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The weak Galerkin finite element method is combined with the method of characteristics to treat the convection-diffusion problems
on the triangular mesh. The optimal order error estimates in H' and L* norms are derived for the corresponding characteristics
weak Galerkin finite element procedure. Numerical tests are performed and reported.

1. Introduction

We will consider combining the method of characteristics
with weak Galerkin finite element techniques to treat the
model problem given by

aa—u+B'Vu—V-(DVu)=f,

in Q, t € (0,T],
5 in (0,T]

u(x9,0)=uy(xy), (xy)eQ, ¢y

u(lx, p,t) =@ (x, 3t), (x,y)€0Q, te(0,T],
where Q ¢ R? is a bounded convex polygonal domain with
the boundary 0Q,u is an unknown function, a(x, y,t),
uy(x, y), and f(x, y,t) are known functions, B(x, y,t) =
(bi(x, y,1)),y; is known bounded vector-valued functions,
and D = (di)j(x, ¥,1))5y, is a symmetric, bounded matrix
function. Assuming that the matrix D satisfies the following
condition, there exist positive constants «, such that

af E<E'DE, VE=(§,8) € )

For periodic problems we do away with boundary value
condition u(x, y,t) = ¢(x, y,t), (x,y) € 0Q, t € (0,T].

Here and in what follows, we will not write the indepen-
dent x, y, t for any functions unless it is necessary.

Let

1//(X, 2 t) = [a(X, Y t)z + bl(x> ¥, t)z + bz(x, ¥, t)2]1/2 (3)

and let the characteristics direction associated with the
operator au, + B - Vu be denoted by 7 = 7(x, y,t), where

222, B (4)
Then (1) can be put in the form
ou
v -V-(DVu) = f, (xy)eQ, te(0,T]. (5

The weak form for (1) seeks u € H'(Q) such that u(0) =
uy, and

(1//2—”,1/) +(DVu,Vv) = (f,v), VveH, (Q), te(0,T].
T

(6)

Let N > 0 be a positive integer, t* = iAt (0 < i < N),

and At = T'/N. The characteristics derivative will be approxi-
mated basically in the following manner. Let

_ b, At
X = - T >
a
(7)
So o, bAt
y= .
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2
and note that
ou ; u(x,y,ti) —u(E,?,ti_l)
Wa =

—F®2 4 (y-7) + @]
[(x-%7+(y-7) +(@At)] ©

U (x, ¥s ti) -u (E, Vs tH)
At '

=a

We use standard definitions for the Sobolev spaces H*(D)
and their associated inner products (-, -); p, norms | - || p, and
seminorms | - | , for s > 0. For example, for any integer s > 0,
the seminorm | - |, j; is given by

1/2
Mop = ( > j Ia“vlde> , ©)

lol=s
with the usual notation
a= (a,a),
la| = o) + axy, (10)
0% = 0710

The Sobolev norm || - ||, , is given by

s 1/2
2
Wllyp = <Z|v| j,D> . (11)
j=0

We use || - || for the L? norm.

Let y be a normed space with the norm | - || e L0, T; x)
denote the space of the maps of [0,T] into y and define the
following norms for 1 < g < oo and suitable functions v :
[0,T] — x:

T 1/q
WMo = |, Irolar) (12)

For g = co, the usual modification is made.

In many diffusion processes arising in physical problems,
convection essentially dominates diffusion, and it is natural to
seek numerical methods for such problems that reflect their
almost hyperbolic nature. Convection-diffusion problems
have been treated by various numerical methods [1-16]. Some
methods of them treating convection-dominated diffusion
problems exhibit stability limitation. The goal of this paper
is to combine the method of characteristics with the weak
Galerkin finite element method [17, 18] for convection-
dominated diffusion equation. The principal gains from these
procedures appear in time truncation. Approximation of
Ou/ot by standard backward differencing leads to errors of
the form C9%*u/0t*At in suitable norms, while characteristics
method will be shown to yield Co’u/0t*At. In problems
with significant convection, the solution changes much less
rapidly in the characteristics 7 direction than the ¢ direction
in [19]. Thus, these characteristics schemes will permit the
use of larger time steps, with corresponding improvements
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in efficiency, at no cost in accuracy. We will see that there is
no stability limitation on the size of At.

An outline of the remainder of this paper is as follows.
In Section 2, the characteristics weak Galerkin finite element
scheme for the convection-diffusion initial boundary value
problem (1) will be formulated. A generalized weak Galerkin
elliptic projection is defined in Section 3. Optimal error
estimations in both H' and L* norms of characteristics weak
Galerkin finite element solution are proved in Section 4.
The paper is concluded with some numerical experiments to
illustrate the theoretical analysis in Section 5.

2. Characteristics Weak Galerkin Finite
Element Formulations

In this section, we design the characteristics weak Galerkin
finite element schemes for the initial boundary value problem
(1). We consider the space of discrete weak functions and the
discrete weak operator introduced in [17]. Let ), = {K} be
a triangulation partition of the domain Q with mesh-size h.
As usual, we assume the triangles K to be shape-regular. For
each element K € 7, denote by K° and 9K the interior and
the boundary of K, respectively. The boundary 0K consists of
several “sides,” which are edges. Denote by &, the collection
of all edges in ;. On each K € 7, let Pj(KO) be the set
of polynomials on K° with degree less than or equal to j.
Likewise, on each 0K € &, let P;,;(0K) be the set of
polynomials on 0K with degree no more than j + 1 (ie,
polynomials of degree j + 1 on each line segment of 0K).

A weak function on the region K refers to a vector-valued
function v = {v,, v,} such that v, € Pj(KO) and v, € P;,,(0K)
with j > 0. The first component v, can be understood as the
value of v in the interior of K, and the second component v,
is the value of v on the boundary of K.

Denote this space by W(K, j)
W (K, j) = {v = {vo, v} : v, € P;(K’), v, € P}, (3K)} .
(13)

The corresponding finite element space would be defined by
patching W(K, j) over all the triangles K € J7,. In other
words, the weak finite element space is given by

S (1) = {v = {vo, v} + {vo, vl e W(K, j), VK € 9‘;1(}14)

Denote by S (j) the subspace of S,,( j) with vanishing bound-
ary values on 0Q); that is,

Sy (1) =1{v={vov} €S, () Volokran = 0 VK € T}
(15)

Let V(K,j+ 1) C [P]-Jrl(K)]2 be a subspace of the set of
vector-valued polynomials of degree no more than j + 1 on
Kandy), = {q € (I*(Q))* : qlx € V(K,j+ 1), VK € T,}.
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Foreach v = {v,, v,} € S,(j), the discrete weak gradient Vv €
Y, of v on each element K is given by the following equation:

J Vyv-qdK = —J. vV - qdK
K K
(16)
+J vwq-nds, VqeV(K,j+1).
K

To investigate the approximation properties of the dis-
crete weak spaces Sy,(j) and Y, we use a local L* projection
Quu = {Qyu, Quu} of H'(K) onto P]-(KO) X Pj+1(aK) in this
paper.

The discrete weak spaces S;,(j) and Y, need to possess
some good approximation properties in order to provide
an acceptable finite element scheme. In [17], the following
two criteria were given as a general guideline for their
construction.

(P1) Forany v € S,(j),if V;v = 0 on K, then one must have
v = constant on K. In other words, v, = v, = constant
on K.

(P2) Let u € Hy(Q) n H™'(Q), where 0 < m < j + 1,
be a smooth function on Q, and let Q,u = {Qyu, Q,u}
be the L* projection/interpolation of u in the corre-
sponding finite element space S,(j) (recall that it is
locally defined); then, the discrete weak gradient of
Qu provides a good approximation of Vu; that is,
IV, (Quu) — Vu| < CH"||ul,,,,, holds true.

Then, the characteristics weak Galerkin finite element
method based on the weak Galerkin operator (16) and weak
formulation (6) is to find u,(t) = {uy(t), u,(t)} € S,(j) for
0 <t < T, satisfying u,(f) = Qe on0Q, 0 < t < T and
u,(0) = E,u(0) (E,u(0) will be given in Section 3) in Q and
the following equation:

(w s ) v a(upy) = (fin), "

Vv = {vg, v} GSZ(]'), 0<t<T,

where af(, -) is the weak bilinear form defined by
a(w,v) = (DV,w,V,v) = J DVyw - Vyvdxdy.  (18)
Q

From the assumption of initial boundary value problem
(1), we have

(DVw, Vw) > | Vyw|’. 19)

We denote by uz = {ug,ué} € S,(j) i =0,1,...,N) the
approximation of u(t) (i = 0,1,...,N) and ﬁgl = uy(x, y,
tH) (i = 1,2,...,N) the evaluation of u, at the point
(>, £71) (i = 1,2,...,N). Then we obtain the character-
istics weak Galerkin finite element scheme for the problem
(D): find uy, = {up,uw,} € S,(j) (G = 0,1,...,N), such that

uﬁ = E,u(0) (E,u(0) would be introduced in Section 3) and,
fori=1,2,...,N,

i —ic1
(ai%’vo) + (D' V) = (£(F) %)
(20)

¥ = {vo, v} €8, (j),

where D' = D(t'); that is,

(aiug, vo) + At (Dinu;l, Vdv) = (alﬁg_l + Atf (ti) , vo) ,

Vv e, (j).
(21)

It is obvious that (20) determines v, uniquely in terms of the
u) data and f.

3. A Weak Galerkin Elliptic Projection

In the study of numerical methods for parabolic problems,
an elliptic projection associated with the problem is usually
introduced. The following Lemma 1, which is proved in Wang
and Ye [17], gives the error estimate for the second order
elliptic problem.

Lemma 1. Assume thatu € L®(0,T; H™'(Q)) with0 < m <
j+ land @, = (uy,uy) € S,(j) are the solutions of the
problems

V. (DVu)=F, inQ,0<t<T,

u=g, on 0Q,0<t<T,

a(iy,v) = (Fvy), Yv={vyv}es (j), 0<t<T,
(22)

respectively. Let Quu = {Qqyu, Quu} be the L* projection of u

in the corresponding finite element space. Then there exists a
positive constant C independent of h such that

"Vd (Qh” - ﬁh)”]fX’(o,T;LZ(Q))
< C(WIF - QoFllorzcay + W lilimoreran)
1Qutt = Bl o0 12202y

<C (hz ”F - Q0F||L°°(0,T;L2(Q)) + " ||”||L°°(0,T;H’"“(ﬂ)))’
(23)

provided that the mesh-size h is sufficiently small.

According to our problem (1), we introduce a weak
Galerkin elliptic projection operator Ej, defined: find Eju =
(T, 11y,) € Sy(j) (0 <t <T),such that

a(Eyu,v) = (=V - (DVu),v,),
(24)

V= (vt €S, (), 0<t<T.



It has been proved in [17] that the solution E,u = (i, &i,) €
Sp(j) (0 <t < T) of (24) is existence and uniqueness; then
E;,,u(0) has been defined. So u,,(0) or u2 in (17) or (20) are well
defined.

From Lemma 1, we have the following error estimates for
E,u.

Lemma2. Assume thatu € L°(0,T; H"(Q)) with0 < m <
j+ 1and Eyu € S,(j) are the solutions of the problems (1) and
(37), respectively. Let Qyu = {Qyu, Qyu} be the L* projection of
u in the corresponding finite element space. Then there exists a
positive constant C independent of h such that

d\QuUt = EpU)|| 1o o mi12(00)) S " L(0,T:H™ 1 (Q))>
”V (Qu-E u)" < CH"|ul
(25)

|Qu = Entiliomorazqony < CH™ oo pms

provided that the mesh-size h is sufficiently small.

Differentiating (24) on t, we can prove the following
Lemma 3 in the same way.

Lemma 3. Under the assumption of Lemma 2, if u, €
L0, T; H™(Q)), with 0 < m < j + 1, then there exists a
positive constant C independent of h such that

"Qhut - Eyu, “L°°(O,T;L2(Q))
(26)
1
<Ch™ (||u|| 1o(0,T;H () T ||“t||L°0(o,T;,H'"”(Q)))’

provided that the mesh-size h is sufficiently small.

4. Optimal Order of Error Estimates in
L? and the Discrete H'

In this section, we will develop the error estimates in the
H' and L* norms for the characteristics weak Galerkin finite
element method. '

Assume that u, u, (i = 0,1,...,N) and E,u are the
solutions of (1), (20), and (24), respectively. Let Q,u be the
L? projection of u in the corresponding finite element space,
and

u;_Qhuizgi_l_rli)
i By (F o1
& =u,-Eu (Eo—uo—uo), (27)

11i = Ehui —Qhui (116 = ﬁg —Qoui), i=1,2,...,N.
Then#' = Eju’ — Quu' can be handled by applying the results
in Lemma 2. So, our main goal here is to bound &' = v, —E,u/'.
Let v = {vy, v,} € S,(j) be any test function. By testing (5)
against the first component v,, we arrive at the following:

o ,v0)+(—V-(DVu),v0) =(fivg), te€(0,T].

(28)
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Subtracting (28) with t = ¢ from (20), and using (24) with
t = t', we have the following error equation:

—i—1
( %A%’O>%y%&%0

_ <I//l.a (Qoui) S Qoui - QOﬁF

or At

1
,%> 29)

—i-1
( o~ Tl ,vo>, i=1,2,...,N,
At

and EO = {fg:fg} = {0: 0}
In order to derive error estimates, we give three lemmas
which have been proved in [19].

Lemma 4. Ifn € L*(Q) and 7j(x, y) = n(x — g,(x, y)At, y —
92(x, y)At), where g, g,, g, and g,, are bounded, then

ln -7, < Clnll At,

- (30)
I =l < Clall, At.
Lemma 5. Let F(x) = x — G(x)At, where x = (x, y), G(x) =
(9,(x), g,(x)); then for all ¢ € W(Q),
lp=Fll < el (1 +ycar),
lo=F'| < lol* (1 +ycar), (3D
yl< 1.

Lemma 6. Let Quu = {Qyu, Q,u} be the L? projection of u in
the corresponding finite element space; then

i . . 2

0(Qu) Qui -~ Q!
-a
or At
(32)
4 2112

<o) |24 .

a 0,00 aT Lz(Qx[tifl,ti])

The error estimates for the characteristics weak Galerkin
finite element method in L* and H' norms are provided in
the next two theorems.

Theorem 7. Assume that u, uj, (i = 0,1,...,N), and E,u
are the solutions of (1), (20), and (24), respectively. If u, u, €
L0, T; H™'(Q)) and u,, € L*(0,T; L*(Q)), with 0 < m <
j + 1, then there exists a positive constant C independent of h
and At such that

max “ui -Q ui“
osisN Il R Sk

aZ
T

< CAt|=—

L2(0,T;L2())

ou?

12
Ot Iz (0,151 () ) ’
(33)

provided that the mesh-size h and At are sufficiently small.

m+1 2
+Ch (IIMII Lo (@) t
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Proof. Taking v = & in (29), we arrive at

<ai§0 EO EO>+(Din§i,Vd£i)

i (w" 9(Qu) _ Qu'-Qui

or At

l,gg) (34)
—11
('7" 50) i=12,...,N.

N, we first estimate the left items of (34) as

Fori=1,2,...,
follows:

< & - Eo

- @g ) - (88 )+ (4586 -8 )]

+ (D’Vdﬁi, V&)

Eo> +(D'VE,V,8)

(a EO,EO) (aifgfl,%*l)] + oc“VdfiHZ

2A
(8 - (88 (1 vica)
cewl. <,

(35)

where the last step uses Lemma 5.
Next, we estimate the right items of (34). Using Lemma 6,
we have that

ia (Qoui) iQo”i - Qoﬁi_1 i
(‘/f or “ At %o
(36)
o’u
< CAt|—
07 |2 (o fi1)) oIl

Write 77, — r_]g_l as the sum () — 15 ") + (" - ﬁf,_l) and use

IEN, < CIE,, for all &) € S(j); then

}/]O 110 6 ” ar]O
0 At #i-1

< c||

ag,

3 e

ot Loo(tx Lpiw12( Q))

Cl'% ’
ot Loo(ti—l’ti;LZ(Q))

iNn2
wef&l.-

And using Lemma 4, we have

( ’70 A_’70 50)

1 1

%1,
- (38)

1112 2
< Clli |+ e

This completes the treatment of the right-hand side.
The inequalities (35), (36), (37), and (38) can be combined
with (34) to give the recursion relation

AL [( 50’50) ( &L 1 ] _“Vdf "

Yic ipi-1 1 ou
ST(“ o &)+ Catls or? (61 52() )
el el
Ot |l (61 41512(0) i 0

If (39) is multiplied by 2At and summed in time and if it is
noted that Eg = 0, then it follows that

o o S < cor3]

L2(0,TsL2(Q))

CH% ’
ot 12(0,T5L2(0)) (40)

+ C"ﬂO"i"O(O,T;LZ(Q))

v 2cary |
=1

Using the discrete Gronwall inequality and Lemmas 2 and
3, when At is sufficiently small, we have

i 2
max&
aZ
< C(At)
or? I2(0.TiLA(Q))
ou?
2m+2
+ Ch <"u“L00(0 TH"‘H(Q)) + at LOO(O T'Hmﬂ(n)) ) .

(41)

Then, the result of Theorem 7 follows from (41) and ||£i|| =
€5 ll. The proof is complete. 0

Theorem 8. Assume that u, “Z i = .»N), and
E,u are the solutions of (1), (20), and (24), respectively. If
u, u, € L0, T;H(Q)) and u,, € L*(0,T; L*(Q)) with



0 <m < j+ 1, then there exists a positive constant C indepen-
dent of h and At such that

max [V, (14, - Q)|
aZ
< CAt| —
T 20,20
1/2
oul?
+Ch*"(||u||2m oy + || = ,
L2 OTH™®) ™ Bt {100 0,187 )

(42)
provided that the mesh-size h and At are sufficiently small.

Proof. Fori=1,2,...,N,takingv = (&' =&Y /At in (29), we
arrive at the following:

i _ 7 i i i
a EO 80 , f0 0 + Dlvdfl, Vdf E
At At At

[ 0(Qe) _aiQOui—Qoﬁi_l &H-&' (43)
“\V 7% At At

—ll S
- 0 , i=1,2,..,N.
At At

By Lemma 4, the left-hand side satisfies the inequality

i FTl i pim o i el
ar EO E0 , EO 0 + Dz Vdgz) Vd g E
At At At
(B a-g
At T At

—i-l i
B aiEO —561 f:)_ 61
At At

i piol i-1 (44)
+E[(Dvd£ Vat') = (DY, Va8 )]
& -8 &
( b Soh ) o
50 z 12
At

+ E [(D'V,E,9,8) - (D'V,E7, v,87Y)] .

The right-hand side terms can be estimated as below. First

0(Q)  oui-ai &
v or At TOAt

(45)
u ?

T

E zl
0
At

< CAt||—

LZ (ti—l ,ti;Lz(Q))
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Second,

ST &8 Ilano
At At ot

+ Clg !+

Lo(#7L,612(Q))

2

5 11
20 50
At

(46)

Combining (44), (45), and (46) with (43), we arrive at the
following:

1

o [(Divdgi, Vdf'i) B (DinEi—l,VdEi—l)]

82
T

< CAt|=—

12 (ti—l)ti;LZ(Q))

e 2
at Loo(ti—l)ti;LZ(Q))

(47)

i-1]|2 i—11|2
+Clly [ + &

Multiplying 2At and then summing over i from 1 to i at both
sides of (47) and noting that & = {0, 0}, we obtain

[v.€]" < ceary?

o*u
or? L2(0,TsL2(Q))

CH% ’
ot llz=(or2() (48)

+ C||’lo||12,oo(o,T;Hl<0>)

+cmi||£{;‘l||f, i=1,2,...,N.
=

By IIEZ)II1 < C|€6|1> for all 56 € Sg(j) and the discrete Gronwall
inequality and Lemmas 2 and 3, when At is sufficiently small,
we have

0<1<N||Vdf ”
aZ
< C(At)?
or? 12(0,T5L3(Q))
ou
+ CHP™2 (uun o (0,15t i) F )
L2(omH™ @) Ty L= (0,TH™ (@)
i=1,2,...,N.
(49)
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Using Lemma 2, (49), and triangle inequality, we have

. 2
max"V (u' - u’)“
o<ienIl @ \"h Q

2
o’u

< C(At)? =

L2(0,T:L2(Q))

2

ou
+ G2 <||U||zoo . ))
Lo (0,T;H™ 1) ot L2 (0,T;H™ 1 (Q))
i=12,...,N.
(50)
This completes the proof. O

5. Numerical Experiments

In this section, we present two examples to demonstrate
the convergence order of the studied characteristics weak
Galerkin finite element method. Let 7, be a quasi-uniform
triangulation with mesh-size h and let At = T/N be the
time step. In the numerical tests, discrete weak spaces 82(0)
and X, with V(K, 1) being the lowest order Raviart-Thomas
element RT(K) on the triangle K, are considered. We denote
the numerical solution of u(x, y, T) by u;, and the error by

e, = {eo, eb} = u;l:] - Qhu(xa b2 T)

(0,1) x (0,1),

2 2 1
e ® ],the exact

Example 1. In this example, we take Q =

T = 1, the coefficient matrix D = [ L
xy x“+y +1

solution u = cos(27t?) sin(7rx) sin(rry) which satisfies homo-
geneous Dirichlet boundary condition, and the initial con-
dition u,(x, y) = sin(mx) sin(mry). Here are two settings of
B: (i) B = —[cos(mx) sin(ry), sin(mx) cos(ry)]” and (i) B =
[x(1 — x), y(1 - y)]T. With each selection of B, the source
term f can be obtained by substituting the exact solution
into the equation. For a fixed mesh ratio At/h = 0.5, the
norm of e, and V,e, with the options (i) and (ii) of B
is reported in Tables 1 and 2, respectively. It is observed
that the numerical results reflect the convergence order of
scheme (20) and support our theoretical conclusions in
Section 4.

Example 2. In this example, we study the case for which the
exact solution has a sharp front moving with time. The exact
solution is given by u(x, y,t) = fi(x+x(1 - x)t, y+ y(1 - y)t),
where

1
1 + e~ (=D +0-1)=r)fe

u(x,y)=1- , (51)
r = 0.5,and ¢ = 0.02. We set Q = (0,1) x (0,1), T = 1, the
coefficient matrix D = [} 9], and B = —[x(1 - x), y(1 - y)]".
The norm of e, and Ve, for At/h = 0.5 is reported in
Table 3. It shows that the characteristics weak Galerkin finite
element method can simulate the solution with a sharp front
effectively.

TABLE 1: Error behavior of Example 1 with the setting (i) of B and
At/h =0.5.

At h lle,l Order= IV,ell Order=
27t 27 6.649 -2 — 3.324e -1 —
27 2t 3537¢-2 0.911 1.819¢ — 1 0.869
2% 27 1.885¢ — 2 0.908 9.520¢ — 2 0.934
27 2% 9473e-3 0.993 4.767¢ -2 0.998
28 27 4.710e - 3 1.008 2.369¢ — 2 1.008

TABLE 2: Error behavior of Example 1 with the setting (ii) of B and
At/h =0.5.

At h llegl Order~ IV, ell Order~
27t 27 4833e-2 — 2.808¢ — 1 —
2% 2 2.76le — 2 0.807 1.515e — 1 0.890
276 27 1.477¢ -2 0.902 7.901e — 2 0.939
27 2% 7665¢-3 0.946 4.050e — 2 0.964
278 27 3.916¢ - 3 0.968 2.060e — 2 0.975

TABLE 3: Error behavior of Example 2 for At/h = 0.5.

At h lleo |l Order= [IV4el Order=
2% 2t 3.94le - 2 — 7.965¢ — 1 —
2% 27 1.942¢ - 2 1.021 3.352¢ -1 1.248
27 2® 9.733¢ — 3 0.996 1.562¢ — 1 1.102
2% 27 4.934e -3 0.980 7.668¢ — 2 1.025
27?0 278 2.502¢ — 3 0.980 3.773e - 2 1.023
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