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This paper is concerned with the asymptotical behavior of solutions to the reaction-diffusion system under homogeneous Neumann
boundary condition. By taking food ingestion and species’ moving into account, the model is further coupled with Michaelis-
Menten type functional response and nonlocal delay. Sufficient conditions are derived for the global stability of the positive steady
state and the semitrivial steady state of the proposed problem by using the Lyapunov functional. Our results show that intraspecific
competition benefits the coexistence of prey and predator. Furthermore, the introduction of Michaelis-Menten type functional
response positively affects the coexistence of prey and predator, and the nonlocal delay is harmless for stabilities of all nonnegative
steady states of the system. Numerical simulations are carried out to illustrate the main results.

1. Introduction

The overall behavior of ecological systems continues to be
of great interest to both applied mathematicians and ecol-
ogists. Two species predator-prey models have been exten-
sively investigated in the literature. But recently more and
more attention has been focused on systems with three or
more trophic levels. For example, the predator-prey system
for three species with Michaelis-Menten type functional
response was studied by many authors [1-4]. However, the
systems in [1-4] are either with discrete delay or without
delay or without diffusion. In view of individuals taking
time to move, spatial dispersal was dealt with by introducing
diffusion term to corresponding delayed ODE model in
previous literatures, namely, adding a Laplacian term to the
ODE model. In recent years, it has been recognized that there
are modelling difficulties with this approach. The difficulty is
that diffusion and time delay are independent of each other,
since individuals have not been at the same point at previous
times. Britton [5] made a first comprehensive attempt to
address this difficulty by introducing a nonlocal delay; that

is, the delay term involves a weighted-temporal average over
the whole of the infinite domain and the whole of the previous
times.

There are many results for reaction-diffusion equations
with nonlocal delays [5-18]. The existence and stability of
traveling wave fronts were studied in reaction-diffusion equa-
tions with nonlocal delay [5-9]. The stability of impulsive
cellular neural networks with time varying was discussed
in [10] by means of new Poincare integral inequality. The
asymptotic behavior of solutions of the reaction-diffusion
equations with nonlocal delay was investigated in [11, 12] by
using an iterative technique and in [13-15] by the Lyapunov
functional. The stability and Hopf bifurcation were discussed
in [16] for a diffusive logistic population model with nonlocal
delay effect.

Motivated by the work above, we are concerned with
the following food chain model with Michaelis-Menten type
functional response:
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fort > 0, x € Q with homogeneous Neumann boundary
conditions

ou, Ou, Ou,
—_— = — = 2
> =30 = 3 0, t>0, x€oQ, (2)

and initial conditions

u; (t,x)=¢;(t,x) =20 (i=1,2), (t,x) € (—00,0] x Q,

u; (0,x) =¢; (x) 20, x€Q,

(3)

where ¢; is bounded, Holder continuous function and satis-
fies 0¢;/0v = 0 (i = 1,2,3) on (—00,0] x 0Q. Here, Q is a
bounded domain in R" with smooth boundary 0Q) and 0/0v
is the outward normal derivative on 0Q. u;(t, x) represents
the density of the ith species (prey, predator, and top predator
resp.) at time ¢ and location x and thus only nonnegative
u;(t, x) is of interest. The parameter a, is the intrinsic growth
rate of the prey, and a, and a, are the death rates of the
predator and top-predator. a;; is the intraspecific competitive
rate of the ith species. a,, is the maximum predation rate. a,,
and a,, are the efficiencies of food utilization of the predator
and top predator, respectively. We assume the predator and
top predator show the Michaelis-Menten (or Holling type
II) functional response with u,/(m, + u,) and u,/(m, + u,),
respectively, where m, and m, are half-saturation constants.
For a through biological background of similar models, see
(18, 19]. As our most knowledge, the tritrophic food chain
model has been found to have many interesting biological
properties, such as the coexistence and the Hopf bifurcation.
However, the effect of nonlocal time delays on the coexistence
has not been reported. Our paper mainly concerns this
perspective.

Additionally, [ [* (ui(s, )/(m; + u; (s, Y))K;(x, y,t -
s)dsdy (i = 1,2) represents the nonlocal delay due to
the ingestion of predator; that is, mature adult predator can
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only contribute to the production of predator biomass. The
boundary condition in (2) implies that there is no migration
across the boundary of Q.

The main purpose of this paper is to study the global
asymptotic behavior of the solution of system (1)-(3). The
preliminary results are presented in Section 2. Section 3 con-
tains sufficient conditions for the global asymptotic behaviors
of the equilibria of system (1)-(3) by means of the Lyapunov
functional. Numerical simulations are carried out to show the
feasibility of the conditions in Theorems 8-10 in Section 4.
Finally, a brief discussion is given to conclude this work.

2. Preliminary Results

In this section, we present several preliminary results that will
be employed in the sequel.

Lemma 1 (see [3]). Let a and b be positive constants. Assume
that ¢, ¢ € C'(a,+00), @(t) > 0, and ¢ is bounded from
below. If(/b'(t) < —be(t) and go'(t) < K in [a, +00) for some
positive constant K, then lim, _, ,  o(t) = 0.

The following lemma is the Positivity Lemma in [20].

Lemma 2. Let u; € C([0,T] x Q) C"*((0,T] x Q) (i =
1,2,3) and satisfy

3
u;, —d;Au; > Zbij (t, x) u; (£, x)
=1

3
+ Zcijuj (t —Tj x) in (0,T] x Q, @
=

ou; (t, x) -

o0v
u; (t,x) >0

0 on (0,T] x0Q,

in [-7,0] x Q,

where by, ¢;; € C([0,T] x Q), u, = W), Ifb; > 0 for j#i
and ¢; > 0 for alli, j = 1,2,3. Then u;(t, x) > 0 on [0,T] x Q.
Moreover, if the initial function is nontrivial, then u; > 0 in

0,T] x Q.

Lemma 3 (see [20]). Let € and € be a pair of constant vector
satisfying € > € and let the reaction functions satisfy local
Lipschitz condition with A = (C, ). Then system (1)-(3) admits
a unique global solution u(t, x) such that

C<u(t,x) <G V>0, xeQ, (5)

whenever € < ¢(t,x) <€, (£, x) € (—00,0] x Q.

The following result was obtained by the method of upper
and lower solutions and the associated iterations in [21].
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Lemma 4 (see [21]). Let u(t,x) € C([0,00) x Q) N
C>'((0, 00)xQ) be the nontrivial positive solution of the system

u, —dAu =Bu(t —7,x) + Aju(t, x)

- Ay’ (t,x), (t,x) € (0,00) X Q,
ou (®)
— =0, (t,x) € (0,00) x0Q,
ov
u(t,x)=¢(tx)>0, (tx)€(-1,0)xQ,

where A >0, B, A,, 7 > 0. The following results hold:

(1) ifB+A, >0, thenu — (B+A,)/A, uniformly on Q
ast — oo;

(2) ifB+ A, <0, thenu — 0 uniformlyon Qast — oo.

Throughout this paper, we assume that

K (%, 5,t) =G; (x, p,t) k; (t), x,y€Q, k; (t) > 0;

J Gi(x,y,t)dxzj Gi(x,y,t)dy=1, t>0;
Q Q 7)

rm k;(t)dt =1, tk;(t) € L' ((0,+00);R),
0

where G;(x, y,t) is a nonnegative function, which is continu-
ousin (x, y) € QxQforeacht € [0,+00) and measurable in
t € [0, +00) for each pair (x, y) € Q x Q.

Now we prove the following propositions which will be
used in the sequel.

Proposition 5. For any nonnegative initial function, the
corresponding solution of system (1)-(3) is nonnegative.

Proof. Suppose that (u;, u,, u3) is a solution and satisfies ; €
C([0,T) x Q) N C((0,T) x Q) with T < +00. Choose 0 <
7 < T. Then

u, —dAu; = Ay, 0<t<T, x€Q,
Uy, —dAu, = Ayu,, 0<t<T, x€Q,

Us, —dsAuy = Ajus, 0<t<T, x€Q,

8)
ou:
Hi_o, 0<t<t, x€dQ,
ov
u;(t,x) >0 (i=1,2,3),t<0, xe€Q,

3
where
a,u
A =a, —a,u - —22
1 1~ 9t .
Lu(sy)
A, = —ay+ J j _nlsy)
: 2" Q Joco my +uy (s, y)
x Ky (x, y,t —s)dsdy o
Qs
—azzuz—Lsa
My + U,
¢ u, (s,
A3=_a3+a32J J Ly)
aJco my +u, (s, y)

x K, (x, y,t —s)dsdy — az;u;.

It follows from Lemma 2 that u; > 0, (t,x) € [0, 7] x Q. Due
to the arbitrariness of 7, we have u; > 0 for (¢,x) € [0,T) x

Q. O

Proposition 6. System (1)-(3) with initial functions ¢; admits
a unique global solution (u;,u,, us) satisfying 0 < u;(t,x) <
M; fori =1,2,3, where M, is defined as

a
M, = max {2 1, 0o |

(‘121 - az) M, -ma,

M, = max 1
? ay, (my + M,)

> ||‘/>2 (t x)"L‘X’((—oo,()]xQ)} ’

( (a32 - ‘13) M, -m,a,
b
ay, (my + M,)

M; = max 4

||¢3 (x)"LOO(Q)} :
(10)

Proof. It follows from standard PDE theory that there exists
aT > 0 such that problem (1)-(3) admits a unique solution
in [0,T) x Q. From Lemma 2 we know that u;(t, x) > 0 for
(t,x) € [0,T) x Q. Considering the first equation in (1), we
have

ou,

5 " d\Auy < uy (a) —ayuy). (11)

Using the maximum principle gives thatu; < M,.Inasimilar
way, we have u; < M, fori = 2, 3. It is easy to see that (0,0, 0)
and (M,, M,, M;) are a pair of coupled upper and lower
solutions to system (1)-(3) from the direct computation. In
virtue of Lemma 3, system (1)-(3) admits a unique global
solution (u;, u,, u3) satisfying 0 < u;(¢, x) < M; fori = 1,2, 3.
In addition, if ¢, (£, x), ¢, (t, x), P;(x), (t, x) € (—00,0] x Qis
nontrivial, it follows from the strong maximum principle that
ui(t,x)>0(i=1,2,3)f0rallt>0,x€§. O

3. Global Stability

In this section, we study the asymptotic behavior of the
equilibrium of system (1)-(3). In the beginning, we show the
existence and uniqueness of positive steady state.
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FIGURE 1: Graphs of the equations in (12). L, is the boundary
condition (a; = ay,v,/(m, + v,)) and L, corresponds to —a, +
ay (v /(m, + v, )) — ay,v, = 0, while L, corresponds to a, — a,,v, —
a,v,/(my +v, ) = 0. Intersection point between L, and L, gives the
positive solution (v}, v;) to (12). Parameter values are listed in the
example in Section 4.

Let us consider the following equations:

apV,

a, —anvy - =0,
my + vy
(12)
b1

m; +v;

—a, + —ayv, = 0.

A direct computation shows that the above equations have
only one positive solution (v{, v,) if and only if
H, :a, (ay - a,) > myaay,, (13)

is satisfied. Taking H, into account, we consider the equation
as = as,v, [(m, + v, ), which corresponds to L in Figure L.
It is clear that if a; < as,v,/(m, + v5), the intersection
: * * . .
point (v;, vy) always lies in L. Let

H, :azm, < (a3, — a3) v,. (14)

Suppose that H, and H, hold. We take u; as a parameter and
consider the following system:

apl,

a —apu - ———— =0,
m, +u,
a, u u
o+ 211_au_‘7233 0, (15)
Hh Tt ——— —anlh
m; +u, m, + u,
Az U,
—a3+3——a33u3:0.
m, + u,

When the parameter u; is sufficiently small, the first two
equations in (15) can be approximated by (12). Moreover,
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by continuously increasing the value of u;, L5 goes up, and
meanwhile the intersection point between L, and L, also
goes up. However, L; goes up faster than L,, while L, keeps
still. In other words, there exists a critical value u; such
that the intersection point lies in L, which implies that
there is a unique positive solution E*(u;,u5,u;) to (15), or
equivalently (1)-(3).

Lemma 7. Assume that H, and G, hold, and then the positive
steady state E* of system (1)-(3) is locally asymptotically stable.

Proof. We get the local stability of E* by performing a
linearization and analyzing the corresponding characteristic
equation. Similarly as in [22], let 0 < p; < p, < p3 <
... be the eigenvalues of —A on Q with the homogeneous
Neumann boundary condition. Let E(y;) be the eigenspace
corresponding to y; in C'(Q), fori = 1,2,3,.... Let

X = {u = (up, uy,uy) € [Cl (5)]38,7u =0,x¢€ aQ} , (16)

{pij»j = 1,...,dim E(y;)} be an orthonormal basis of E(y;),
and X;; = {c- @ijlce R®}. Then

dim E(y;)

(e}
X= P x, x=Ppx. 17)

j=1 i=1

Let D = diag(D,,D,,D;) and v = (v;,v,,v3), v; =
u; — u;, (i = 1,2,3). Then the linearization of (1)
isv, = Lv = DAv + F/(E")v, F(E)v = {c;}>
where ¢; = bvi,i = 1,2,3, ¢, = bypvy, o5 =

bysvs, 6 = by jQ Ltoo vi(s, VK (x, y,t —s)dsdy, and ¢;,
by, IQ J’—too vy(s, YKy (%, y, t = s)ds dy. The coefficients b;; are
defined as follows:

* %
a, U U
12
by = —ayu; + —= 12 3>
*
(my +uy)
;
by=-——28 o0
2= e 13=0,
1t U
¥
b = dy MU,
=T (18)
(m, 'H"l)
* % *
b = —gyt 3t b = __ “ath
22 = Taply T X I —
(my +u3) my +u,
*
as, M, U
_ _ 32777273 _ *
by, =0, by, = % by; = —as3u;.
(my + u;3)

Since X; is invariant under the operator L for each i > 1, then
the operator L on X; is v, = Lv = Dy,v + F(E*)v. Let v; =
ceM(i = 1,2,3) and we can get the characteristic equation
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¢;(A) = A’ + A;A*> + BA + C; = 0, where A,, B;, and C; are
defined as follows:

A;=(d, +dy+ds) p; = by, — by, — by,

= (d,d, + dyd; + dsd,) #z’z

+[ds (=by = by) +d, (=bs3 —byy)
+d, (=byy = bss) |

+ by by + by by; + by by
~baba J ki (s) e ds = bysby, J k, (s) e ds,
0 0

Ci = dld2d3tu? + [_b33d1d2 - b11d2d3 - b22d1d3] Mtz
(19)

+ | biibyds + by byzd, + byybysd, + byybysd,

—dybub, J K, (s) e ds
0
—dbysby, J k, (s) e_ASdS] Hi
0
[ —by1bybs5 + by, by, b3 J ky (s) e Mds

by byybs, J K, (5) e_’\sds] .
0

It is easy to see that by,, by;, by; < Oand by, by, > 0. It
follows from assumption G; and G, that a;; < 0, a,, < 0.
SoA; >0,B;, >0,C; >0and A;B,—C; > Ofori > 1
from the direct calculation. According to the Routh-Hurwitz
criterion, the three roots A;;, A;,, ;3 of ¢;(A) = 0 all have
negative real parts.

By continuity of the roots with respect to y; and Routh-
Hurwitz criterion, we can conclude that there exists a positive
constant & such that

Re{); },Re{A;,} , RefA;5} < -, i>1.  (20)

Consequently, the spectrum of L, consisting only of eigen-
values, lies in {ReAd < —¢}. It is easy to see that E* is
locally asymptotically stable and follows from Theorem 5.1.1
of [23]. O

Theorem 8. Assume that

*
a, (ay —ay) apu
14y 12
Hy: —=—= > a), > =2,
ma, m?

(21)

H, and G, hold, and the positive steady state E* of system (1)-
(3) with nontrivial initial function is globally asymptotically
stable.

Proof. Itiseasy to see that the equations in (1) can be rewritten
as

ou
8_t1 —dAuy = u, [ —dan (ul - ”T)
_ap (1, —u3) aptt; (uy —uy)
my + iy (my +uy) (my +up)
ou

t
B_t2 —d,Au, = u, [ JQ J_ K, (x, y,t—5s)

aymy (uy (s, y) - uf) dsd
(my +uy (s, y)) (my +uf)

B s _023(“3_”;)
ay (uy —u3) .

a3ty (u, —u]) ]
(my +u,) (my +u3)
t
Oy —dsAuy = uy [J J K, (x, y,t —s)
ot Q J-co

az,m, (uy (s, y) - ”;)

(my +u, (s, ) (my +u3)

dsdy

—ass (U3 — u3) ] .

(22)

Define

V(t):ocj (”1— —uy In i)
Q U
+J- (u u2 —u2 —2> (23)
Q u,
+ﬂj@( u3—u3lnu3>dx,

where o and f§ are positive constants to be determined.
Calculating the derivatives V(t) along the positive solution
to the system (1)-(3) yields

Vi) =0 () + D, (), (24)

adu’ d,u;
D, () =- JQ< ulz ! |Vu1|2 + %Wuﬂz

1 2

+/M+”3|Vu3|2)dx,
Uz



*
apu,

]( —u?)dx

(ml +uy) (my +up)

.
ay3Us

_.Lszz_ 0”2+lh)(n5-+u;)](uZ_IG)de

_J “zs(“s_u;)(uz_”;)dx
Q m, +u,

_J aay, (1, —uy) (uy _“T)dx
Q my; +u,;

+ ”Q J_too K, (x, y,t —s)

aymy (uy (s, y) —uy) (uy (8, %) —u3)
(my +uy (s, y)) (my +uf)

+ ﬁ“g [OO K, (x, y,t —s)

Az, (”2 (s,y) - ”;) (”3 (t,x) - ”;)

(my +u, (s, ) (my + u3)

dsdydx

dsdydx.

(25)

Applying the inequality ab < ea” + (1/4€)b*, we derive from
(25) that

®2(t)<—J-

*
apu,
ap —
Q

(my +uy) (my +u)

](ul—uffdx

J ay3(us — dx

Q

ar3tt; )
- d
L [ (my + u,) (m2+u2)] (1 =y

aa 2 1 #\2

+ L _:Zul [el(ul uy) + E(u2 -u,) ]dx
-

i jg 5+ U, [462 (1 -

SRR

a1 My

(ml +uy (s, 9)) (my +u)

[eston () =)’

1) + ey - )’ dx

+L(u2 (t,x)—u})* |dsdydx
4e;
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+ “Q J-_too K, (x, y,t—s)

az, fm,
(my +u, (s, ) (my +u3)

< gt () -y

+ey(us (6, %) — 1) | dsdy dx.

(26)

According to the property of the Kernel functions K;(x, y,t),
(i = 1,2), we know that

*
aajpu,  aap,€, 2
(Dz(t)g—j aay — —5= - —— | (u; —u; ) dx
Q my m,

*
_J [02 _sly  aa;; dy

2 2
Q m; dmie;  4mye,

A1 #\2
- - d
ol KORAEE
€ asfe 2
- JQ [%3/3_ % - %] (13 —uy) dx
9163 ”’ Jt
+ = K, (x, y,t—s
m N o) ! (x.y )
x (u; (s, y) — ) dsdy dx
t
+ M” J K, (x, y,t =)
4myeq J) a J-o
x (y (s, y) — ) dsdy dx.
(27)
Define a new Lyapunov functional as follows:
E(t)=V ()
Sl L
+ = K, (x, y,r
m, oo L ( y )
x (u; (s, y) — ) dsdrdy dx
+oo t
o | T TS
41’71264 aJo t—r
x (y (s, y) — ) dsdr dy dx.
(28)
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It is derived from (27) and (28) that

B0 <[ (Sl s Ll
a\ uj u;

d *
+ﬂu+u3|Vu3|2>dx
3

1 nm
_%” (uy — u Vo (29)
m; |Ja
| a, _5123“; _&a,, Gy 4y
P omd dmpe,  dmye,  4me
a *
_Lf’)” (uy — ) dx
4mye, | Ja
3363 ﬁ%z%] J 2
—lapf-—=-—= Uy — U, ) dx.
Pl | RS

Since (u;, u,, u;) is the unique positive solution of system (1).
Using Proposition 5, there exists a constant C which does not
dependon x € Qort > Osuchthat ||u;(-, )], < C(i = 1,2,3)
for t > 0. By Theorem A, in [24], we have

lloo

[lu; t)||cz,,x@ <C, Vt>1. (30)
Assume that

2 *
G, :a;ymi > apu,,

1
2“126’21”’; S

2 _ %
as3 apmy — apu,

2a,3a5,

2 *
G, aypm; > ayus +

and denote

x
Adpl, QA€ Gy €3

2 b
my m my

l, = aa;, -

*
Gyl ady, Gy dy a5,
2 >
m; 4mie;, 4mye, 4dmye;  4mye,

L=ay-

ay3€ as,€
Iy = ayf - ::12_/37:12 ..
2 2
(32)

Then (29) is transformed into

E' (1) < -j <“d12“1 Via |+ 22 g
Q uy u;

d.us
(Lt IVu3|2>dx (33)
uz
3

- Zli L (u; — ) dx.

i=1

7
If we choose
2 *
) a3 a; my — apl,
- b ﬁ - > el = 63 = 4—’
an as ma, (34)
m,ass
€, = = ==
2 =€ day,
then; > 0 (i = 1,2, 3). Therefore, we have
> 2
E®<-Yi J (s — u? . (35)
=1 JQ

From Proposition 6 we can see that the solution of system
(1) and (3) is bounded, and so are the derivatives of (u; — ;")
(i = 1,2,3) by the equations in (1). Applying Lemma 1, we
obtain that

(i=1,2,3). (36)

t — 00

lim J (u; —u))dx =0,
Q
Recomputing E' (t) gives

E'()< —J (“dlul [Vu, | + %Wuzf
Q u

uj ;
dyu;
+/3 32 3 |Vu3|2> dx (37)
us

= J;) (qu1|2 + |Vu2|2 + |Vu3|2)dx =-g(t),

where ¢ = min{ad, u; /M2, d,u; /M2, ,8d3u;/M§}. Using (30)
and (1), we obtain that the derivative of g(¢) is bounded in
[1,+00). From Lemma 1, we conclude that g(t) — Oast —
00. Therefore

nmj (19, + [V + Vi) dx = 0. (38)
Q

t— 00
Applying the Poincaré inequality
J Mu —ul*dx < J |Vu|*dx, (39)
Q Q
leads to

lim J (u;- %) dx =0, (i=1,23), (40)
Q

t— 00

where u; = (1/ IQI)'[ u;dx and A is the smallest positive
eigenvalue of —A with the homogeneous Neumann condition.
Therefore,

Q] (@, (t) - ul) = j (@, (1) - u})dx
Q
- j (8, (8) =y (8,%) + wy (1) — u} ) dx
Q
<2 J (@, () — u, (t, %)) dx
Q

+2 J (uy (£, %) —ul) dx.
o
(41)



So we have o, (t) — u; ast — oo. Similarly, ,(t) — u,
and u;(t) — wu; ast — 00. According to (30), there exists
a subsequence t,,, and non-negative functions w; € C*(Q),
such that

Jim Ju; (1,) ~ 0, Ol @ =0 (=1,23).  (42)

Applying (40) and noting that 7;(f) — u;’, we then have w; =
u?, (i=1,2,3). That s,
lim [u; (~t,) =1 |e@ =0 (G=123). (43)

m— o0

Furthermore, the local stability of E* combining with (43)

gives the following global stability. O
Theorem 9. Assume that
Hy - a, (ay; — ay) > ay, > “12‘2’2 ’ (44)
mya, my

H, and G, hold, and then the semi-trivial steady state E,
of system (1)-(3) with non-trivial initial functions is globally
asymptotically stable.

Proof. It is obvious that system (1)-(3) always has two non-
negative equilibria (u,,u,,u;) as follows: E, = (0,0,0) and
E, = (a,/a;,,0,0). If H, and H, are satisfied, system (1) has
the other semitrivial solution denoted by E, (v, v;,0), where

H,:aym, > (a5, —a3) v,. (45)

We consider the stability of E, under condition H; and
H,. Equation (1) can be rewritten as

au * a (I/l _V*)
a_tl —dAuy =y, [_all (u, - Vl)_ umllez
‘112"; (”1 - VT)
(my +uy) (my +v;)
ou
a_t2 —dzAuz
t
= U [L J Ky (x, .t =)
a21m1 (ul (S’y)_vr) d d
(my +uy (57)) (my +v9) 7
(46)
_ _ry o GaslUs
a (”2 Vz) my + iy
ou
a—: —d3AM3

= u, “Q [OOKZ (x, y,t =)

as,m;, (uy (s, y) - ";)

(my +u, (s, ) (my +v3)

dsdy

—A33Usy :| .
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Similar to the argument of Theorem 8, we have u, (x,t) — v}
and u,(x,t) — v; ast — oo uniformly on Q provided that
the following additional condition holds:

2 *
G;: aymi > apv,,

2 (47)
303, 2a,,a,,1m,

2 % °
ass a;)my —apV,

2
Gyt aypm; >

Next, we consider the asymptotic behavior of u5(f, x). Let

a3 — (a3, — a;) v,

0= ,
26

8 =lay, —ay. (48)

Then there exists t; > 0 such that
v —0<u,(t,x)<v,+0, Vt>t, xeQ. (49)

Consider the following two systems:

Wy — d3Aws = wy | —a; +

(t,x) € [t;, +00) X Q,

0
TB 2o, (ha)e [t,, +00) x 09,
ov
wy =u;, (t,x) € (-00,t;] xQ,
( ) (50)
as, (v, -0
W3t - d3AW3 = W3 —as + n12+—f/;_9 —aszV3 |,

(t,x) € [t;,+00) X Q,

% =0, (tx) € [t;,+00) x 0Q,
Wy =u,, () € (—00,t] x Q.

Combining comparison principle with (50), we obtain that

Wi (t,x) <us(t,x) <ws (t,x), VE>t, x¢€ Q. (51

By Lemma 4, we obtain

0= tlim W; (8, x) < inf uy (£, x) < sup u; (£, x)

_ (52)
< limws (t,x) =0, VxeQ,
t— 00

which implies that lim, _, . u5(t, x) = 0 uniformly on Q. [
Theorem 10. Suppose that G5 and G hold, and then the semi-

trivial steady state E, of system (1)-(3) with non-trivial initial
functions is globally asymptotically stable.
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Proof. We study the stability of the semi-trivial solution E, =
(#i;,0,0). Similarly, the equations in (1) can be written as

ou, _ a;,u,
ot diAuy = uy [_‘111 (”1 - ”1) - —ml T >
ou,

—= —d,Au

at 2 2

t
:uz[—a2+J J K, (x, y,t =)
Q J-co

ayymy (uy (s, y) —1iy)

—dsdy
(my +u, (s, y)) (my + ;)
anth, _ OGy3ls
m; + U, A2tz m, + U,
ou
a—: d3Au3

t
= u, [—a3+J J K, (x, y,t =)
Q J-co

MG D WS] ,
m, +u, (5’ J’)
(53)

Define

V(t):“J [Ul_ﬁl_ﬁllog?]dx‘l"[ uzdx
Q u; Q
(54)

+ [)’J uzdx.
Q

Calculating the derivative of V(t) along E,, we get from (54)
that

V() <- IQ [oc (au - %)] (uy — 1) dx

+ J G — Xy Gy Gy ] Ldx
22 2
Q 4mie;  4e,m,  4mye;
[ 936 | 2
+ J Bas; — uzdx
ol m,
[ a, i
—J (az— 2171 >u2+a3u3]dx
al my + 1, (55)

t
<z 2 K ) ’t_
- jaj_m (ot —s)

x (uy (s, y) - ;) ds dy dx
t
+ M” J K, (x, y,t—s)
Q J-o0

4e,m,

x 15 (s, y) dsdy dx.

Define
E({t)=V(t)

=00
+ = K, (x, y,1
", oo o 1( y )

x (u; (s, y) — ) dsdrdy dx

+00 t
I | A e
464”’12 QJo t—r

x (4, (s, y) — ) dsdr dy dx.

(56)
It is easy to see that
2
Vu
E (0 < —ocdlﬁlj Vil
Q uy
a,,€ a, €
- J [(x (au -2 1) - M] (u, — 1)) dx
Q my m
+J [a _Qdyy Gy Oy
ol 2 dmie;  4mye,  4mies
(57)
a
-2 ]u%dx
4m, e,
a6, a3,[3€
+J [/3(133— 23%2 32/3 4]u§dx
Q m2 le
a1y ) ]
- - —=— |u, —aBu,; | dx.
L[(% — 2 — a3 Pu;
Assume that
Gs: ay(ay —ay) < mayay,,
2 (58)
a 20,0, M
G6:a22m§ S 343, et 212 2
as3 ap my
Let
aa; € €
I, = aay, - 12€1 9 3
my my
Leg._ %2 %3 %1 _ a5, (59)
2o dmie, dmye, 4dmye; 4mye,
L = e, Pase,
y=apf-—— - ——.
m, m,
Choose
3 B a3 e a;m,
- > - > 1 — 3 — >
ap asz 4a,, (60)
m,ass
€) = €4 = 4—
as,
Then we getl; > 0 (i = 1,2, 3). Therefore we have
li t,x) =,
Nm wy (8, x) = 8, (61)

uniformly on Q. O
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Uy

(©)

FIGURE 2: Global stability of the positive equilibrium E* with an initial condition (¢,, ¢,, ¢;) = (2.7 + 0.5 sin x, 2.7 + 0.5 cos x, 2.7 + 0.5 sin x).

Next, we consider the asymptotic behavior of u,(t, x) and T 3 T wuy
us(t, x). For any T' > 0, integrating (57) over [0, T'] yields T _L J wydx dt = ays JO JQ m, + us dxat
’ JT ” J (5, y) 5 (t.%)
Vul —m2 +ay; =
E(T) +ady||— | +L]|u, -], 0o Jalow m+u(sy)
Uy iy (62)

x K, (x, y,t —s)dsdydxdt.
+ L[ |[13 + L |us|; < E0),

(63)
T L )
where ||l = [, |, uidxdt.Teimpliesthat [l]l, <C; (1= Note that
2,3) for the constant C; which is independent of T. Now we
consider the boundedness of ||| Vi, ||, and [||Vu;]|l,. From the
Green’s identity, we obtain J T J’ (£ %) ou, (t, x) dx dt
S ot
T T 2
d, J j |Vuy (¢, ) dox dt - j J 19 4t ax
0 Ja 0o Jo2 ot
! L[ 2 L > 2
=—d2J u, (t, x) Au, (t, x) dx dt = —J u, (T,x)dx——J u; (0,x)dx < M; |Q],
0 JO 2 Q 2 Q

T du, T T, T
= —J J‘ uza—dx dt —a, J J. uydx dt J J uyusdx dt < M J J. uydx dt,
Q t Q Q 0o Ja

0 0 0
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Uy

1

FIGURE 3: Global stability of the positive equilibrium E, with an initial condition (¢,, ¢,, ¢;) = (2.7 + 0.5 sin x, 2.7 + 0.5 cos x, 2.7 + 0.5 sin x).

T T

J J u;dxdt <M, J J ugdx dt,
0o Ja 0 Ja

[, [ et g,
0 —co My + U (5’ }’)

T
< J J u§ (t, x)dx dt.
0 Ja

—s)dsdydxdt

(64)

Thus, we get [||[Vu,|ll, < C,. In a similar way, we have

IIVusll, < Cs. Here C, and Cs are independent of T'.
It is easy to see that u,(t,x),us;(t,x) € L*((0, 00);
W(Q)). These imply that
tlingollui GOl =0, i=23. (65)

From the Sobolev compact embedding theorem, we know

thjr.}O””i C t)“c@) =0, i=23. (66)

In the end, we show that the trivial solution E, is an
unstable equilibrium. Similarly to the local stability to E*, we
can get the characteristic equation of E; as

A+ Dy —a;) A+ wDy +ay) (A + Dy +a;) =0. (67)

Ifi = 1, then y; = 0. It is easy to see that this equation admits
a positive solution A = a,. According to Theorem 5.1 in [23],
we have the following result.

Theorem 11. The trivial equilibrium E,, is an unstable equilib-
rium of system (1)-(3).

4. Numerical Illustrations

In this section, we perform numerical simulations to illustrate
the theoretical results given in Section 3.
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FIGURE 4: Global stability of the positive equilibrium E; with an initial condition (¢;, ¢,, ¢5) = (2.7 + 0.5 sin x, 2.7 + 0.5 cos x, 2.7 + 0.5 sin x).

In the following, we always take Q = [0, 1], K;(x, y,t) =
G;(x, y, t)k;(t), where k;(t) = (1/t")e" (i = 1,2) and

1 23
G, (x, y.t) = — —Ze_dzn ‘ cosnx cosny,

nn:l

(68)

129 e
G, (x,9,t)=—+ =) e ®" " cosnx cosny.
2 (6 7,) = — ﬂzl y

However, it is difficult for us to simulate our results directly
because of the nonlocal term. Similar to [25], the equations
in (1) can be rewritten as follows:

ou a, U
=L —d,Au, =u,(a —ayu, - —22),

ot my +u,
ou aysU

2 _ 4 Ay, = 23U
—= - U, = U, | —a, + a,, v, — aythy — ——"—
ot 28U, 2 o T ay V) —dxpnly my + Uy >
Ou,

E - d3A1/l3

= us (—ay + a5y, — azu;),

ov 1 u
—l—dZAv1=—< 1 —v1>,
ot ™ \m; +uy

0
L =L (),
ot ™ \m, +u,
(69)
where
(! 1 gpe_ i(s)
Vi:J J G;(x,y,t—s)—e " V" — 2" _dyds,
0 J-oo T m; + 1 (s, )
i=1,2.
(70)

Each component is considered with homogeneous Neumann
boundary conditions, and the initial condition of v; is

w0
L s ti(sy)
i 0) = G s ) T - —d d:
i (0.%) Jo J—oo oy S)T*e m; +u; (s, ) e
i=1,2.
(71)
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In the following examples, we fix some coeflicients and
assume thatd, =d, =d; =1, a9, =3, a,=1, m =m, =
L,a =1 a, =12, ay = 1, a;; = 12, and 7° = 1. The
asymptotic behaviors of system (1)-(3) are shown by choosing
different coeflicients a,;, a,;, a5, and as,.

Example 12. Let a;; = 53/9, a,; = 81/13, a; = 1/13 and
az, = 14. Then it is easy to see that the system admits a unique
positive equilibrium E*(1/2,1/12,1/12). By Theorem 8, we
see that the positive solution (u,(¢, x), u,(t, x), u;(t, x)) of
system (1)-(3) converges to E* ast — ©00. See Figure 2.

Example 13. Let a;;, = 6, a,, = 12, a; = 1/4 and
a;, = 1. Clearly, H, does not hold. Hence, the positive
steady state is not feasible. System (1) admits two semi-
trivial steady state E,(0.4732,0.2372,0) and E,(1/2,0,0).
According to Theorem 9, we know that the positive solution
(1, (£, x), uy(t, x), us(t, x)) of system (1)—(3) converges to E,
ast — o00. See Figure 3.

Example 14. Leta;, = 6, a,; = 2, a; = 1/4and a;, = 1.
Clearly, H, does not hold. Hence, E* and E, are not feasible.
System (1) has a unique semi-trivial steady state E, (1/2,0, 0).
According to Theorem 10 we know that the positive solution
(u, (&, x), uy(t, x), us(t,x)) of system (1)-(3) converges to E,
ast — o0o. See Figure 4.

5. Discussion

In this paper, we incorporate nonlocal delay into a three-
species food chain model with Michaelis-Menten functional
response to represent a delay due to the gestation of the preda-
tor. The conditions, under which the spatial homogeneous
equilibria are asymptotically stable, are given by using the
Lyapunov functional.

We now summarize the ecological meanings of our
theoretical results. Firstly, the positive equilibrium E* of
system (1)-(3) exists under the high birth rate of the prey
(a;) and low death rates (g, and a;) of predator and top
predator. E* is globally stable if the intraspecific competition
a,, is neither too big nor too small and the maximum harvest
rates a,,, a,; are small enough. Secondly, the semi-trivial
equilibrium E, of system (1)-(3) exists if the birth rate of the
prey (a,) is high, death rate of predator a, is low, and the death
rate (a;) exceeds the conversion rate from predator to top
predator (as,). E, is globally stable if the maximum harvest
rates a,,, d,; are small and the intra-specific competition a,,
is neither too big nor too small. Thirdly, system (1)-(3) has
only one semi-trivial equilibrium E; when the death rate (a,)
exceeds the conversion rate from prey to predator (a,,). E,
is globally stable if intra-specific competitions (a,;, a,,, and
as3) are strong. Finally, E; is unstable and the non-stability of
trivial equilibrium tells us that not all of the populations go
to extinction. Furthermore, our main results imply that the
nonlocal delay is harmless for stabilities of all non-negative
steady states of system (1)-(3).

There are still many interesting and challenging problems
with respect to system (1)-(3), for example, the permanence
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and stability of periodic solution or almost periodic solution.
These problems are clearly worthy for further investigations.

Acknowledgments

This work is partially supported by PRC Grants NSFC
11102076 and 11071209 and NSF of the Higher Education Insti-
tutions of Jiangsu Province (12KJD110002 and 12KJD110008).

References

[1] R. Xu and M. A. J. Chaplain, “Persistence and global stability
in a delayed predator-prey system with Michaelis-Menten type
functional response;” Applied Mathematics and Computation,
vol. 130, no. 2-3, pp. 441-455, 2002.

[2] H.FE Huoand W. T. Li, “Periodic solution of a delayed predator-
prey system with Michaelis-Menten type functional response,”
Journal of Computational and Applied Mathematics, vol. 166, no.
2, pp. 453-463, 2004.

[3] Z. Lin and M. Pedersen, “Stability in a diffusive food-chain
model with Michaelis-Menten functional response,” Nonlinear
Analysis: Theory, Methods & Applications, vol. 57, no. 3, pp. 421-
433, 2004.

[4] B. X. Dai, N. Zhang, and J. Z. Zou, “Permanence for the
Michaelis-Menten type discrete three-species ratio-dependent
food chain model with delay;” Journal of Mathematical Analysis
and Applications, vol. 324, no. 1, pp. 728-738, 2006.

[5] N. E Britton, “Spatial structures and periodic travelling waves
in an integro-differential reaction-diffusion population model,”
SIAM Journal on Applied Mathematics, vol. 50, no. 6, pp. 1663—
1688, 1990.

[6] S. A. Gourley and N. E Britton, “Instability of travelling wave
solutions of a population model with nonlocal effects,” IMA
Journal of Applied Mathematics, vol. 51, no. 3, pp. 299-310, 1993.

[7] X. Zhang and R. Xu, “Traveling waves of a diffusive predator-
prey model with nonlocal delay and stage structure,” Journal of
Mathematical Analysis and Applications, vol. 373, no. 2, pp. 475-
484, 2011.

[8] Z.C. Wang, W. T. Li, and S. G. Ruan, “Existence and stability of
traveling wave fronts in reaction advection diffusion equations
with nonlocal delay;” Journal of Differential Equations, vol. 238,
no. 1, pp. 153-200, 2007.

[9] S. A. Gourley and S. G. Ruan, “Convergence and travelling
fronts in functional differential equations with nonlocal terms:
a competition model,” SIAM Journal on Mathematical Analysis,
vol. 35, no. 3, pp. 806-822, 2003.

[10] X. H. Lai and T. X. Yao, “Exponential stability of impul-
sive delayed reaction-diffusion cellular neural networks via
Poincaré integral inequality;” Abstract and Applied Analysis, vol.
2013, Article ID 131836, 10 pages, 2013.

[11] R. Xu and Z. E. Ma, “Global stability of a reaction-diffusion
predator-prey model with a nonlocal delay,” Mathematical and
Computer Modelling, vol. 50, no. 1-2, pp. 194-206, 2009.

[12] Z. Li, E D. Chen, and M. X. He, “Asymptotic behavior of the
reaction-diffusion model of plankton allelopathy with nonlocal
delays,” Nonlinear Analysis: Real World Applications, vol. 12, no.
3, pp. 1748-1758, 2011.

[13] Y. Kuang and H. L. Smith, “Global stability in diffusive delay
Lotka-Volterra systems,” Differential and Integral Equations, vol.
4, no. 1, pp. 117-128, 1991



14

[14] Z. G. Lin, M. Pedersen, and L. Zhang, “A predator-prey system
with stage-structure for predator and nonlocal delay,” Nonlinear
Analysis: Theory, Methods & Applications, vol. 72, no. 3-4, pp.
2019-2030, 2010.

[15] R. Xu, “A reaction-diffusion predator-prey model with stage
structure and nonlocal delay;” Applied Mathematics and Com-
putation, vol. 175, no. 2, pp. 984-1006, 2006.

[16] S. S. Chen and J. P. Shi, “Stability and Hopf bifurcation in a
diffusive logistic population model with nonlocal delay effect;
Journal of Differential Equations, vol. 253, no. 12, pp. 3440-3470,
2012.

[17] H. I Freedman, Deterministic Mathematical Models in Popula-
tion Ecology, vol. 57 of Monographs and Textbooks in Pure and
Applied Mathematics, Marcel Dekker, New York, NY, USA, 1980.

[18] P. A. Abrams and L. R. Ginzburg, “The nature of predation: prey
depedent, ratio dependent or neither;” Trends in Ecology and
Evolution, vol. 15, no. 8, pp. 337-341, 2000.

[19] D. L. DeAngelis, R. A. Goldstein, and R. V. O’Neill, “A model
for trophic iteration,” Ecology, vol. 56, no. 4, pp. 881-892, 1975.

[20] C. V. Pao, “Dynamics of nonlinear parabolic systems with time
delays,” Journal of Mathematical Analysis and Applications, vol.
198, no. 3, pp. 751-779, 1996.

[21] FE Xu, Y. Hou, and Z. G. Lin, “Time delay parabolic system in
a predator-prey model with stage structure,” Acta Mathematica
Sinica, vol. 48, no. 6, pp. 1121-1130, 2005 (Chinese).

[22] P. Y. H. Pang and M. X. Wang, “Strategy and stationary pattern
in a three-species predator-prey model,” Journal of Differential
Equations, vol. 200, no. 2, pp. 245-273, 2004.

[23] D. Henry, Geometric Theory of Semilinear Parabolic Equations,
vol. 840 of Lecture Notes in Mathematics, Springer, New York,
NY, USA, 1981.

[24] K. J. Brown, P. C. Dunne, and R. A. Gardner, “A semilinear
parabolic system arising in the theory of superconductivity,”
Journal of Differential Equations, vol. 40, no. 2, pp. 232-252,1981.

[25] S. A. Gourley and J. W. H. So, “Dynamics of a food-limited
population model incorporating nonlocal delays on a finite
domain,” Journal of Mathematical Biology, vol. 44, no. 1, pp. 49—
78,2002.

Abstract and Applied Analysis



