Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 410505, 8 pages
http://dx.doi.org/10.1155/2013/410505

Research Article

A Study of Nonlinear Fractional g-Difference Equations
with Nonlocal Integral Boundary Conditions

Ahmed Alsaedi, Bashir Ahmad, and Hana Al-Hutami

Department of Mathematics, Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia

Correspondence should be addressed to Ahmed Alsaedi; aalsaedi@hotmail.com

Received 12 July 2013; Revised 9 September 2013; Accepted 9 September 2013

Academic Editor: Dumitru Baleanu

Copyright © 2013 Ahmed Alsaedi et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper is concerned with the existence and uniqueness of solutions for a boundary value problem of nonlinear fractional g-
difference equations with nonlocal integral boundary conditions. The existence results are obtained by applying some well-known

fixed point theorems and illustrated with examples.

1. Introduction

Several kinds of boundary value problems of fractional-
order have recently been investigated by many researchers.
Fractional derivatives appear naturally in the mathematical
modelling of dynamical systems involving fractals and chaos.
In fact, the concept of fractional calculus has played a key
role in improving the work based on integer-order (classical)
calculus in several diverse disciplines of science and engi-
neering. This might have been due to the fact that fractional-
differential operators help to understand the hereditary
phenomena in many materials and processes in a better way
than the corresponding integer-order differential operators.
Examples include physics, chemistry, biology, biophysics,
blood flow phenomena, control theory, signal and image
processing, and economics [1-4]. For some recent results on
the topic, see a series of papers [5-12] and the references
therein.

Fractional g-difference equations, regarded as fractional
analogue of g-difference equations, have been studied by
several researchers. For some earlier work on the subject,
we refer to [13, 14], whereas the recent development on
the existence theory of fractional g-difference equations can
be found in [15-25]. In a recent paper [26], the authors
investigated a nonlocal boundary value problem of nonlinear
fractional g-difference equations:

CDZx(t)zf(t,x(t)), 0<t<l, l<ac<?2,

a;x(0) - ,31qu 0) =yx (1)

ox (1) + B, Dygx (1) = pox (1),

@

where f € C([0,1] xR, R), CDZ is the fractional g-derivative
of the Caputo type, D, is g-derivative, and o, B, ; € R, 7, €
0,1),i=1,2.

The purpose of the present paper is to study the following
nonlocal boundary value problem of nonlinear fractional g-
difference equations:

Csz )+ Ax(t) = f (t,x (1)),

tel0,1], 1<f<2,0<g<1,

x©=0,  xW)=Ixl) = ['x@ds 0<n<t,

)

where f € C([0,1] xR, R), CDg is the fractional g-derivative
of the Caputo type, and A is a real number.

The paper is organized as follows. Section 2 contains some
necessary background material on the topic, while the main
results are presented in Section 3. We make use of Banach’s
contraction principle, Krasnoselskii’s fixed point theorem,
and Leray-Schauder nonlinear alternative to establish the
existence results for the problem at hand.



2. Preliminaries on Fractional g-Calculus

Here we recall some definitions and fundamental results on
fractional g-calculus.

Definition I (see [13]). Let f > 0,1et 0 < g < 1, and let f be
a function defined on [0, 1]. The fractional g-integral of the
Riemann-Liouville type is (Ig () = f(t) and

¢ - NBD
(1) <t>=j G UMY d, (s),

. Fq(ﬁ) B>0,tel0,1],
3)
where
(1 _ )(ﬁ 1)
I, (B) = (1_)/31’ 0<g<l. (4)
Recall that T, (8 + 1) = [ B],L,(B), with
B
q -1 ©
[Bl, = a1 (1-9)" =1,
- (5)
1-9" =[](1-4"), neN.
k=0

More generally, if € R, then

- H ( z+1) ©

qﬁ+z+1)

Lemma 2 (see [27]). For f3 € R*, A € (-1,00), the following
is valid:

[,(A+1
I,f((t )u)) A+1)

I, (/5+A 1)

(t—a)(BM), O<a<t<b.

7)

In particular, for A = 0, a = 0, using g-integration by

parts, we have

t
) 0= s [[ 0

I, (B
1D (e-9")

= - dgs

I, (B) J0 (B, ®
1 _g®
S ACESY LDq((t 9P)d,s
-1 »

I, (B+1)

For 0 < g < 1, we define the g-derivative of a real valued
function f as

_f®-f(at)
qu (t) = W) t+0,
n ©)
D,f (0) = nlgngow, $#0,

For more details, see [28].
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Definition 3 (see [29]). The fractional g-derivative of the
Riemann-Liouville type of order f > 0 is defined by

(DSf)(t) = f(£) and
(if) ® = (D1 1) @),

where [f3] is the smallest integer greater than or equal to f3.

B >0, (10)

Definition 4 (see [29]). The fractional g-derivative of the
Caputo type of order 3 > 0 is defined by

(Cfo ) & = (1P DlP'f) v, B>o, a1)
where [f3] is the smallest integer greater than or equal to S.

Now we state some known results involving g-derivatives
and g-integrals.

Lemma 5 (see [29]). Let 3,y =
defined on [0, 1]. Then

0, and let f be a function

(i) I51 H)®) = A5 (@),
(i) (DETE £)(1) = (),

(iii) (EDE )0 = £(O) = TET (T, (k + D)CDE£)(0),

B> 0.
Lemma 6 (see [19]). Let 3 > 0 and n € N. Then, the following
equality holds:

; ; Bl ponek .
I'Dlf)(t) =DM f (t) - ——— (D, f)(0).
12007) 0= D0~ Y. o (0]

(12)

In the forthcoming analysis, the following lemma plays a
pivotal role.

Lemma 7. Let h € C([0, 1], R) be a given function. Then the
unique solution of the boundary value problem,

CDSx () + Ax (t) = h (t),

te[0,1], 1<f<2, 0<q<]1, (13)
x(0) =0, x(1)=J.nx(s)dqs, 0<y<l,
0
is given by
t (4 _ )B1
x0= | % (1 (s) - Ax (5)) d,s
" (n—gs)"”
L(1-gs)""
ot L T (h (5) - Ax (5)) ds,
where
1
5 = ﬁ. (15)
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Proof. Using Lemma 5, we can write the solution of fractional
g-difference equation in (13) as

NGO
x(t) = Jo T, ) (h(s) = Ax (s)) dgs )
+¢t+¢, tel0,1].

Using the boundary conditions of (13) in (16), we get ¢, =
0 and

s [ n-as)”
G = 81 |:J;) m (h (S) - Ax (S)) qu
17
1 (1 _qs)(ﬁ’l) ( )
_ L W(h (s) - Ax (s))dqs],

where §, is given by (15). Substituting the values of ¢, ¢; in
(16), we obtain (14). O

Let € = C([0,1],R) denote the Banach space of all
continuous functions from [0,1] to R endowed with the
norm defined by |x| = sup{|x(t)| : t € [0, 1]}.

By virtue of Lemma 7, we define an operator ¢ : € — €
as

“(t-gs)""

(?x)(t)=jo o 6x)-
q

Ax (s)) dgs

1 (n-gs)”
+ 6t .[0 m (f (5, (s)) = Ax (s)) dys

L(1-gs)*"
-t L W (f (5, (s)) = Ax (5)) dys
(18)

and note that the given problem (2) has solutions only if the
operator equation ¥x = x has fixed points.

3. Main Results

In the sequel, we assume that

(A)) f:10,1] xR — Risa continuous function and that
there exists a g-integrable function ¢ : [0,1] — R

such that | f(t,x) — f(t, Y)| < {@#)|x— yl, t € [0,1], x
yeR.

For computational convenience, we introduce the nota-
tions:

A=y + M, (19
where
= (1+18,]) (1£0) (0 + |8, (157€) ().
- lllﬂﬂﬂ (20)
e = (r(/s D A r(/m))

Our first existence result is based on Leray-Schauder
nonlinear alternative.

Lemma 8 (nonlinear alternative for single valued maps [30]).
Let E be a Banach space, C a closed, convex subset of E, and V
an open subset of C with 0 € V. Suppose that € : V. — Cisa
continuous, compact (i.e., €(V) is a relatively compact subset
of C) map. Then either

(i) € has a fixed point in V, or

(i) there is x € OV (the boundary of V in C) and € € (0, 1)
with x = e&(x).

Theorem 9. Suppose that f:[0,1] xR — R is a continuous
function. In addition, it is assumed that

(A,) there exist functions hy,h, € LY([0,1],R") and a
nondecreasing function 9 : R — R such that
| f (&, x)| < hy(£)9(|x]) + hy(£), for (¢, x) € [0,1] X R.

Then the problem (2) has at least one solution on [0, 1] if
there exists a positive number w such that

9(w)v, + 7,
w> ——7=, 21
TP @y
where
1
Al #—,
ta
vi= (1+[8,]) (18hy) () + [0, | (15 hy) (), i =1,2.
(22)

Proof. As a first step, it will be shown that the operator & :
€ — € (defined by (18)) maps bounded sets into bounded
setsin C([0, 1], R). Notice that & is continuous. For a positive
number o, let EG ={x € C([0,1],R) : ||x|| < o} be abounded
setin C([0, 1], R). Then, for any x € EU, we find that

[(¥x) (1)
(t )(ﬁ—l)
< JO I (ﬁ) (|f (s x ()] + 1Al Ix(s)l)dqs
( )(ﬁ)
elanin [ TS (1F G0l + W) d,s
q
L - as)BD
+ 18] 1¢1 L ( . ([)3) (I (5 x (D] + M % (5)]) d,s
t(t-gs)”
< Jo W (B () 9 (llxI) + by (5)] dys
_a®
+16,] It L” % [hy () 9 (lxl) + Py (5)] s
q
1(1— (B-1)
+16,] It L % [hy () 9 (lxIl) + By (5)] s
q



B
Jl &hl (s) dqs

<9(0) { . L @)

" (n—gs)”
+ |81| JO mhl (S) qu

L(1-gs)*
+ |81| J'O Whl (S) dqs]»

D
+ {jl %hz (s) dqs

o T8
" (n-q5)"
+ |61| JO mhz (S) qu

1(1-gs)*
+ |61| JO W}lz (S) dqs

(]~ gs) BV AN ()
+a|A|H %dqsﬂ(ﬂj n-a)
0

I, (B)

1(1—gs)#®P
+|51|L _( rqq([);) dqs}

<I(@) v, + v, + 0| y,.

This establishes our assertion.

0 Tq(ﬁ+1) 1

(23)

Next, we show that the operator & maps bounded sets
into equicontinuous sets of C([0, 1], R). Taking t,,t, € [0, 1]
with t, < t, and x € B, together with the inequality:
(t,—qs)P ™V = (t; —qs) PV < (t, —t,) for 0 < t; < t, (see

[19] p. 4), we obtain

[(€x) (t,) - (£x) (t,)]

B
< Jz(tz gs)

. W (f (5 x(8) = Ax () dgs

b (r o \BD
. J B9 (fax ) -x () dgs

o LB

0 (o ®
q
X (| f (s, x ()] + 1Al (9)]) ds.

1 —as (B-1)
L e

X (|f (s x ()] + 1Al x (9)]) ds.
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h ( 2~ 1)
</l trq (/st)
sz (t, —qs) ™"

= [h (s5)9(0) + hy (s) + |A| o] ds
. LB ' ’ K

(1 ()9 (0) + hy (s) + [A| 0] ds

0 (- as)®

x [hy ()9 (0) + hy (s) + |A| o] dgs.

L (] - ag)BD
+|61|(t2_t1) J-o %

x [y (5)9.(0) + by (s) + 1A 0] ds.
(24)

It is obvious that the right hand side of the above inequality
tends to zero independently of x € B, ast, — t,. Therefore
the operator & is completely continuous by the Arzeld-Ascoli
theorem.

Thus the operator & satisfies the hypothesis of Lemma 8
and hence by its conclusion, either condition (i) or condition
(ii) holds. We claim that the conclusion (ii) is not possible.

Let V = {x € C([0,1],R) : ||x]| < w} with w given by (21).
Then we will show that | €x|| < w. Indeed, by means of (A,),
we get

1%
<9 (Ixl) {L %hl (s
1| L” g(—ﬁ_qi)(f;hl (5)d,s
ol [ U}{iq—(s,);)w” (S) dqs}
. { Ll “—rj_(sg'”hz () dys
N L” (IZ(_;;—qi)(lﬁ))hz (5)d,s
| (l}qq—(s,z()mhz © dqs}
Y {Ll (I_qu—(sl);)mdqs ol (F]:(_ﬂ—qi)(lﬁ))dqs
o] 5]
<O+t @My < 03)
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Assume that there exist x € 0V and € € (0, 1) such that x =
eZx. Then for such a choice of x and ¢, we get a contradiction:

= lxll = elZx] <O (lx) v, + v, + @Al
(26)

=9 (w)v, + v, +w|Ay, < w.

Thus it follows by Lemma 8 that & has a fixed point x € V/
which is a solution of the problem (2). This completes the
proof. O

Remark 10. In case we take h;, h, in (A,) to be continuous,
then v; = ||k, i = 1,2, where p, is given by (20).

Our next result deals with existence and uniqueness of
solutions for the problem (2) and is based on Banach’s fixed
point theorem.

Theorem 11. Suppose that the assumption (A ) holds and that
A < 1, where A is given by (19). Then the boundary value
problem (2) has a unique solution.

Proof. Fix N = suptE[O)I]If(t,O)I < 00,7 = (Nuy/1 — A)
(u, is given by (20)), and define E ={xe¥:|xl|l <rh
We will show that ¥B, ¢ B,, where @ is defined by (18). For
x € B,,t € [0,1], it follows by the assumption (A, ) that

|f x| < |f 6x®) = £ &0 +|f (¢,0)]
<C@OIx@)+|f 0] <) r+N.
Then, for x € B,,t € [0, 1], we have
1(&x) (1)
)

JE
o F(@
)(ﬁ—l)

(t-gs
+r|A| L —rq @

y J” (n-qs)"”
L, (B+1)

[((s)r+NJdgs
dgs +1t] |6,

[{(s)r+NJdgs

B
+r|/\|J %ds+|t||5|

)(ﬁ—l)

8 Jol - ;qq(sﬁ)

(1 g™
+ 1Al L T, @) dqs

)(ﬁ—l)

(1-gs
Sr«lL 1FQ(ﬁ)

(n-qs)”
|8|j r,(B+1)

1(1— (B-1)
+WJLL—2L—U9%%

[((s)r+Nldgs

C(s) dgs

C(s) dgs

(- gs)”
Lrwﬂﬂq

<r{(180) () + 18, (1F7'7) () + 18,| (1°¢) (1)}

R A }
L, (B+2) T, (B+1)

Bl o] }
LB+ T+ 1)

+Nhéﬂ>

1
+”M{QW+U

(28)
which, in view of (19), implies that

€x|| < Nu, + rA <. (29)

This shows that ¥B, ¢ B,.
Now, for x, y € €, we have

I(€x) - (&y)|
t(t-gs)"
Sé%JL L, (P
X(|f (s,x(s) = f (5 ¥ (5))]
+ A |x (s) - y(s)|)dqs
B
+|al||t|j ﬁ"(g) )(|f(sx(s)) Flsy ()|

+IAl]x () = y (9)]) dgs

1(] — gs)B D

wlada ) 5
q

X (If (5, x () = f (s, y ()|

+]A] |x(s) - y(s)|)dqs}

t(t - gs) PV
<l s { [ B0
te[0,1] 0

L, (B)
ﬂMmLﬁQ;)ﬁ<Ms



1 (1 as) D
sl ) 5~
q

)(ﬁ—l)

t(t—gs
Y <L e

(B)
+ o1 J %dqs

1 —as (B-1)
v 18, 1t L %dqs”,

(30)

{(s) dgs

which, by (19), takes the form
l@x) @ - (gy) O] <Alx- . (31)

As A < 1 (the given assumption), therefore & is a contrac-
tion. Hence, by Banach’s contraction mapping principle, the
problem (2) has a unique solution.

If we take {(¢) = L (L is a positive constant), the condition
A < 1becomes L < ((1/u,) — |A]) and Theorem 11 can be
phrased as follows.

Corollary 12. Let there exists a constant L € (0, (1/u,) — |Al)
with w, given by (20), and let f : [0,1] x R — R be
a continuous function satisfying the assumption: |f(t,x) —
ft, y)l < Llx -yl t € [0,1], x, ¥y € R. Then the boundary
value problem (2) has a unique solution.

Our last result relies on Krasnoselskii’s fixed point theo-
rem [31].

Lemma 13 (Krasnoselskii). Let Y be a closed, bounded,
convex, and nonempty subset of a Banach space X. Let Q,, Q,
be two operators such that (i) Q,x + Q,y € Y whenever x, y €
Y; (ii) Q, is compact and continuous; (iii) Q, is a contraction
mapping. Then there exists z € Y such that z = Q,z + Q,z.

Theorem 14. Let f: [0, 1]xR — R be a continuous function
satisfying (A ). Furthermore, it is assumed that

(A,) there exist a function & € C([0,1],R") and a
nondecreasing function y € C([0, 1], R") such that

lf LX) <EOx(xD), Gx) €0, 1]xR. (32)

If
|6, ] “ MC(S)d HJAMC(SM 5]
rq(ﬂ ) 0 rq(ﬂ) 1
ﬁ+1 1
+|M|8|[F(ﬁ 2)+rq(/3+1)]<1’

(33)

with |Mu, < 1, then the boundary value problem (2) has at
least one solution on [0, 1].
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Proof. Let us consider the set E; ={x € € : |x| <7}, where
7 is given by

@k

> s = t), 34
Tl W= sup R Gy

and introduce the operators &, and €, on B; as

C e N\B-D)
(Zx) (@) = L % (f (5 x(8) = Ax () d,s,
tel0,1],
0 B
(€,%) (t) = 8.t L % (f (5, () = Ax () s
q
1(1— (B-1)
-8t Jo % (f (s, x(s)) — Ax (s)) dgs,
q
€ [0,1].
(35)

In order to show the hypothesis of Krasnoselskii’s fixed point
theorem, we proceed as follows.

(i) Forx, y € B, we find that

|(?1x +9,y) (t)l

e \BD
< L (t-gs)" (&) x (xS) + A |x (9)]) dgs

I, (B)

1 (v a)B
+o] J % E©x(y©D + Wy ()] dys

1 (] — gs)BD
o) S €O oD WLy oDy

/3+1
<x® Wl | gy 0 o) + 18l

”“'[r(ﬁl (1+]8,]) + o]

B+1
I, (/3 + 2)]
<@ [Elp +7 1A py < 7.
(36)
This implies that €, x + &,y € B;.

(ii) From the continuity of f, it follows that the operator
&, is continuous. Also, &, is uniformly bounded on
B;as

xORI, nF
LB+ LB

|€.x| < (37)
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Next, for any x € B, and 7,7, € [0,1] with 7, < 75,

we have
[(€1x) () = (£1%) (1))
- _\BD
-, gﬁi?%%i‘—<f<ax<9>—Ax<w>d¢
q
T T, —4gs (-1
- JO % (f (S) X (5)) - Ax (S)) qu
q
" (- g)* " - (1, - gs)*
= JO Fq (ﬁ)

X (f (5, (s)) = Ax (5)) dys (38)

. W (f (5, (s)) = Ax (s)) dys

<(x® [&] + A7)

N =)
+J (1, - gs)

5 (59" - (5 - 9™
X [L T ®) dqs
2 (1 - qs)(ﬁil)
’ Jﬂ rq (ﬁ) dqs:|

which is independent of x and tends to zero as 7, —
7,. Thus, &, is equicontinuous. So &, is relatively
compact on B;. Hence, by the Arzeld-Ascoli theorem,
g, is compact on B:.

(iii) From (A,) and (33) it follows that &, is a contraction
mapping.

Thus all the conditions of Lemma 13 are satisfied. Hence,

by the conclusion of Lemma 13, the problem (2) has at least
one solution on [0, 1]. O

As a special case, for y(x) = 1, there always exists a
positive 7 such that (34) holds true. In consequence, we have
the following corollary.

Corollary 15. Let f : [0,1] x R — R be a continuous
function satisfying (A,). Furthermore, |f(t,x)| < &(t),
V(t,x) € [0,1] xR, and & € C([0, 1], R"). Then the boundary
value problem (2) has at least one solution on [0, 1] provided
(33) holds.

4. Examples
Example 1. Consider the problem
‘DPx(t) + lx(t) = lx+cosx 0<t<1
a 4 5 T

) (39)
x(0)=0, x(1)= Iqx<§>,

where g = 1/2,A = 1/4, y = 1/3. It is easy to find that §, =
27/25, and

1 1
|f(t,x)|:lgx+cosx s§|x|+l. (40)

Obviously h; = 1/5,h, = 1,9(w) = w. In consequence,
v, = 0.3002935758,v, = 1.501467879, and condition (21)
yields w > 4.629306104. Thus, the hypothesis of Theorem 9
is satisfied. Hence it follows by the conclusion of Theorem 9
that there exists at least one solution for the problem (39).

Example 2. Consider the nonlocal boundary value problem
given by

1 _
CDZ/Zx(t) + Zx(t) = L(cost + tan 1x), 0<t<l,
. (41)
x(0)=0, x(1)= Iqx<§>.
Here ¢ = 1/2,A = 1/4,n = 1/3 and L is a constant to
be fixed later on. With the given data, it is found that §, =
27/25, |f(t, %) - f(t, )| < Llx - y| and
27V3(4V2-1) +6V2 <L 1)
253 (4v2-1) '

4
(42)

A= ! 1+
I, (5/2) (

Letting

< ! 1+
[ I (5/2) (

all the conditions of Corollary 12 are satisfied. Therefore, the
conclusion of Corollary 12 applies to the problem (41).

>

273 (42 - 1)+6x/§>]_1 1

253 (4v2-1) 4
(43)
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