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We investigate the periodic solutions of second-order difference problem with potential indefinite in sign. We consider the
compactness condition of variational functional and local linking at 0 by introducing new number A,. By using Morse theory,
we obtain some new results concerning the existence of nontrivial periodic solution.

1. Introduction

We consider the second-order discrete Hamiltonian systems

Nx,  +W' (n,x,) =0, Xpor = X 6))

where T' > 2 is a given integer, n € Z, x, € RY, Ax, =
Xpe1 = X A’X, = A(Ax,), W' stands for the gradient of W
with respect to the second variable. W ¢ CH(Z x RN, R) is
T-periodic in the first variable and has the form W(n, x) =
(1/2)alx|* + H(n, x), where a = 4 sin*(mn/T) for some m €
Z[0,r],r = [T/2], [] stands for the greatest-integer function.
For integers a < b, the discrete interval {a,a + 1,...,b} is
denoted by Z|[a, b].

In this paper we consider that H is sign changing, that is,

H(n,x) = b(n) <§|x|$ +G,(n, x))

)

IE3

lb (n) |x|° + G, (n,x),
s

Q, = {n e Z[L,T]|b(n) > 0)}, Q_ = {n € Z[1,T]|b(n) < 0)}
are two nonempty subsets of Z[1,T], wheres > 1,b(:) isa T-
periodic real function, G, € CY(Z xRN, R), and G,(n,0) = 0.

Consider the second-order Hamiltonian system

%)+ W' (5x) =0, x(0) = x(T), 5
3
x(0) =x(T),

where W € C*R x RN, R) is T-periodic in t, W(t,x) =
(1/2)(A(t)x,x) + H(t,x). Here A(-) is a continuous, T-
periodic matrix-value function.

Systems (1) and (3) have been investigated by many
authors using various methods, see [1-5]. The dynamical
behavior of differential and difference equations was studied
by using various methods, and many interesting results have
obtained, see [6-10] and references therein. The critical point
theory [11-14] is a useful tool to investigate differential equa-
tions. Morse theory [15-19] has also been used to solve the
asymptotically linear problem. By minimax methods in criti-
cal point theory, Tang and Wu [4], Antonacci [20, 21] consid-
ered the problem (3) with potential indefinite in sign, where
H is superquadratic at zero and infinity. By using Morse
theory, Zou and Li [10] study the existence of T-periodic
solution of (3), where H is asymptotically superquadratic
and sign changing. Moroz [19] studies system (3) where H is
asymptotically subquadratic and sign changing. Motivated by
[5,10,19], we investigate periodic solutions for asymptotically
superquadratic or subquadratic discrete system (1).

By expression of H(n, x), system (1) possesses a trivial
solution x = 0. Here we are interested in finding the nonzero
T-periodic solution of (1), and we divide the problem into two
cases: s > 2and 1 < s < 2. For s = 2, one can refer to [22].



Case 1 (asymptotically superquadratic case: s > 2). In this
case, we replace p with s in (2). Letting gp(n,x) = G;)(n, Xx),
we rewrite (1) as

A’x, | +ax, +b(n) |xn|P_2xn +9g,(nx,) =0, "

XntT = Xp-

Furthermore, for all (n,x) € Z x R", we assume that 9p
satisfies

(A1) gp(n, x) = o(|x|) as |x| — oo uniformly in n,

(A2) gp(n, x) = o(|x|P™") as|x| — 0 uniformly in n.

Case 2 (asymptotically subquadratic case: 1 < s < 2). Here
we replace g with s in (2). Letting gq(n, x) = G;(n, Xx), we
rewrite (1) as

N’x, | +ax, +b(n) |xn|q72xn +9g,(nx,) =0, )

Xp+T = Xpe
For all (n,x) € Z x RYN, we assume that 9q satisfies

(B1) g,(n,x) = o(|x|7 ") as |x] — oo uniformly in n,

(B2) gq(n, x) = o(|x]) as |x|] — 0 uniformly in n.

Before stating the main results, we introduce space E; =
{x = {x,} € Slx,r = x,,n € Z}, where S = {x =
{x,}x, € RN, n ¢ Z}. For any x,y € S,a,b € R,
we define ax + by = {ax, + by,},cz. Then S is a linear
space. Let (x,7)p = S0, (63, Il = (30, )"
for all x,y € Ep, where (-,-) and | - | are the usual inner
product and norm in R", respectively. Obviously, E is a
Hilbert space with dimension NT and homeomorphism to
RNT Forr > 1, let llxll, = (Zzzl Ixnlr)l/r, x € Ep. Moreover,
for simplicity, we write (x, y) and | x| instead of (x, y) E, and
[lx|l Ep> respectively.

Lemma 1. There exist positive numbers a,, a,, such that a, ||
xll, <l x lI< ay | x1,.
Inspired by [10, 19], one introduces two numbers as follows:

T
A (p) = inf {lle||2| Dbl = 0} ,
- n=1
T (6)
A, (q) = inf {IIAx||2| Yo |x,|* = 0}.
n=1

llfl=1

Theorem 2. Ifa < A,(p), then (4) has a nonzero T-periodic
solution.

Theorem 3. Ifa < A,(q), then (5) has a nonzero T-periodic
solution.

This paper is divided into four sections. Section 2 contains
some preliminaries, and the proofs of Theorems 2 and 3 are
given in Sections 3 and 4, respectively.
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2. Preliminaries

2.1. Variational Functional and (PS) Condition. For seeking
T-periodic solution of (1), we consider variational functional

Ip associated with (4) as Ip(x) = (1/2) 23,;1 IAx,,I2 -

(1/2)a Yy Ix,/* = 1/p Ty b®)|x,F = ¥, G, x,,), that
is

T, = L1axl? = Latel = LY b
P 2 2 = "
%

T
- ZGP (n,x,), x€Eg.

n=1

Moreover, T-periodic solution of (5) is associated with the
critical point of functional

T () = S1aet? = Lagl? = L b o s
1 2 2 95 "
(8)

T
- ZGq (n,x,), xc¢€Ep

n=1

We say that a C' -functional ¢ on Hilbert space X satisfies
the Palais-Smale (PS) condition if every sequence {x'"} in X,
such that {(p(x(j))}, is bounded and (p'(x(j)) — O0asj — oo
contains a convergent subsequence.

Lemma 4. Functional Ip satisfies (PS) condition ifa < A, (p).

Proof. Let {x1} ¢ E; be the (PS) sequence for functional J »
such that ]P(x(j)) is bounded, and ];(x(j)) — O0asj — oo.

Hence, for any € > 0, there exist N, > 0 and constant ¢; > 0,
such that

7). )| < 7]t 2 N,

(<) <

To prove that J,, satisfies (PS) condition, it suffices to show

)

that IIx(j) | is bounded in E;. Suppose not that there exists a
subsequence {x(j")}, I ) | = coask — oo.Forsimplicity,
we write as {x"} instead of {x"'}. Without loss of generality,
we assume that there exists k € Z[1, T, such that

|x;j)|—>oo as j— oo forneZ[l,k],
| (10)
x are bounded for n € Z [k + 1,T].

n

Therefore for all n € [1,T], by assumption (Al), there exists
¢, > 0 such that

'Gp (n, xilj))' < s|x,(1j)j2 +0,
(11)
|95 (7)< 2| + 5
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for large j. By the previous argument, it follows that

i(gp (n x(])) (J'))

n=

T . .
< 2 |gp (mx)] ]
n=1

< e+ et .

—_

(12)

By (7), we have

P]p (x(j)) _ <]‘; (x(j)) ,x(j)>

= (£-1) (ot ~a<7]) - P2Gp(mx') (13

(gp (n) (J)) , xij)) .

MH

n=1

In terms of (9) and (11), for large j, it follows that

(5-1) (2t =)

<pe te “x(j)” + (p + l)snx(j)"2 + po,T +¢c,T “x(j)” .
(14

Set y¥' = x0/1x?|. Dividing by x| in the previous
formula, it follows that
((p+ e+

for large j. Therefore, by € being chosen arbitrarily, there is a
subsequence that converges to y° € E; such that

oT +¢

<]

sy <av 25 PCZT”’Cl)

<

oyl za -1 o
On the other hand, we have
7, (x9) - % U (x7), 29
= (‘ - —) Zb(”) | ZG nxl) )
1y @MY )
+52(9, (nx)) x0).

n=1

3
Then, by (9) and (11), for large j, we get
()3
2 p n=1
_ ]P(x<j))_%< (x9), 57 + ZG (n,x9)
—-Z(ffp(”’ %))
< [ re O vt o] (e e <),
(18)

By dividing by [l ||p in the previous formula, then by
p > 2, we have 25:1 b(n)lyflj)lp — 0O0asj — o0, that
is, Yo byl? = lim; ., Y1  b(m)]yP|? = 0. By the
definition of A, (p), see (6), we have ||Ay°||2 > A, (p). This
contradicts with (16) and assumption a < A, (p). The proof is
completed. O

Lemma 5. Functional ], satisfies (PS) condition ifa < A, (q).

The proof is similar to that of Lemma 4 and is omitted.

2.2. Eigenvalue Problem. Consider eigenvalue problem:

-A’x, | = MAx,, Xy = X, X, €RY,(19)

thatis, x,,,, +(A-2)x,+x,_; = 0,x,,1 = X,,. By the periodicity,
the difference system has complexity solution x,, = "¢ for
c € CN, where0 = 2kr/T, k € Z. Moreover, A = 2—e ¢ =
2(1—cos 0) = 4sin®(kr/T). Let 1, denote the real eigenvector
corresponding to the eigenvalues A, = 4 sin?(krt/T), where
k € Z[0,r] and r = [T/2]. Since a = 4 sin*(mmn/T) for some
m € Z[0,r], we can split space E as follows:

Er=w Pw Pw, (20)
where
W™ =span{n | ke Z[0,m-1]}, W' = span {1,,} ,

W =span{n | ke Z[m+1,r]}.
(21

By means of eigenvalue problem, we have IAxnI2 —alxnl2 =

(Ax,, Ax,) — a(x,,x,) = (—Azxn_l,xn) —alx,x,) = (A -
a)(x,,x,) = (A —a)lx,|*. Let
min {4 sinZM -4 sinzm,
T
-1
0= 4sin2@—4sin2u}, me Z[1,r],
T T
4sin2£, m=0
T
(22)

Then +(|| Ax|]* —a || x||*) = & || x||* for x € W*.



On the other hand, associating to numbers A, (p) and
A.(q) (see (6)), we set

T
P
A (p) =Y b el
n=1
(23)
T
A (@)= Qb0 el
n=1
wheree, = u € RN (n € [1,T]) is the real eigenvector
corresponding to eigenvalue A, = 0. e = (elT,eg,...,eL)T =
W, u”,...,u")T € E, where o denotes the transpose of a
vector or a matrix. Moreover, letting |u| = T2, we have

lel = 1, |Aell = 0. Therefore, by definition of A, (p), if
A, (p)=0then A, (p) =0.

However, by assumption A, (p) > a = 4sin?(mn/T) for
some m € Z[0,r], thus A, (p) > 0. That is to say the equality
A, (p) = 0 cannot hold. Therefore our discussion will be
distinguished in two cases: A ,(p) > 0and A ,(p) < 0.

2.3. Preliminaries. Let X be a Hilbert space, and let ¢ €
C'(X,R) be a functional satistying the (PS) condition. Write
crit(p) = {x € X | (p'(x) = 0} for the set of critical
points of functional ¢ and ¢ = {x € X | ¢(x) < ¢} for
the level set. Denote by H) (A, B) the kth singular relative
homology group with integer coeflicients. Let x, € crit(¢)
be an isolated critical point with value ¢ = ¢(x,), ¢ € R, the
group Ci (9, xy) = Hi (¢ NU,(¢° NU) \ {x,}), and k € Z
is called the kth critical group of ¢ at x;,, where U is a closed
neighbourhood of u. Due to the excision of homology [13],
Ci (9, x,) is dependent on U.

Suppose that ¢(crit(¢)) is strictly bounded from below by
a € R, then the critical groups of ¢ at infinity are formally
defined [11] as Cy.(p, 00) = Hi(X, ¢"), k € Z.

Proposition 6 (Proposition 2.3, [11]). Assume that C2-
functional ¢ satisfying (PS) condition has a local linking at 0
with respect to X = X, X,; that is, there exists p > 0 such
that

@ (x)<@(0) forx e X, and |x| < p,
@ (x)>¢(0) forx e X, and 0 < ||x| < p.
Then Cy.(¢,0) #0, k = dim X.

By Propostion 6, one proves the following lemmas with
respect to Er = X (P X".

Lemma 7. If a < A,(p), then Ck(]p ,0#0, k = dim X7,
where X~ = W~ P W?° as A, (p) >0, X =W asA,(p) <
0. A (p) is defined by (23).

Proof. We first consider the following.

Case 1 (A, (p) > 0and X* = W*, X~ = W~ PW°). By
p>2,|xP = o(]x]*) as |x| — 0, then there exists 0 € (0,1)
suitably small, such that |x|? < §/3(b/p + e)|x|* as |x| < 6,
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where § > 0 see (22) and b = max{|b(1)|,..., |b(T)|} > 0. By
assumption (A2) and G,(n, 0) = 0, for any given ¢ > 0, there

exists p, € (0,0), such that IGP(n, x,)| < elx,|f as |x,| < p,»
n € Z[1,T]. Thus

1 I T
;Zb(n) |x,|F + ZGP (n,x,)
n=1 n=1 (25)

< <9 +s> i|x = l6||x||2.
P n=1 ! 3

Let p = min{p,,..., pr}. For 0 <|| x [[< p < 1, it follows that

1 1
Jp(0) 2 Z8lxl = S8lxl* > 0, xeW' = X" (26)

We need to prove that J,,(x) < 0forx € X~ =W H wo,
llxll < p. We first claim that

T
Zb(n) |xn|P >0, VxeW" @WO, x#0. (27)
n=1

Indeed, by contradiction, assume that Zle b(n)|x,|? <0, for
some x € W~ P W?, x+#0. Since A, (p) = 23:1 b(n)le,|? >
0, where ¢ = (el,el,....el)" = @' ul,..,u")T «
W PW’, and (W P W) \ {0} is arcwise connected,
then there exists a x° € (W &P W% \ {0}, such that
YT bm)Ix%P = 0. Thus |AX°]° = A,(p)Ix°]° by the
definition of A, (p). On the other hand, by the definition of
W~ P WP, we have |Ax° ||2 <alx° ||2. This is a contradiction
with assumption a < A, (p). So the claim (27) holds.
There exists ¢, > 0 by (27), such that 25:1 b(n)|x,|?
c4||x||§ for all x € W~ @WO \ {0}, where IIxIIP

1
(Z,Tl:1 |2,17) /p. For x € W @ WY, x| < p, e sufficiently
small, we have

v

T T
J,(x) < — le(n) |x,|F ~ ZGP (n,x,)
pn=l n=1 (28)

C4
< = 2] + el <o

Since J,(0) = 0 and J » satisfies (PS) condition by Lemma 4,
so by Proposition 6, we obtain that Ci(J,,0)#0 for k =
dim (W~ @ w?°).

Case2 (A, (p) <0, X" = WPW" X =W). Itis easy
to see that ], (x) < 0 by |Ax[” - alx|* < -5 ||x|” and p > 2,
where x € W™ and |lx|| < p. We need to claim that ]P(x) > 0,
forx e WP W0 < ||x| < p.

Suppose not that there exists a sequence (x} ¢ E; such
that

X ew Pwrioh, o< [« <p,
1, (x) <0,

(29)



Abstract and Applied Analysis

for large j. For || £

5 [Laon e v, )

| < p, by Lemma 1, we get

i[%|x;j>'z’+g'xy>|p] S <% .

Set y,; () = x(J)/IIx M| . Then by (29) and the previous formula,

we have
Ji (j)
U L (1 -a)

1+ o
(e

On the other hand, ||Ay(j)||2 > a by the definition of
W*@WP. Hence by p > 2, there exists a subsequence

converges to y° € Er, such that IIAyOII2 = a, thatis y° ¢
N 2 N2 .

WP and [y’ = L. Since [|Ax7]" = al|x?|" for {xV} ¢

W* @ WP, it follows from J p(x(])) < 0 that

1y DPP .\ 0
0< —Z (n) |xn] | + ZGP (nx))
n=1 n=1

IN

1\
) () =T

(30)

"0

(32)

1T
XL re( 2 )||x i

Dividing by [x" I” in the previous inequality, then
Yoea by l? = lim; o X, by = 0.

Sincee, ¥ € W PW, A,(p) = ZZZI b(n)le,|’ < 0
and (W~ P W)\ {0} is arcwise connected, then there exists
ay e (W @WO) \ {0} such that 25:1 b(n)l?nlp = 0. Thus
I A%[)* = A, (p) || %|I* by the definition of A, (p). On the other
hand, | AX|* < a | X||* by the definition of W~ @ W°. This
is a contradiction with assumption a < A, (p). That is to say,
the claim is valid.

By Proposition 6, we obtain Ci(J,,0)#0, k = dim W".
The proof is completed. O

Lemma 8. Ifa < A,(q), then C,(J,, ,00) #0 for k = dim X",

where X" =W @PWasA,(q) >0, X =W asA,(q) <0
The proof is similar to that of Lemma 7 and is omitted.

3. Proof of Theorem 2

Lemma 9. Leta < A, (p). If there exists K, > 0 such that for
any K > Ky, J,(x) < =K, then one has 25:1 b(n)|x,|I? > 0
and (d]dt)] ,(tx)l,—; < 0.

Proof. We first claim that | x | is sufficiently large, if x
satisfies condition of Lemma 9. Suppose not there exists M >
0 such that | x |< M. So there exists {x”} ¢ Ep, X e E;,

such that X7 — x%as j — oo. Since for any j > K, we
have J,,(x') < —j, thus J,(x°) = lim; _, ,J,(x'"") = —co. Itis
a contradiction with ]P(xo) =c.

If | x|| is large enough, then we can assume that |x,,| is large
enough for n € Z[1,k] and |x,| are bounded for n € Z[k +
1, T]. Therefore, by assumption (Al), for any given € > 0, there
exists M; > 0 such that

M
'gp (n,xn)' <elx,|+ Tl’ |Gp (n, n)' <elx,[* + Tl
V(nx,) € Z[1,T]xRY
(33)

We claim that Zil b(n)|x,|? > 0. Suppose not that, for j >
K, there exists {x'”} ¢ E such that

T
Yo || (34)
n=1
By ]p(x(j)) < —-j <0,(33) and (34), we have
L O - S0 . v )
S < S+ X6, ()
n=1 (35)

< g";&””2 e + M,

. R . N2
Set ) = x/|x?| and divided by [|x"”|” in the previous
inequality. Since & can be small enough, then there exists a
subsequence that converges to yo € Ep,such that ||A yOII2 <a,
[°l = 1. Moreover, by (33) and (34), we get

1& 1 N A2
02 S 0o Sl - S
. (36)
=G, (ma?) 2= (5 4e) O - m
n=1
Since p > 2 and lim;_ x| = oo, divided by

||x(j)||p in the previous inequality, we have ZZ:I b(n)| y2|p =

hm]_,ooz b(n)|y, WP = 0, that is, | Ayo > A,(q), which
deduce a contradiction. So the claim 25:1 b(n)|x,l? > 0
holds.

Next we prove that (d/dt)]p(t‘x)lt:1 < 0 holds. By con-

tradiction, there exists a sequence {x(j)} C Ep such that, for
j> Ky

d ()
a]p (fX] ) _ > 0. (37)
Then, by (7), we get

d . . .
=T, (=) = Jax? “2 _ a'lx(J)“z

T
EONCACE ORI

n=1
(38)

—Zb(n




and by (37) and ]P(x(j)) < —j <0, it follows that

(1= 5) (2L ~alT)

T T
=2 (9, (mx).x0)+ P2 .Gy (m))  (39)

n=1 n=1

d .
== (tx7) .

1, () 2 0.

. . . N2

Set y = xU/|x| and divided by x| in the
previous formula; since p > 2 and ¢ can be small enough,
then there exists a subsequence converges to y° € E; such

that | Ay°|* < a, [|y°]l = 1. Moreover, by (37) and the first
claim, we get

T ; A2 A2
0< Y00 /| < ax - afx|
n=1

(40)
T

ACACE RO

n=1

Divided by | x'”|? in the previous formula, and by p > 2,
it follows that ZZ:I b(n)| y2|p = 0. This is a contradiction
with the definition of A, (p) and condition a < A, (p). So the
second claim holds. The proof is completed. O

Based on Lemma 9, we introduce the following notations:

];Kz{erT;JP(x)s—K},

T

E; = <[x €Ep: Z_:lb(n) |xn|p > 0} ,

E(Q,)={x€E;:x,=0forne Z[1,T]\ Q,}\{0}.
(41)

Clearly, E(Q,) ¢ E,. And by Lemma 9, we have ];K C E,.
In order to describe the Hq(ET, ];K), we need to show the
following lemma.

Lemma 10. Ifa < A, (p), then there exists K, > 0, such that
forany K > K, ];K is a strong deformation retraction ofE;.
Moreover, E(Q),) and E; are homotopy equivalent.

Proof. Now we prove that ];K is a strong deformation
retraction of E;.

By Lemma 9, we have ];K C Ej,. Let x € E,. By
Lemma 9, there exists a unique ¢, = tp(x) > 0 such that
Jo(t,x) = =K. By applying Implicit Function Theorem, £, (x)
is a continuous function in E;. Let Tp(x) = max{tp(x), 1} and
define f,(s,x) = (1 = s)x + sT,(x)x, then f, : [0,1] x E; —
];K is a strong deformation retraction. Thus ];K is a strong
deformation retraction of E;.
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We next claim that E(€, ) is a strong deformation retrac-
tion of E;. Clearly, in terms of the notations, we have E(Q),) C

E;. Let EP : Z[1,T] — R be a function such that

Ep(n):l ifneQ,, fp(n):O ifneQ_,

(42)
§,(mel0,1] ifneZ[L,TI\(Q,UuQ).
Define
(l—Zs)xn+2$§P(n)xn ifOSsS%,
Cp(six,) = 2(1 - )&, (n) x,, + 2<s - %)P(EP (n)x,,)
if —<s<1,
2
(43)

where P : E; — E((,) is a projection operator. Then CP :
[0,1] x E; — E(Q,) is a deformation retraction. Indeed,

{,(0,x)=x, (,(L,x)€E(Q,), forxe E;,
(44)

{p(sx)=x, forxeE(Q,) andse[0,1].

For x € E;, if s € [0, 1/2], then
u P
Db [¢, (sx,)]
n=1

= Y bl + Y b -29%%, )" (4

neQ), neQ_

T
> Zb(n) |xn|P > 0,
n=1

where 0 < (1 - 25)f < 1, that is, { (s, x) € E;. Ifs e (1/2,1],
it follows that

p

T
Ybmg, (s x,)
n=1

= Y b(n

neQ,

p
2(1—5)£P(n)xn+2<s— %)P(fp(n)xn)

> 0.
(46)

We claim that the equality of the previous formula cannot
hold. Otherwise, Px,, = —((1 —s)/(s — (1/2)))x,,, forn € Q,,
which implies that Px,, = 0. Hence x,, = 0 in Q,, which
contradicts with the fact x € E;. So Z::l b(n)ICP(s, x,)P >
0, that is, {,(s,x) € E; as's € (1/2,1]. Therefore, {,
is a deformation retraction from E; onto E((,), and this
completes the proof. O

Proof of Theorem 2. Since E(L),) is well known to be con-
tractile in itself, and by Lemma 10, it follows that ];K is
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homotopically equivalent to E(€2, ) for K large enough, then
the Betti numbers (cf. [11, 13]) are

B, = dim C (J,,00) = dim H, (E,J,")

(47)

= dim H, (E;,E(Q,)) =0, ke Z[0,NT].

Now we suppose that system (4) has only trivial solution;
that is, J, has only critical point x = 0, then we have
the Morse-type numbers M = dimCy(J,,0) for k €
Z[0,NT] (cf. [13]). Moreover, by Lemma 7, CUp,0)#0 for
k = dimW~ or k = dim(W~ @ W?). Since J,, satisfies (PS)
condition by Lemma 4, then using Morse Relation, we have
the following.

NT NT
0= Y (1B = Y (-1)*M; 0, (48)
k=0 k=0

which is a contradiction. Therefore, | » has at least one critical

point x* # 0 and system (4) has at least a nonzero T-periodic
solution. O

4. Proof of Theorem 3

For convenience, we introduce the following notations:

];:{xEET:]q(x)Sc}, ceR,

T (49)
E; = {x €Ep: ) b(n|x,|"> 0} .
n=1

Clearly, E:; U {0} is star-shaped with respect to the origin
and E(Q),) ¢ E;', where E(Q),) is given in Section 3. Similarly
with the proof of Lemmas 9 and 10, we have the following.

Lemma 11. Let a < A,(q). Then there exists p > 0 such that
(d/dt)],(tx)l,-, > 0 forany x € M, = {x € B, ﬂE;r T (x) 2
0}, where B, stands for the closed ball in Er of radius p > 0
with the center at zero.

Lemma 12. Let a < A,(q). Then there exists p > 0 such that
(]3 N B,) \ {0} is a retract ofE;r N B,, and E(Q") is a strong
deformation retraction of E;.

Proof of Theorem 3. We first prove that ]2 N B, is contractible
in itself. In fact, it is sufficient to show that ]gﬂB ) is starshaped
with respect to the origin; that is, x € ]2 N B, implies that
tx € ]3 nB, forall t € [0,1].

Assume, by a contradiction, that there exists x,, € ]2 NB )
and f, € (0,1), such that Jo(toxe) > 0. It follows from

Lemmall that (d/dt)],(tyx,) > 0. By the monotonicity
arguments, this implies that

J,(txg) >0Vt e [ty 1]. (50)

This contradicts the assumption x, € ]3, which implies
]q(xo) <0.

On the other hand, since E(€),) is contractible in itself,
and E:Z’ U {0} is starshaped with respect to the origin, then

E; N B, is contractible in itself. The retract of the set which
is contractible in itself is also contractible (cf. [19]); it follows
that the set ( ]3 n BP) \ {0} is contractible by Lemma 12.

Combining the previous argument, ]2 NB, and ( ]2 NB p) \
{0} are contractible in themselves.

dim Cy (J,,0) = dim Hy (J; n B, (Jo N B,) \ {0}) = 0,

k e Z[0,NT].
(51)

By Lemma 8, C,(J,,00) #0 for k = dim(W~ W% ork =
dim W™ . Therefore, by Morse Relation and the same methods
in proof of Theorem 2, it follows that J, q has atleast one critical
point x* # 0 and system (5) has at least a nonzero T-periodic
solution. O
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