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We will combine linear successive overrelaxation method with nonlinear monotone iterative scheme to obtain a new iterative
method for solving nonlinear equations. The basic idea of this method joining traditional monotone iterative method (known as the
method of lower and upper solutions) which depends essentially on the monotone parameter is that by introducing an acceleration
parameter one can construct a sequence to accelerate the convergence. The resulting increase in the speed of convergence is very
dramatic. Moreover, the sequence can accomplish monotonic convergence behavior in the iterative process when some suitable
acceleration parameters are chosen. Under some suitable assumptions in aspect of the nonlinear function and the matrix norm
generated from this method, we can prove the boundedness and convergence of the resulting sequences. Application of the iterative
scheme is given to a logistic model problem in ecology, and numerical results for a test problem with known analytical solution are

given to demonstrate the accuracy and efficiency of the present method.

1. Introduction

In terms of solving linear equations, we usually use two
different iterative methods, namely, the Jacobi and Gauss-
Seidel methods [1-3]. The monotone iterative (MI) schemes
which combine linear iterative techniques, respectively, are
presented and analyzed in [4-8] for solving nonlinear equa-
tions. The method of monotone iterations is a classical tool
for the study of the existence of solutions of semilinear PDEs
of certain types [9-12]. It is also useful for numerical solutions
of these types of problems approximated, for instance, by the
finite difference [5, 6, 13-15], finite element [16], or boundary
element [17, 18] method. It is a constructive method that
depends essentially on only one parameter, called the mono-
tone parameter herein, which determines the convergent
behavior of the iterative process. Besides, the block Picard,
block Jacobi, and block Gauss-Seidel MI methods are also
developed and compared the rates of convergence with the
point MI schemes [6]. The block MI methods accelerate the
rate of convergence more than the point MI methods. In
particular, Ortega and Rheinboldt [19, page 456] mention
an analysis of the Newton-SOR methods to research some

properties of convergence for relaxation factor 0 < w < 1.
The MI methods have been widely used in the treatment
of certain nonlinear parabolic and elliptic differential equa-
tions. For instance, in the study of certain subsonic flows
and molecular interactions, the equation Au = u* is of
fundamental importance [18]. For parabolic problems with
time delays we refer to [20]. In addition, we also utilize
MI schemes to handle nonlinear problems on analysis of
numerical results for semiconductor equations [21-23] and
the Poisson Boltzmann equation [24].
Consider the nonlinear boundary-value problem:

- [(D(l)ux)x + (D(z)uy)y] = f(xyu), inQ,
ou )
— +fu= »Y)s 0Q,
a2 pu=g(xy), on
in a two-dimensional domain Q with boundary 0Q), where
Ou/0v is the outward normal derivative of u on 0(, p¥ =
D?(x, y), 1 = 1,2, are positive functions on Q = Q U 00,
a = a(x, y) and B = B(x, y) are nonnegative functions on
0Q with @ + f > 0, and f and g are given functions in their



respective domains. For the nonlinear function f, we give two
assumptions:

(i)
f is uniformly bounded for — oo < u < 00; (H1)
(ii) if |ul, |v| < c, then there exists a function #(c), such
that for all x, y € Q we have

If (eoyou) = f O yv)| < H () lu—v]. (H2)
Applying the finite difference method to (1), we obtain a
system of nonlinear algebraic equations in a compact form:

AU = F(U) +G". (2)

Suppose that A can be written in the splitting form A =
D-L—U,where D, -Z, and —% are the diagonal, lower-off-
diagonal, and upper-off-diagonal matrices of A, respectively.
We consider that linear SOR method can be combined with
nonlinear MI scheme to obtain a nonlinear SOR monotone
iterative method for solving nonlinear equations which gives
rise to the terminology “SORMI”. The basic idea of this
method joining MI method which depends essentially on the
monotone parameter I' is that by introducing an acceleration
parameter one can construct a sequence to accelerate the
convergence. The algorithm is similar to the SOR method.
Roughly speaking, given an initial vector U, the SORMI

method generates a sequence of iterates {U"}, m = 0,1,...,
by solving the equation:
(D +T - 0L) U™V = [(1 - 0) (D +T) + 0¥ U™

(3)
+w[TU™ +F(U™)+G*],
where w is a relaxation factor. Under some suitable assump-
tions in aspect of the nonlinear function and the matrix norm
generated from this method, we can prove the boundedness
and convergence of the resulting sequences. Moreover, the
sequences can accomplish monotonic convergence in the
iterative process when some suitable relaxation factors are
chosen.

The structure of the paper is as follows. In Section 2, we
briefly make a description for discretization process to obtain
algebraic equations for model (1) and state some properties of
the matrix. Section 3 deals with the monotone parameter and
constructs the SORMI scheme. We show the boundedness
and convergence of the SORMI sequence in Sections 4 and
5. Moreover, we offer another proof for the convergence of
the SORMI sequence in the case 0 < w < 1. In Section 6,
we solve a one dimensional problem, and a logistic model
in population growth problem and numerical results of the
method are also given to verify the theoretical analysis. The
final section is for some concluding remarks.

2. A Finite Difference Discretization

We discuss problem (1) in a rectangular domain Q = (0,1;) x
(0,,). Let h = I;/n, k = I,/m, and let x; = ih, y; = jk for
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i=012..,nj=012,...,m The set of points (x;, y;)
in Q and Q = Q U 0Q are defined, respectively, by Y and Y.
When no confusion arises we write a point (x;, y;) in Y by

(i, )) € Y. Define

;= (%),
fij (“i,j) = f(x,-,yj,u(xi,yj)), 4)
9ij = g(xi’ )’j)‘

The finite difference method for differential and boundary
operators in (1) leads to a discrete system in the form

!
Ui bl]ul 1,j b uH—l] Gjlij-1 — Cijui,j+1
(5)
X
= hkf; (uy) + g5
forall (7, j) € Y, where the coeflicients a,],b,J,bU,c,],and c] are

associated with the diffusion coefficients DI(JI = D(l)(x,-, yj),
I = 1,2, as well as the boundary coeflicients o = alx;, yj)
and ﬁij = Bx;, yj), gi"} is associated with the boundary
functions gij> and

fori=0,1,...,n, j=0,1,...,m, (6)

g;=0 fori=12,...,n-1, j=12,...,m-1

Typical choice of the coeflicients in (5) for the interior mesh
points is given by

e (£)o(s-4)

i (£)o (5+)
s ont)
4 (2)o ).

al] = bl] + bl’] + Cij + C,‘;r ((1’ .]) € Y)

(e.g., see [25]). For the boundary points (xi,yj), where i =
0,nor j = 0,m, the above coeficients are associated with the
boundary coefficients o;; and f;;, and possess the property
(for the case « > 0),

a; > by +b +¢ +c

fori=0,nor j=0,m. (8)
Furthermore, strict inequality in (8) holds for at least one (i, j)
when the boundary condition is not of pure Neumann con-
dition. In either case, these coefficients satisfy the condition

b; >0, bljzo

!
b +b; >0,
¢:>0, c.>0, 9

a;; >b +b +¢ +c

2 (G j)eY).
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Condition (9) is our basic hypothesis for the boundedness
and the convergence of the SORMI sequence. Now we rewrite
system (5) in a compact form:

AU = F(U) +G". (10)

Definition 1. A real n x n matrix A = (a;;) with a;; < 0 for
alli#janda; > 0forall 1 <i < misan -matrix if A is
nonsingular, and Al >0/(2).

Obviously, A is a diagonally dominant with strict inequal-
ity for at least one (i, j). Since the domain Y is connected,
the above property implies that A is nonsingular, and A™' >
0. Hence, A is an -matrix. This implies that for any
nonnegative diagonal matrix D, (A + D)™ exists and is
nonnegative.

Remark 2. Nonnegative matrices play a crucial role in the
theory of matrices. They are important in the study of
convergence of iterative methods and arise in many appli-
cations including economics, queuing theory, and chemical
engineering. Let A = (aij) and B = (b;;) be two real n x r
matrices. Then, A > B(A > B)ifa; > b;(> by) for
alll < i < n 1 < j < r. IfO is the null matrix and
A > O(> O), we say that A is a nonnegative (positive)
matrix. Since column vectors are n X 1 matrices, we will
use the terms nonnegative and positive vector throughout. A
theorem which has important consequences on the analysis
of iterative methods should be stated. Let B be a nonnegative
matrix. Then p(B) < 1 if and only if I — B is nonsingular and
(I-B)'is nonnegative, where p(B) is the spectral radius of B.

Remark 3. In reality, the four conditions in the definition of
A -matrix are somewhat redundant, and equivalent condi-
tions that are more rigorous will be (i) a;; < 0 for all i # j,
(ii) A is nonsingular, and (iii) A™' > 0. The condition, a;; > 0
for all i, is implied by the other three. Moreover, let D be the
diagonalof A,and B = 1 —D™' A. We can also obtain p(B) < L.
A comparison theorem is as follows.

Let A and B be two n x n./-matrices, with A > B. Then
we have B™' > A7\

Remark 4. Let us look in more detail at the algebraic system
(10) [26, 27]. The connectedness assumption of ) ensures that
A is irreducible. Condition (9) implies that A is irreducibly
diagonally dominant [28]. Let A = @ — %, where 9 is the
diagonal matrix of A. It can be shown that 0 < p(%) < 1,
using Perron-Frobenius theorem and the theory of regular
splittings. A theorem states the following.

If A = (a;) is a real n x n matrix with a;; < 0 for all i # j,
then the following are equivalent.

(i) A is nonsingular, and Al >o.

(ii) The diagonal entries of A are positive real numbers.
2 is nonnegative, irreducible, and convergent.

Thus, we know that A is a diagonally dominant .Z-matrix.

3
3. The SORMI Method
We now arrive to construct the SORMI sequence.
Definition 5. A vector U = (fyg, thygs - - - > tygs - - > Hgyys By

. ﬁnm)T with (n+1) x (m+1) components is called an upper
solution of (10) if

AU >F(U)+G", (11)
and U = (Tgg, ygs - - > Bpgo + - > By Biys -« - Doy Tis called a
lower solution of (10) if

AU < F(U) +G". (12)

We say that U and U are ordered if U > U. Given any ordered
upper and lower solutions U, U, we set

(U,0)={u:U<U<T}. (13)

Define

_ % 7 <
Yij =maxy-=o () + 1y < vy < 7

+:

yi; = max {0,y,}, (14)

I =hk- dlag (?00’?10’ cee >?n0’?01’

yll"'"Ynl""’YOm’YIm""’Ynm)’

where y;; is any nonnegative scalar satisfying y;; > y:;- , and

ii;; and 7;; are the components of U and U, respectively. Then
problem (10) is equivalent to

(A+DU=TU+F(U)+G". (15)

Suppose that A can be written in the splitting form A =
D-L—U,where D, -, and —% are the diagonal, lower-off-
diagonal, and upper-off-diagonal matrices of A, respectively.
The elements of 9 are positive, and those of & and % are

nonnegative. Given an initial iterate vector U(O), the SOR
method for solving the linear system AU = b is

(D - 0L)UMD = [(1-w0) D + 0% U™ +wb,  (16)
where w is a relaxation factor, and U](f)) =U®©, Moreover, the
Gauss-Seidel MI method for solving the nonlinear system (15)
is defined by

(@ +T-UEV =C+2)UE + F(US)+G". (17)

Thus, we define the SORMI method for solving the nonlinear
system (15) by

(D +T -wZ) U™V = [(1 -w) (D +T) + 0% U™

+o[TU™ + F(UM™) +G*].
(18)



4. The Boundedness of the SORMI Sequences

Before the convergence analysis of the method, we want to
ask whether the SORMI sequences are bounded. Now we
consider the property.

Lemma 6. Given a pair of upper and lower solutions U, U of
(10), let U, V be two vectors with (n+ 1) x (m + 1) components,
andU >U >V > U. Then

TU + F(U)>TV + F (V). (19)

Proof. Let u;; and v;; be the components of U and V,

respectively. By the mean value theorem,

- [f(xi))’ja“ij) B f(x,-,ij,-j)] _ _afif (w) (20)
ij)>

Uj; = v ou

B = +
ghere w;; lies between v;; and u;;. From (14), we have y; i 2 Vi
ence

_hk [f(xi’yj’ ”ij) ‘f(xi’yj’vij)

] < hky}; < bk,

Hij = Vij (1)
hiy,; - uy; + Bk (wy;) = Bk - vy + Bk (v;;) -
This completes the proof. O

n [2, page 83], the theorem is stated as follows.

Theorem 7. If A > O is an n x n matrix, then k > p(A) if and
only if kI — A is nonsingular, and (kI — A)~™" > O, where p(A)
is a spectral radius of A.

Hence, we quote the above theorem to obtain the follow-
ing lemma.

Lemma 8. The matrix (2 + I — w&) in (18) is nonsingular,
and (D + T — wZ) ™" is nonnegative for 0 < w < 2.

Proof. From the splitting form of A and (14), we have (2 +T -
wZ) = (a; +hkyl)1 wZ,i=0,1,2,...,n,j=0,1,2,...,m,
where a;; + hkylj > 0.Since 0 < w < 2, w? = O,

and wff is a strictly lower triangle matrix. It follows that all
eigenvalues of wZ are zeros, and thus p(wZ) = 0. Hence,
aj + hky; > p(wZ). By Theorem7, (2 + T - w?) =

— -1
[(a; + hkyl.j)l -wZ] = 0. O
Definition 9. Let the vector U = (ugp, Ujgs--->Upgps-- -
T
gy Ui -+ > Upy) - We define [U| = (luggl, [ugols - - -5 [0l
T
-)|u0m|)|u1m|’--~)|unm|) .

u )T € R". The vector 2-
(Zn 11/[ )1/2

Definition 10. Let U = (uy, u,,...,
norm is usually defined by [|U|| =

Definition 11. Let || || be a vector 2-norm. The induced matrix
2-norm of an n x n matrix A is defined by

AU

Al = su :
vzo U

(22)
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Let {Us(m)}$:0 be a sequence generated by the SORMI method
with initial vector US(O) € (U,U), where U, U are upper and
lower solutions of (10), respectively. We have the following.

Lemma 12. |U| < [|U| + [U||| for any U € (U,U). In fact,
Ul = Mull.
Eroof. Let U = (uoo,um,...,uno,...,uOm,ulm,...,unm)T,
U= (ﬁoo,ﬁm,...,ﬁno,...,ﬁOm,ﬁlm,.. unm) U = (i, 1y
s Ty« Uy Ty <> ) - Since U € (U, 0), @ <
”z] Su foralli=0,1,2,. ..,n,j=0,1,2,...,m.Hence,
ty < [ug| < mac{[a | [} < [ + [
wm 1/2 1/2 (23)
ZZ“U ZZ(l”U' + |u11|)
i=0j=0 i=0j=0
that is, [[U| < [[|U] + |U|| for any U € (U,T). O

To prove that the SORMI sequences are bounded, we
must define several values about matrix and vector norms.
def | =~ —
Notations and Assumptions. (a) Let M, = 101 + IO). By
Lemma 12,

Joo1 <191+ ol < o1+ - .

(b) In (H1), we assume that f,-j (u;) is uniformly bounded for
—00 < u;; < 00, and gi’; is known boundary value; that is,
there exists § > 0 such that Ihkf,-j(u,-j) + gi’;l < 6 for —o0o <
u;; < 00, where h and k are mesh sizes. By Definition 10, (5)

and (10), we have

IFU)+ G| < [(n+ 1) x m+1)x8°] ™ =5VN.  (25)
(¢c) Define
M, =E| = (@ +T-02)|,
(26)
1Bl = (2 +T-02) ' [1-0) D +T + 0],
and assume that
IB| < 1. (H3)
(d) Consider two vectors:
U, Y 0-w@+T-02) " (@+1)(T-0),
(27)

U, Y T+0@+T-0®) " (@+1)(T-0).

Since 0 < w < 2, (D+T -0 > 0,2+ > O, and
U > U, we know that [0(2 +T - 02) (2 +T)({U - U)] isa
nonnegative vector. It follows that U; < U < U < U,. Let

U,0,) ¥{Uu:u, <Uu<u,},
(28)

def
M, = Ty + (W]l
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Then
My = [|U)] + U]l < Uil + U,

=[U-w@+T-0x)"(@+1)(T-0)|
+ ||ﬁ+ W(D+T-wP) (D +1) (U‘—G)“
<[] +ef@+r-ex™ @+ D] (0] +5])
+[0]+ @@+ -0 @+ D] (0] + [T])

< 00.
(29)

(e) Define
M, = max {MI,Z(S\/NMZ}. (30)

Theorem 13. Let U, U be a pair of ordered upper and lower
solutions of (10), respectively, and let {Us(m)}fno:0 be a sequence
generated by (18) with initial vector US(O) € (U, U). Then, the
iterative sequence {Us(m)}fnozo is bounded for 0 < w < 2.

Proof. By (28) and (30), we can choose a constant M =
max{M;, M,/(1 - |BI)}.
Consider two cases of the sequence {US("‘)}.

Case 1. Let Us(m_l) € (U,U). Then

(2 +T-wZ)U™ = [(1-w) (D +1) + 02UV

+o [TV + F(UMY) + G

<ou™ ™ 11U — WU
- U™ 4 oy
+w[fT+F(U)+G"|

< U™V s UMY — U
— olU™ Y 4 U™
+w[IT + AU

< U +TU - wDU - 0l'U + 0w%U
+olU + 09U - 0&U - 02U

=w(@+1)(T-0)

+(D+T -0P)U.
(31)
By (27) and (2 + T - wZ)™! > 0, we obtain

Us(m) <U+0(D+T-0L) " (D +1) (U_ (A]) =U,. (32)

Similarly,

(D+T -0 U >(@+T-wL)U-0(@+1)(T-0),
(33)

and thus

Us(m) >U-w(@+T-wP)™ (9+F)(U—U) =U
(34)

SoU, < U™ < U,. By Lemma 12 and (28), we obtain

u™| <o + ||l = My < M. (35)
Case 2. Let U™ ¢ (U, U). Then
(D+T-0L)U™ = [(1-w) (D +T) + %) U™V
+o[TU" Y + F(UMY) + 67
=[(1-w) D +T + 02 U™ Y

+w[F (Us(’”_l)) +G*].

(36)
By (26), we have
U™ =(Z+T-0?) ' [(1-w) D +T + %)UY
+0(2+T-w2)" [F(U ) +G"] (37)

= BU" Y + wE[F (U V) +G].
Consider the iterative process. An induction argument gives
U = BUY + wE[F(U”) +G"],
U = BU" + wE[F(U") + G

=B{BUY +wE[F(UY) + G|}
+wE [F(UL) + G|
= B°UY” + wBE [F (UY) + G*]
+wE[F(UY)+G*],
U =B"UY + wB™E[F(UY) + G]
+wB"?E[F(U") + G|
+---+wBE[F (U ) +G7]

+wE [F (U V) +G].
(38)



Hence, from Definition 11, (H3), (24), (25), (26), (30),and 0 <
w < 2, we obtain

o] = 18- o

| +w-1EI-|F (U”)+G"

< M, |B|l + 26 VNM,

M
<M, (|Bl+1) < —2- <M,
! 1-|B|

o 1 0] ot 151- () v

+w|E|-|F(UL)+ G

< M||BI* + 26VNM, |IB|| + 26 VN M,

M
< M, (IBI” + IB] + 1) < =20 < M,

o] < i fus”

' + | BI" " |E] - "F (Us(O)) +G

+w|BI"* IEN - |F (UL) + G*

+---+w|B|-|E| - "F (Us(m_Z)) +G

+w|E|-|F(UrV)+ G

M
SM4(IIBII'"+-~-+||B||+1)Sl—H“B”gM,

(39)

Thus, by Cases 1 and 2, there exists M > 0, such that ||Us(m) I <
M for all m € {0} U //, and the proof is completed. O

5. The Convergence of the SORMI Sequences

In (H2), we assume that if |u|, |v| < c, then there is a function
X (c), such that |f(x, y,u) — f(x,y,v)| < Z(c) - |lu - v|.
From Theorem 13, we have shown the boundedness of the
SORMI sequences; that is, there exists a constant M such
that [UP| < M = max{M;, M,/(1 - ||B|)}. Let ¢ satisfy
maxoggm,oggn|”g)| < .S 0 < g < M for all k. Let

ynn

find the constant A & % (¢y)- So we have
L (o 3o a) = f (i o vig)| < Aoty = vy
'hkf (xi,yj,uij) — hkf (xi, Vi v,-j)' < Ahk |uij - vij| , (40)
|F(U)-F (V)| <Ahk|U-V].

Then we obtain the inequality:

IFU)—FMW)I =IIlFU)-FMWII )
41
< Mk |[|U = V||| = Mk U - V).
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Theorem 14. Let U, U be a pair of ordered upper and lower
solutions of (10), respectively, and let {Us(m)}f;:o be a sequence
generated by the SORMI method with initial vector US(O) €
(U, U). Suppose that

1< IBl+ wAk Bl <1, 0<w<2,  (H4)

where B and E are defined by (26). Then the sequence
{Us(m)}fnozo is convergent for 0 < w < 2.

Proof. By Theorem 13, {Us(m)}fno:0 is bounded for 0 < w < 2.

Hence, 3M > 0, such that ||Us('") | < Mforallm e {0} u /.
Since 17 = || Bl + wAhKk||E|| < 1, and 0 < w < 2, then, for every
€ > 0,3IN e A, such that #* < ¢/2M for all n > N. Let
k >m > N. By (37), we have

U UL = {BU Yk [F(UF) 6]
B {BUS(m—l) + @E [F (Us(m—l)) + G*]}
(42)
= B(UY -UY)

+wE [F(USD) - F (U )].
Hence, from 0 < w < 2 and (41), we obtain

|Us(k) B Us(m) " _ HB (Us(k—l) B Us(m—l))

+wE [F(UY) - F (U]

< |IB| - “Us(k—l) _ Us(m—l)“
swlE]- JF (UE) - F(00)]
(43)
<181 Jus ~u )

+ wAhk |E| - |

Us(k—l) _ U(m—l)"

N

= (IBIl + wAhk | E]) - |

Us(k—l) B US(HH)“

oot v,
Inductively we have
o o o o0

Hence,

oo -
<" (U= ) as)
<" x2M < £ xoM=e
2M

We have proved that {Us(m)}OO

o 18 @ Cauchy sequence for 0 <

@ < 2. 1Tt implies that {UM™}%_ is convergent for 0 < w <
2. O
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Furthermore, we provide another proof about the con-
vergence of the SORMI sequences for 0 < w < 1 without
the assumptions (H3) and (H4). Denote the sequence by
{U } ~o When U©® = U and by {U(m Yoo when v =7,
and refer to them as the maximal and minimal sequences,
respectively. The following theorem gives some monotone
property of these sequences.

Theorem 15. The maximal and minimal sequences {U }m 0
and {U("’ 1, given by (18) with U = " and U = Uio)
possess the monotone property
T<u™ <y <" <™ <0, m=12,....
(46)

Moreover for each m, U™ and Qﬁ’”) are ordered upper and

lower solutions.

Proof. We will use induction to complete the proof of mono-

tone property. First, let w© = 650) U(l) =U- U(l)

(11), (18),and 0 < w < 1,

From
(@ +T-0D)WO = (D +T-wL) T~ (D +T - 0L) T
(D +T-wL)T

~{10-0)(@+1)+ 01T,

")}

=w(@-Z-UU-w[F(U)+G"]

+o[10)” + (T,

=w{AU-[F(U)+G"]} 20.
(47)

0. This leads to ﬁil) < ﬁio)
~U® = U -UY, and use (12) to

By Lemma 8, we obtain W >
Similarly let V@ = g
obtain

(@ +T -0V =w{AU - [F(U)+G*]} c0. (48)

Since (Z+T-w¥) ™!
letw® =T -

> 0, itimplies that Qil) > ng). Secondly,

UM, By (18),

(@ +T-w)W = (B +T - 0L) T
—(Z+T-w2)UY

={10-0)(@+1) +0] T,

+w [Fﬁio) +F( EO)) +G” ]}

{10-0)(@+1) + 02U

+o [TUY + F (UY) +G*]}

={1-w)(Z+I) +w?}
x (T, -u?)

+o[r (T -u®)+£(T)")
F(U?)].

(49)

We have from Lemma 6, UEO) > U, and the nonnegative
property of [(1 — w)(2 +T) + w%] that (Z + T - w L)W >
0. It follows from Lemma 8 again that W) > 0. The above
conclusions imply that

u® <u® <7V < TV (50)
We finally assume that U™ < U™ < U _(m Y for
somem > 1. Let W™ = Uim) - UEMH) and by (18) we have
(D+T - wZ)W™ = {(1 - 0) (D +T) + 0%}
X (U(m K —U )
ca[r(@ )
(T ) -F(T7)].
(51)

Since ﬁim) < Uimfl), we have (2 + T — 0 2)W™ > 0. So
W™ > 0 which shows that U(WI) < _(

ym _ U(m U(m+1) and WD = U F7(m+1)
ously. We see that

) . Similarly, let

U(m“) simultane-

(D+T - 0L) V™ = {(1 - w) (D +T) + 0¥}
x (ggmfl) _ ggm))
+o[r (U -u)

+F (UY) - F (U]

<0,
(D+T - 0L)W™D = (1 - 0) (D +T) + 0¥}
< (0" -um)

-S

+o[r (T -u)

+F(0") - F(u)]

(52)



> 0, we have V™ < 0, and WV > 0.
gy > U™, The proof of

By (2 +T - wZ?)™
Hence, U™ < U™, and U,
monotone property (46) is completed.

To show that ﬁim
observe from (18) that

is an upper solution for each m, we

(m-1)

(@+T-w2)T" {[(1—w)(9+F)+w%]U

+wo 10+ F(T77") + 6]}

N

w@ﬁim) - wc.?[_]im) = w@(_fim) - 9(_]§m)

+ 90"~ wau ™Y
w10 10"+ 0uu™ !
+wF (U(m_l)) +wG",

020" -0z0" = (1-0) 2 (7,"" -T,")
+o20," 41 (T -T)
+wF ((_Iim_l)) +wG".

(53)

By 0 < w < 1 and (46), we obtain

w@ﬁim) - w36§M) > w%ﬁim) + wl (6?”_1) - Uim))

+ wF (ﬁim_l)

) +wG",
"zo[r (o) -T")
(@)

+G*
(@) +6".

W(D-ZL-U)T

+F
AT =1 (U -T") + B (T,

(54)

By Lemma 6, we have
N N

AT™ > F ((_J(’”)) e (55)

This shows that 6£m)
larly, we have

is an upper solution for each . Simi-

AU™ < F(U™) + G (56)

that is, for each m, Qi’") is a lower solution, and thus the proof
is completed. O
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Theorem 16. Let U, U be a pair of ordered upper and lower
solutions of (10). Then the sequences {ﬁ< Fooeos {U(m}

given by (18) with ﬁi =Uand U(O) U converge monotoni-
cally to solutions U and U of (10), respectively, where

5 def _ — — — T
U, = (g tygs -+ +»> gy - -+ > Yoy Yis + - - » Yipg)
(57)
def T
U, = (g tygr- > Uy -+ Yoy Uy - > Ui) -
Moreover,
T<Uu™<u™<u, <U, <" <T™ <7,
(58)
m = 1’2’ b
and ifU* is any solution in (U, U), thenU_ < U* <U..
Proof. By Theorem 15, the limits lim [TA- U, and

limyu™ = U,asm — oo exist, and the relation (58) also
holds. Lettingm — oo in (18) shows that U, and U, are solu-
tions of (15). The equivalence between (10) and (15) ensures
that U and U are solutions of (10). Now if U™ is a solution in
(U, U), then U and U* are ordered upper and lower solutions.
Using ﬁio) = Uand UY = U", Theorem 15 implies that
6§m) > U* for every m. Lettingm — oo gives U, > U*. A
similar argument using U* and U as ordered upper and lower
solutions yields U* > U._. This proves the theorem. O

In Theorem 16, U, and U, are often called maximal

and minimal solutions in (U, U), respectively. In general,
these two solutions are not necessarily the same. Let A be
symmetric. Then A has real and positive eigenvalues [2].
However, if o < y, where y is the smallest positive eigenvalue

of A and

of; _ _
o max{auf( )8, <uy <7,

then the following theorem holds.

Theorem 17. Let the conditions in Theorem 16 hold. If either
0 < 0o0ro < pand A is symmetric, then U, = U, and is the
unique solution of (10).

Proof. Let W = U, - U, and u;; and w;; be the components of

U, and U, respectively. By (58), we have W > 0. On the other
hand, by the mean value theorem, we have

(60)

f(xi’)’j’ﬁij) - (xi’yj’zij) afz} (u;) <o

Ujj — Uy ou
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where u; lies between ;; and 7;;. Hence,

AW = A(U,-U,) = AU, - AU
=F(U,)+G" -F(U,)
- F(T,)-F(U) (o)
< o(ﬁs —QS)
=oW,
and thus
(A-o)W <. (62)

Case 1. If 0 < 0. From the form of A, (A — ol) is strictly

diagonally dominant. It follows that (A — oI)~" > 0, and thus
W <o.

Case 2. If 0 < p. Since y is the smallest positive eigenvalue
of A, then u™"

Theorem 7 and A™! > 0, we have

is the biggest positive eigenvalue of A", From

(67'1-a7)" 20,
(63)

oA (07 T-AT) " 20,

(A-oD)' >0.

Hence, W < 0. So we know that W = 0. This proves U, = U..
The uniqueness follows from the relation U, > U* > U, for
any solution U* € (U, U). O

Remark 18. For system (1), the well-known method of upper
and lower solutions with SORMI is applied for the case 0 <
w < 1 (see Theorems 15,16, and 17). However, the nonnegative
property of (1 — w)(2 + I') + w? is not available when
w > 1. A new approach for solving this problem by the
boundedness of the SORMI sequences and Cauchy sequence
property is proposed. To make sure of the convergence of the
SORMI sequences, the assumptions (H1), (H2), and (H3) are
necessary. But it should be pointed out that these constraints
are not easy to be verified. It is important to weaken these
constraints when the SORMI method is applied to realistic
problems. Fixed point theory is a powerful tool to overcome
this problem for further study.

6. Numerical Results

Assume that the matrix A of (10) is an n X n matrix. The
componentwise SORMI algorithm is given as follows:

(m+1) <Zl (m+1) + ia u

=1 j=i+l
+)7qu"') + hkf; (uﬁ’")) + gi*> (a; + ?i)_l

+(1—w)u(m), i=1,...,n
(64)

Another equivalent form is

(m+1) <Z (m+1)
’J j
+hif (™) + gi‘) (a;+7)" |

+<1——”_>u§m), i=1,...,n
a; +y;

The main requirement for the application of the various MI
schemes is the existence of a pair of ordered upper and lower
solutions. To ensure the existence, the nonlinear function f
must have some necessary conditions. Hence, in Section 1,
we require that f;;(u;;) is uniformly bounded in R. Now we
present some numerlcal results with two test problems.

Example 19. Consider the one-dimensional boundary value
problem:

—u' = —lu+ E7'rsin(\/§x) - lxsin(\/zrr),
2 2 2 (66)

O<x<m u(0)=u(@m)=0

The exact solution is
u (x) = msin (\/Ex) — x sin (\/57'[) . (67)
Let f(x,u) = (-1/2)u + (5/2)n sin(v2x) — (1/2)x sin(V27),
and choose I' = diag(2,2,...,2), US(O) =(0,0,..., O)T. Then,
1
|f (%, 14y) = f(x,u2)| =3 |”1 - “2|

< Z (c) |”1 - ”2|

(68)

Hence we choose A = 1/2. We examine the assumptions
(H3) and (H4) and the convergence of the SORMI sequences.
The numerical results are given in Table 1, and the exact and
approximate solutions are shown in Figure 1. Moreover, we
sketch the relation between the numbers of iterations and
relaxation factors w by Figure 2.
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TABLE 1: Numbers of iterations and # values for Example 19.
w 0.2 0.25 0.3 0.4 0.5 0.6
Number of iterations 18330 14745 12268 9046 7024 5626
I1BIl 0.9999 0.9998 0.9998 0.9997 0.9997 0.9996
n 0.9999 0.9999 0.9999 0.9999 0.9998 0.9998
W 0.8 1.0 1.2 1.6 1.8 1.9
Number of iterations 3800 2645 1837 751 342 127
1Bl 0.9994 0.9992 0.9990 0.9985 0.9982 0.9980
n 0.9997 0.9996 0.9995 0.9993 0.9992 0.9991
w 1.92 1.95 1.96 1.97 1.98 1.99
Number of iterations 151 236 295 381 535 940
1Bl 0.9979 0.9979 0.9979 0.9978 0.9978 0.9978
n 0.9991 0.9990 0.9990 0.9990 0.9990 0.9990
5 The numbers of iterations for the SORMI method are
45b. . ... o S S - o -] listed in Table 1. We focus on the SORMI method with w =
: 3 : : : : 1.9. The number of iterations is 127. Compared with it, the
AP S Jacobi and Gauss-Seidel MI methods require 4905 and 2645
35 1 iterations, respectively. The resulting increase in the speed of
Y R U S convergence is very dramatic. Moreover, the values of || B|| and
2 1 in Table 1 are smaller than 1 which verify our theory of the
;F‘ 2O R boundedness and convergence for the SORMI method.
o2 S e P
oL ] Exampl.e 20. As th@ second test problem, gonsider.the logistic
: model in population growth problem with nonlinear func-
The @ Qo = tion
05tP .. U U S U % -
°0 05 1 L5 25 3 floyu)=oul-u)+q(xy), (69)
X-axis

-0- Approximate solution

—— Exact solution

where ¢ is a positive constant, and q(x, y) is a possible
internal source [6]. The discretized function is given by

FIGURE 1: The exact and approximate solutions for Example 19.

x10*

S (w5) = ouy; (1= ;) + g

(70)

1.8
1.6
1.4
1.2

0.8
0.6

Number of iterations

0.4
0.2

02 04 06 038 1 12 14 16 18 2

w

FIGURE 2: Numbers of iterations and w values for Example 19.

For physical reasons, we suppose that f(x, y,u) > 0,4q(x, y) >
0, and g(x, ) > 0, such that U = 0 is a lower solution of (10).
For upper solution, consider the following.

Case 1. g(x,y) > 0 and g(x,y) > 0. (i) If the upper
solution is dependent on ¢, define K = g/4 + g+ g*,V =
(KD, kW, .. ,KY), and AU = V. Then U is an upper
solution, where g and g" are any upper bounds of g; ; and g; ;,
respectively. (ii) If upper solution is independent of o, then
U = P+V™ isan upper solution, where P &« (1,1,...,1)",and
Q is the vector with components g; ; which satisfies Q + G" =
AV*,

Case 2. (i) If g = 0, then U = (KK,...,K)T is an upper
solution, where K is a constant which satisfies cK(K—1) > g.
(ii) If g = g = 0, then U = P is an upper solution.
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We now give a model problem where the exact solution is
known explicitly [6]. This problem is given by
- (uxx +uyy) =ou(l-u)+q(xy),
0<x<1,0<y<2, (71)
u, (0,y)=u(l,y)=u(x,0)=u(x,2)=0.

It is easy to verify that when o = 71%/4 and

2

—2sin( ™)+ (1 - 22 )sin? ﬂ) 72

q(x,y) 251n<2)+4(1 x)sm<2 , (72)
the exact solution of (71) is given by

o) = (1-5%)si (ﬂ) 73

u(x,y) ( x)sm 5 (73)

Since 0 < g(x,y) < 2+ /4 for (x, y) € [0,1] x [0, 2], the
constant pair U = (K, K,...,K)T and U = 0 are ordered
upper and lower solutions whenever (F/HKEK - 1) = 2 +
7°/4 with K = 2. Hence, (71) is case 2 whenever g =0,and
we have the upper and lower solutions U = (0,0,...,0)" and
U=22....,2)" Let f(x, y,u) = (@ /4)u(l - u) + q(x, y).
We define

37’ . T
= I =diag(y,y,...,7) -

(74)

of (x, y,u)
ou

= max
0<u<2

If0 < uy, u, <c, then

|f (o youy) = f (% you)| = Jouy (1= 1)) +q (%, y)
—ou (1-1,) = q (%, y)]
— Jow, - 01 —ouy + o1
o (i u) - 0y - )
~ oty + 11,) (11 — )
—0 (uy —uy)]
— o 1ty + 11y — 1) (1 )|
= o fuy 4 1ty — 1|ty 1)
<0 2c =1 |uy — u,]
def

= # (c) |u1 —u2|.
(75)

The SORMI method takes 94 iterations with w = 1.92 when
U© = 0is applied. The approximate solution is similar to the
exact solution as shown in Figure 3. Since they are similar, we
omit to sketch the exact solution figure. In comparison with
the SORMI method, the Jacobi and Gauss-Seidel MI methods
require 2243 and 1249 iterations, respectively. The reduction
of iterations is significant. The numerical results are listed in

1
TABLE 2: Numbers of iterations and 7 values for Example 20.

w 0.05 0.1 0.2 0.3
Number of iterations 28503 15706 8344 5612
1B 09999  0.9997  0.9995  0.9992
7 0.9999 0.9998 0.9996 0.9994
w 0.4 0.5 0.8 1.0
Number of iterations 4155 3239 1775 1249
1B 0.9989  0.9986  0.9976  0.9969
n 0.9992 0.9989 0.9982 0.9976
w 1.2 1.6 1.8 1.9
Number of iterations 881 386 200 104
1B 09961 09943 09933  0.9928
n 0.9970 0.9955 0.9947 0.9943
w 1.92 1.95 1.97 1.99
Number of iterations 94 129 185 307
IBI 09927 09925 09924  0.9923
n 0.9942 0.9942 0.9942 0.9944

FIGURE 3: The approximate solution for Example 20.

Table 2. The relation between the numbers of iterations and
relaxation factors w is shown in Figure 4. They verify our
theory of the boundedness and convergence for the SORMI
method again.

7. Conclusions

A new iterative method for solving nonlinear equations is
developed in this paper. It combines SOR method with
MI scheme and therefore gives rise to the terminology
“SORMI” The boundedness and convergence of the SORMI
sequence are proven under some suitable assumptions. Some
numerical examples are given to verify our theory of the
boundedness and convergence for the SORMI method.
Moreover, the reduction of iterations is quite significant in
comparison with the Jacobi and Gauss-Seidel MI methods.
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