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We review recent results on the homogenization in Sobolev spaces with variable exponents. In particular, we are dealing with the
I'-convergence of variational functionals with rapidly oscillating coefficients, the homogenization of the Dirichlet and Neumann
variational problems in strongly perforated domains, as well as double porosity type problems. The growth functions also depend on
the small parameter characterizing the scale of the microstructure. The homogenization results are obtained by the method of local
energy characteristics. We also consider a parabolic double porosity type problem, which is studied by combining the variational
homogenization approach and the two-scale convergence method. Results are illustrated with periodic examples, and the problem

of stability in homogenization is discussed.

1. Introduction

In recent years, there has been an increasing interest in the
study of the functionals with variable exponents or nonstan-
dard p(x)-growth and the corresponding Sobolev spaces, see
for instance [1-8] and the references therein. In particular,
the conditions under which C{° functions are dense in W*?")
have been found. Also, Meyers estimates, which are used in
the homogenization process, have been obtained in [6]. Let us
mention that such partial differential equations arise in many
engineering disciplines, such as electrorheological fluids,
non-Newtonian fluids with thermoconvective effects, and
nonlinear Darcy flow of compressible fluids in heterogeneous
porous media, see for instance [1].

This paper discusses problems of homogenization in
Sobolev spaces with variable exponents. Attention is focussed
on the homogenization and minimization problems for
variational functionals in the framework of Sobolev spaces
with nonstandard growth. The material is essentially a review
with some new results.

I'-convergence and minimization problems for function-
als with periodic and locally periodic rapidly oscillating
Lagrangians of p-growth with a constant p are well studied
now, see for instance [9, 10] and the bibliography therein.

The works [11-15] (see also [16]) focus on the variational
functionals with nonstandard growth conditions. In partic-
ular, the homogenization and I'-convergence problems for
Lagrangians with variable rapidly oscillating exponents p(x)
were considered in [13, 14]. It was shown that the energy
minimums and the homogenized Lagrangians in the spaces
W' might depend on the value of 7 (the so-called Lavrentiev
phenomenon). For example, such a behavior can be observed
for the Lagrangian [Vu|P*/® with a periodic “chess board”
exponent p(y) and a small parameter € > 0.

Another interesting example of Lagrangian with rapidly
oscillating exponent was considered in [11]. Namely, for the
functional

7. u] = j IVulP7) g )



with a smooth periodic p(y) such that p(y) > 1, it was shown
that the limit functional is bounded on Sobolev-Orlicz space
of functions with gradient in an L* log space, where « is the
fiber percolation level of p(x).

Variational functionals with nonstandard growth condi-
tions have also been considered in [9]. Chapter 21 of this
book focuses on the I'-convergence of such functionals in L?
spaces.

In this paper, we are dealing mainly with the I'-con-
vergence of variational functionals with periodic rapidly
oscillating coefficients, the homogenization of the variational
problems in strongly perforated domains (Dirichlet and
Neumann problems), and nonlinear double porosity type
problems, that is, with the problems where the coefficient
of the differential operator asymptotically degenerates on a
some specially defined subset (e.g., the set of periodically
distributed inclusions) of the domain under consideration.
The paper is based on the results obtained in papers
[17-26].

The paper is organized as follows. In Section 2, for the
sake of completeness, we recall the definition and main
results on the Lebesgue and Sobolev spaces with variable
exponents which will be used in the sequel. Then in auxiliary
Section 3, we give some definitions which will be used in
the paper. In Section 4, we study the question of the I-
convergence and homogenization of functionals with rapidly
oscillating periodic coeflicients. In Section 5, we are dealing
with the homogenization of the Dirichlet variational problem
in strongly perforated domains. The main result of the section
(see Theorem 8) is then applied to the study of nonlocal
effects in the homogenization (see Theorem 9). In Section 5.3,
we give a periodic example, when all the conditions of
Theorems 8 and 9 are satisfied and all the coefficients of the
homogenized problem are calculated explicitly. Moreover, the
question of stability in homogenization is also discussed here.
Theorems 8 and 9 are proved by using the so-called method
of local energy characteristics proposed earlier by Marchenko
and Khruslov for linear homogenization problems (see [27]
and the references herein). This method is close to the T'-
convergence method. Briefly, it is based on the derivation of
the lim-inf and lim-sup estimates for the variational func-
tional under consideration along with the assumptions on the
behavior of the local energy characteristics. In Section 6, the
homogenization of the Neumann problem in strongly perfo-
rated domains is considered. In this section, the closeness of
the method of local energy characteristics is shown directly.
In Section 7, we are dealing with a variational problem
with high contrast coefficients (nonlinear double porosity
type model). The main result of the section (Theorem 23) is
also obtained by the method of local energy characteristics.
As an application of this result, we consider the periodic
case, where we focus our attention on the question of
stability in homogenization. Finally, in Section 8, we are
dealing with the homogenization of a class of quasilinear
parabolic equations with nonstandard growth. The main
results of the section are obtained by combining the two-scale
convergence method and the variational homogenization
approach.
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2. Sobolev Spaces with Variable Exponents

In this section, we introduce the function spaces used
throughout the paper and describe their basic properties. We
refer here to [L, 4, 5, 7, 8].

Let Q be a bounded Lipschitz domain in R” (n > 2).
We introduce the function p = p(x) and assume that this
function is bounded such that

L<p =infp(x) < p(x) <supp(x) =p" <+00. (g
Q Q

We also assume that the function p(x) satisfies the log-Holder
continuity property. Namely, for all x, y € Q,

lp(x)-p(y)| <w(|]x-y|) with E}w(r)ln(%) <C.
€)

Notice that this property was introduced by Zhikov to avoid
the so-called Lavrentiev phenomenon (see, e.g., [15]).

(1) By L? ©)(Q) we denote the space of measurable func-
tions f in Q such that

Apna(f) = J;) |f ()PP dx < +00. (4)

The space L") (Q)) equipped with the norm

[l = inf {A S 0: A0 <§> < 1} )

becomes a Banach space.

(2) The following inequalities hold:
min (”f"ip(-)(g)’ "f”f]p(l)(g))
<A p(),Q (f )

< max (”f"g}’(')(g)’ "f”i?()(g)) >

. (6)
: p P
min (AP(-),Q’ Ap(-),Q)
= "f“m')(g)
1p~  41/p"
< max (Ap(o,o’ Ap(-),a) :
(3) Let f € LPY(Q), g € L17(Q) with
1 1
— 4+ ——=1, 1<p <px)<p’ <oo,
px) q(x) P =P P ?)

1<q <q(x)<q" <+co.

Then the Holder’s inequality holds

J, Lfald =20 oo ol ®
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(4) According to (8), for every 1 < g = const < p~ <
p(x) < +00

"f“mm) <C "f“m)(n)

with the constant C = 2||1| PONLPI-9(Q))-

)

It is straightforward to check that for domains Q such
that meas Q) < +00,

111l ey < 2 max {[meas Q]z/pi, [meas Q]l/zf} . (10)

(5) The space whrO(Q), p() € [p7,p'] cll,+o0], is
defined by

w0 @) = {f e PV () : [Vf| e LX)} ()

If condition (3) is satisfied, WO1 P (')(Q) is the closure of

the set C;°(Q2) with respect to the norm of WI’P(')(Q).
If the boundary of Q is Lipschitz continuous and p(x)

satisfies (3), then C;°(Q) is dense in Wol’p(')(Q). The
norm in the space WO1 0 s defined by

||”||W01,p<-> = Z"Diu"LP(')(Q) + ”u"LP(')(Q)- (12)
i

If the boundary of Q is Lipschitz and p € C°(Q), then
the norm | - [|;,1p00 @ is equivalent to the norm
0

il 0y = XAP] sy 03)
1

6)If p e C°Q), then W PY(Q) is separable and
reflexive.

(7) If p,q € C°(Q),

p. (x)

px)n

—— ifp(x) <mn,

and 1 < g (x) < supq (x)
Q
< 1r(1)f P (x),

+00 itp(x)>n,
(14)

then the embedding WO1 P0) (Q) — LIY(Q) is contin-
uous and compact.

(8) Friedrich’s inequality is valid in the following form: if
p(x) satisfies conditions (2) and (3), then there exists

a constant C > 0 such that for every f € Wol’p Q)

1£ o0 ) < € 1Vl o - (15)

3. Definitions

In this auxiliary section, we introduce the necessary defini-
tions that will be used in the paper. We start by introducing
the class of the variable exponents p,, where ¢ is a small
positive parameter characterizing the microscopic length
scale.

Definition 1 (class ﬂ;o(,)). A sequence of functions {p,} ) is
said to belong to the class 2;0 (, if this sequence possesses the
following properties:

(i) for any € > 0, p, is bounded in the following sense:

1<p <p, =minp, (x) < p, (x) < max p, (x)
x€Q) x€

(16)

=p. <p"<+oo in

(ii) for any € > 0, p, satisfies the log-Hélder continuity
property;

(iii) the function p, converges uniformly in Q) to a func-
tion p,, where the limit function p, is assumed to
satisty the log-Holder continuity property.

We also recall the definition of the I'-convergence (see,
e.g., [9, 10, 28] and the bibliography therein). In our case this
definition takes the following form.

Definition 2 (T,,-convergence). The functional I° : LPO

() — R U {oo} is said to I, ()-converge to a functional
1:179(Q) » RU{oo}if

(a) (“lim inf”-inequality) for any u € L”?(Q) and any
sequence {u},,, C L "0 (Q) which converges to the
function u strongly in the space LP)(Q) we have

lim I* [u°] > I'[u], (17)

e—0

(b) (“lim sup”-inequality) for any u € L7 0")(Q), there
exists a sequence {w®},., ¢ L?(Q) such that {w},.,
converges to the function u(-) strongly in the space
LPY(Q), and

lim I° [w®] < I [u]. (18)

e—0

We define the strong convergence in L?(Qf) in the
following way.

Definition 3 (strong convergence in L o) (QF)). The sequence
{@%},o0 € LPPO(QF) is said to converge strongly in the space
LPO(Q®) to a function w € LPV(Q) if

llm "ws - w"Lpo(-)(Qc) =0. (19)

e—0

Finally, we recall the definition of the two-scale conver-
gence (see, e.g., [29]).



Definition 4. Let Y =]0,1[" be a basic cell and Q; =
Qx]0,T[. A function, ¢ € L*(QpsCP(Y)), which is Y-
periodic in y and which satisfies

lim J |(p (x, f,t) o (x, y,1)|*dy dx dt
e—0 Qr &

(20)

2
dxdtzJ‘

QrxY

is called an admissible test function.

Definition 5 (two-scale convergence). A sequence of func-
tions v* € L*(Qy) two-scale converges to v € L*(Qp x Y)
if for any admissible test function ¢(x, y, 1),

e—0

lim J Vi(xt) g (x, x t) dxdt
o €
(21)
= J v(x, y,t) @ (x, y,t)dydxdt.
QrxY

This convergence is denoted by v*(x;, ) = v(x, y, ).

The method of the local energy characteristics, generally
speaking, deals with nonperiodic structures. We often make
use of the following definition.

Definition 6 (distribution in an asymptotically regular way).
The set F° is said to be distributed in an asymptotically
regular way in Q, if for any ball V(y, r) of radius r centered at
y € Qand e > 0 small enough (& < g(r)), V(y,r) N F*#0
and V(y,7) N (Q\ F°) #0.

4. I'-Convergence and Homogenization
of Functionals with Rapidly Oscillating
Coefficients in Sobolev Spaces with
Variable Exponents

Let Q be a bounded domain in R” (n > 2) with a sufficiently
smooth boundary and denote that Y =]0, 1[". We assume
that a family of continuous functions {p,} ., belongs to the

class, 2;0(,), and we also suppose that

(H1)a = a(y) and b = b(y) are Y-periodic measurable
functions such that

0<ay<a(y)<a, 0<b<b(y)<b. (22)

(H2) f € C(Q).

For the notational convenience, we set
1 X

a; (x) = —— a<—>,
e P (x) £

1)

(23)
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In the space L*<")(Q)), we define the functional J¢ : LP<©)
Q) - R:

J* [u]

J {a; (x) Ivu|Ps(x) +b; (x) IulPe(x)
dsf Q € €

B —f (x) u} dx, ifuewhP-O(Q),
+00, otherwise.
(24)

We study the asymptotic behavior of J* and its minimizers
ase — 0.Our analysis relies on the I'-convergence approach
in Sobolev spaces with variable exponents. The main result of
the section is the following.

Theorem 7. Let assumptions (H.1) and (H.2) be fulfilled.
Then

(i) The functional J°, T, ,-converges to the functional
Jhom = LP(Q) — R U {+0c0} given by

Jhom [u]

[, {7 Covi + B, o 25)

- —f (x) u} dx, if uewbP(Q),
+00, otherwise,
where
T (x,b)
1
wf | [ s 0w )
+b|p°(x)dy tve W#l’p"(x) (Y) } ,
B, (%)
1
B Po (%) Lb(y) 4.

(26)

(il) The minimizer u® of the functional J* converges to the
minimizer u of the functional ], strongly in the space
LPO(')(Q)_

The Scheme of the Proof of Theorem 7 (See [18] for More
Details) Is as Follows. We start our analysis by proving the
“lim inf”-inequality. The proof of this inequality is done in
two main steps. First we introduce an auxiliary functional
78 :L”f(')(Q) - R:

T lul
BRI AT

B —f (%) u} dx, if ue WH=0(Q);
+00, otherwise,
(27)
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where 77,(x) = min{p,(x), py(x)} and prove the “lim inf”-
inequality for this functional. Then, at the second step, we
show that the “lim inf”-inequality for the auxiliary functional
I implies the “lim inf”-inequality for J*. Then, using a special
test function and the Meyers estimate (see [6]), we obtain the
“lim sup”-inequality. Finally, we prove the convergence of the
minimizers. This completes the proof of Theorem 7.

5. Homogenization of the Dirichlet
Problem and Related Questions

5.1. Homogenization of the Dirichlet Problem. Let Q be a
bounded domain in R” (n > 2) with sufficiently smooth
boundary. Let #° be an open subset in (). Here ¢ is a small
parameter characterizing the scale of the microstructure. We
assume that F* is distributed in an asymptotically regular
way in ) and we set

A =0\F. (28)

Let p, = p.(x) be a continuous function defined in the
domain Q. We assume that, for any ¢ > 0, it satisfies the
following conditions:

(A.11) the function p,(x) is bounded in the following sense:

L<p <p

min p, (x) < p, (x) < max p, (x)
x€Q x€Q

(29)

pr<p<n inGy

(A.1.2) the function p, satisfies the log-Holder continuity
property;

(A.1.3) the function p, converges uniformly in Q to a func-
tion p,, where the limit function p, is assumed to
satisty the log-Holder continuity property;

(A.1.4) the function p, is such that p,(x) > p,(x) in Q.

We consider the following variational problem:

T [u] def L}e F. (x,u,Vu)dx — min, ue€ Wol’p‘(') (QF),
(30)
where
P 1
F.(x,u,Vu) = [Vul P + ———Ju] P — f (x) u,

Pe (x) Pe (%)
(31)

and f € C'(Q). It is known from [1-3, 6] that for each & > 0,
there exists a unique solution (minimizer) u* € W"? =0 (Qf)
of problem (30). Let us extend u® in F° by zero (keeping
for it the same notation). Then we obtain the family {u*} ¢
W20(Q). We study the asymptotic behavior of u® ase —
0.

Instead of the classical periodicity assumption on the
microstructure of the perforated domain QF, we impose
certain conditions on the local energy characteristic of the set

F*. To this end we introduce Kj, an open cube centered at
z € Q) with length equal to /1 (0 < € < h < 1), and we set

" (z,b)

= ian {;st P h7p+7y|v£ -b
v Jkz L pe (%)

ps(x)} dx

(32)

where y > 0, and the infimum is taken over v* € WheO(Q)
that equal zero in F°. We assume that

(C.1.1) there exists a continuous function c(x, b) such that for
any x € Q,any b € R, and a certainy = y, > 0,

lim lim A" (z,b) = lim lim b "c™" (z,b) = ¢ (x, b) ;
h—0e—0 h—0:)

(33)

(C.1.2) there exists a constant A independent of € such that
for any x € Q,

. 1. 1.-n &h Po(x)
lim Tim p™"c @b) < A(1+pI"™).  (34)

The first main result of Section 5 is the following.

Theorem 8. Let conditions (A.11)-(A.14) on the function p,
and conditions (C.1.1) and (C.1.2) on the local characteristic be
satisfied. Then u® the solution (minimizer) of the variational
problem (30) (extended by zero in F*) converges weakly in
Wl’p"(‘)(Q) to u the solution (minimizer) of

Jhom (1] &ef J {Fo (o, u, Vi) + ¢ (x,u)— f (x) u} dx — min,
Q

(35)
where
Fo (2, w, Vw) der 1 [Vw[P® 4 lw|”™ - g (x) w.
Po (x) Po (%)
(36)

The Scheme of the Proof of Theorem 8 (See [19] for More Details)
Is as Follows. First, it follows from (6), (30), and the regularity
properties of the functions f, p, that [[u®[ly1ec0 gy < C. We
extend u* by zero to the set #* and consider {u*} as a sequence
in Wh:0(Q). Then ||u8||W1,ps(.)(Q) < C. Condition (A.1.4)
immediately implies that

"us “erl’O(')(Q) <C. (37)

Hence, one can extract a subsequence {u*,e = ¢ — 0}
that converges weakly to a function u € W P (Q). We will
show that u is the solution of the variational problem (35). The
proof is done in two mains steps. On the first step, we prove
the “lim sup”-inequality (the upper bound for the functional
J¢). To this end, we cover the domain Q by the cubes K},
of length & > 0 centered at the points x%, where {x"} be a



periodic grid in Q with a period b’ = h - WP (e < h < 1,
0 < y < p*). We associate with this covering a partition
of unity {g,}: 0 < @,(x) < 1; ¢,(x) = 0 for x ¢ K
@u(x) = 1forx € Kj \ Uﬁ”Kf; Y Pa(x) = 1forx € QO
Vo, (x)] < Ch™ V" Then we construct the function wj,
using the minimizers v¢, = v¢ (x) of (32) for z = x*. We show
that, for any w € Wol’p“(')(Q),

ALI]}) }51%) I [wh] < ]hom [w] > (38)
and, therefore,
E) JE [1°] < Jhom [w]. (39)

On the second step, we prove the “lim inf”-inequality (the
lower bound for the functional J*) using the definition of
the local energy characteristic and the convexity of our
functional:

lim J°[uf] > Jyom (4] (40)

e=g, —0
Finally it follows from (39) and (40) that
]hom [u] < ]hom [w] > (41)

for any w € W (Q) such that w = 0 on 9. This means
that any weak limit of the solution of problem (30) extended
to the set F° by zero is the solution of the homogenized
problem (35). This completes the proof of Theorem 8. The
generalization of Theorem 8 is given in [17].

5.2. Nonlocal Effects in Homogenization of p,(x)-Laplacian
in Perforated Domains. Let Q) be a domain in R” (n > 3)
defined in the previous section. Let #° be an open connected
subset in ) like a net. We assume that the set F* satisfies the
following conditions:

(E11) F° € Qy, where Q = {x € Q : dist(x, 0Q) > d} with
d > 0 independent of ¢;

(F1.2) %* is distributed in an asymptotically regular way in
Qd;

def —
(F1.3) the subdomain Q° =0 \ &¢ is a connected set.

We assume that for any ¢ > 0, the function p, =
D, (x) satisfies the conditions (A.1.1)-(A.1.4) from Section 5.1.
In the space WhP0(QF), we define the functional J¢
Wl’Pe(')(QS) - R,

; Lpe() (e
J ] = {Ls F,(x,u,Vu)dx ifuew (Q°), (42)

+00 otherwise,

where F,(x,u,Vu) is defined in (31) and we consider the
following variational problem:

JE [us] —sinf, ue wheet) (QE);
(43)
ut =0

u® = A® on 0F¢, on 0Q),
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where A® is an unknown constant. It is known from [1, 2] that
for each € > 0, there exists a unique solution u* € W*? <0(0f)
of the variational problem (43). We extend u° by the equality
u® = A®in F° and keep for it the same notation. Thus,
we obtain the family {u} g C WhPO(Q). We study the

asymptotic behavior of the family {u} ) ase — 0.
Let us introduce the functional J,, : W"*0(Q) — R,

]hom [u> A]

J;) {Fo (x,u, Vi) w
= +1, (x) c (x,u—A) dx} if we WhrO Q)
+eo otherwise,

where 1; = 1,;(x) is the characteristic function of the domain
Qg and Fy(x, u, Vu) is defined in (36).
The main result of the section is the following.

Theorem 9. Let u be a solution of (43) extended by the
equality u®(x) = A® in F*. Assume that the conditions (F11)-
(E13), (A.1.1)-(A.1.4), and(C.1.1)-(C.1.2) on the set F*, the
functions p,, and the local characteristic c*"(x, b) are satisfied.
Then there is a subsequence {u°,e = g — 0} that converges
weakly in WhPO(Q) to a function u such that the pair {u, A}
is a solution of

Trom [ths A] — inf,  u € WP (Q) with A = lim A°,
(45)

Remark 10. It is important to notice that the constant A
in (45) remains unknown. Suppose, in addition, that the
function c(x, b) is differentiable with respect to the argument
b. Then it is easy to see that Euler’s equation for the homoge-
nized problem (45) reads

- div (qulP"(x)*zVu) + P2y 1, (x) ¢ (x,u—A)

=f(x) inQ;

u=0 on o€, J cl:(x,u—A)dx=0,
Qq

(46)

where ¢/ denotes the partial derivative of the function ¢ with
respect to u. This means that the homogenized problem (45)
is nonlocal.

Theorem 9 is proved by arguments similar to those from
the proof of Theorem 8.

5.3. A Periodic Example. Theorems 8 and 9 provide sufficient
conditions for the existence of the homogenized problem
(45). The goal of this section is to prove that, for appropriate
examples, all the conditions of Theorems 8 and 9 are satisfied
and to compute the function c(x, u) and the constant A in the
homogenized problem (45) explicitly.

Let Q be a bounded Lipschitz domain in R and let Q; be
the subdomain of Q) defined in condition (E1.1). Let &° be an
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e-periodic coordinate lattice in R* formed by the intersecting
circular cylinders of radius r,,

2
ro=e e, (47)
We set F° = F°NQ,and QF = Q\ F=.

Let {p.}(c»0) be a class of continuous functions defined in
the domain Q. We assume that, for any & > 0, p, satisfies
the log-Hélder continuity condition and the following con-
dition:

(B.1.2) the functions p, are given by

() = 2+¢(x)€ in ,/V(ge,sz) ,
2+¢,(x) elsewhere,

where //(0, §) denotes the cylindrical §-neighborhood of the
set O and where £ and ¢, are smooth strictly positive functions
in O, moreover, max, g £.(x) =o(1)ase — 0.

Consider the boundary value problem

(48)

- div (|Vu€ Pf(x)szue) +|uf P2y f(x) inQf
u* =A% on dF u*=0 on 0Q,
a &
J Vi P2 2 gs = 0
o Y

(49)

where A is an unknown constant. It is known from [1, 2] that,
for each & > 0, there exists a unique solution u* € W? 0(QF)
of problem (49). We extend u° by the equality u® = A® in F*
and keep for it the same notation. The asymptotic behavior of
the solutions of problem (49) is given now by the following
theorem.

Theorem 11. Let u° be a solution of (49) extended by the
equality u®(x) = A% in F*. Assume that the condition (B.1.2)
on the function p, is satisfied. Then the sequence {u‘}.

converges weakly in H'(Q) to a function u solution of

“Au+u+px)(u-A,w)=g(kx) inQ,
(50)
u=0 onoQ,
where
0(x) _
u(x)=6m 1, (x) IO
(51)

-1
A, (u) = <J;; U (x) dx> JQ p(x) u(x)dx.

Theorem 11 is proved in [23] and is based essentially
on the calculation of the local energy characteristic for this
periodic structure.

Remark 12. Tt is easy to see from the proof of Theorem 11 that
ifin (48) we replace £(x)e” by a function 2, with max,__5 ¢, =

o(e?), then p(x) = 6m 1,(x) as in the linear case.

Remark 13. It is shown in [27] Paragraph 3.3 that for the
integrands of growth |V4|* In | Vi€, the 3D lattice becomes
extremely thin. Moreover, for the integrands of growth
|Vu® |2+5, where § > 0isa parameter independent of ¢, there is
no 3D lattice which admits nontrivial homogenization result,
because the capacity of the lattice goes to infinity as e — 0.
Theorem 11 shows the maximal possible polynomial growth
of the integrand (in a small neighborhood of the lattice)
which admits a nontrivial homogenization result.

6. Homogenization of the Neumann Problem

6.1. Statement of the Problem and Main Results. Let Q) be a
bounded Lipschitz domain in R" (n > 2). Let {F} .., bea
family of open subsets in Q; in the sequel ¢ is a small positive
parameter characterizing the microscopic length scale. We
assume that the set #° consists of N, (N, — +ooase — 0)
small isolated components such that their diameters go to
zero as ¢ — 0 and F° is distributed in an asymptotically
regular way in Q. We set

QF =0\ ZFe. (52)

We assume that a family of continuous functions {p,} .,
belongs to the class 2;0(,). On the space LP=Y(QF), we define
the functional J¢ : L”9(Q%) — R U {+oo}:

I F, (6, u, Vi) dx, if u e WHP0 (QF),
Qe

+00,

J* [u] = (53)

otherwise,

where F,(x,u, Vu) is defined in (31) and f € c(Q).

We study the asymptotic behavior of J® and their mini-
mizersase — 0. The classical periodicity assumption is here
substituted by an abstract one covering a variety of concrete
behaviors, such as the periodicity, the almost periodicity, and
many more besides. For this, we assume that Q° ¢ Qs a
disperse medium; that is, the following assumptions hold:

(C.2.1) the local concentration of the set Q° has a positive
continuous limit, that is, the indicator of Q° converges
weakly in L*(Q) to a continuous positive limit. This
implies that there exists a continuous positive func-
tion p = p(x) such that

. . -n x ey
Alino gh_%h meas (K, N Q°) = p(x), (54)

for any open cube K}, centered at x € Q with lengths
equal to h > 0;

(C.2.2) forany q € [p~, p'], there exists a family of extension
operators PZ W Q%) - WH(Q) such that.

global: for any u* € W1(QF),

Ju*llzscey < Cle sy

(55)
"V“s"m(m < C”V“£"L4(QE)’



uniformly in ¢ > 0, where u® = P*u® and u® = u* in
Q%

local: for any h > 0 there is gy(h) > 0 such that for
all e < gy(h), z € Q and any function u € W"((z +
[<2h,2h]™) N QF), the estimates hold

1o oo t-nariney < Cl |aest-ananringey
(56)

||Vu€"L‘1((z+[—h,h]”)nQ) £ CHVMS"L‘i((z+[—2h,2h]”)nﬂf)'

Remark 14. Notice that in condition (C.2.2), we require the
existence of extension operators only in usual Sobolev spaces
W4 with constant g. In this case, the extension condition is
well studied in the mathematical literature (see, e.g., [27, 30-
32]). For instance, it holds for a wide class of disperse media
(see, for instance, [27]).

One more condition is imposed on the local characteristic
of the set #*° associated to the functional (53). In order to
formulate this condition, we denote by K an open cube
centered at z € Q with edge length h (0 < ¢ <« h <« 1)
and introduce the functional

sh . 1 £
z,b)= 1an. {— Vv
Ps() ( ) Ve Kﬁan I)s (_x) |

+h_P£(x)_"|vE—(x—z, b)

(%)

Ps(x) } d.x,
(57)

where y > 0,b € R”, and the infimum is taken over v* €

WI’PS(')(KZ N QF). Here (-, -) stands for the scalar product in
R”. We assume that

(C.2.3) there is a continuous, with respect to x € Q, function
T(x,b)and y = y, (0 < y, < p) such that for any
{Petes0) € 53;0(,), any x € Qandanyb € R",

lim lim h™"c;lt, (x,b) = lim lim b ) (x,b) =T (x,b).
£—0

h—0e—0

(58)

Remark 15. Condition (C.2.3) is always fulfilled for periodic
and locally periodic structures.

Remark 16. 1t is crucial in condition (C.2.3) that the limit
function T'(x, b) does not depend on the particular choice of
the sequence p, — p,. Notice that this is always the case for
periodic and locally periodic perforated media. These media
will be considered in detail in the last section of the paper.

Now we are in position to formulate the first convergence
result of the section.

Theorem 17. Assume that {p } o) C EP (y and let conditions
(C.2.1)-(C.2.3) be satisfied. Then the functionals J* defined in
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(53), T po()-converge to the functional J,,,, : L(Q) — R U
{+oo} given by

Jhom (1]

J {T(x viy + L) 1y
Q Po (%)

—p(x) f (x) u} dx, if uew"rt(Q),

+00, otherwise.

(59)

Now let us formulate the convergence result for the
minimizers of the functionals J¢. Consider the variational
problem

JE[uf] — min, uf € WO (QF). (60)
According to [1-3, 6], for each ¢ > 0, problem (60) has a
unique solution ° € WP (QF),

The following convergence result holds.

Theorem 18. Under the assumptions of Theorem 17, the
solution u® of the variational problem (60) converges strongly

in LP°O(QF) to a solution of the problem

Jhom (U] — min, u € W0 Q). (61)
The Scheme of the Proof of Theorems 17 and 18 (See [22]
for More Details) Is as Follows. The “liminf”-inequality is
proved in two steps as in Theorem 7 by introducing an
auxiliary functional. The “lim sup”-inequality is proved by the
arguments similar to those from the proof of Theorem 8.

6.2. A Periodic Example. Theorems 17 and 18 of Section 6.1
provide sufficient conditions for the existence of the T-
limit functional (59) and for the convergence of minimizers
of the variational problem (60) to the minimizer of the
homogenized variational problem (61). It is important to
show that the class of functions which satisfy the conditions
of these theorems is not empty. The goal of this section is
to prove that for periodic and locally periodic media all
conditions of the above-mentioned theorems are satisfied and
to compute the coefficients of the homogenized functional
(59) in terms of solutions of auxiliary cell problems. In
fact, conditions (C.2.1) and (C.2.3) are always satisfied in
the periodic case if the boundary of inclusions is regular
enough, and that the extension condition (C.2.2) can also
be replaced with the assumption on the regularity of the
inclusions geometry.

Let Q be a bounded domain in R” (n > 2) with
sufficiently smooth boundary. We assume that in the periodic
cell Y =]0,1[", there is an obstacle F € Y being an open
set with a sufficiently smooth boundary oF. We assume that
this geometry is repeated periodically in the whole R". The
geometric structure within the domain Q is then obtained
by intersecting the e-multiple of this geometry with Q. Let

{x*¢} be an e-periodic grid in R™: x¢ = ¢k, k € Z". Then we
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define F* as the union of sets #}. C Kf obtained from &F by
translations with vectors ¢k, k € Z”, that is,

Fi=ek+el,  F=(J(FnQ), (g
k

and Ki‘ = ek + €Y. Notice that the geometry of the inclusions
having a nontrivial intersection with the domain boundary
might be rather complicated. In particular, the extension
condition (C.2.2) might be violated for these inclusions. To
avoid these technical difficulties, we assume that the domain
Q is not perforated in a small neighborhood of its boundary
0Q). We set

o a7 (63)

Let a family of continuous functions {p,} .. belongs to
the class 2;0(‘). On the space L (), we define the func-

tional J¢ : L7O(Qf) — R U {+oo}:

J* [u]

1
Yu Pe(x) + uPe(x)
[, (1)

—f (x) u} dx, if ue w0 (QF),

+00, otherwise,
(64)

where f € C(Q).

We study the asymptotic behavior of the functional J* and
its minimizer as ¢ — 0. To formulate the main result of this
section we will introduce some notation. We denote by U® =

U®(p, y) a minimizer of the following variational problem:

ue WP (Y"),  (65)

J-Y* I—l)lvab - b.P dy — min, ber

where Y* = Y\ F,and b = by, by, ..., b,) is a vector in R”,
and p > 1 is a parameter.

If p > 2, then the solution U coincides with a unique
solution in Wpléf (Y™) of the following cell problem:

div, ('VyUb'p_ZVyUb) -0 inY",
(|VyUb|p _Zva" ~b, &) -0 ondF, (66)
y — U"(y) Y-periodic,

here 7 is the outward normal to OF.
The following result holds.

Theorem 19. The sequence of functionals {]} .-y defined in

(64) I, (-converges to the functional ]y, : PYQ) - RU
{+00} given by

]hom [u]
J {T(x, Vu) + —E— )P
Q Po (x)
- pf (x) u} dx, if uewtrt (Q),
+00, otherwise,
(67)
where
p=meas Y7,
1 b Po(x) (68)
T (x,b) = _— , V) — .
(x,b) JY* T V, U’ (po (x),y) =b|" dy

Moreover, a minimizer u® of the functional (64) converges
strongly in the space LP*(QF) to u the minimizer of the
homogenized functional (67).

Notice that Theorem 19 (see [22]) can be proved in two
different ways. One of them is to check that under the
assumptions of Theorem 19 conditions (C.2.1)-(C.2.3) are
satisfied and that the characteristics introduced in conditions
(C.2.1) and (C.2.3) coincide with those defined in (68). On
the other hand, in the periodic case, the direct I'-convergence
techniques can be applied. This allows us to obtain formula
(68) by means of I'-convergence approach used in periodic
homogenization.

7. Homogenization of Quasilinear Elliptic
Equations with Nonstandard Growth in
High-Contrast Media

71. Statement of the Problem and the Main Result. Let Q =
fo u Q_fn be a bounded domain of R"” (n > 2) with Lipschitz

boundary 0Q. Here {Q);, } .., is a family of open subsets in Q.
We assume that the set 0} is distributed in an asymptotically
regular way in (); moreover, for the sake of simplicity, we
suppose that QOF N 0Q = 0.

Remark 20. In the framework of the method of local energy
characteristics presented in the section, we do not specify the
geometrical structure of the set ;,. Generally speaking, it
may consist of N, (N, — +ooase — 0) small isolated
components such that their diameters go to zeroase — 0
or it may be defined as fibres becoming more and more dense
ase — 0, such that the diameters of the fibers go to zero as
e — 0.

We assume that the family of functions {p,} .. belongs
to the class 2;0 () Leto € C(Q) be such that
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(A.3.4) there exist two real numbers o~ and 0" such that the
function o is bounded in the following sense:

0 <0 =mino(x) <0 (x) <maxo (x)
xeQ xeQ

(69)
=¢" < min M inQ
xeq 1 — Py (x)

(A.3.5) the function o satisfies the log-Hoélder continuity
property.

Let us now define the variational problem under con-
sideration. To this end, we consider the functional J®
WhPO(Q) — R U {+oo},

7 [u] def JQ G, (x,u, Vu)dx if u e W20 (Q),

(70)
+00 otherwise,
where
€ X 1 x
G, (x,u, Vi) € 3¢, (x) [V + —— ™
o (x)
K. (%) (71)
- g (x)u  with », (x) def 2o X

Pe ()

. e e, \ def ¢
Here the function g° is defined by g°(x) =1 f(x) g(x), g €
C(Q). We denote by 1; the characteristic function of the set
QZ, k = f,m. K, is a measurable function in Q such that

(K.1) there exists a real number k; such that 0 < k, <
K (x) < ky"in Q%

(K.2) for any € > 0, there exists a real number k, such that
SUp, e Ko(x) =k, >0andk, — Oase — 0.

We consider the following variational problem:
J (4] — min, u* e WP (Q). (72)

It is known from [1] that for each € > 0, there exists a unique
solution u® € WO1 P ‘(')(Q) of the variational problem (72). We
aim to study the asymptotic behavior of the family {u°} as
¢ — 0, bearing in mind that the geometry of Q = Q% U ﬁfn
depends on €. So, we have to specify this geometry. Most of
the papers dealing with homogenization assume that Q is a
periodic repetition of a standard cell. This classical periodicity
assumption is here substituted by an abstract one covering
a variety of concrete behaviors including periodicity and
almost periodicity. We thus make the following assumptions:

(C.3.1) the local concentration of the set Qj; has a positive
continuous limit; that is, the indicator of Q‘} con-
verges weakly in L*(Q) to a continuous positive limit.

This implies that there exists a continuous positive
function p = p(x) such that

lim lim 4" meas (K;f N Qjc) =p(x) (73)

h—0e—0
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for any open cube K}, centered at x € Q with lengths
equal to i > 0;

(C.3.2) for any {p.}q) C 53;0(.), there is a constant C, > 0

such that if the function p] is defined by p;(x) =
Pe(x) = C,, in Q, then:

(i) the sequence {p;}. belongs to £ (), that is,
lim, _,(C,, =0;

(ii) there exists a family of extension operators P°:
wlkpe (')(Q;) — W0(Q) such that, for any v €
Lp() (e
P =+ in Q;,
(74)
P sy < @ (1 hwnsoar )

where ® = ®(¢) is a strictly monotone continuous
function in R* such that ®(0) = 0 and ®(t) — +00
ast — +0o.

We also impose several conditions on the local character-
istic of the set st and Q) associated to the functional (70).
Let K;; be an open cube centered at z € Q with lengths equal
toh (0 < ¢ < h < 1). We introduce the following functionals:

. . &h . . e .
(i) the functional ) associated to the energy in Q7 is

defined in Q x R" by

h
iy (732)

def .

e 1nfj {%8 () [V* (x) <)
KZNQS

VE

+h_p€(x)_y|v‘E (x)-(x—2z,a)

Ps(x) } dx,
(75)

forz € O,a € R"”, where y > 0 and the infimum is
taken over v° € WI’PE(')(Kﬁ n st).

(ii) The functional b;’PE_) associated to the energy exchange

between QO and Q0 is defined in O x R" by
&,h
by (25 P)

def . £|pe(x) L, (%), 000
= 11101€f Lﬁ {%5 (x) |Vw | + —|w | (76)

o (x)

+h_‘°f(x)_y1§c (x) [w® - B

Pe(x) } dx

forz € O, € R, the infimum being taken over w* €
Wl)Ps(‘)(KZ).
We assume that the local characteristics of () are such that
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(C.3.3) for any x € Q) and any a € R”", there is a continuous
function T(x,a) and a real number y = y, (0 < y, <
p) such that, for any {p.} ) C 2;0( Y

lim lim h™" Sh ) (x,a) = 11m lim k™" sh ) (x,a) =
h—0e—0 eD0

T (x,a).
(77)

(C.3.4) for any x € Q and any f3 € R, there is a continuous
function b(x, ) and a real number y = p, (0 < y; <
p7) such that, for any {p,}(.0) € £, (>

lim Tim A™"b5) (x, B) = lim lim h™"b3 (x, B) =

h—0e—0 € h4>0 -0

b(x. ).
(78)

Remark 21. Tt is crucial in conditions (C.3.3) and (C.3.4) that
the limit functions T'(x,b) and b(x, ) do not depend on
the particular choice of the sequence {p,} .o < 8;0(,). It is
proved in [26] that these assumptions are fulfilled for periodic
and locally periodic media.

Remark 22. Contrary to the standard growth setting as
(z p) is
not homogeneous with respect to the parameter B. This
induces the appearance of a nonlinear function b(x, u) in the
homogenized functional (see Theorem 23 below).

considered in [20, 32], the local characteristic b£

The main result of the section is the following.

Theorem 23. Let u® be a solution of (72). Assume that
Pt e 2;0(,) and conditions (A.3.4)-(A.3.5), (K.1)-(K.2), and

(C.3.1)-(C.3.4) are satisfied. Then uF, solution of the variational
problem (72), converges strongly in LPO(')(Q;) to u, solution of
the following variational problem:

Trom [4] — min, u € W0 (Q), (79)

the homogenized functional ], : Wol’p“(')(Q) — R U {+o00}

being defined by
et j Gy (.16, Vu)dx if u e WO (),
]hom [u] = Q
+00 otherwise,
(80)
where
Gy (1, Vi) & T (x, V) + £ PO o
o (x) (81)
+b(x,u) - g(x)p(x)u.

Moreover, for any smooth function { in Q, we have
. 1 (x)-2 2
llmJ —ufl” u(x)u® - |uf
lim {p(x)u (1)~ [uP)

|u |g(x)} {(x)dx = J b (x,u){ (x)dx.
Q
(82)

( )

1

The scheme of the proof of Theorem 23 (see [26] for more
details) is similar to the scheme of the proof of Theorems 17
and 18.

7.2. Periodic Examples. Theorem 23 of Section 7.1 provides
sufficient conditions for the existence of the homogenized
functional (80) and for the convergence of minimizers of
the variational problem (72) to the minimizer of the homog-
enized variational problem (79) under conditions (A.3.4)-
(A.3.5), (K.1)-(K.2), and (C.3.1)-(C.3.4). It is important to
show that the “intersection” of these conditions is not empty.
The goal of this section is to prove that for periodic media
all the conditions of the above-mentioned theorem are
satisfied and to compute the coefficients of the homogenized
functional (80) either in an explicit form or as usually by the
solution of a corresponding cell problem.

Let Q be a bounded domain in R"” (n > 2) with Lipschitz

boundary. We assume that in the standard periodic cell Y )
10, 1[", there is an obstacle M ¢ Y with Lipschitz boundary
OM. We assume that this geometry is repeated periodically in
the whole R". The geometric structure within the domain Q is
then obtained by intersecting the e-multiple of this geometry
with Q. Let {x"*} be an e-periodic grid in Q. Then we define
Q, as the union of sets M; C Ki Gi=1, 2 ., N,) obtained

from M by translations of vectors & ¥ j-1 kjej, that is,
N, L
o, =Jm;,  oi=0\0, (83)

where K is the cube centered at the point x** and of length
&, k € Z {e } s the canonical basis of R”, and N, — +00
ase — 0.

Let p, = py(x) be a log-Hélder continuous function such
that

2<p = mmp0 (x) < py (x) < max p, (x)

x€Q (84)
=p"<+o0 inQ.
Let {p.}(e>0) € &, () be a sequence defined by
def
Pe (%) = po(x) +d (%), (85)

where the function d, is such that d, = o(1) ase — 0.
The asymptotic behavior of d, will be specified below. On the
space WhP:0)(Q), we define the functional J¢ : WP<0(Q) —
R U {+00},

J [u]
(50 g 1y
AEAr o (x)
- ~g° (x) u} dx ifuew0 (Q),
+00 otherwise,

(86)
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where
k in Q°
K(x)=1{ 7' r 87
x) { e o ol (87)
the function o satisfies conditions (A.3.4) with o~ > 2,

(A.3.5), the function g° is defined by g°(x) def lef(x) g(x),
g € C(Q). Here k; and k,,, are strictly positive constants
independent of €.

Consider the following variational problem:

J (W] — min,  u* e WP (Q). (88)

We aim to study the asymptotic behavior of u° the solution of
(88).

To formulate the main result of this section, we introduce
some notations. We denote by u® = u”(x, y) the unique

solution in W#1 A "(')(F ) of the following cell problem:

Po(x)-2

div,, {kf |Vyu” Vyu“} =0 inF,

Po(x)-2

V.u® —a, ?/) =0 on OM, (89)

<kf [v,u° y

y — u”(y) Y-periodic,

where F = Y \ M, ¥ is the outward normal vector to M, and
a € R". We denote by w* = w(x, y) the unique solution in

W#I’PO(')(M ) of the following cell problem:
x)—2
_ diVy {km d(x) |Vywﬁ'l’0( ) Vywﬁ}
+ |wﬁ|0(X)_2wﬁ =0 in M)

(90)
wP(y)=B ondM,

y — wP () Y-periodic.

Notice that in (89) and (90) x is a parameter. Regularity
results for u” and w” are thus easily deduced from [33] and
[34]. We also introduce the homogenized functional J,,, :
wh0(Q) - RU {+oo}:

]hom [u]

J {T(x, Vi) + L fu®
def Q g (X)

+b (x,u)—g (x) p*u]» dx if uew,P" (@),

+00 otherwise,
(o1

the following results hold.

Theorem 24. Let u® be a solution of (88). Assume that

L4 _ ay
Ellg})s =d() (92)
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. . & . P ) &
uniformly in Q. Then u” converges strongly in L (€Xr) to u
the solution of the variational problem:

Trom (4] — min,  u e Wy (@), (93)
where
P & meas F, (94)
def 1 Po(x)
T (x,a) = PN L V0" (x,y)—a]" Tdy,  (95)

b(x.f) N Jﬂ{ 1

o(x)— o(x)
S [ T ]

(96)

1 o(x)

Theorem 25. Let u® be a solution of (88). Assume that, for any
x €Q,

lim ¢ %
e—0

= +00. (97)

Then u converges strongly in LP"(')(st) to u the solution of the

variational problem (93), where p* and the function T(x, a) are
given in (94), (95), and

def meas M |ﬁ|a(x).

b(xB) = (98)

o (x)

Theorem 26. Let u® be a solution of (88). Assume that, for any
x € Q,

lim & 4
e—0

=0. (99)

Then u® converges strongly in LP"(')(st) to u the solution of the

variational problem (93), where p* and the function T(x, a) are
given in (94), (95), and b(x, ) = 0.

Remark 27. Notice that if K, (x) = 13k + 1, k,, P then
Theorem 24 holds true with d(x) = 1.

8. Homogenization of a Class of
Quasilinear Parabolic Equations
with Nonstandard Growth

8.1. Statement of the Problem and Assumptions. In this sec-
tion, we describe a mesoscopic double porosity model in a
periodic fractured medium. We consider a reservoir 0 C
R" (n > 2) to be a bounded connected domain with a
periodic structure. More precisely, we will scale this periodic
structure by a parameter & which represents the ratio of

the cell size to the size of the whole region ), and we will

. . def
assume that & is a parameter tending to zero. Let Y =

10, 1[" represent the mesoscopic domain of the basic cell of
a fractured porous medium. For the sake of simplicity and
without loss of generality, we assume that Y is made up of two
homogeneous porous media M € Y and F corresponding
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to parties of the mesoscopic domain occupied by the matrix
block and the fracture, respectively. ThusY = M UT,, (UF,
where T, ; denotes the interface between the two media
and the subscripts m and f refer to the matrix and fracture,
respectively. Let QO withi = mor f denotes the open set filled
with the porous medium i. Then Q = Q) UT;, U QF, where
I, = 0Q;, N 0QY%. For the sake of simplicity, we will assume
that 00 N Q;, = 0.

Let us introduce the nonstandard growth function used in
this section. We assume that a family of continuous functions
pe = pe(x), & > 0, is defined in Q and satisfies the following
conditions:

(A.4.1) functions p, are bounded from below such that:
pe(x) =2 in Q;

(A.4.2) the function p,(x) satisfies the log-Hélder continuity
property;

(A.4.3) the function y,(x) &« pe(x) — 2 converges uniformly
to zero in Q.

Now let us introduce the permeability coeflicient and the
porosity of the porous medium Q. We set

K° (x) = ke 15, (x) + kg 15 (%),
(100)

w° (%) = w,, 1, (x) + wf lsf (x),
where k is the permeability or the hydraulic conductivity of
fissures, k,, is the permeability or the hydraulic conductivity
of blocks, w; is the porosity of fissures, and w,, is the
porosity of blocks; ljr = ljf(x) and 1;, = 1; (x) denote the
characteristic functions of the sets ij and Q;, respectively.
Here 0 < kf,km,wf,wm < +00.

We consider the following initial boundary value problem
for the function u® : Q — R:

@ (x) ou div (ks (x) Vuf| Vi Pf(xH) =g(t,x) inQ
ot
u®*=0 on (0,T) x 0Q,
u (0,x) =uy(x) inQ,
(101)

where Q denotes the cylinder (0, T) x Q, T > 0 is given, and
g> Uy are given functions.

For simplicity and without loss of generality, we restrict
the presentation to a homogeneous Dirichlet boundary con-
dition on 0Q), but it is easy to see that all results also hold for
other boundary conditions.

Throughout the section, C will denote a generic positive
constant, independent of ¢, and may take different values for
different occurrences.

8.2. Preliminary Results. The goal of this section is to obtain a
priori estimates for the solution u® of problem (101). We start
by formulating the existence and uniqueness result for (101).
It is given by the following theorem (see [35]).
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Theorem 28. Let g € C(0, T; L*(Q)) and u, € H*(Q).
Then, for any ¢ > 0, there exists a unique solution u® =
u®(t, x) of the boundary value problem (101) in the space
L0, T; W Q). Furthermore, this solution satisfies the
following a priori estimates, for a.e. t € (0,T):

R 2 t aus
I Ot [ ot [ |

<G,

Pe(x)dx

2
dx+I K (x) [Vt
Q

(102)

| (2 +8t) = (1) 20y < € (60)°  with 0 <K <1,
(103)

where 8t > 0 is a time step which tends to zero.

We study the asymptotic behavior of the solution u® of
problem (101) ase — 0. For this it is convenient to introduce
the following notation:

e [ p°in Q;,
“= { o inQ, (104)
and to rewrite (101) separately in the domains Q%, QF, with
appropriate interface conditions. Namely, in the domain Q‘}
(101) reads
9 el ¢
wp o div (kap [Vp

Pe (x)_z)

=g(t,x) in (O,T)fo,
£ £|pe(x)-2 3

_ kmsPe(x)Vo_sWGs pe(x)-2 7 on (0,T) x I‘fn’f,

p°=0 on (0,T)x0Q,

. &€
inQ I
where 7 is the outward normal vector to anf. In the domain
Q¢ (101) reads

p°(0.%) = g (x)

w’”aait - div (km82V08|V08

= g(t: x)

Ps(x)fZ)

in (0,T) xQ,,, (106)

o =p° on(0,T)x anf,

0% (0,x) = uy (x) in Q.

To establish some preliminary compactness result, first
we notice that the a priori estimate (102), conditions (A.4.1),
(A.4.3) along with (110), and inequalities (106), and (107)
imply the bound for a.e. t € (0, T):

2

ou dx

ot

t
[[* (t)||L2(Q) + J dtj
o Ja

+J
;

(107)

Vu€|2dx + & J qus|2dx <C.
Q
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Therefore, from (105), (106) and (107), we have for a.e. t €
(0,T):

£ t aPS 2 £12
I Ol + [, e [, [ axe [ wotax<c.

2

do®

t
o @, + | e |

QF

dx + & J [Vo*|’dx < C.
a,
(108)
Now using the bounds (108), along with the extension

result [30], it is easy to prove the following compactness
result.

Lemma 29. Let u® = (p*, ") be the solution of problem (101).
Then there exists a subsequence, still denoted by {u},.,, and
functions up = up(t,x), vy = ve(x, y), u,, = (£, x, y) such
that

@) u; € HY(O,T;LX(Q) n L®0,T;HY(Q), vy €
L}(Q; Hy(F) \ R),
(a.2) u,, € H'(0,T; L*(Q x Y)) N L0, T; L*(Q; H' (M))),
withu,(t,x, y) = u(t, x) for y € OM,
(b) forany t € (0,T), p° et us and ot = Uppy
(c) for any @ € L®(0, T; L*(Q; C,(Y))),

T ou® x
ar | 2 (t, ,—)d
Jo J} at(P x € X

T auf
—>J dtj — ¢ (t,x, y)dxdy,
oxF Ot

0

T ou’ x
JO dt Jan E(P (t, X, ;) dx

T ou,,
— J dtJ — ¢ (t,x, y)dxdy,
o Joxm Ot

(109)

(d) for ae. t € (0.T), Vp* 2> (Vous + V,v)1(y) and
2s
Vo* = V,u,,1,(y).

8.3. Homogenization Results. In this section, we formulate
the main results of the section. We give homogenization
results for the problem (101). The convergence of the homog-
enization process is obtained by combining the technique of
two-scale convergence and the variational homogenization
method (see, e.g., [9, 16, 27] and the references therein).

The idea of the proof is the following. First we will
reduce our parabolic problem to an elliptic one depending
on the time variable as a parameter. Then we introduce a
functional corresponding to this elliptic problem and study
the minimization problem for it in the limit of small e.
Then we obtain the limit functional corresponding to the
homogenized problem. Regarding the variational technique,
it is worth to mention one trick used in the paper. In order
to obtain the lower bound for the original functional, we first
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replace the original exponent p,(x) by a new one p, = 2 and
consider the corresponding family of auxiliary functionals.
Then the lower semicontinuity property of convex function-
als with respect to the two-scale convergence implies the
desired inequality. Finally, it is not difficult to show that the
limit functional for the auxiliary family does not exceed the
limiting functional for the original one.

Now we are in position to formulate the first homogeniza-
tion result of the section.

Theorem 30. Letu® = u®(t, x) be the solution of the boundary
value problem (101) and let conditions (A.4.1)-(A.4.3) be
satisfied. Moreover, we assume that there exists a function « €
C(Q) such that uniformly in x € Q,

@) = (x).

1' Ve
lim ¢ (110)
Then, for a.e. t € (0,T), u® two-scale converges to u* ¢

L*((0,T) x Q x Y) such that

inQ x F,

* t)

sy (6%, ) )

where the couple (uf,um) e L*0,T; H'(Q)) x L®(0,T;

L2(Q; HY(M))) is the unique solution of the homogenized
problem

B2 g (kY S :
wyl |?— 1vx( xuf)— (xu,) nQ

ug=0on (0, T) x 0Q), uf(O,x)=u0(x) in Q,

ou —% .
wma—tm—K () A u, =g(t,x) inQxM,
U, (6%, y) =up(t,x) on Qx0M,

U, (0,x, ) =uy(x) in QxM,

(112)

where |F| is the measure of the set F and K* = {kfj} is the
homogenized permeability tensor defined by

K=k | @Eevm) @evu)dy )

with {,,é,, ..., ¢,} the canonical basis of R" and w; being the
unique solution in H; (F)\Rof

—kfA,w; =0 inF,
(é’i + Vywi) -7=0 on oM, (114)
Yy —w; (x, y) Y—periodic,

where ¥ = Y(y) is the outer normal vector at oM, and the
coefficient K " in the local problem is given by

K (x) = a(x)k,, (115)
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and the effective source term S(x, u,,) is given by

S (x,u,,) = |F| gt x) - K (x) J-aM (Vyum . 'T/) ds,. (116)

Remark 31. The source term which appears in the right-
hand side of the first eclluation in (112) is well defined, since
u, € L®(0,T; L*(Q; H' (M))), and it follows from the third
equation of (112) that

~A u,, € L*(0,T;H ™' (0M)), (117)

which allows one to define v,
L*(0,T; H *(0M)).

u,, - v) as an element of

The Scheme of the Proof of Theorem 30 Is as Follows. We
consider our parabolic boundary value problem (101) as an
elliptic one depending on the time variable  as a parameter.
Namely, we consider the following boundary value problem,
fora.e.t €]0, T,

—div (k“ (x) Vit | Vst Pe(")‘z) -G inQ
(118)
u®*=0 on |0, T[ x00Q,

where the function G,

(119)

is considered as a given function. Then, for any A, ¢ [0, T],
v minimizes the functional

e def k* (x) pe(x) _ G* }
I [u] = JA,dtJ {Ps( )IV u| Guprdx (120)

over u € L*(0,T; Wl’pf(')(Q)). Using the two-scale con-
vergence arguments, we obtain the “lim sup”-inequality for
the functional J*. The “lim inf”-inequality is obtained in two
steps. First, we introduce the auxiliary functional

~& def k (.X') _
] [u] = Ltdtj { & )|V ul? Gu}dx

(121)
with k™ (x) = a (x) k,e” 15, (x) +kj 15 (x)
and obtain the inequality
h_m 75 [us] 2 ]hom [uf’um] > (122)

e—0
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where

]hom [uf’um]
1/ .

= Lt dt L {E (K* Vs Veuy)

0
wf%)uf}dx
+J dtj {oc(x) 'V u |2

A, QxM

< (t,x) - wmaa )um}dxdy.
(123)

_lFl <g(t)x)_

Then in the second step, we obtain the desired “lim inf”-
inequality for the initial functional. This completes the proof
of Theorem 30.

The macroscopic model corresponding to the second
situation is given by the following convergence result.

Theorem 32. Let u® = (p°, 0°) be the solution of the boundary
value problem (101) and let conditions (A.4.1)-(A.4.3) be

satisfied. Moreover, we assume that for any x € Q,

lim & %™
e—0

= +00. (124)

Then, for a.e. t € (0,T), u® converges in L*(Q), ase — 0, to
u® € L*(0,T; H'(Q)), the solution of

0
(wf IF| + w,, |M|) aait_ div,, (K* quo): gtx) inQ

=0 on (0,T) x 0Q), u’ (0,x) =uy (x) inQ,
(125)
where K* = {k;;} is the homogenized permeability tensor

defined in (113)-(114).
The proof of Theorem 32 is similar to that of Theorem 30.

Remark 33. Notice that the structure of the limit problem
depends crucially on the rate of convergence of (p,(-) — 2)
to zero. The critical rate of convergence is

1
N =2) ~ .
(P ()-2) el (126)
More precisely, if lim,_  llnel(p,(x) — 2) < +oo,

then the limit model is of a double porosity type. If
lim, ,,|Ine| (p,(x) —2) = +00, then in the limit we obtain a
single porosity model.

The proofs of Theorems 30 and 32 are given in [21].
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