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Consider the nonlinear matrix equation X — Y\") A7 X?A; = Qwith 0 < p; < 1. Two perturbation bounds and the backward error
of an approximate solution to the equation are derived. Explicit expressions of the condition number for the equation are obtained.

The theoretical results are illustrated by numerical examples.

1. Introduction

In this paper we consider the Hermitian positive definite
solution of the nonlinear matrix equation

X-YA;xPA; =Q €

i=1

where 0 < p; < 1(i=1,2,...,m),A,A,,..., A arenxn
complex matrices, m is a positive integer, and Q is a positive
definite matrix. Here, A7 denotes the conjugate transpose of
the matrix A;.

When m > 1, (1) is recognized as playing an important
role in solving a system of linear equations. For example,
in many physical calculations, one must solve the system of
linear equation

Mx = f, (2)
where
I 0 A
0 I 0 A,
M=| e G)
0 0 I A,
Al A5 - AL Q

arises in a finite difference approximation to an elliptic partial
differential equation (for more information, refer to [1]). We
can rewrite M as M = M + D, where

X 0 -+ 0 A
0 XFP ... 0 A,
M = E . >
0 0 X P A,
Al A A, —Q
(4)
I-Xh 0 0 0
0 I-XP 0 0
D = .. E
0 0 ce I=X"Pm 0
0 0 0 0

M can be factored as

-I 0 0 0
0 -I 0 0
M= : : . : :
0 0 -1 0

_A"I‘X,Dl _A’;XPZ
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2
-Xh 0 . 0 -A
0 -XP ... 0 -A,
x : : :
0 0 -XPm —A,
0 0 0 X

©)

if and only if X is a solution of equation X - Y" | AT XP/A; =
Q. When m = 1, this type of nonlinear matrix equations
arises in ladder networks, dynamic programming, control
theory, stochastic filtering, statistics, and so forth [2-7].

For the similar equations X + A*X?A = Q, X® +
A'XTA=QX+Y1 AJX A, =Land X = Q-A* X 'A+
B*X'B, there were many contributions in the literature to
the theory, numerical solutions, and perturbation analysis [8-
32]. Jia and Gao [33] derived two perturbation estimates for
the solution of the equation X — A*X9A = Q with 0 <
q < 1. In addition, Duan et al. [34] proved that the equation
X-y" A;‘X‘S"Ai =Q (0 < |8, < 1) has a unique positive
definite solution. They also proposed an iterative method for
obtaining the unique positive definite solution. However, to
our best knowledge, there has been no perturbation analysis
for (1) with m1 > 1 in the known literature.

As a continuation of the previous results, the rest of the
paper is organized as follows. In Section 2, some preliminary
lemmas are given. In Section 3, two perturbation bounds
for the unique solution to (1) are derived. Furthermore, in
Section 4, we obtain the backward error of an approximate
solution to (1). In Section 5, we also discuss the condition
number of the unique solution to (1). Finally, several numer-
ical examples are presented in Section 6.

We denote by " the set of n X n complex matrices, by
" the set of n x n Hermitian matrices, by I the identity
matrix, by i the imaginary unit, by || - || the spectral norm,
by || - |z the Frobenius norm, and by A, (M) and A ;. (M)
the maximal and minimal eigenvalues of M, respectively. For
A = (a....a,) = (@;) € €"" and a matrix B, A® B =
(a;;B) is a Kronecker product, and vec A is a vector defined

by vecA = (alT, . ,af)T. For X,Y e ™", we write X >
Y (X > Y,resp.) if X — Y is Hermitian positive semidefinite
(definite, resp.).

2. Preliminaries

Lemma 1 (see [35]). f A > B > 0and 0 < y < 1, then
AY > B,

Lemma 2 (see [33]). For any Hermitian positive definite
matrix X and Hermitian matrix AX, one has

(i) X = (singm/m) [, X'P(AML + X)"' X'/°A171d), 0 <
g<l;

(i) X1 = (singm/(1 - g)m) [[° XML + X)X (AT +
X)X A9d), 0 < g < 1L

In addition, if X + AX > (1/v)X > 0and 0 < q < 1, then
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(iii) [X AT (X + AX)T — XDAX 2| < q(Ix7?
AXX 12| 4+ o X 2AXX 2 | x2AX )

Lemma 3 (see [34]). The matrix equation X-Y | A} X%A, =
Q (0 < |6;] < 1) always has a unique positive definite solution
X. The matrix sequence X,

m
* 10,
Xopmer =Q+ Y AIXLA, s=0,1,2,...,  (6)
i=1

converges to the unique positive definite solution X for arbitrary
initial positive definite matrices X,, X,, ..., X,

3. Perturbation Bounds

Here the perturbed equation
X-YIXPA -0 @)

is considered, where 0 < p; < 1 and A; and Q are small
perturbations of A; and Q in (1), respectively. We assume that
X and X are the solutions of (1) and (7), respectively. Let
AX=X-X,AQ=Q-QandAA; = A, - A,.

By Lemma 3, we know that (1) always has a unique posi-
tive definite solution X; then in this section two perturbation
bounds for the unique positive definite solution of (1) are
developed. The relative perturbation bound in Theorem 5
does not depend on any knowledge of the actual solution X of
(1). Furthermore, a sharper perturbation bound in Theorem 8
is derived.

To prove the next theorem, we first verify the following
lemma.

Lemma 4. If X is a solution of (1), then

X > </\min (Q) + iAmin (AjAl) Aﬁfnin (Q)) I= ﬁI (8)
i=1

Proof. By Lemma 3, (1) with 0 < p; < 1 always has a unique
positive definite solution X. Then X > 0, and it follows that
XP' > 0. Therefore X > Q. By Lemma 1 and (1), we have X >
Q+ 37 ATQMA; 2 Apnin(Q)+ X A (AT ADAL, QI =
BI. O

The next theorem generalizes [33, Theorem 4] with m =
1, |AQ] = 0 to arbitrary integer m > 1, ||AQ]| > 0.

Theorem 5. Let b = B + |AQl - Y7 p:fP AN s =
Yy BEIAANCIAN + IAAND. If

0<b<2(B-5s),
i ©)
B - 4(B-s) (s +1AQl) >0,
then
X-X m
Ix-x1 oY |4 +wlaQl £E,  (10)
11 =
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where
_ 2s
S 2] (b+ b2 -4 (B9 (s 1aQD)
1
2
w = .
b+ B~ 4(B~s) (s + AQD)
Proof. Let
Q= <IAX e ™" | xPaxx
(12)

<o) [AA] + wllAQll]» .

i=1
Obviously, Q) is a nonempty bounded convex closed set. Let

f(AX) = i (A5 (X +AX)P A, - ATXPA,;)
i=1 13)

+AQ, AXe€Q.

Evidently, f : Q — Z™" is continuous. We will prove that
flQ)ca.

For every AX € , it follows that IX2AXXV?) <
0 Xty IAA; ] + wllAQ. Thus

(ei a4 +wIIAQ||>I

i=1

> X V2AxxV?

> (—QZ [AA;] - w ||AQ||>1,
i=1

(14)
(1 +0) [AA ] +w ||AQ||> X
i=1

> X+ AX

> <1 oY a4 - w IIAQII> X.
i=1
According to (9), we have

2(18Ql +3)
b+ \B? —4(B~s) (s + AQD)

- 2(1AQ] + s) - b
b 2(B-5s)

m

o) |AA] + @ AQ] =
i=1

15)

<1l

Therefore

<1 -0y 2] —wIIAQH)X > 0. (16)

i=1

From Lemmas 2 and 4, it follows that

m
Y AT (X +AX)P - XP) A, [ X7

H Py
i=1

< ( |x2axx71?|

|xaxx ||2
-l [aA ] -l

(Sabernacp)
i=1

< <||X“2AXX“2|| +

< _Di
<(BEar).
i=1

||X’1/2AXX’1/2“2
1-o X7, [AA;] - wlaQ]

(17)
Therefore

“Xfl/zf (AX) X71/2||

m
YA (X +AX)PA, - A;XP A,

) ”X_l/z
i=1

x X 12 4 xV2aQx 12

m
Y XA (X +AX)P - XPY A X

i=1

<

raax ]

+ Y X2 [AA (X + AX)P (A, + AA))

i=1

+AT(X + AX)PAA] XTI

-1/2 -1/2
S<||x AXX | S AT wiaal

D
<3 2ar)
i=1

2 AA | 2|4, + [|aA])
+;II I LII)I laa,]

e axcef )




Z A
X <1 + QZ [AA;] + w ||AQ||> + %
i=1

EZ m ; )
(s ) (B ar)

AQ]|
"B

+§<1+zl)

= 51-
(18)

That is, f(Q) € Q. By Brouwer’s fixed point theorem, there
exists a AX € Q such that f(AX) = AX. Moreover, by

Lemma 3, we know that X and X are the unique solutions
to (1) and (7), respectively. Then

|- x] _paxy _ X2 (X Paxx?) x|

Ixi X X1
(19)
m
< [x72AxXT| < @) AA| + wIAQ] .
i=1
O
Remark 6. According to
o) [AA] +wllAQ
i=1
(20)

_2(ZE [aA ] A + [aA]) + 1aQl)
b+ b2~ 4(B~3) (s +AQ)

>

we get QZZI IAA;l + w|AQ|l — 0 for |[AQ| — 0 and
IAA;l = 0 (i=1,2,...,m). Therefore (1) is well posed.

Next, a sharper perturbation estimate is derived.
Subtracting (1) from (7), we have

m i . S %
ax + Y AT j [+ )7 x4,
= T

21
x AX [(AI+ X)X A, ] AP dA -

=E+h(AX),
where

B;=XPA, i=12,...,m,

E=) (B'AA, + AATB) + Y AATXPIAA. + AQ,
Z( 1 1 171 1 1

i=1 i=1
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Z,(aX) = S0PT J XY2 + X)AXM + X + AX)™!
T 0
x AXM + X) ' X2 AP gy,

V.

1

(Ax) = 20B7 I XM+ X)AX
T 0

x (ML + X + AX) "L X2 P7g),

h(AX) = i [A7Z,(AX) A, - A}V, (AX) AA,

i=1
~AAV; (AX) A,].
(22)

Lemma 7. If Y7 (| A;|*/B* ") < 1, then the linear operator
L: 7" — ™" defined by

LW =W+ i—smp"”
P

x W [(AL+X)"'X'?4,]

x \PTLAL W oe

is invertible.

Proof. It suffices to show that the following equation:
Lw=V (24)

has a unique solution for every V € Z#™". Define the oper-
ator M : Z" — Z"" by

MZ = isinpiﬂ
P

© i 12
x L XPArx
(25)

x (M + X) 1 x12zx12
x (M + X) ' x12A, X712

x AP ), Z e ™
LetY = X WX ™2 Thus (21) is equivalent to

Y + MY = X V2yx12, (26)
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According to Lemma 2, we have

m

My <)

i=1

sin p;7

12 12
xjo XPArx

x (M +X)"' XM+ X)™
27
x XA, X‘”z)tp"_ld/\“ 0l )

m 2
< (1-p) [xP2ax72| )
i=1

m A 2
< Z" lill‘ 1Yl < 1yl
B

which implies that |[M|| < 1 and I +M is invertible. Therefore,
the operator L is invertible. O

Furthermore, we define operators P; : " — Z™" by

P,Z, =L (B'Z;+Z'B), Z; €€, i=12,...,m.

(28)
Thus, we can rewrite (21) as

AX =L'AQ

+YPAA; + L7 (ZAAfXP "AAI-> (29)
i=1 i=1

+ L7 (h(AX)).
Define

-1

“L “: max
WE%an
[Wi=1

L'wl,

(30)

[PJ = max [Pz]. i=12...m

e

1Zl=1
Now we denote that
L=

&=1x".

0 = TZ;@'IA:‘UZ’

¢=1x7

m =[P,

i=1,2,...,m,

5
_1 < & 2
€=7 1AQ] + Z n ||AA;| + THAAi" ,
=1
é‘ m
o= 7251' A+ [aA]) |AaA,].
i
(31)

Theorem 8. Suppose that X and X are the solutions of (1) and
(7), respectively. If Y A7 /B P < 1,
o<1,
(1-0)* (32)

S 400+ 20+ 2(C10) (0Lt 0)

then
|X- x| < 2 =,
l+e( -0+ \/(1+Ce—0)2—4e((+6)
(33)
Proof. Let
f(AX)=L"'AQ + iPiAAi
o (34)

+L7° (iAA:.‘XP"AAi> + L7 (h(AX)).

i=1

Obviously, f : Z" — Z"™" is continuous. The condition
(32) ensures that the quadratic equation ({ + 0)x* — (1 +Le—
0)x+e = 0 with respect to the variable x has two positive real
roots. The smaller one is

2€

Y= .
1+eC—a+\/(1+Ce—0)2—4e(4”+6) (35)

Define Q = {AX € ™" :| AX ||< v}. Then for any AX € Q,
by (32), we have

|xax| < x| 1axy < ¢

2€ le+o-1

1+le-0 1+le-o (36)

<14 -2(1-0)({o+0)
- C+00+20)(1+le-0)

It follows that I — X 'AX is nonsingular and

|- x7'ax| < (37)

! < ! )
1-||x1aX] ~ 1-¢AX]
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Using (22) and Lemma 2, we have

1z ax)] < (1 - p) 1aXP|x 7"
x ll(I + X‘le)’lu |7

IAX]?
1-CIAX] (38)

< fiCZ

[v. )] < [l naxy x| (1 + x*ax) "

1AX]

=S ey

In@ax)l < Y (1A 1z ax)|

i=1
+ (2] A+ [aa])
x |laA] [vi (ax)])

< (sear

i=1

|AX|| (39)

- ClAX]|

+ (2l + aas))

1AX]| )

<A A

Noting (31) and (34), it follows that
I @) = 71001+ Y (ol + flaar)

+ 7 Ik (AX)]

(40)
OIAX]?

1-CAX]

o |AX]
1-ClAX]

oy 07

<e+ =
1-¢v 1-Qv

for AX € Q. Thatis, f(Q) € Q. According to Schauder fixed
point theorem, there exists AX, € Qsuchthat f(AX,) =X

It follows that X + AX, is a Hermitian solution of (7). By
Lemma 3, we know that the solution of (7) is unique. Then
[AX, ] =X - X < O

Remark 9. From Theorem 8, we get the first order perturba-
tion bound for the solution as follows:

|- x] < 7 IaQi+ S laa)
i=1 (41)

+O(|(AA},8A,,...,04,,0Q)3),

as (AA},AA,,...,AA,,AQ) — 0.
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Combining this with (29) gives

Ms

AX =L7'AQ+ L") (BfAA; + AATB)

1l
—

i (42)
O(I(aA,,84,,...,24,,,8Q)[;).

as (AA,AA,,...,AA,,,AQ) — 0.

4. Backward Error

In this section, a backward error of an approximate solution
for the unique solution to (1) is obtained.

Theorem 10. Let X > 0 be an approximation to the solution
- —1/2,2

Xof ). If= = Y7 pIXP?AX 2" < 1 and the residual

RX)=Q+Y AT XPA, - )?satisﬁes

0,
I s min 3

(43)
where 0, = 1 + "X_l" "R X “ -2>0,
then
X~ x| <u|z(Z)].
2[x] |7 (a4
where p = — —.
6y + o} - 4[X [ ()]
Proof. Let

¥ ={AX e ™" |XPAXXT| < 6, |R(X)|}, (45)

where 6, = u/ 1X]I. Obviously, ¥ is a nonempty bounded
convex closed set. Let

g(AX) = iA:.‘ [(X+ax)" -XP| 4, +R(X). (46)
i=1

Evidently g : ¥ +— Z"™" is continuous. We will prove that
g(¥) € ¥. For every AX € ¥, we have

|X2axX712| < 6, R (X)|.- (47)
Hence
X PAXX T 2 -6, |R(X)| 1. (48)
That is,
X+ax2(1-6,|R(X)|)X. (49)
Using (43), one sees that
_ 2| X HR(X
A wnz _4"""55.(1 | n)“ 6]
1 (50)
2R
< — 91

Therefore (1 — 6,||[R(X)[)X > 0.
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According to (17), we obtain

“X‘—l/zg (AX) 5(‘—1/2 ||

< <||551/2AX5(‘1/2" xraxsoep ||X I/ZAXX‘”Z" )

-0 [R(X)]

+[XPR(X) X

(ool S s o)
o JR(3)]

(51)

for AX € V. Thatis, g(¥) < Y. By Brouwer’s fixed point
theorem, there exists a AX € ¥ such that g(AX) =
Hence X + AX is a solution of (1). Moreover, by Lemma 3,
we know that the solution X of (1) is unique. Then

-] = < ][R x5

.|| Jx ()] = [ ()]

5. Condition Number

In this section, we apply the theory of condition number
developed by Rice [36] to study condition numbers of the
unique solution to (1).

c(X) =

AA; €6 AQeF™"

5.1. The Complex Case. Suppose that X and X are the
solutions of the matrix equations (1) and (7), respectively. Let

AA; = A;-A;,AQ = Q-Qand AX = X-X. Using Theorem 8
and Remark 9, we have

AX=X-X=L"AQ

m
+L7' Y (Bf AA; + AA]B;) (53)
i=1
O(|(AA}, AA,....,AA,, AQ)|}).
as (AA |, AA,,...,AA,,AQ) — 0.

By the theory of condition number developed by Rice
[36], we define the condition number of the Hermitian
positive definite solution X to (1) by

IAXI

c(X) = lim sup 7

=01l (AAL /11 A 1y DA 15U ) | 1<

where &, P> and n, i = 1,2,...,m, are positive parameters.
Taking & = ; = p = 1 in (54) gives the absolute condition
number ¢,,(X), and taking & = | X||g, n; = Al and p =
QI in (54) gives the relative condition number ¢, (X).

Substituting (53) into (54), we get

L™ (aQ+ X7 (B; A4, + A47B))],

1
- max
E (DA IAA, 1A A wlfAQIp) #0 [(AA,/ny, AA, I, ..,

AA /1 AQ/P)| 5
(55)

&7 (ot + 52 1 (B7E, + E7B)),

1

- max

¢ (Ey>EppeeEpuH) #0
E,-E%”X",HE%"X”

Let L be the matrix representation of the linear operator L.
Then it is easy to see that

L=I+ i% ro [A1+x)7 x4,
i=1 0

® [+ x4, (56)

x AP,

|(Ey, Es ...

’Em’H)“F

Let

L' =$+ix,
L' (IeB)=L" (Ie(XPA,)") =U, +i,

L (Bl enm=1"((x"4)" ®

S -5
=z 5l

I)T1 = U, +i0,,




vecH = x +1iy, vecE, = g, +1ib, g = (xT,yT,alT,

blT,...,aZ;l,b;)T, M = (E\,E,,...,E,,H),wherex, y,a,,b, €

2 2 2
R, 8,5,U, U Q:,Q € B, i =1,2,...,m, and TI
is the vec-permutation matrix, such that

vec AT = TIvec A. (58)

Then we obtain that

. ) *
c(X) = lmax ||L (pH+ Y, n;(B'E; + E; Bi))”F
EM#:O "(El’Ez,...,Em’H)“F

pL ™' vecH

1
= —max
EM;eo(
m

+ ZniL_l ((I® B;")vecE,

i=1

+(BiT®1)vecE;‘)H)

X ("VCC (E1> E2> RS Em’ H)I|)71

1
- o

1p (S+iZ) (x +1iy) (59)
+ i’?i (U, +iQy) (4 +ib,)

i=1

+(Up, +iQy,) (a; - ib;)]

)

X (||vec (Ep Ez) o rEm’ H)”)_l

lm I(pSe: MU 1:Uss - 11U) 4|
ax
£ 940 Il

1
= E ||(pSC,111U1, U ’7mUm)” >

E, €e€™, Hex™".

Then we have the following theorem.

Theorem 11. If Y", ||Ai||2/[31_P" < 1, then the condition
number c(X) defined by (54) has the explicit expression

1
c(X)= E "(PSC’ﬂIUI’rIZUZ"'"”mUm)" > (60)

where the matrices S, and U, are defined as in (57).
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Remark 12. From (60) we have the relative condition number

[QNESe Al -Urs [ A2 U - [ A [6Un)]

X) =
crel( ) ”X”F

(61)

5.2. The Real Case. In this subsection we consider the real
case. That is, all the coefficient matrices A;, Q of (1) are
real. In such a case the corresponding solution X is also
real. Completely similar arguments as Theorem 11 give the
following theorem.

Theorem 13. Let A;, Q be real and let ¢(X) be the condition
number defined by (54). IfZ::l IIAiIIZ/ﬁl_P" < 1, then ¢(X)
has the explicit expression

1
c(X)=< "(Psr’r]lUl’rIZUZ""

5 > nmUm)“ 4 (62)

where
s, = I+ ZM J [+ )7 x4,
= T

T -1

®l(/\1 +X)7 XA, | AL (63)

Uy =S, [Te(A]XP)+((A]xP) e I)TI],

1
i=12,...,m.

Remark 14. In the real case the relative condition number is
given by

[UQNES, Al :Ur: [ A2 U - [ AU

Crel (X) = ||X||
F

(64)

6. Numerical Examples

To illustrate the results of the previous sections, in this section
three simple examples are given, which were carried out using
MATLAB 7.1. For the stopping criterion we take &, ,(X) =
I1X, - Y ATXPA; - Qll < 1.0e - 10.

Example 15. We consider the matrix equation

X-ATX"PA - AXPA, =1, (65)
with
A, = (1/3) +2 x 1072 )
Al
-2
A, = (1/6) +3x 10 ) (66)
Al
0 0.95
A= (0 : )
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TABLE 1: Assumptions check for Example 15 with different values of
j.

j 4 5 6 7

ass, 1.0749 1.0753 1.0753 1.0753
ass, 0.9248 0.9247 0.9247 0.9247
ass, 0.8543 0.8550 0.8550 0.8550
ass, 0.9999 1.0000 1.0000 1.0000
asss 0.7645 0.7648 0.7648 0.7648

Suppose that the coefficient matrices A, and A, are
perturbedto A; = A; + AA,, i = 1,2, where

107/ T
AAI = m (C + C) >
- (67)
C3x1077 4
M= TErq (c"+0),

and C is a random matrix generated by MATLAB function
randn.

We now consider the corresponding perturbation bounds
for the solution X in Theorems 5 and 8.

The assumptions in Theorem 5 are

ass; =2(B-s)-b>0,

ass, = B+ 1AQI - Y ppP A" > 0, (68)
i=1

ass; = b* —4 (B —s) (s +[|AQ]) = 0.

The assumptions in Theorem 8 are

assy, =1-0>0,
(1-o0)? (69)

-€e>0
C+0C+20+2+((C+6) (ol +06))

By computation, we list them in Table 1.

The results listed in Table 1 show that the assumptions of
Theorems 5 and 8 are satisfied.

By Theorems 5 and 8, we can compute the relative
perturbation bounds &, and &, = v/|| X|, respectively. These
results averaged as the geometric mean of 10 randomly
perturbed runs. Some results are listed in Table 2.

The results listed in Table 2 show that the perturbation
bound &, given by Theorem 8 is fairly sharp, while the bound
&, given by Theorem 5 which does not depend on the exact
solution is conservative.

ass; =

Example 16. We consider the matrix equation

X-ATX"A, - ALXPA, =1, (70)

with

_(1/3)+2x107°
! Al

>

_(1/6) +3x 1072

A
: LAl

Aa

(71)
0

=

Il
S OO =N
OO = N
N =IO O
N = O OO

1
2
1
0

Choose X, = A, X, = 2A. Let the approximate solution X
of X be given with the iterative method (6), where k is the
iteration number.

The residual R(X;) = I + ATX) A, + ALXPA, - X,
satisfies the conditions in Theorem 10.

By Theorem 10, we can compute the backward error
bound for X as follows:

5, x] = R (%) o2
where
_ a1y
6, + 67 — 4 X & (%)

6, = 1+ | % [r (%)

(73)

- (0.5”2,1(/4A1)~(;1/2“2
+025] %4, 5.7,

Some results are listed in Table 3.
The results listed in Table 3 show that the error bound
given by Theorem 10 is fairly sharp.

Example 17. We study the matrix equation
X — ATXI/ZAI _AZXI/SAZ _ Q: (74)

with

0 0.55+107%
Al:(o 0 )

1
A2 = EAI’ (75)

Q=(é })

By Remark 14, we can compute the relative condition number
Crel(X). Some results are listed in Table 4.

Table 4 shows that the unique positive definite solution X is
well conditioned.
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TABLE 2: Perturbation bounds for Example 15 with different values of ;.
j 4 5 6 7
||5( - X|| J1IXI 2.5627 x 107° 3.8447 x 10°° 5.1681 x 1077 2.1776 x 10°°
& 2.1885x 107 1.9891 x 107° 2.4026 x 10°° 1.8251x 1077
g 8.0828 x 107 7.4741 x 10°° 8.8011 x 10~ 6.9496 x 10
TABLE 3: Backward error bound for Example 16 with different values of k.
k 8 10 12 14
|%: - x| 6.1091 x 1074 4.0865 x 107° 2.6837 x 107 1.7372 x 1077
u|REY)| 7.1435x 107 4.7784 x107° 3.1381x 107 2.0318 x 1077

TABLE 4: Relative condition number for Example 17 with different
values of k.

k 1 3 5 7 9
Ga(X) 10717 10228 10225 10225 10225
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