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We extend the classical SIRS epidemic model incorporating media coverage from a deterministic framework to a stochastic
differential equation (SDE) and focus on how environmental fluctuations of the contact coefficient affect the extinction of the
disease. We give the conditions of existence of unique positive solution and the stochastic extinction of the SDE model and discuss
the exponential p-stability and global stability of the SDE model. One of the most interesting findings is that if the intensity of
noise is large, then the disease is prone to extinction, which can provide us with some useful control strategies to regulate disease

dynamics.

1. Introduction

Recent years, a number of mathematical models have been
formulated to describe the impact of media coverage on
the dynamics of infectious diseases [1-10]. Mass media
(television, radio, newspapers, billboards, and booklets) has
been used as a way of delivering preventive health messages
as it has the potential to influence people’s behavior and
deter them from risky behavior or from taking precautionary
measures in relation to a disease outbreak [7, 11, 12]. Hence,
media coverage has an enormous impact on the spread and
control of infectious diseases [2, 3, 9].

On the other hand, for human disease, the nature of
epidemic growth and spread is inherently random due to
the unpredictability of person-to-person contacts [13], and
population is subject to a continuous spectrum of distur-
bances [14, 15]. In epidemic dynamics, stochastic differential
equation (SDE) models could be the more appropriate way
of modeling epidemics in many circumstances and many
realistic stochastic epidemic models can be derived based on
their deterministic formulations [16-28].

In [10], Liu investigated an SIRS epidemic model incor-
porating media coverage with random perturbation. He
assumed that stochastic perturbations were of white noise
type, which were directly proportional to distance susceptible
S(t), infectious I(t), and recover R(t) from values of endemic

equilibrium point (S*,I*,R"), influence on the dS(¢)/dt,
dI(t)/dt, dR(t)/dt, respectively. In fact, besides the possible
equilibrium approach in [10], there are different possible
approaches to introduce random effects in the epidemic
models affected by environmental white noise from biological
significance and mathematical perspective [28-30]. Some
scholars [17, 28, 30, 31] demonstrated that one or more system
parameter(s) can be perturbed stochastically with white noise
term to derive environmentally perturbed system.

In [10], the author proved that the endemic equilibrium
of the stochastic model is asymptotically stable in the large.
Therefore, it is natural to ask how environmental fluctuations
of the contact coefficient affect the extinction of the disease.

In this paper, we will focus on the effects of environmental
fluctuations on the disease’s extinction through studying the
stochastic dynamics of an SIRS model incorporating media
coverage. The rest of this paper is organized as follows. In
Section 2, based on the results of Cui et al. [2] and [10], we
derive the stochastic differential SIRS model incorporating
media coverage. In Section 3, we give the conditions of
existence of unique positive solution and the stochastic
extinction of the SDE model. In Section 4, we provide some
examples to support our research results. In the last section,
we provide a brief discussion and the summary of main
results.



2. Model Derivation and Related Definitions

2.1. Model Derivation. Let S(t) be the number of susceptible
individuals, I(t) the number of infective individuals, and R(t)
the number of removed individuals at time ¢, respectively.
Based on the work of Cui et al. [2] and [10], we consider
the SIRS epidemic model incorporating media coverage as
follows:

ds [521>
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where A is the recruitment rate, y represents the natural death
rate, 7 is the loss of constant immunity rate, « is the diseases
induced constant death rate, and A is constant recovery rate.
B, is the usual contact rate without considering the infective
individuals and 3, is the maximum reduced contact rate due
to the presence of the infected individuals. No one can avoid
contacting with others in every case, so it is assumed that
B > p,. The half-saturation constant b > 0 reflects the
impact of media coverage on the contact transmission. The
function I/(b + I) is a continuous bounded function which
takes into account disease saturation or psychological effects.
For model (1), the basic reproduction number

Ay

Ry= ——1L
0 plu+a+d)
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is the threshold of the system for an epidemic to occur. Model
(1) has a disease-free equilibrium E, = (A/y,0,0) and the
endemic equilibrium if R, > 1. The disease-free equilibrium
is globally asymptotically stable if R, < 1 and unstable if R, >
1. The endemic equilibrium is globally asymptotically stable
if Ry > 1. These results of model (1) were studied in [10].

If we replace the contact rate f3; in model (1) by 8, +
o(dB/dt), where dB/dt is a white noise (i.e., B(t) is a
Brownian motion), model (1) becomes as follows:

B.1
b+1

dS=[A—yS—<ﬁ1— )SI+;1R]dt+oSIdB(t),

b+1
dR = (M - (u+n)R)dt.

dl = [(ﬁl— Pl )sr—(yﬂxm)l] dt+0oSIdB(t),

(3)

Obviously, the stochastic model (3) has the same disease-
free equilibrium E, = (A/p,0,0) as model (1).

Throughout this paper, let (Q, &, P) be a complete prob-
ability space with a filtration {#,},z, satisfying the usual
conditions (i.e., it is right continuous and increasing while %,
contains all P-null sets). Define a bounded set I' as follows:

= (s,I,R)eu;xf:o<S+1+R<é cR’. (4
+ U +
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2.2. Related Definitions. Consider the general n-dimensional
stochastic differential equation

dx(t)=f(x(@),t)dt +@(x(t),t)dB(t) (5)

ont > 0 with initial value x(0) = x,, the solution is denoted
by x(t, x,). Assume that f(0,¢) = 0 and ¢(0,t) = 0 for all
t > 0, so (5) has the solution x(t) = 0, which is called the
trivial solution.

Let us first recall a few definitions.

Definition I (see [32]). The trivial solution x(t) = 0 of (5) is
said to be

(i) stable in probability if, for all € > 0,
lim P (sup |x (2, x0)| = s) =0; (6)
Xo—0 >0

(ii) asymptotically stable if it is stable in probability and
moreover if

xlolglop (95’20 x(t,xg) = 0) =1 (7)

(iii) globally asymptotically stable if it is stable in proba-
bility and moreover if, for all x, € R"

P <tlirrgox (t,x,) = 0) =1; (8)
(iv) almost surely exponentially stable if for all x, € R",

lim sup% log|x (t,x0)] <0 a.s; 9)

t— 0o

(v) exponentially p-stable if there is a pair of positive
constants C; and C, such that for all x, € R",

E (|x (t x0)|P) < Cy|xo|fe ™" on t>o0. (10)

3. Dynamics of the SDE Model (3)

In what follows, we first use the method of Lyapunov func-
tions to find conditions of existence of unique positive
solution of model (3).

3.1. Existence of Unique Positive Solution of Model (3). In
this subsection, we show the existence of the unique positive
global solution of SDE model (3).

Theorem 2. Consider model (3), for any given initial value
(5(0),1(0), R(0)) € T then there is a unique solution (S(t),
I(t),R(t)) ont > 0 and it will remain in Ri with probability
one.

Proof. The proof is almost identical to Theorem 2 of [33], but
for completeness we repeat it here. Let (S(0), I(0), R(0)) € T.
Summing up the three equations in (3) and denoting N(¢) =
S(t) + I(t) + R(t), we have

dN (t) = (A — uN (t) — ol (t)) dt. (11
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Then, if (S(s), I(s), R(s)) € Ri forall 0 < s < t almost surely
(briefly a.s.), we get

(A-=(u+a)N(s))ds <dN(s) < (A—uN(s))ds as.
(12)

Hence, by integration, we check

s (N - Yo
pt+a

SN(s)S£+<N(O)—é>6_”S.
H “

Then, 0 < A/(u+ ) < N(s) < A/u as., so,

U+o )

3
(S(s),I(s),R(s)) € (0, %) for all s € [0,f] as. (14)

Since the coeflicients of model (3) satisfy the local
Lipschitz condition, there is a unique local solution on [0, 7,),
where 7, is the explosion time. Therefore, the unique local
solution to model (3) is positive by the It6’s formula. Now,
let us show that this solution is global; that is, 7, = co a.s.

Let ¢, > 0 such that S(0),1(0), R(0) > ¢,. For e < ¢,
define the stop-times

7. =inf{t € [0,7,] : S(t) <eor I(t) <eor R(t) <e}.

(15)
Then
=inf{t € [0,7,] : S(t) <0 or I(t) <0 or R(t) <0}.
(16)

Define a C*-function V: R} — R, by
¢S w R
V(S LR) = -log(£2) - tog (£ ) -1og (£5). 7
(S, 1,R) og| og| & og| & (17)
By the It6’s formula, for all t > 0, s € [0,¢ A 7.], we obtain

1 1 1
dV = ———dS+ ——dSdS - —dI
S(s) 28(s)? I(s)

dldl - ——dr+ —grqr (8

+
R(s) 2R(s)*

21(s)*
£ LVds+o(I(s)—S(s))dB(s),

where

SI o*
LV=3y+2/\+oc+/311+/32 +G—(SZ+12)

b+I 2
B,I* #R A ol
-2 T BS-= = (19)
b+I S P S R

2
s3y+2)t+oc+ﬁ11+[5’28+%(Sz+12).

By (14) we assert that (S(s), I(s), R(s)) € (0, A/pu) for all s €
[0, A T.] a.s. Hence

2
LVs3y+2A+a+§(ﬁl+ﬁ2+ﬂ) =M. (20)
u u

Substituting this inequality into (18), we see that
dV (S,I,R) < Mds+ o (I-S)dB(s), (21)

which implies that

jo AV (S(5),1(5), R (5))

(22)
tAT, tAT,
SJ Mds+crj (I(s)—S(s))dB(s).
0 0
Taking the expectations of the above inequality leads to
EV(S(tAt.),I(tAT.),R(tAT.))
(23)

<V (§(0),1(0),R(0))+ Mt.

On the other hand, in view of (14), we have V(S(t A
7.), I(t A1), R(t A1) > 0. It then follows that

EV(S(tAT.),I(tAT.),R(tAT.))
=E[lpeyV (S(tAT), I(tAT),R(tAT,))]

(24)
+E [lgonV(SEAT) I(tAT), R(EAT,))]

2 E IV (5 (2) -1 (2) R (7))
where [, is the indicator function of A. Note that there is

some component of (S(t,), I(t,), R(z.)) equal to €; therefore,
V(S(r,), I(t,), R(t,)) = —log(ue/A) > 0. Thereby

EV(S(tAz),I(tAT),R(EAT)) > —log(%) Pr<t).
(25)
Combining (23) with (25) gives, for all t > 0,

V(S(0),1(0),R(0)) + Mt
log (pe/A)

P(r<t)<- (26)

Let ¢ — 0; we obtain, for all t > 0, P(r < t) = 0. Hence,
P(r = 00) = 1. As7, > 7,then 7, = T = 00 a.s. which
completes the proof of the theorem. O

From Theorem 2 and (14), we can conclude the following
corollary.

Corollary 3. The set T is almost surely positive invariant of
model (3); that is, if (S(0), I(0), R(0)) € T, then P((S(t), I(t),
R(t)) eT) =1forallt>0.



3.2. Stochastic Extinction of Model (3). In this subsection, we
investigate stochastic stability of the disease-free equilibrium
E, = (A/u,0,0) in almost sure exponential and exponential
p stability by using the suitable Lyapunov function and other
techniques of stochastic analysis.

The following theorem gives a sufficient condition for
the almost surely exponential stability of the disease-free
equilibrium E;, = (A/u, 0,0) of model (3).

Theorem 4 (almost sure exponential stability). Ifo® > /24,
then disease-free E; = (A/u, 0, 0) of model (3) is almost surely
exponentially stable in T.

Proof. Define a function V' by
A
V(S,I,R)zlog(——S+I+R). 27)
¢

Using the Itd’s formula, we have

oV oV oV

1 [ 0*V o’V o’V
i I S Ardr+ =
+2(882d5d8+ 812d dal + adeRdR

o’V o’V o*v
_— 1
* 351 B U+ 3R M IR * SR

1
T (AJu)-S+I1+R

dI dR

(-dS +dI +dR)

1
(M) -S+I+R)

S (dSdS +dIdI)

1

+ 5asdl
((A/p)-S+I1+R)

1
T (AJu)-S+I1+R

2,81

-A S+ 23,81 —

—(pt+oc)I—(pt+217)R)dt

20°8*I* 2081
- 2dt +
((A/u)-S+I+R) (A/u)=S+I+R

=(2BZ2-20"Z - p)dt + 20dBZ

- ! 2ﬁZSIz+ocI+2R dt
(AJu)-S+I+R\ b+1 L

< (2BZ-20"Z - ) dt + 20 ZdB,
(28)
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where Z(S, I, R) = SI/((A/u)—S+I+R). Since 23, Z—20>Z -
U= -20%(Z - ([31/202)) + (,Bf - 202[/1)/202, we obtain

2 952
Fim208 1y 26 2B (29)

dv <
202

Hence,
log<% =S +I(t)+ R(t))

2 2
slog<§—3(0)+1(0)+R(0)>+ﬁl_—zf”u(;(t),
Iz 20

(30)

where G(t) is a martingale defined by G(t) = 20 '[; Z dB(s).
In virtue of Corollary 3, the solution of model (3) remains in
I. It then follows that

t
(G,G), = 40° J Z*ds < Ct, (31)
0

where C is a positive constant which is dependent on A, .
By the strong law of large numbers for martingales [16], we
have lim sup, _, . G(t)/t = 0 a.s. It finally follows from (30)
by dividing ¢ on the both sides and then letting ¢ — oo that

2 2
-2
limsupl log(é -S+1+ R) < /31—2(7“ <0 as.
t— 00 1% 20
(32)
which is the required assertion. O

We now consider the concept of exponential p-stability.
The following lemma gives sufficient conditions for exponen-
tial p-stability of stochastic systems in terms of the Lyapunov
functions (see [32]).

Lemma 5 (see [32]). Suppose that there exists a function
V(z,t) € C*(Q) satisfying the following inequalities:

K,|z|P <V (z,t) < K,|z|?, (33)
LV (z,t) < -K;|z/?, (34)

where p > 0 and K; (i = 1,2,3) is positive constant. Then
the equilibrium of mode (3) is exponentially p-stable fort > 0.
When p = 2, it is usually said to be exponentially stable in
mean square and the the equilibrium is globally asymptotically
stable.

From the above Lemma, we obtain the following theorem.

Theorem 6 (exponential p-stability). Let p > 2. If the
conditions Ry = BiA/u(u+a+A) < land Ry := Ry + ((p —
1)A202/2y2(;4 +a+ 1)) < 1 hold, the disease-free equilibrium
E, = (A/p,0,0) of model (3) is pth moment exponentially
stable in T.
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Proof. Let p > 2 and (5(0),1(0),R(0)) € TI; in view of
Corollary 3, the solution of model (3) remains in I'. We define
the Lyapunov function V (S, I, R) as follows:

p
V=c1<é—S> +11P+@RP, (35)
U p

where ¢, > 0 and ¢, > 0 are real positive constants that are
to be chosen later. It is easy to check that inequalities (33) are
true.

Furthermore, by the Itd’s formula, it follows from S, I, R €
(0, A/p) that

p-1 12
LV = —clp(% —s) (A—yS—[SISI+ [;ZSI +11R>

+

1 A\
+ Ep(p - 1)c1028212<; - s)

SI?
+ 177! (/3151— €2+ - (p+a+ /\)1)

0 % (p-1)0°S’I? + ¢, pRP™ (AT = (u+ 1) R)

p p-1
S—C”Ap(é—S) +M<é—8> I
u 4 #

1 202 A 2,
+2#2p(p 1) oA (pt S> I

BA 1

—<y+(x+/\—1———2(p—1)02A2>1P
uoo2u

—p (u+n)RP + ¢, pAIRF™.
(36)

Using the fact that

p-1 -1 b4
(é—8> ISP s(é—8> +lsl_plp,
IS p

p-2 _ P
(é - s) r<? zs(é - s) s 2P (37)
Iz p p
RFT < Pl pry lsl*f’lf’,
p p

we get

A p
LV < —Al(— - s) — A,IP — A,RP, (38)
U

5
where
. (BA(p-1) A (p-1)
A1—(MP < " + 20 e e,
BiA 1
A22y+oc+)t—1——2—”2(p—1)02[\2
_ </31_A81-p N o’ (f - 1)3(2"")/2> ¢ — AP
H H
As=q(plu+n)-A(p-1)e).
(39)

In view of Ry + ((p — 1)A202/2y2(y +a+A)) < 1, we have
y+oc+/\—(ﬁ1A/;4)—(l/2;42)(p— 1)o?A% > 0. Hence, we chose
sufficiently small and ¢, ¢, are positive such that A, A,, A5 >
0. According to Lemma 5 the proof is completed. O

Under Lemma 5 and Theorems 6, we have in the case p =
2 the following corollary.

Corollary 7 (globally asymptotically stable). If the conditions
Ry = BiA/u(u+a + L) < 1and RS == Ry + (A*0” /24 (u +
a+ A)) < 1 hold, the disease-free equilibrium E, = (A/u, 0, 0)
of model (3) is globally asymptotically stable in T.

4. Numerical Simulations and
Dynamics Comparison

In this section, as an example, we give some numerical
simulations to show different dynamic outcomes of the
deterministic model (1) versus its stochastic version (3) with
the same set of parameter values by using the Milstein
method mentioned in Higham [34]. In this way, model (3)
can be rewritten as the following discretization equations:

5,52
b+1I

Sk+1 = Sk+ (A—‘uSk—ﬁISklk+ +I7Rk)At

2
+ oS I VALE, + %Sklk (&-1)a,

BoSiI; (40)
Ly =1 + (ﬁlsklk - b2 ka ~(u+a+ NI, |At
+ g

2
+ 08I VALE, + %Sklk (&-1)a,
Ripr = Ry + (AL — (1 + 1) Ry) At,
where &, k = 1,2,..
N(0,1).

For the deterministic model (1) and its stochastic model
(3), the parameters are taken as follows:

., 1, are the Gaussian random variables

A=1, u=003 B, =002  B,=0018,

b = 10.
(41)

n = 0.01, a=0.1, A =0.05,
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FIGURE I: The paths of S(¢), I(¢), and R(¢) for the deterministic model (1) with initial values (S(0), 1(0), R(0)) = (9, 1,0). The parameters are

taken as (41) (R, = 7.407).

35

25
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100

(a) o0 =0.1

0 10 20 30 40 50 60 70 80 90

100

(b) o =0.02

FIGURE 2: The paths of S(¢), I(t), and R(¢) for the stochastic model (3) with initial values (S(0), I(0), R(0)) = (9, 1, 0). The parameters are taken

as (41) (R, = 7.407).

(1) The Endemic Dynamics of the Deterministic Model (1). For
the deterministic model (1), R, = BA/u(p + &« + ) =
7.407 > 1; thus, it admits a unique endemic equilibrium
E* = (8.1035,9.7664, 12.2080) which is globally stable for
any initial values (5(0), I(0), R(0)) € T according to [10] (see,
Figure 1).

(2) The Stochastic Dynamics of Model (3). For the correspond-
ing stochastic model (3), we choose ¢ = 0.1; then, we have
001 = o> > B2/2u = 0.007. Thus, from Theorem 4, we
can conclude that for any initial value (S(0), I(0), R(0)) € T,
disease-free E, = (A/u,0,0) of model (3) is almost surely
exponentially stable in I’ (see Figure 2(a)).
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To see the disease dynamics of model (3) more, we
decrease the noise intensity o to be 0.02 and keep the other
parameters unchanged. Then, we have 0.0004 = o <
B3/2u = 0.007. Therefore, the condition of Theorem 4 is not
satisfied. In this case, our simulations suggest that model (3)

is stochastically persistent (see Figure 2(b)).

5. Concluding Remarks

In this paper, we propose an SIRS epidemic model with
media coverage and environment fluctuations to describe
disease transmission. It is shown that the magnitude of
environmental fluctuations will have an effective impact on
the control and spread of infectious diseases. In a nutshell,
we summarize our main findings as well as their related
biological implications as follows.

Theorem 4 and [10] combined with numerical simula-
tions (see Figures 1 and 2) provide us with a full picture on the
dynamics of the deterministic model (1) and stochastic model
(3). In [10], the authors showed that the deterministic model
(1) admits a unique endemic equilibrium E* which is globally
asymptotically stable if its basic reproduction number R, > 1
(see Figure 1). If the magnitude of the intensity of noise o is
large, that is, > > f2/2u, the extinction of disease in the
stochastic model (3) occurs whether R, is greater than 1 or less
than 1 (see Figure 2(a)). While the magnitude of the intensity
of noise o is small, one of our most interesting findings is that
disease may persist if R, > 1, (see Figure 2(b)).

Needless to say, both equilibrium possible approach and
parameter possible approach in the present paper have their
important roles to play. Obviously, our results in the present
paper may be a useful supplement for [10].
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