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This paper deals with a new class of reflected backward stochastic differential equations driven by countable Brownian motions.
The existence and uniqueness of the RBSDEs are obtained via Snell envelope and fixed point theorem.

1. Introduction

The nonlinear backward stochastic differential equations
(BSDE:s in short) were introduced by Pardoux and Peng [1],
who proved the existence and uniqueness of the solution
under the Lipschitz conditions for giving the probabilistic
interpretation of semilinear parabolic partial differential
equations. Since then, many authors were devoted to studying
the BSDEs (see, e.g., [2-8] and the references therein).
At present, the theory of BSDEs becomes a powerful tool
to solve practical matters. In 1994, Pardoux and Peng [9]
firstly studied the backward doubly stochastic differential
equations (BDSDEs in short), which are driven by two kinds
of Brownian motions. Later, Boufoussi et al. [10] established
the connection between a class of generalized BDSDEs and
semilinear stochastic partial differential equations with a
Neumann boundary condition.

Reflected backward differential equations (RBSDEs in
short) were introduced by El Karoui et al. [11]. Later, many
researchers discussed various kinds of RBSDEs for their deep
application in mathematical finance and partial differential
equations. Ren and Hu [12] proposed the RBSDEs, driven
by Teugels martingales and Brownian motion, and derived
the existence and uniqueness of the solution by means of
the Snell envelope and the fixed point theorem when the
barrier was right continuous with left limits. Ren and El
Otmani [13] discussed the generalized reflected BSDEs driven
by Lévy process. Recently, Ren et al. [14] studied a new class

of reflected backward doubly stochastic differential equations
driven by Lévy process and Brownian motion.

As in all the previous works, the equations are driven
by finite Brownian motions. To the best of our knowledge,
there are no papers on the reflected backward stochastic
differential equations driven by countable Brownian motions.
In this paper, we aim to derive the existence and uniqueness
of the solution for the RBSDEs driven by countable Brownian
motions.

The structure of the paper is organized as follows. In
Section 2, we give some notations. Section 3 is devoted to the
main result.

2. Notations

Let T be a positive constant. Throughout the paper (Q, %, P)
is a complete probability space equipped with the natural
filtration {F,},5, satisfying the usual conditions. {ﬁj(t)};’il
are mutual independent one-dimensional standard Brownian
motions on the probability space. W (t) is a standard Brown-
ian motion on R which is independent of 3 j(t). Assume that

s (U varya o
j=1

where for any process {1,}, F1, = o{n, —n, : s < r < t},
F :7 = cvg)t) and ./ denotes the class of P-null sets of .



For the convenience, let us introduce some spaces:

(i) * = {(p,)o<rr: an F,-progressively measurable, R-
valued process such that E JOT o, |*dt < oo};

(i) % = {(¥,)oser: an F,-progressively measurable,
R?-valued  continuous process such  that
E(Supogth|Wt|2) < ook

(iii) &* = {(K,)y<rer: an F,-adapted, continuous, increas-
ing process such that K, = 0, E|K,|* < co}.

With the previous preparations, we consider the following
RBSDEs:

T
Y, = E+J f(sY,Z)ds
t
T
t

+ Z J gj (S>YS’ZS) d/))] (S) (2)
j=1

T
-J ZAW (s)+Kp-K,, 0<t<T,
t

wheref:Qx[O,T]leled — [Randgj:Qx[O,T]x
RxR? - R.

Definition 1. A solution of (2) is a triple of R x R? x R, value
process (Y, Z,, K, )o<;<r» Which satisfies (2), and

(i) (Yo Zp, Koeper € S* X I x A
(ii) Y, = S
(iii) K, isa continuous and increasing process with K, = 0
and [} (Y, - $)dK, = 0.

In order to get the solution of (2), we propose the
following assumptions:

(HI) & is an & measurable square integrable random
variable;

(H2) the obstacle {S, : 0 < t < T} is an F,-progressive
measurable continuous real valued process which
satisfies E sup,,.r(S,)” < 0o. We always assume that
Sp<&as;

(H3) f(-, y,2) and gj(-, y,Z) are two progressive measur-
able functions such that, forany t € [0,T], y;, ¥, € R,
Z1,2, € R,

(3a) f(s,-,-) is continuous and |f(s, y,z)| < M(1 +
Iyl + 12D
(3b) E [ 1£(£,0,0) "t < oo,
o (T
YXE [, 19,(50,0)2dt < co;

(3¢) |f(5’)/1>221)_f(5>)/2>zz)|2 < Cly —Zyzl2 +
lzy = 2,17, 1g(s, y1.21) = gj(s, 2, 2,) <
leyl—yzl2 + (lezl—zzlz, where M, C,
C;, and «; are nonnegative constants with

[e¢] [ee]
2ie1Cj<ooanda =27 a; < 1.
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3. Main Result

In order to get the solution of (2), we consider the following
RBSDE:s driven by finite Brownian motions:

T
Y, = §+J f(sY,Z)ds
t
T
t

+ Z J gj (S’Ys’Zs) dﬁ] (S) (3)
j=1

T
—j ZdW () +K; - K, 0<t<T.
t

Firstly, we consider a special case of (3); that is, the
functions f and g do not depend on (Y, Z):

T
Yt:f+J f(s)ds

t

no T T
Y[ g0ie-[ zaveg @
j=17t t

+Kp-K, 0<t<T, n>1

We will get the existence and uniqueness of the solution of
(4) by means of Snell envelope and martingale representation
theorem.

Theorem 2. Assume that (H1)-(H2), f € x?, g e 2. Then,
there exists a triple (Y,, Z,, K,)oser € S X H* x of* which is
a solution of (4).

Proof. Let

=1

% = W\/(\/?fé), ®)
and we define 17 = {#,}o<,<r as

t
My = Ely=ry + Silyery + L f(s)ds

n et (6)
Y [ 9,048, 09).
j=170
Then, 7 is €,-adapted continuous process; furthermore;
sup |17t| e L*(Q). )
0<t<T
So, the Snell envelope of # is given by
S, (1) =ess supE[n, | 6], 8)

veT

where 7 is the set of all €, stopping time such that0 < » < T.
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By the definition of 7, we can deduce that

E [ sup |, (n)|2] < 00. 9)
0<t<T

Due to the Doob-Meyer decomposition, we have

T
S;(n)=E E+L f(s)ds

(10)

nooT
+ L 9;(s)dB; () + K | €, | - K,
j=1

where {K,},,.r is a G,-adapted, continuous, and nonde-

creasing process such that K, = 0 and EK; < 0. So, we
have

T
E| sup E[f+J f(s)ds
0<t<T 0
2

no T

+ZJ g;(s)dB;(s) + Ky | 6, < 0.
j=170

(11)

Martingale representation theorem yields that there exists
@,-progressive measurable process {Z,} € R? such that

T n T
M, 2E E+JO f(s)ds+zij0 gj(S)dﬂj(S)*'Kﬂ(gt
=

t
=M0+j ZAdW (s), 0<t<T.
0
(12)

Let Y, = esssup,.gE[El,_ry + S, 1) + f: f(s)ds +
Y1 [ 9;(9)dB;(s) | 6,); then,

Y, + L f(s)ds+ ]Zl L g;(s)dB; (s)

=8 (n) = M, - K, (13)

t
= M, + J Z.dW (s) - K,,
0

0<t<T.

3
Therefore,
T nooT
Y, = E+ L Fods+y L 9,9 dB; )
- (14)
T
- j ZAW (s) + Ky - K,.
t
By the definitions of Y, and S, (1), & > Sy,
t n t
Y, + L F)ds+y L 9,(9)dB; )
j=1
=S, (n) =
t
=&y + Silyery + L f(s)ds
(15)

n t
5 PACEIAT
j=170
t
> STl{t:T} + Stl{t<T} + JO f (5) ds

i (s)dB; (s).
+;J0g] s [3] s

So, we have Y; > §,.
Finally, from Hamadeéne [15], we get fOT (S;(n)—n,dK, = 0;
that is,

T
j (Y, - 5,)dK, = 0. (16)
0

It shows that the process (Y, Z,, K,) << is a solution of (4).
O

Theorem 3. Under the assumptions of (HI)-(H3), there exists
a unique solution (Y, Z,, K,) o<1 of (3).

Proof. Let P = 8 x #* be endowed with the norm

1/2

10 2)1 - (2 HOT F(flzp)e]) o

for a suitable constant § > 0. We define the map
® from P into itself and (Y,Z) and (?’,Z’ ) are two
elements of &. Define (Y,2) = @oF,2), v,z =
(D(i’:;, 27), where (Y, Z,K) and (Y', Z', K') are solutions of (4)



associated with (&, f(t,Y, Z),gj(t, Y,Z),S), and (f,f(t,?’,
Z’), gj(t, Y’ Z’), s, respectively. Set Y,Z) = (Y, - Yt', Z, -
Z;) and

¥, (x) = le{—Msst} + M (2x = M) L\ )
- M(2x + M) 1{x<—M}'

If we define ‘I’]'Vf(x)/x = 2,when x = 0, then, 0 < ‘{’1'\4(175)/175 <
2. Applying Ité formula to e W, (Y,), we have

', (ﬁ) +p JTeﬁSWM (75) ds
t

L .
S
+ L e 1{—MsKsM}|Zs| ds

-9, (s Y1, Z()) 4B, )

- JT v (175) Z.dW (s)
t

o[ e (7) (ar, - ax?).
t

Taking expectation on both sides of (19) and noticing that
_LT e‘BS‘I’J'VI(Ys)(dKS - dK!) < 0, we have

B, (7) 4 58 [ 0y, (7) s
t

Z. 2ds

T
+E J; eﬁsl{—MsiSM}

T —_
<E L e, (V) (f (Vo Z0) - £ (5 Y. Z1)) ds

T —_—
+ ZE L eﬁsl{fMSKSM} 'gj (S’ Y, Zs)
=i

2

ds

0/(s7.Z)
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<28 [ SV (F (ST Z) - 1 (sTL 7)) o

YE [ oy (TZ) - gy (T s

(20)

Lety = 2C/(1 - a), C = 2(F7, C; + (1 - )/2))/(1 + o),
B=y+C,and M — o0; we have

_ (T 2 T 2
CEJ eBSYS—YS'ds+EJ |z, - 7! ds
t . t ()
<% [ (-l 1z -2 ):
t
that is,
l+a 2
(v 20l = (v z2)] (22)

It follows that @ is a strict contraction on & with the
norm || - || B where f3 is defined as above. Then, ® has a fixed
point (Y, Z, K) which is the unique solution of (4) from the
Burkholder-Davis-Gundy inequality. O

With all the preparations, we will give the main result of
this paper as follows.

Theorem 4. Under the conditions of (H1)-(H3), there exists a
unique solution (Y,, Z,, K,)orer € S* x I x o of (2).

Proof (existence). By Theorem 3, for any n > 1, there exists a
unique solution of (3), denoted by (Y}, Z}, K}),

T

Y = z+j F(s,Y" 2" ds

t
n T
+Y | gerizag e e
j=17t
T
- J ZdW (s) + K7 - K.
t

In the following parts, we will claim that (Y', Z}, K}') is a
Cauchy sequence in &% x %7 x o/>. Without loss of generality,
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we let n < m. Applying general It6 formula to [Y/ — Y"|*, we
have.

T
- e | 12e- 2o s
T
2| v (v
t
- (Y Z2))ds

m. T
! Z L |9, (s Y2, 22) = g; (s, V", 2

j=n+l1
23 [ (g6
j=n+1
—9; (s, Y ZT)) dﬁj (s)

T
2 J (Y"—Y™) (2" - Z™) dW (s)

t

T
+2J (Y" - Y™) (dK” -

t

dK™).
(24)

Taking expectation on both sides of (24) and noting that
[ (¥7 = Y7)(dK? - dK?") < 0, we obtain

T
EY'-Y"’+E J |z -z Pds
t
T
<2B [ (¥ (F (57 20)
t
~f (¥, 20)) ds
T
n
E L |g]- (s, Y,

(25)

2" - g; (s Y™, 2" ds.

j=n+1

By (H3) and elementary inequality 2ab < Ba* + (1/B)b*, B >
0, we obtain

T
E[Y-Y"+E J |z -z’ ds
t

IZ—CE J Y" " ds + 1
t

T 2
EJ [Y7 - Y| ds
t

1-
+

(XIE T n m|2 T n m|2
|ZS—ZS|ds+ocE |ZS—ZS|ds
t t

m T
+| Y EJ [ -y ds.
j=n+1 4

(26)

Furthermore,

n m|2 -« T n mi2
ElY -Y"|"+ —E | |Z!-Z"|"ds
t (27)

T
<C,E J [y - Y™|ds,

where C, = 2C/(1 - a)) + (1 -a)/2) + X7, C
By Gronwalls inequality and Burkholder- Dav1s Gundy
inequality, we have

T

E [ sup J V& —Y:"|2ds] — 0. (28)

0<t<T Jt

Denote the limit of (Y,, Z}', K}") by (Y, Z,,K,); we will

show that (Y,, Z,, K,) satisfies (2). If it is necessary, we can
choose a subsequence of (3). By Holder’s inequality,

B (FeYoz) - (5] Z)ds

(29)
<TE LT (F (5,0 Z) — f (s, Y", Z")Pds — 0.
From (27), we know
E LT v/ - v,[’dt — o0, (30)
and Y — Y, ae,so
\jE LT [yt - yrPde < 2—1’1 Q)

For any n,
o) <[+ Y [t -y < |+ D -] 32)
i=1 i=1

Then, we have

T
EJ sup|Y”| dt

T 2
E |Y1|+ [yt - Y;‘|> dt

i=1

\j |Y1| dt+z\j JT v+t - yi|dt
e[t

(33)

|Y1| dr + Z—
From (H4), it follows

T
B[ sulf (5% 2) - £ (547 2 ds
0 n

T

< ZCEJ <sup|YS"|2 +|v,|” + sup|Z"| + |ZS|2> ds < co.
0 n n

(34)



Applying Lebesgue dominated convergence theorem, we
deduce that (Y;, Z,, K,) is the solution of (2) by continuity of
the functions f and g.

Uniqueness. Let (Y:,Z;,Kﬁ) (i = 1,2) be two solutions of
2),Y, =Y =Y}, Z, = z] - Z}. We apply It6 formula to
P, ((Y,), for any B € R,

eﬁt\PM (?t) ' ﬁ J;T eﬁS\PM (?s) ds
! - |12
+ L eﬁsl{_Mg?ng}|Zs| ds
[ Nt )
o T
" Z J; eﬁsl{—Ms?ng} |g]- (S, Y:,Zi)
j=1

-9; (s, Yf,Z§)|2ds

x(9; (55, 2,) - g, (s Y2, 27) ) dB; ()

- JT v (Y,) Zaw,
t

o[ e (7) (0 - ar?).
‘ (35)

Taking expectation on both sides of (35),
 — T —
Ee¥,, (V) + ﬁEJ vy, (Y,)ds
t

Z, 2ds

T
+E L eﬁsl{—Mg?ssM}

con [T, (7 (o7 20) - (¥ 22) a6

t
o T
+ ZE J; eﬁsl{—MsisM} |gj (S’ Ysl’Zsl)
ot

-9; (s, Ysz, Z?) 2ds

© 1-Y2 a; T
< 2—2+ch+# EJ eFs
1-Y2 & 2 t

Y| ds

S

(36)

Journal of Applied Mathematics

Let M — 00, and applying monotone convergence theorem,

we have
- 2 1-
Eeﬁt|Yt'2+</3——— c.——“>

-« i 2
T
— 2
xEJ- Y [ ds (37)
t
1- T sis
+ zaEJ e’BSZSZdSSO.
t

When f is taken sufficiently large, we have Y, = 0, a.e.,

for all s € [t,T]. So, we have Z, = 0, a.e. Then, we complete
the proof. O
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