3. We prove that w,(x,) ¢ Q provided lim,,_, . [lx, —
Yall = 0.

Indeed, first of all, let us show that [y, — P-(I -
Q/DVH)yl — 0, lx, —u,l — 0, lx, = v, — 0,

lv, - Gv,| — 0,and |lv, - Wv,| — Oasn — o00.As

Journal of Applied Mathematics

a matter of fact, utilizing Lemmas 7 and 15 we obtain from
(54), (61), and (62) that

Iy, - 2l
= [,y (Sv, — Sp) +
~ (I - &, uF) p + e, (yS - uF) p|
< Jlec,y (Sv, — Sp)

+(I - a,uF) W, Gv,

(I - “muF) WnGVn

— (- a,uF) plf
+ 20, ((yS = uF) p, y, = p)

< [,y [[Sv, = Sp

= (I - auF)p||]?

+ 20, ((YV = uF) p, ¥, = p)

+|I - a,uF)W,Gv,

< [oyflva - pll + (1 = @,7) [Gv, = T (84)
+ 20, {(yS = 4F) p, ¥, = P)

< [z v, = pll + (1 = @,7) |Gy = o]’
+ 20, ((yS = uF) p> ¥ = P)

< v, - pl + (1 - &,7) [ Gv,, - p|’

+ 20, {(yS = pF) p» ¥ = P)

+ (1= a,7) v, - pl

+2a, ((yS = uF) p, y, = p)

< ocn‘r”vn - p||2

= v = pI* + 20, {(yS ~ uF) p. 3~ p)
< [l = oI + 201, {(yS ~ uF) p. 3, ~ p)
Note that x,,,, = s,yVx,, + (I —s,uF)T, y,. Hence we have
Xp1 = Yo = 5 (W = UFT) + Ty =y (85)
which yields

”Tnyn - yn”
< "xn+1 ~Yn S (van - AMFTnyn)”

< "xn+1 - yn" + Sy ")}V'xn - MFTnynH
< "xnﬂ - xn” + “xn - yn“ Sy ||nyn - A“FTnyn“ :
(86)
Since lim,, _, s, = 0 and lim, _,  llx,, — x,,.; /| = 0, from the

assumption lim,, , llx, — y,ll = 0 and the boundedness of

{x,}, {y,}, we obtain

lim ||y, - T,,| = 0. (87)

n— 00
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It is clear that

HPC (I - anf) Yo~ yn” = ||5nyn + (1 - sn) Tnyn - yn"
= (1 - Sn) "Tnyn - yn" (88)

< "Tnyn - yn" >

where s, = ((2-0,L)/4) € (0,1/2) for each 8, € (0,2/L).
Hence we have

2
o (1~ 257)

< llpc <1— %Vf) Yn—Pc(I-6,1) y,
+ [P (1= 6,9F) v = 3l

< l|<1 - %Vf) V= (1= 0,Vf) y,
+[|Pc (1= 6,9f) v =yl

2
< (5019 Gl + I3 = 3l

(89)

From the boundedness of {y,}, s, — 0 (& 0, — 2/L)and
IT,y, — ¥, = 0 (due to (87)), it follows that

=0. (90)

Jim ||y -Fc (I - %W) Vn

Also, from (30) it follows that for alli € {1,2,...,N} and k €
{1,2,..., M}

v~ I = |A%u, - o
<A, o]
= |Pet = 2, 800w, = Pl = 2,00
< (1= A A, — (1= 20,A0) p
<[Ja’ w, — o

+ Aip (Aiw = 217) ”AiAi;l”n - AiP”Z

15
< Ju, - P”2 + A (Ai = 217) "Az‘Ai;l“n - AiP”Z
< I = oI + Ai (A = 27) "AiAi;l”n - AiP"Z’

it = oI = 855, ~ o]

k 2
< |4 - ol

(O9i) k-1
Trk)nk o (I - rk,an) An Xn

—TO9 (I - konBK) P"2

< | = W BOAS s, = (1 = B
<[lal e, - o

+ 1 (i = 204) B, = B
< |x. - ol

+ T (T = 20 “BkAI;_lxn - BkP“z-
(o1

So, from (84) and (91) it follows that

Iy, - oI’
< v, = pII* + 20, ((yS - 4F) p, 3, - p)
<t = B + As (i — 21) |AiAS 00, — A,p||
+ 20, ((yS = uF) p, ¥, = P) (92)
< x, - P“z + T (T — 20) "BkA]:lxn - ka||2
A (g = 2m) | A2 M, — Ap|
+2a, | (yS = uF) pll |7, - Pl

which hence leads to

Ten (26 = i) ”BkA]:lxn - BkP”2
+ Aim (217 = Ai) “AiAi;;lun - AiP“Z

<xu =2l = I3 - 2l (93)
+2a, [[(yS = uF) pll |y, - Pl

< % = yall (1 = 2 + 19 = 21D
+2a, [[(yS — uF) pl Iya - 2l -

Since lim, , &, = 0,{A,} < [a,b] < (0,2) and

() <€ lew fil € (0,24) foralli € {1,2,...,N} and
k € {1,2,..., M}, by the assumption lim,, _, . llx,, — ¥l = 0
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and the boundedness of {x,,}, {y,}, we conclude immediately < || X, — p”z — " A’;‘l X, — A’; xn”z
that

k-1 k k-1
+ 21, A5 x, = A% || BeA) %, - Bip| -

(96)
i—-1 _

Jim, [, = Aip] =

(94)
. -1

nlgngo ||BkAn Xy _BkP” =0 Also, by Proposition 1(iii), we obtain that for each i ¢

{1,2,..., N}
foralli € {1,2,..., N}andk € {1,2,..., M} )
Furthermore, by Proposition 6(ii) we obtain that for each Nou, = p "
ke{l,2,..., M}
"PC I A1n z)Al lu PC(I )‘zn z)p"
”Ak “2 < < I Aln J)Al : (I Am l)p A nln p>
nxn - p .
. (@ o llz =3 (“(I - Ai,nAi) A:lun - (I- /\i,nAi) P"
X, — T ¥k (I— rkan)p
; 2
+|Au, —p
< <(I— TenBr) AI; — (I =7.,By) ps A nXn P> " "

—||(I AinA) A, — (- Ay,A) p

p)“ )

- % (11 - rBOAS s, = (1 = 1y, BOD|

s off - 0 B A x, .

<3 (1

P|| Pl

~(I-71,Bo)p- (A];xn - p)“z)

< 5 (1055 o e, ol

I Ak-1
n

i-1

n Ainun - Ai,n (AiAirjlun - Alp)“2)

IN

3l =P + i~

|l ai-l

W= Ao, — (B, - Bop)| ).
(95)

w= Nty = X (A5, - Ap)]),

1" n n
(97)
which implies that
which implies
" 2
|a%x. - | N, = pf
5 2
< |45, - g < Ju, - 2l
B "AI;_an - Al;xn ~Tkn (BkA];_lxn - ka)'|2 o n Ainun - A (AzAlnlun -A P)“2
= [ ] - =, oI
(98)
rkn"Bk x - ka”

Ay = A - 224N - A

+ 21, (A% x, - Al BAN X, - ka> + 24, (A, = A, AN 1, - Ap)

o -

k 1

< ot = ol = 4, - |

i—1
+ 2rk n i

Ar: Xn — ka"

Aip".
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Thus, from (84), (96), and (98), we have
1y, - ol
< v, = p|I* + 200, {(vS - 4F) p, y, - p)
< A, — || + 20, ((yS - uF) p. 3, ~ p)
< fut, = pI = A%~ A |

i1 i
+2A, (A w, - A,

||An w, - Ap|
+2a, ((yS = uF) p, y, = p)

AF 2 AL Al 2
< nXn —P|| ~ n Un — DUy

(99)
+ 24, A, - A AN - Asp
+ 20, {(yS = uF) p> y, = P)
<[l - pIF - 4%, - s
+ 21, A5 x, - A%, | |Bea x, - Bep
o [T
20, A%, - A || AN, - Asp
+ 20, |(yS = wF) pll [ - £l
which yields
8% 1, = A |+ A, = A |
<[l = oI = I3 - I’
+ 27, A%, - A’;xn“ HBkA’j;lxn - B, pH
+ 24, A, - A | AN - Avp
+ 20, [|(yS = wF) pll [y, - p| (100)

< % = ull (e = 2l + 1 = 1)

+ 21, “Aﬁ:lxn - Al;xn“

B, ' x, - kaH

i-1 i
+2A (A w, — A,

AN, AiP"
+ 20, [|(yS = uF) pll |, - 2l

Since lim,, _, . &, = 0, {x,}, {y,}, and {u,} are bounded. For
alli € {1,2,..., N}and k € {1,2,..., M}, we have {A;,} ¢
la;,b] < (0,27;) and {ry,} < [er, fil € (0,2p), then by
(94) and the assumption lim lx,, = ¥,|l = 0, we conclude
immediately that

n— 00

. i-1 i
Jim [, - A

(101)

. k-1 k
nIL%O "An x, — A, x,

=0,

17
foralli € {1,2,..., N}andk € {1,2,..., M}. Note that
||xn - un” = Aonxn - Afxn"
< A(an - Alnxn
+ .Alnxn - Aznxn" + -
+ Alr\f*lxn - A?fxn ,
(102)
||un - vn” = "A(Lun - Al;{un
< [ A%, - AL
+ “Alnun - Aznun o
+ “AIZ_lun - AIZun” .
Thus, from (101) we have
nlil%o ”Xn - un" =0, nh_,néo “”n - Vn” =0. (103)
It is easy to see thatasn — oo
||xn - vn“ < ||xn - un" + ||un - vn” — 0. (104)

On the other hand, for simplicity, we write p = P-(I -
v, E)p, v, = Po(I - v,F,)v,, and w,, = Gv,, = Po(I — v, F|)¥,
for all n > 1. Then

p=Gp
=Pc(I-7F)p (105)
= Pc (I = F) Pc (I - nF) p.
We now show that lim, , IGv, — v,[ = 0; that is,
lim, _, llw, — v, = 0. As a matter of fact, for p € Q, it

follows from (61), (62), and (84) that

1y - ol
B ‘an"Vn - P"2 + (1 - ‘XnT) ”Gvﬂ - P"2

+2a, ((yS = 4F) p, ¥, = p)
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< “nT"Vn - P"2 + (1 - Och) ”wn - P”Z

+ 2, || (yS = uF) p|| |y - P
< a7, - p|* + (1 - a,7)

< [[7, = BI* + v (0,

+ 2, || (yS = uF) p|| |y, - p|

< o, 7|v, - p|* + (1 - a,7)

~20) |F%, - Fpl]
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Also, in terms of the firm nonexpansivity of P; and the {;-
inverse-strong monotonicity of F; for j = 1,2, we obtain from

v; € (0, 2(j),j = 1,2 and (67) that
_ 2
17, - Il
= |PcI = »,F,)v,, — Po(I - Vze)PHZ

< (I =F) v, = (I = ,F,) p,9,— p)

1 =
= 21 =2, - @ = v.Epl + 7, - B

x [”"n - P”2 +7, (v, = 28,) | Fyv,, - FzP"2 5
B - (1 =»,E) v, - (I =»,E)p- (7, - p) ]
+v, (v, - 28)) |F\9, - Fy p| ] 1
2[5 I3, <3l « -2
= v = ol + (1 - at,7) N = %) = 72(Fyv = Bap) = (0= D]
x 12 (02 = 20) [Eyv = Fopl” = >[I 2l + 7 - B
v (v, =28, |Fi7, - F ] -7 - - P
+2a, [[(vS = uF) pl |y, - 2l +29, (v, -%,) - (p - P), Fyv, - F,p)
= ||xn—p||2+(1 ~ 1) _’é”Fz"n_FzP”Z]’
% [%2 (v = 20,) |Fyv, ~ Fopl lw, - p|
v, (v, - 28,) |Fy7, - By B = |Pe(I = %, F))¥, - Po(I - v, F)) B
+ 20, [ (vS = uF) pl 1y = ol <((I=nF)%, - (I -»F) pw, - p)
(106) 1 2 2
=5 [II(I ~nF)V, = (L= v F)p|" + |w, - p|
which immediately yields =|I(1 =»F)v, - (I-»F)p-(w, - p)||2]
l
2 < {17 7P ¢ b,
(1-a,7) [, (28, = v,) |Eyv, - Eap| o
)] o] @ - w) + (- P
+1 (26, =) |[F\V, — Frp _ o _
, ) +2v, (F\V, - F1p, (¥, — w,) + (p - P))
<|x, -2l =y, - _
" P“ "y p” (107) —Vf”Fﬁn _ F1P||2]

+ 20, ||(yS = uF) p| |7 - 2l
< = 2l (b = 1+ 3 = 1)

1
< 2 (= oI+ o = o

@, —w) + (- DI

+2v, (F,%, - F, p, (v, ~w,) + (p - P)) ] .
Since lim,, _, e, = 0, v; € (0, 2( ) for j = 1,2 and {x,} and (109)
{y,} are bounded, by the assumptlon lim, , ,llx, — y,ll =0,
we get Thus, we have
7~ BI" < v - PII2
Jim [|Fyv, - Ep[ =0, lim |F7, - Fp|=0. (108) ~ =70 - - DI
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+272 <(Vn_’17n)_(p_’ﬁ)’F2Vn_F2p>

- ”i”Fz"n - FzP"Z’

lw, = pl” < v - o
@ —w) + (- DI

(110)

+ 27}1 ||F1F17n - Flﬁ" "(Fvn - wn) + (p - f))" .

Consequently, from (61), (106), and (110) it follows that

Iy, - oI’
< atllv, - pl* + (1 - ,7)
X [||’17n - ﬁ"z + vy (v = 28) |E 7, - Flf’"z]
+2a, (S = uF) pll |y, - pll
< a7, = o’ + (1 - 1) |7, - B
+2a, |[(yS = uF) pll |ya - Pl
< a,7lv, - pl” + (1 - a7)

[ =l =1 =72) = (p - DI
+29((v, = 7) = (p - ﬁ),szn - Ep)
3| Fyv, — Eop’]

+ 200, || (vS — wF) pll |y, — Pl

< a,tllv, - pl* + (1 - ,7)

x<[Iva = pI* = 10w =70 = (2 - DI
+wﬁwfw»—@—mwam—aﬁ]

+2a, [[(yS = uF) pl |, - 2l

<=l - (1= a,7) [, = 7) - (0 - DI
+29, (v, = 7,) = (p - D) IIszn -~ Eyp|

+2a, [[(vS = uF) p| |, - 2l

< [lx, - ol - (1= &) | = 7) - (0 - DI

+2%, (v, = %,) = (p = D) |Fovi - o

+ 200, || (vS = uF) pll |7, - Pl

which hence leads to
(1-a,7) (v, = 7) - (p - P

< Jew = ol =y - I

(111)

(112)

19
+29, | (v, = 7,) = (p = D) |Fovs - Fap|
+2a, | (S = uF) pll |7 - pll
< [l = yall (I = 2l + 1y - 21D
+29, | (v, = %,) = (p = D) |Fov, - Eopl
+2a, (v - uF) pl Iy - 2l -
(113)

Since lim,, , &, = 0, {x,}, {y,}, {v,,}, and {¥,)} are bounded
sequences, by the assumption lim,,_, llx, — Il = 0, we
conclude from (108) that

lim ||(v,-%,)-(p-p)| =0. (114)

n—00

Furthermore, from (62), (106), and (111) it follows that

Iy, - oI’
< a7, = pl” + (1 - ,7) fw, - p°
+2a, [[(yS = uF) pll |y, - Pl
< a,tlv, - pl* + (1 - a,7)
xmm—pW—mn—wu+@—ﬁW
+29 |Fy7, = Fypl (7, - w,) + (- P ]
+2a, || (yS = uF) pll |y - P|| 15)
<= ol - (1= a,0) |G - w,) + (- P
+ 20 [|Fy9, - By p|l | (7, - w,) + (p - D)
+2a, [[(vS = uF) pll |17 - 2l
<[x - ol - (1= a,0) |3~ w) + (p - DI
+ 20 [Py, - B p| || (7, - w,) + (p - D)
+2a, [[(yS — uF) pl Iy - Pl

which hence yields

(1= a,0) |7, = w,) + (p - P
S R e P &
+2v, |E7, = Fyp| | (7 — w,) + (p - D)
+2a, [[(vS — uF) pll |y, ~ Pl (116)
< % = yall Q= 2l + 0 = 21)
+2v, |Fy7, ~ Eipl| | (7, — w,) + (p - D)
+ 20, [ (vS = uF) pll |y - -
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Since lim, , &, = 0 and {x,}, {y,}, {w,}, and {¥,} are
bounded sequences, by the assumption lim, _, . [Ix,—,l = 0,
we conclude from (108) that

Jim |7, -w,)+(p-p)| =0. (117)
Note that
"Vn - wn" < ||(Vn - vn) - (p - ﬁ)”
) - (118)
+ “(Vn - wn) + (P - P)” :
Hence from (114) and (117) we get
HILI%O "Vn - Gvn” = ,,11_1%0 “vn - wn” =0. (119)
Also, observe that
Vo = o, ySv,, + (I — o, uF) W, Gv,,. (120)
Hence we get
¥, - W,Gv,, = a,, (ySv,, — uFW,,Gv,,) . (121)
So, from lim, , je, = 0 and the boundedness of {v,} we
deduce that
,,ll,ngo “yn - WnGvn" =0. (122)
In addition, it is readily found that
“ann - Vn"
< ||W,,vn - WnGvn" + ||W,,Gvn - vn”
< ||vn - Gvnll + ||W,,Gvn - vn"
(123)

= "Vn - Gvn” + ”WnGvn - yn“ + “yn - Vn"
< v = Gv,| + [W,Gv,, = 3|

+ "yn - xn" + "xn - Vn" :

Thus, by the assumption lim,,_, llx,, — y,ll = 0, from (103)
and (119)-(123) we have

Jlim [W,v, = v, = 0. (124)
Taking into account that [lv, - Wwv, || < llv, - W, v, | +IW,v, -
Ww,,|l, we obtain from ||v, — W,v,|| — 0and Remark 12 that

Jim v, =W, | = o. (125)
Next, let us show that w,,(x,,) ¢ Q. In fact, since H is reflexive
and {x,} is bounded, there exists at least a weak convergence
subsequence of {x, }. Hence it is known that w,,(x,,) # 0. Now,

take an arbitrary w € w,,(x,,). Then there exists a subsequence
{xni} of {x,,} such that x, — w. From (101) and (103) and the

assumption lim,, _, ,,llx,, = y,Il = 0, we have that y, — w,
U, = w,v, — W A];,xni — w, and A’ju, — w, where
k e {1,2,...,M}and m € {1,2,..., N}. Utilizing Lemma 9,

we deduce from Xy — WV, — W, (90), (119), and (125) that
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w € Fix(Po(I - 2/L)Vf)) = VI(C,Vf) = T, w € GSVI(G),
and w € Fix(W) = n72 Fix(S,) (due to Lemma 13). Thus,
we getw € N2 Fix(S,) N GSVI(G) N T. Next we prove that
we nY_ VI(C,A,,). Let

(126)

Toy= A, v+ Negv, veC,
a, ve¢C,

wherem € {1,2,...,N}. Let (v,u) € G(Tm). Sinceu - A,,v €
Ncvand A" u, € C, we have
(v-Alu,u—-A,v)>0. (127)

On the other hand, from A”u,, = Po(I-A,,,A,)A” "u, and
v € C, we have

<v - N, AT, - (Arsflun - /\m’nAmArzflun» >0,
(128)

and hence

AMu, — A"y
<V_ Alu,, % + AmA';‘lun> >0. (129)

m,n

Therefore we have
m
<V - A"iu"i’ u>
m
> <v - A Uy, Amv>
> <v -Au,, Amv>

m m—1
A" A n; u"i A n; uni A Am—l
“\V- n; Up,> 2 + Ay n; Uy,

m,n;

_ _aAm
—<V A"iuni’

Av=A,Nhu,)

+ (V= Al u,, ANy u, — AN w,)

m m—1
_ _ Am A"iu”i B A"i uni
1% niuni, —)t
mn;

m m m—1
> (v= A, AN, — AN, )
m m—1
A An,-”n,- An,- U,
— (VA — )
mn;

(130)

From (101) and since A,, is Lipschitz continuous, we obtain
thatlim,,_, 1A, Au,~A,, A" 'u,| = 0. From A u, — w,
{Aia) < la,b] C (0,21;), foralli € {1,2,..., N} and (101), we
have

(v—w,u) >0. (131)

Since T, is maximal monotone, we have w € T,'0
and hence w € VI(CA,), m = 1,2,...,N, which
implies w € 05:1 VI(C,A,,). Next we prove that
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w € ML GMEP(®y, ¢y, By). Since Alx, = TO(I -
rk)an)A’;_lxn, n>1ke{l,2,..., M}, wehave
k k
O (8%, ¥) + 91 (¥) = 9 (85x,)
k- k
+ (Bedy X, y = Ax,,) (132)

1 k k k-
+ a <y =N x,, N x, — N lxn> > 0.
By (A2), we have
o (1) - o (A5, ) + (Ba 'x, y - A x, )

1 k k k-1
+ 7’_ <y - Anxn’Anxn - An xn> (133)
k,n

>0, (y, AI;xn) .

Letz, =ty + (1 -t)wforallt € (0,1] and y € C. This implies
that z, € C. Then, we have

<zt N Xy Bkzt>

n

= P (Aixn) - o (z,) + <Zt - Alilxn’Bth>
- <zt - A]i;xn’BkAI;_lxn>

k k-1

A x,— AN "x

k n’'n n n k

_<zt—Anxn,T + 0y (245 x,)
n

= Pk (Aixn) -9 (2,)
+ <zt - A];xn,Bkzt - BkA’:lxn>
+ <zt - A];xn,BkAI;xn - BkA};_lxn>

A x — A1y
- <zt — Mix, T 4 0 (2. A%,

rk,n

(134)

By (101), we have ||BkAl:,xn - BkAl;_lx,,II — Oasn — oo.
Furthermore, by the monotonicity of B, we obtain (z, —
A*x,, Bz, - BkA];xn) > 0. Then, by (A4) we obtain

(2 —w, Bz) = ¢ (W) ~ 9 (2) + Oy (2, 0) . (135)
Utilizing (A1), (A4), and (135), we obtain
0= O (252) + ¢i (21) — 91 (2,)
<tO; (2, ) + (1 1) O (2, w)
+tg (v) + (1= 1) g (W) — 9 (2,)
<t [0 (21, 7) + 9k (¥) — 0k (2,)]
+(1-1)(z, —w, Bz,)

(136)

=[O (2 ) + 9 (¥) — 9x (2)]
+(1-)t(y-w,Bz,),

21
and hence
0 < O (2 y) + 91 (¥) ~ i (21)
(137)
+(1-1)(y-wBz,).
Lettingt — 0, we have, for each y € C,
0< 6 (wy) + i (¥) — 9 (W) + (y —w, Bw). ~ (138)

This implies that w € GMEP(Q, ¢, B;) and hence w €
ﬂkM:I GMEP(0O, ¢, By). Consequently, w € (Ny2; Fix(S,)) N
(ML, GMEP(®y, ¢, By)) N (NN, VI(C, A;)) NGSVI(G)NT =:
Q. (This shows that w,,(x,) € Q.)

Step 4. We prove that w,,(x,) C E provided that [x, — y,l =
o(a,,) additionally.

Indeed, let w € w,(x,) be the same as mentioned in Step
3. Then we get x,, — w. In addition, from (84) we have that
for every p € Q

2 2
"yn - p“ = ”xn - P"
+ 20, ((yS = uF) s yu = P) >

which immediately implies that

2((yS=uF) p,p = yn)

(139)

1 2 2

Xn = Vn
< Bl e, pp e - -

This together with [x,, — v,Il = o(«,,) leads to
lim sup {(yS ~ 4F) p, p = yu) < 0. (141)
Observe that

lim sup ((yS—uF) p,p - x,)

=limsup ({(yS - uF) p, ¥, — x,,)
n— 00 (142)

+((yS = uF) P, p = y))
= limsup {(yS ~ pF) p. p = yu) <0.
So, it follows from x,, — w that

((yS=pF) pp-w) <0,
Also, note that 0 < y < T and

pn =T e pn 2 1= 1 - p(2n - pc?)

1-p(2n-px®) 2 1-un

Vp € Q. (143)

= 1-2un+ ;421(2 >21-2un+ [42172 (144)

2 2
=K =27

=k
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It is clear that Next, let us show that lim,,_,  [lx,, — x*|| = 0. In fact, put
((UF = y8) x — (uF - 1S) y,x — 7) p = x" in (84). Then from (54) we get

5 (145)
2 (un-y)|x-y" V¥xyeH. .
"xn+1 —-x "
Hence, it follows from 0 < y < 7 < un that uF — ySis .
monotone. Since w € w,(x,) C Q, by Minty’s lemma [39] = |lsuy (Vx, = V™) + (I = s,uF) Ty,

we have 5
_(I_Sm“F)x* +5n(yV_[’£F)x*||
((yS-pF)w,p-w) <0, Vpe; (146) )
< |ls,y(Vx, = V™) + (I = s,uF)T,y, — (I - s,uF)x")
that is, w € E. Therefore, w,(x,) ¢ E. This completes the sV b e o "
proof. O +2s, ((yV = puF) x*, x,,; — x")

Theorem 20. Assume that there hold all the conditions in < s,y |Vx, = Vx|

Theorem 19. Then we have the following. -
. - . (I = 5,4F) Ty, = (I = s,uF)x" ]
(i) {x,} converges strongly to a point x* € Q provided that

lim, , o llx, — y,Il = 0, which is a unique solution of +25, {(yV = puF) x*, x,y — x*)
the VIP: ((yV — uF)x™,p — x*) < 0, forall p €
equivalently, < [supl ||, = x| + (1 = 5,7) |y = <7

Po(I-(uF-yV))x" =x7; (147) +2s, ((yV = pF) x*, x,.; — x7)
(ii) {x,} converges strongly to a unique solution of THVI _ snry—l e, = x| + (1= 5,7) [y - 2
(24) provided that ||x,, — y,|| = o(w,,) additionally. T
Proof . Observe that +25, (YW = uF) x", %,y — Xx7)
2
F—yV)x— (uF —yV) y,x - (D) o .
k=) luk =) =) <5,y =+ (1= 5,5) =)

<s,
5 (148)

> -y |x - Vx,y € H. .
(w1 = y1) [l = | y 225 (WY — ) 2o — 2
Hence we know that yuF — yV is (u# — yl)-strongly monotone 5
with constant (u# — yI) > 0. In the meantime, it is easy to see < (D)
that yuF —pV is px +yl-Lipschitzian with constant px +yl > 0. -

Thus, there exists a unique solution x* € Q of the VIP o . i
X ["xn_'x " +2‘xn ((yS—‘uF)x > Y =X >]

+25, ((YV = uF) x", %,y — X7)

e, ="+ (1= 5,7)

((yV —pF)x",p—x") <0, VpeQ. (149)

Equivalently, x* = Po(I-(4F-yV))x". Now, let us show that

* * T2 B (yl)z %12
limsup ((yV - uF)x",x,—x") <0. (150) =(1=s——— )%, -7
n— 00 T
Since {x,} is bounded, we may assume, without loss of +2(1-s,7)a, ((yS—uF)x", y, - x*)
generality, that there exists a subsequence {x, } of {x,} such . i}
that x,, — w and +25, ((YV = pF) x*, X, = x7)
2 2
. _ * _ * _ l
hnm_)stl)lop ((yV = uF)x",x, —x") _ <1_5nT (1) )"xn_x* 2
T
= lim ((yV - puF)x",x, - x") (151) )
i— 00 i L T2 _ (Vl) . T
=((YV - uF)x",w-x"). S 12—(yl)2
In terms of Theorem 19(ii), we know that w € w,(x,) C Q. o, N N
So, from (149) it follows that x|2(1=s,7) g ((rS = uF) x" y, = x7)

limsup ((yV - uF)x",x, - x*) * *
o (152) +2((yV = uF) X", %0y = X7) |-

={((yV - pF)x",w-x") <0. (153)
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Since Y °;s, = oo, lim,_ («,/s,) = 0, and
limsup, ,  ((yV — uF)x", x,,.; — x*) < 0 (due to (152)), we
deduce that Y22 s, ((z* = (y1)*)/7) = 00 and

lim sup ———
re 7 (yI)

x|2(1=5,7) S{OS - uF) X"y, = xT)  (154)

2V —uF) ",y - 27) | <0

Therefore, applying Lemmal6 to (153) we infer that
lim, , lx, —x* = 0.

On the other hand, let us suppose that ||x,, — y, [ = o(«,,).
Then by Theorem 19(iii) we know that w,,(x,,) C E. Since uF -
yV : H — His (ux+vl)-Lipschitzian and (u#—yl)-strongly
monotone, there exists a unique solution x* € E of the VIP

(yVx* —uFx",x—x") <0, Vxe€E. (155)

Since the sequence {x,} is bounded, there exists a subse-
quence {xni} of {x,} such that

limsup ((yV - uF)x*,x, - x*)
n— 00
(156)
= lim <(yV - uF)x", x, — x*>

Also, since H is reflexive and {x,} is bounded, without loss
of generality we may assume that x,, — X € E (due to
Theorem 19(iii)). Taking into account that x™ is the unique
solution of the VIP (155), we deduce from (156) that

limsup ((yV — uF) x*, %41 — x7)
noee (157)
<{(yV-uF)x",x-x") <0.

Repeating the same argument as in (153) we immediately
conclude that

s = x|
2 2
s<1_snﬂ>||xn_x*||2
T
2 2
P 02 N

(158)

n

T2 ()

|20 5,0) 2 (5 - By, - )

+2{(yV = uF) x", %, = X7) |-

Repeating the same arguments as above, we can readily see
that lim,,_, o [lx,, — x*|| = 0. This completes the proof. O

Remark 21. 1t is obvious that our iterative algorithm (54) is
very different from Ceng and Al-Homidan’s iterative one in

23

[23, Theorem 21] and Yao et al’s iterative one (21). Here, the
two-step iterative scheme in [33, Theorem 3.2] and the three-
step iterative scheme in [23, Theorem 21] are combined to
develop our four-step iterative scheme (54) for the THVI (24).
It is worth pointing out that under the lack of the assumptions
similar to those in [33, Theorem 3.2], for example, {x,} is
bounded, Fix(T) Nnint C # @ and ||x — Tx|| > k Dist(x, Fix(T)),
for all x € C for some k > 0, the sequence {x,} generated
by (54) converges strongly to a point x* € (N;2, Fix(S,)) N
(ML, GMEP(®y, ¢, B)) N (MY, VI(C, A;)) NGSVI(G)NT =
Q, which is a unique solution of the VIP: (yVx* — uFx*, x —
x*) <0, forall x € Q; equivalently, P, (I - (uF —yV))x" = x*
(see Theorem 20(i)).

Remark 22. Our Theorems 19 and 20 improve, extend,
supplement, and develop Yao et al. [33, Theorems 3.1 and 3.2]
and Ceng and Al-Homidan [23, Theorem 21] in the following
aspects.

(a) Our THVI (24) with the unique solution x* € E
satisfying

X
x =P (N2, Fix(5,))N(NY, GMEP(®,¢,,B))N(NY, VI(C,A))NGSVI(G)NT

x (I - (uF -y8)) x*
(159)

is more general than the problem of finding a
point X € C satisfying X = Ppy)SX in [33]
and than the problem of finding a point x* ¢
(N, GMEP(®y, ¢, By)) N (NN, VI(C, A;))NT in [23,
Theorem 21].

(b) Our four-step iterative scheme (54) for THVI (24) is
more flexible, more advantageous, and more subtle
than Ceng and Al-Homidan’s three-step iterative one
in [23, Theorem 21] and than Yao et al’s two-step
iterative one (21) because it can be used to solve
several kinds of problems, for example, the THVT, the
HFPP, and the problem of finding a common point
of five sets: N, Fix(S,), N, GMEP(®y, ¢, By),
NN, VI(C, A;), GSVI(G), and T. In addition, it also
drops the crucial requirements that Fix(T) Nint C # 0
and ||x — Tx|| > kDist(x, Fix(T)), for all x € C for
some k > 0 in [33, Theorem 3.2(v)].

(c) The argument techniques in our Theorems 19 and
20 are very different from the argument ones in
[33, Theorems 3.1 and 3.2] and from the argument
ones in [23, Theorem 21] because we use the W-
mapping approach to find the fixed points of infinitely
many nonexpansive mappings {S,}r-, (see Lemmas
10 and 13), the properties of resolvent operators and
maximal monotone mappings (see Proposition 6 and
Lemma 18), the fixed point equation equivalent to the
GSVI(11) (see Proposition CWY), and the contractive
coefficient estimates for the contractions associating
with nonexpansive mappings (see Lemma 15);

(d) Compared with the proof in [23, Theorem 21], our
proof (see the arguments in Theorem 19) makes use of
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Minty’s Lemma [39] to derive w,,(x,,) C E because our
Theorem 19 involves a quite complex problem, that
is, the THVI (24). The THVT (24) involves the HFPP
for the nonexpansive mapping S and infinitely many
nonexpansive mappings {S,} -, but the problem in
[23, Theorem 21] involves no HFPP for nonexpansive
mappings.
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