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We firstly study the existence of PC-mild solutions for impulsive fractional semilinear integrodifferential equations and then present
controllability results for fractional impulsive integrodifferential systems in Banach spaces. The method we adopt is based on fixed
point theorem, semigroup theory, and generalized Bellman inequality. The results obtained in this paper improve and extend some
known results. At last, an example is presented to demonstrate the applications of our main results.

1. Introduction

Fractional calculus is an area having a long history whose
infancy dates back to three hundred years. However, at the
beginning of fractional calculus, it develops slowly due to the
disadvantage of technology. In recent decades, as the ancient
mathematicians expected, fractional differential equations
have been found to be a powerful tool in many fields, such as
viscoelasticity, electrochemistry, control, porous media, and
electromagnetic. For basic facts about fractional derivative
and fractional calculus, one can refer to the books [1-4].
Since the fractional theory has played a very significant role
in engineering, science, economy, and many other fields,
during the past decades, fractional differential equations
have attracted many authors, and there has been a great
deal of interest in the solutions of fractional differential
equations in analytical and numerical sense (see, e.g., [5-10]
and references therein).

On the other hand, the impulsive differential systems are
used to describe processes which are subjected to abrupt
changes at certain moments [11-13]. The study of dynamical
systems with impulsive effects has been an object of intensive
investigations. It is well known that controllability is a key
topic for control theory. Controllability means that it is
possible to steer any initial state of the system to any final
state in some finite time using an admissible control. We refer
the readers to the survey [14] and the reference therein for
controllability of nonlinear systems in Banach spaces. The

sufficient controllability conditions for fractional impulsive
integrodifferential systems in Banach spaces have already
been obtained in [15-18].

Balachandran and Park [17] studied the controllability
of fractional integrodifferential systems in Banach spaces
without impulse

dix (t) t
— D ax+ s <t,x(t) : L n, s,x(s))ds)
+Bu(t), tej=[0b], M
x(0) = x4 € X,

where 0 < g < 1, the state x(-) takes values in the Banach
space X, f: JxXxX — X,h: AxX — Xare continuous
functions, and here A = {(t,s) : 0 < s < t < b}. The control
function u € L?[J,U], a Banach space of admissible control
functions with U as a Banach space,and B : U — Xisa
bounded linear operator.

In [19], Mophou considered the existence and uniqueness
of a mild solution for impulsive fractional semilinear differ-
ential equation

Dix(t) =Ax (@) + f(t,x(t)), tel=[0,T], t#t

x(0) = x5 € X, (2)

Axley, = L (x(t)), k=1,2...,m,



where Dy’ is the Caputo fractional derivative, and 0 < o < 1.
The operator A : D(A) ¢ X — X is a generator of -
semigroup (T'(t)),, on a Banach space X, and I, : X — X
are impulsive functions.

To consider fractional systems in the infinite dimensional
space, the first important step is to define a new concept of
the mild solution. Unfortunately, By Hernandez et al. [20], we
know that the concept of mild solutions used in [15-17, 19],
inspired by Jaradat et al. [21], was not suitable for fractional
evolution systems at all. Therefore, it is necessary to restudy
this interesting and hot topic again.

Recently, in Wang and Zhou [18], a suitable concept of
mild solutions was introduced, using Krasnoselskii’s fixed
point theorem and Sadovskii’s fixed point theorem, inves-
tigating complete controllability of fractional evolution sys-
tems in the infinite dimensional spaces

‘Dix(t)=Ax(t) + f (t,x(t)) + Bu(t),
te]=1[0b], 3)

x(0) =x, € X,

where ‘DI is the Caputo fractional derivative of the order
0 < g < 1 with the lower limit zero, the state x(-) takes values
in Banach space X, and the control function u(-) is given in
L*[J,U], with U as a Banach space. A : D(A) ¢ X — Xisthe
infinitesimal generator of a strongly continuous semigroup
(T(#));so in X, B is a bounded linear operator from U to
X,and f : ] x X — X is given X-value functions.
Some sufficient conditions for complete controllability of the
previous system were obtained.

Inspired by the work of the previous papers and many
known results in [22-24], we study the existence of mild solu-
tions for impulsive fractional semilinear integrodifferential
equation

Dix(t) = Ax(t) + f (t, x(t), (Hx) (1)),

tel=[0,b], t#t,

(4)
x(0) =x5€X,

Axley, = L (x(t)), k=1,2...,m,

where D is the Caputo fractional derivative, 0 < g < 1, the
state x(-) takes values in Banach space X. A : D(A) ¢ X —
X is the infinitesimal generator of a strongly continuous
semigroup (T(t)),, of a uniformly bounded operator on X,
and A is a bounded linear operator. f: ] x X x X — Xis
given X-value functions, H is defined as

t
(Hx) (t) = L h(t,s,x(s))ds, (5)

where h : A x X — X are continuous, here A = {(t,s) : 0 <
s <t <b} I : X — Xare impulsive functions, 0 = t, <
ty <o <ty <t = b Axl, = x(t) - x(t), and x(t;) =

Abstract and Applied Analysis

limy, _, g+ x(t; + h) and x(t;) = lim,, _, o- x(t; + h) represent the
right and left limits of x(t) at t = t;, respectively.

We also define a control u and present controllability
results for fractional integrodifferential systems in Banach
spaces

Dlx(t) = Ax (t) + f (t, x (t), (Hx) (t)) + Bu(t),

tel=[0,b], t#ty,

(6)
x(0) = x5 € X,

Axlpey = I (x(t)), k=12,...,m,

where B is a bounded linear operator from U to X, and the
control function u(-) is given in L*[J,U], with U as a Banach
space. The method we adopt is based on the ideas in [17-
19,22-24]. Compared with the previous results, this paper has
three advantages. Firstly, we add operator H in the nonlinear
term f and introduce a suitable concept of mild solutions
of (4) and (6). Secondly, we not only study the existence of
PC-mild solutions for impulsive fractional semilinear inte-
grodifferential equation (4) but also present controllability
results for fractional impulsive integrodifferential systems
(6), and the results in [17, 19] could be seen as the special
cases. Thirdly, our method avoids the compactness conditions
on the semigroup (T(t)),so, and some other hypotheses are
more general compared with the previous research (see the
conditions (H,)-(H;) and (Hs)-(Hjy)).

The rest of the paper is organized as follows. In Section 2,
we present some preliminaries and lemmas that are to be used
later to prove our main results. In Section 3, the existence
of PC-mild solutions for (4) is discussed. In Section 4, by
introducing a class of controls, we present the controllability
results for fractional impulsive integrodifferential systems
(6). In Section 5, an example is given to illustrate the theory.

2. Preliminaries and Lemmas

Let us consider the set of functions PC[I,X] = {x : [ —
X 1 x € C[(tg tgy1), X], and there exist x(f,) and x(t,f),
k =0,1,2,...,m with x(t;) = x(t;)}. Endowed with the
norm [|x[lpc = sup,llx(¢)|, it is easy to know that (PC[I, X],
Il llpc) is a Banach space. Throughout this paper, let A be
the infinitesimal generator of a C-semigroup (T'(f)),s, of a
uniformly bounded operators on X. Let L z(X) be the Banach
space of all linear and bounded operator on X. For a C;-
semigroup (T'(t)),sq, we set M, = sup, | T(t) ||LB(X). For each
positive constant r, set B, = {x € PC[I, X] : x| < r}.

Definition 1. The fractional integral of order y with the lower
limit zero for a function f is defined as

IVf(t):LJt f) ds, t>0,9>0, (7)

L(y) Jo (t -9

provided that the right side is point-wise defined on [0, +00),
where I'(-) is the gamma function.
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Definition 2. The Riemann-Liouville derivative of the order y
with the lower limit zero for a function f: [0,00] — Rcan
be written as

L@
[(n-vy)dt"
XrLd&

0 (t _ S)I—VH—}J

DY f (1) =

t>0,n-1<y<n

(8)

Definition 3. The Caputo derivative of the order y for a
function f: [0,00] — R can be written as

n-1 _k
D'f()="D <f CEDR «») ,
kgok! ©)
t>0,n-1<y<n
Remark 4. (1) If f(t) € C"[0, 0), then
1 J~t f(") (S) S
[(n-y)Jo t -5 10)
_ In—rf(n) (t) ,

(2) The Caputo derivative of a constant is equal to zero.

(3) If f is an abstract function with values in X, then
integrals which appear in Definitions 1, 2, and 3 are taken in
Bochner’s sense.

D'f(t) =

t>0,n-1<yp<n.

Definition 5 (see [22]). A mild solution of the following
nonhomogeneous impulsive linear fractional equation of the
form

Dix(t)=Ax(t)+h(t), tel=[0,b], 0<q<1, t#t,

x(0) =x,€X,
Ax|y, = I, (x(t)), k=12,...,m,
(11)
is given by
'9(t)xo+r(t—s)q*&(t—s)h(s)ds, tefo,t,],
0
T (t) xojg(t—tl)ll (x (7))
+j (=718 (=) h(s)ds,  te(tyb],
x(f) = - ’

T (1) xo+ ) T (t=1;) I (x (t)
k=1

te(t,,b],
(12)

+r (t=s)T'S (t-s5) h(s)ds,
0

where T (-) and §(-) are called characteristic solution opera-
tors and given by

T () = joo £, (0)T (+96) db,
0
(13)
S =q L 0E, (0) T (96) O,

and for 6 € (0, 00),

£,0) = 6119‘1‘“/‘1)% (679) >0,
(14)
< T 1
@, (0) = %;(—1)"_16_‘1"_1—(”Z!+ ) sin (nmq),

where &, is a probability density function defined on (0, 00);
that is,

520000, [ §Od-1. 1)
0
Definition 6. By a PC-mild solution of (4), we mean that a

function x € PC[I, X], which satisfies the following integral
equation:

[ (t) x0+Jt (t—s)T'S (t-s)
0
X f (s,x(s),(Hx) (s)ds, te[0,t,],
T (t) xot+9‘(t—t1)11 (x ()
+J (t-5)1"'S (t-s)
0
X (t) = - x f (s, x(s), (Hx) (s)) ds, te(t;,t,],
T () xo+ ). T (t-t,) I (x (£))
k=1
+J (t-5)1"'S (t-s)
0
| X f (s, x(s), (Hx) (s)) ds, te(t,,b].
(16)

Definition 7. By a PC-mild solution of the system (6), we
mean that a function x € PCJ[I, X], which satisfies the follow-
ing integral equation:

'F/”(t) X + Lt (t=s)T'S (t-s)

X[ f (s, x(s), (Hx) (s))
+Bu (s) ] ds,
T (t) 3tC0+57(t_t1) I (x(t)))
+J (t—5)T"'§ (t—s)
0

x[f (s, x(s), (Hx) (s))
+Bu (s) | ds,

tef0,t,],

te(tyh],

T () xo+ ). T (t=t,) I (x (&)
k=1

+jt (t=s)T'S (t-3)
0

x[f (s, x(s), (Hx) (s))
+Bu (s) ] ds,

te(t,,b].
17)
Definition 8. The system (6) is said to be controllable on the

interval J if, for every x,,x; € X, there exists a control u €
L*(J,U) such that a mild solution x of (6) satisfies x(b) = x,.



Definition 9 (see [25]). Let X be a Banach space, and a one
parameter family T(), 0 < t < +o00, of bounded linear
operators from X to X is a semigroup of bounded linear
operators on X if

(1) T(0) = I (here, I is the identity operator on X);
(2) T(t +s) = T(t)T(s) for every t,s > 0 (the semigroup
property).
A semigroup of bounded linear operator, T(¢), is uniformly

continuous if lim, | T(¢) - I|| = 0.

Lemma 10 (see [25]). Linear operator A is the infinitesimal
generator of a uniformly continuous semigroup if and only if A
is a bounded linear operator.

Lemma 11 (see [19]). Let T be a continuous and compact
mapping of a Banach space X into itself, such that

{x € X:x=ATx for some 0 <A< 1} (18)
is bounded. Then, T has a fixed point.

Lemma 12. The operators T (t) and S(t) have the following
properties.

(i) For any fixed t > 0, I (t) and S(t) are linear and
bounded operators; that is, for any x € X,

qM,

T M) x| <M >
17 (&) x|l < M, || T+

IS () xIl <

<l (19)

(i) {T (t),t = 0} and {S(t),t > 0} are strongly continuous.

(iii) {T(t),t = 0} and {S(t),t = 0} are uniformly
continuous; that is, for each fixedt > 0, and e > 0,
there exists h > 0 such that

1T t+e)-T M) <e fort+e=>0, le|] <h,

(20)

ISE+e)-SH)<e fort+e=0, le] <h.

Proof. For the proof of (i) and (ii), the reader can refer to [23,
Lemma 2.9] and [24, Lemmas 3.2-3.5]. For each fixed t > 0,
and h > € > 0, one can obtain

17 (¢t + - )

< Lm £,0) |T (¢ + €%0)—T (+%6) | do

<M, L‘X’ £, O)|T((t +e0-1) - 1| do,  (21)
IS (¢t +e) - S O

< qM, JOOO 0E, (0) |7 (¢ + €)% - %0) — 1] db.

Because A is a bounded linear operator, from Lemma 10 and
Definition 9, we know that A is the infinitesimal generator of
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a uniformly continuous semigroup. Thus, by the properties of
uniformly continuous semigroup (T(t)),-,, we get

7 ({t+e)-T ) <e
(22)
ISE+e)-S B <&

that is, {7 (t),t > 0} and {S(t),t > 0} are uniformly
continuous. O

We list here the hypotheses to be used later.

(Hy)) f: IxXxX — Xis continuous and there exist
functions py, p, € LI, R™] such that

”f (txp, ) = f(t x2>)’2)"
< py (B) "xl - x2|| + phy (£) ”)’1 - )’2"’ (23)
X1, X, V1> Y € X

(Hy) h : Ax X x X — X s continuous and there exist
function v, € C[I, R*] such that

Ih (s, %)) = h(t s, x)| < v @) ||x - x5, xp,x, € X

(24)

(H;) There exist w; € C[I,R"] such that

"Ik (xl) - I (x2)|| < wy () ||x1 - x2|| >

(25)
x,px,€X, k=1,2,...,m.
(H,) The function Q,,(f) : I — R" is defined by
qM, J-t q-1 0
Q_(t) = t—s s) + v bu, (s))ds
+ mwy M,

where v(l) = max{v,(t) | t € I}, w, = max{w(t)t €
Lk=1,2,...,m},and0 < Q,,(t) < 1,t € L.

(Hi) The constants ,, and Q:n(t) : 1 — R"are defined by

Qu — quK
I'(1+gq)

+ wymM;,

b
L (b-9)1" (ptl (s) + by, (s)) ds

(27)

Q)= L (t =" (py (5) + ¥ by, (s)) ds

t
4 L (t — )T ds + wymM,,

and0 < Q) (1)< 1,tel.
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3. Existence of Mild Solutions

Theorem 13. If the hypotheses (H,)-(H,) are satisfied, then
the fractional impulsive integrodifferential equation (4) has a
unique mild solution x € PC[I, X].

Proof. Define an operator Q on PC[I, X] by

(7 (1) x0+£ (=)7L S (t—s)

x f(s,x(s),

(Hx) (s)) ds,

T (t) %+ T (t-t,) I, (x(]))
+Lt (t—s)T'S (t-s)

X f(s,x(s),(Hx)(s)ds, te(t;,t,],

telo,t,],

(Qux) ()= 1

T () xo+ ) T (t-1;) I (x (t))
k=1

+Jt (t-5)T'S (t-s)
0
X f (s, x(s), (Hx) (s)) ds,

te(t,,b].
(28)

We will show that Q is well defined on PC[I, X]. For 0 < 7 <
t <t,, applying (28), we obtain

1(Qx) () = (Qx) (1)l
<17 &) =T @l x|

+

r (t—9)T'S(t-s) f (s, x(s),(Hx) (s)) ds

+ ' (t-9s)T'S(t—5) f(s,x(s),(Hx)(s))ds

(=]

t-s)T'S(r-3) f(s,x(s),(Hx)(s))ds

5
~

+
0

T

t-s)T'S(r-5) f(s,x(s),(Hx)(s))ds

5

0

- JT (t- s)q_lé’ (t=3) f(s,x(s),(Hx)(s))ds
0

<7 &)~ T @l ||

+

r (t - s)q_lé’ (t—s) f(s,x(s),(Hx)(s)ds

+

ﬂt—s)q‘l [ (t-95) -8 (T-)]
0

x f(s,x(s),(Hx)(s))ds

+

[ [e-9m - - 9]
0

xS (t—5s) f(s,x(s),(Hx)(s))ds

(29)

5

From the well-known inequality [t° - 7°| < (t—1)° for
0 € (0,1]and 0 < 7 < t and Lemma 12, it is obvious that
[(Qx)(t) — (Qx)(7)|| — 0Oast — 7. Thus, we deduce that
Qx € C[[0,1,], X].

Fort, < 1 <t <t,, wehave

(Qx) () = (Qx) (1)l
<IT ® =T @l

+|T (t-t,) =T (x=t)| |1 (x ()]

Jt (t— s)q_lof (t-3s) f(s,x(s),(Hx)(s) ds

+

+

r -1 [S(Et-5)-8(T-3)]
0
xf (s,x(s),(Hx)(s)) ds

| fe-9m - - 9m]
0

+

xS (t—3s) f(s,x(s),(Hx)(s))ds

(30)

It is easy to get that, as t — 7, the right-hand side of the
previous inequality tends to zero. Thus, we can deduce that
Qx € C[(ty,t,], X]. By repeating the same procedure, we can
also obtain that Qx € C[(t,, 5], X], ..., Qx € CI(t,,,b], X].
That is, Qx € PC[I, X].

Take t € [0,t,]; then,

lQx) @) - (Qy) ()
. j (-9 [ (t-3)
0
x (f (s, (s) , (Hx) (s))
~f (57 (), (Hy) (5)))| ds

M t
vy J (t - 5)1!
0

" I'(l+gq)
X (py (5) || () = y 9]

+hy (5) [|(Hx) (s) = (Hy) (s)]|) ds.
(31)

From (H,) and (H,), we obtain

[(Qx) () - (Qy) )]

qM ! _
<t [, €97 (1 @+t ) G2

X ||x (s)-y (s)” ds.

So we deduce that

1(Qx) (1) = (Qy) ®)]|pc

qM ! _
vl KR AN CICRR ) EEEs

X[ = Hlec-




In general, for each t € (¢;,
tions,

1Qx) @) = (Qy) V)]l

< aM,
I'(1+q)

i

2T (6= 1) T (x (1)

k=1

ti.1], 1 <i <m,using the assump-

[} =9 (7ot ) =l

+

—kig(t—tkwk ()

M, ‘ gl 0
S(F(l+q) L (t =7 (uy (1) + b, (1)) ds

viandt, ) b= e

<Q; () ||x~ ylpes (34)
34

when i = m, obviously

Q) (1) = Q@) pe

M t -
< (I‘(ql +1q) L (t—s)1" (//‘1 (s) + vtl)byz (s)) ds .

g, ) =l

< QO %= lpe-

Noting that Q;(t) < Q,,(¢), with assumption (H,) and in the
view of the contraction mapping principle, we know that Q
has a unique fixed point x € PC[I, X]; that is,

'F/”(t)xo+r (t-s)T'S(t—5s)
0
xf(s,x(s),(Hx)(s))ds, te[0,t,],
T ) xg+T (t=1,) 1 (x (1))
J (t—s)T 1&(r—s)
()= X f(s,x(s), (Hx) (s)) ds, te(t;,t,],
T () xo+ ). T (t=t) I (x (t))
k=1
+Jt (t—s)T'S (t-s)
0
X f (s, x(s), (Hx) (s)) ds, te(t,,b],
(36)
is a PC-mild solution of (4). O

In order to obtain results by the Schaefer fixed point
theorem, let us list the following hypotheses.
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(Hs) f: I x X x X — X s continuous and there exist
functions ys, piy, s € LI, R*] such that

If (& p)| <pis () + g O lxl+ps @) 3], tel, x, yeX.

(37)

(Hg) h : Ax X x X — Xis continuous and there exist
functions v,,v; € C[I, R*] such that

lht s, ) <vy(s)+v5(s) x, xeX. (38)
(H,) There exist y;, € C[I, R"] such that
I O < wie O llxll, x € X (39)

(Hg) For all bounded subsets B,, the set
0,5 (£) = ‘[95 (£) xo

t—h
+ J (t—s)T' S5 (t—s)F(s)ds (40)
0

+ i T s (t—t) Iic ( (t;)):xeBr}

is relatively compact in X for arbitrary h € (0,t) and
é > 0, where

Ts(t) = Loo £,(0)T (1) do
(41)

Ss(t)=¢q S ¢, () T (t19) do.

(Hé) For all bounded subsets B,, the set
I, s (t) = {9' NOE?

t—h
+ J (t — )7 Sy (t —s) [F(s) + Bu(s)] ds
0

+i975 (t-ti) L (x(t)) 1 x € B,}
k=1
(42)

is relatively compact in X for arbitrary h € (0,t) and
8>0.

Theorem 14. If the hypotheses (Hs)-(Hyg) are satisfied, the
fractional impulsive integrodifferential equation (4) has at least
one mild solution x € PC[I, X].



Abstract and Applied Analysis

Proof. From Theorem 13, we know that operator Q is defined
as follows:

Jt (t-s)T'St—-7s)

X f(s,x(s),
(Hx) (s)) ds,
T (t) x, ‘t" T(t-t,)1 (x (tI))
+ L (t-9)1"'S(t-5)
X f(s,x(s),(Hx) (s))ds,

T (t) xy +

teo,t],

te(t,t,],

T Ox0+ YT (t - 1) I (x ()

k=1
+J (t-s)1"'S(t—-ys)
"% f (5% (s), (Hx) ()) ds,

te(t,b].
(43)

We will prove the results in five steps.
Step 1 (continuity of Q on (¢;,t;,,] (i = 0,1,2,...,m)). Let
X, x € PC[I,X] such that | x, — x"[[p,c = 0 (n - +00),

and then r = sup,[lx,ll,c < 0o and [x*[lpc < 7; for every
te(tpty] (=0,1,2,...,m), we have

I(Qx,) (t) - (Qx) (1)]

qM, q-1
F(1+q)J(t 9

x|f (5., (s), (Hx,) (5))
~f (5,x(s), (Hx) (s))] ds

i (t=te) I (x, (1) = DT

3

(t=t) I (x (8)| -

k=1 k=1
(44)
Since the functions f and I, are continuous,
f(sx,(s),(Hx,)(s) — f(s,x(s), (Hx) (5)), )
45
I (x, (ty) — L (x(t))  n— oo

By conditions (Hs) and (Hg), we know that

If (s, %, (s), (Hx,) (5)) = f (s, x(s), (Hx) (5))],
< 25 (s) + gy (5) (Ix]l + [[x,])
+ 5 () (IHx| + | Hx, |)

<209+ 2059 | %, 00

(m () + s (5 j s (6) d6> (Ul + )

7
< 2,9+ 205 ) | 9, ©0)a0
+ (2/,14 (s) +2u5 (s) L 5 (0) d@) r.
(46)
Hence,
(t =T f (5., (), (Hx,) (5)
(47)
~f (s, x(s),(Hx) (s))|| € L' [, R"].
By the Lebesgue dominated convergence theorem, we get
t Ve
[, (=9 1 (52090, (11 ) s
—f (s,x(s), (Hx) (5))]| ds — 0.
It is easy to obtain that
im [[(Qx,)(0) ~ (Q)D) ¢ = 0. (49)

Thus, Q is continuous on (t;,¢;,1] (i =0,1,2,...,m).

Step 2 (Q maps bounded sets into bounded sets in PC[I, X]).
From (43), we get

1(Qx) (Wl

<5 @ ] + 222

I (1+q)
X L (t=s)T" || f (s, (s), (Hx) (s))] ds

(50)

+m | T (¢ = t) L (x (5)] >
and we know that

If (s, x (s), (Hx) ()

< s () + s (5) j v, (6) d6
0 (51)

+(u4 @+ [ 70 de) Il

< @1 () + @y (s) Il
From (50) and (51), we obtain
10Qux) ()1l < My [l + mMyyy, x|
(52)

qb’M, (!
+ 1"(1 + q) J;) ((Pl (S) + ¢, (5) ||x||)ds,

where y, = max{y,(t) |t € [ k=1,2,...
x € B, = {x e PC[L,X] : [xllpc <1},

1(Qx) (Al

< M, [lxo] +

,m}. Thus, for any

b1M,
(1 +q)j 91 (9)ds (53)

gb1M, J’
+<F(1+ ") @, (s)ds + mMuy, |r =y,.

Hence, we deduce that [[(Qx)(t)[ < 1y,; that is, Q maps
bounded sets to bounded sets in PC[I, X].




Step 3. (Q(B,) is equicontinuous with B, on (¢;,t;,,] (i =0, 1,
2,...,m)).Foranyx € B,,t',t" € (t;,t,,,] (i =0,1,2,...,m),
we obtain

J@o) (") - @0 ()]
<7 (")
+J sq

(t —s)‘r cS’(t —s)F(s)ds

7 (t') x|

(t - s)F(s) ds

(54)

o

(t - tk) L (x (1))

+
M§

=
Il
—

[\/Js

T (¢ =) T (x (1))

k=1

after some elementary computation, we have
Q) (¢") - (@x) (¢ ||
"‘07( ” ol

n

+ Jt (t” - s)‘rl& (t" - s) F(s)ds
t/

!

+ Jt [(t" - s)q_1 - (t' - s)q_l] S (t” - s) F(s)ds

0

t/

] =) s (=) - s (-9 F s

0

+m ".67 (t” - tl)” ”Ik (x (t;))” :
(55)

Using the fact that I (t) and §(t) are uniformly continuous,
and the well-known inequality [t — "] < (¢ - t')7 for
o € (0,1 and 0 < t < ", we can conclude that
lim,n _, 1(Qx)(#") = (Qx)()|| = 0. Thus Q(B,) is equicon-
tinuous with B, on (t;,t;,;] (i=0,1,2,...,m).

Step 4 (Q maps B, into a precompact set in X). We define
IT1=QB, and I1(¢) = {(Qx)(¢) : x € B,} fort € I. Set

I, (t) = {(Quex) (t) : x € B,}, (56)

where

~h
T, s (£) = {975 (t) x, + Lt (t—3s)T' S, (t —s)F (s)ds

+ igts(t—tk)lk(x(tk)) 1x € Br]»,
i (57)

From Lemma 12(ii)-(iii), (Hg), and the same method used in
Theorem 3.2 of [18], we can verify that the set II(f) can be
arbitrary approximated by the relatively compact set IT}, 5(¢).
Thus, Q(B,)(¢) is relatively compact in X.
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Step 5 (the set E = {x € PC[I, X] : x = AQx for some 0 < A <

1} is bounded). Let x € E, and then

t

AT (t) x4 + A j (t-s)T'S(t-5s)
X f (s, (s), (Hx) () ds, te€[0,t,],
AT () xg + AT (t-1,) I (x (1))
AJ (t-s)T'$(t-s)
co=]  TexeemE©a el
AT (8)xg + A T (t - t) I (x (£;))
+/\Jt (t-s)"'S(t—-5)
Xof(s,x(s) , (Hx) (s)) ds, te(t,,b].
(58)

Similar to the results of (53), we know that

AgbiM, (P
LN
F(1+q) 0

qv'M, ('
(59)

lx ()1 < AM; ||xo] +

Obviously there exists A sufficiently small such that p = 1 —
AmM,y, > 0, and then we get

<o) <2 1|| ol + Pﬁqﬁf)r% (s)ds o
, % Lo 1 onas.
Let
- 4 AP s N
f()—%] ¢z (s)ds.

It is clear that f(¢) is nonnegative continuous function on
[0, +00), and generalized Bellman inequality implies that

t b
Ix (B)]] < Nyeh /94 < Nyeh FOds ¢ - (62)

where C, is a constant. Obviously, the set E is bounded
on (t;,t;,] (@ = 0,1,2,...,m). Since Q is continuous and
compact, thanks to Schaefer’s fixed point Theorem, Q has a
fixed point (36) which is a PC-mild solution of (4). O

4. Controllability Results

By introducing a class of controls, we present the controllabil-
ity results for fractional impulsive integrodifterential systems

(6).
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(Hy) The linear operator W; from LZ[(ti_l,ti],U] into X
defined by
Wiu = J ' (t;— )T S (¢, - s) Bu(s)ds,
0 (63)
i=12,...mm+1,
induces an invertible operator W, defined on
L*[(t;_;,t;],U]/ KerW,, and there exists a positive
constant K > 0 such that IIBVP\TII <K.

Theorem 15. If the hypotheses (H,)-(Hs), (H,), and (Hy)
are satisfied, then the fractional impulsive integrodifferential
system (6) is controllable on I.

Proof. Using the condition (H,), for an arbitrary function
x(+), define the control

( —_ X — X,
Wy [xot i’:’l+10 =T (t1) %o
1
[Te-omts -
0

X f(s,x(s),(Hx)(s))ds | (t),

2<x1_x0) —.97(
m+1

N Jt2 (t2 - 5)q71°53 (tz - 5)
Xf (5,% (s), (FIx) () ds
-7 (6 -1 () | 0,

telot,],

W, {xo + t5) %,

u(t) = te(t)t,],

W | x, - T ) x,

b
—J D ICED)
;)<f (s,x(s),(Hx) (s))ds

=Y T (b-t) I (x (tk))] t), tel(t,b].

(64)
Define the operator Q : PC[I, X] — PCII, X], where

?](t) X+ Jt (t-s)T'S(t—-s)

"% [f (5% (5) , (Hx) (s))
+Bu(s) ] ds,

9(t)x0+9(t—t1)11 (X(tI))
+J (t-s)1'S(t—-ys)
0

X [f (s,x(s), (Hx) (5))
+Bu(s) ] ds,

te[o,t,

te(t,n],

(Qx) () = 1

m

T () xg+ )T (t-1) I (x ()
k=1

+J (t—s)'S(t—75)
0
X [f (s, x(s), (Hx) (s))
+Bu (s) ] ds,

te(t,,b].

(65)

m>

By Theorem 13, we know that Q is well defined, and we will
prove that when using the previous control, operator Q has a
fixed point. Clearly, this fixed point is a PC-mild solution of
the control problem (6) and x(b) = x;; that is, the control we
defined steers the system (6) from initial x, to x, in the time

b.

For any x;,x, € C[(t;;t;;;1,X] (i = 0,1,2,...,m), by
conditions (H;)-(H;), (Hi), and (H,), we get
| Buy (£) = Bu, (1)]|
b
< ( gM, K J - S)q—l
r (1 + q) 0
X (;41 (s) + v?byz (s)) ds
(66)
+w0mM1)

x [y () = x3(8) |
< Quflx; (9) = %, 9)[pes

1(Qx)) ®)-(Qx,) )]
< jt t-5)T"||$ (t-s)
0

x [f (%1 (), (Hx,) (9))

~f (%, (5), (Hx,) (5))]" ds

" Lt (t-s)t" )

X || & (t-s) [Buy (s)-Bu, (s)]|| ds
317 (-1 (s )
~I (x, (t;)))” .

Therefore,
l(Qx1) () - (Qx,) ()]
qM, ! YS! 0

< <—F (1+q) Jo (t-ys) (yl (s) +v,by, (s)) ds
qMIQu

T(+9q)

X "xl(s) - xz(s)"pc
< Q1) | (8) = x%5(8)||pee-

Since 0 < Q:n(t) < 1, then Q is contraction mapping. Any
fixed point of Q is a PC-mild solution of (6) which satisfies
x(b) = x,. Thus, the system (6) is controllable on I. O

(68)

t
L (t—s)T'ds + woli)

Theorem 16. If the hypotheses (Hs)-(H,), (Hy), and (H,) are
satisfied, the fractional impulsive integrodifferential system (6)
is controllable on 1.
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Proof. Using the condition (H,), for an arbitrary function
x(-), define the control

_ X, — X,
W | x+

- 901)"0

-9 69
x f(s,x(s),(Hx) (s))ds| (t), te[o.t,],
280
[ -9 )
x f(s,x(s), (Hx) (s)) ds

u(t) = 1 T (t,-t)) 1, (x (t;))] ),

te(t,t,],

Wm+1

|:x1—9(b) X
b
—J (b=5)T"S (b-s)
X f (s, % (), (Hx) (5)) s
DT (b-t) I (x (£)) | () te(t,,b].
k=1
(69)

We will prove that when using the previous control, operator
Q defined in (65) has a fixed point.
We discuss that in five steps.

Step 1 (continuity of Q on (¢;,t;,,] (i = 0,1,2,...,m)). Let
x,,x € PC[I,X] such that [[x, - x"[[,c = 0 (n — +00),
and then r = sup,[x,l,c < 0o and [[x"|lpc < r. For every
te(t,t,] (i=0,1,2,...,m), we have

[Qx, () — Qx (1)]|

qu ‘ AT
SF(1+q)Jo(t 9

|| (5%, (s), (Hx,) ()
—f (s,x(s), (Hx) (s))| ds

(70)

+ qM,
I'(1+q)

Jt (t—s)1" | Bx,, (s) = Bx (s)|| ds
0

YoM, 3 e (1) - 1 (< )]

Since
| Bx,, (s) = Bx (s)|

qM; K v
= (F(1+q) .[0 (b=s)

x || f (5%, (5), (Hx,) (5))
~f (5 %), (H) (5)] ds)

(71)

MY |x, (1) - x (1))
k=1

Abstract and Applied Analysis

by (47), (71), and the Lebesgue dominated convergence
theorem, it is easy to know that

nlLIIéQl'(an) (1) — (Qx) (t)”pc =0. (72)

Consequently, Qs continuous on (t;,t;,,] (i =0,1,2,...,m).

Step 2. (Q maps bounded sets into bounded sets in PC[I, X]).
Since

1Bu (9)]l < [BW, |

gM,
(Tl 2ol 0, o+ 25

b
X L b =97 | f (s, x(s), (Hx) (s))] ds

S 1))

— M, (° -
<[ (g [ e skl

gM, |ix

+ 2 [y || + My x| + I(1+q)

b
X J (b-3)T"p, (s)ds

0

a3 1)

<N+ N, x|,
(73)

thus, from (65), we get, for any x € B, = {x € PC[I,X] :
lxllpc <7},

1(Qx) (DIl

qb'M,; (*
m J;) ((pl (S) + Nl)dS

qbM,
I'(1+q)

<M, x| +

b
L (¢, (s) + N,)ds + mM%) r="1-
(74)

Hence, we deduce that [[(Qx)(t)[l < y,; that is, Q maps
bounded sets to bounded sets in PC[I, X]. Using the same
method used in Theorem 14, we can verify that Q(B,) is
equicontinuous with B, on (¢;,t;,,] (i = 0,1,2,...,m), Q
maps B, into a precompact set in X, and Q(B, )(¢) is relatively
compact in X. Steps 3 and 4 are omitted.

Step 5 (the set E = {x € PC[I,X] : x = AQx for some 0 <
A < 1} is bounded). Let x € E, and similar to the results (74)
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we know that
2 (DI < AM, || x,

AgbiM, (!
F(l +q) L (§01 (S)+Nl)d5

AgbiM; (1
(r (1 + q) jo ((PZ (S) + NZ) ds + AMMV/O>

X Jlx @1

(75)

There exists a A sufficiently small such that p, = 1-AmMy, >
0, and then

AgbiM, (b
e e I NCICRE LS
AgbiM R
q 1
+ —pzf(l ) J (@ (s) + Ny) llx (s)]| ds.
Let
_AM, AghiM, (b

Ne=—, ol + ol (1+9q) Jo (91 () + N, ), o

B AgbiM,  (*
6= s L (¢, (5) + N, ds.

It is clear that f(s) is nonnegative continuous function on
[0, +00), and generalized Bellman inequality implies that

t b
lx (0)]] < Nyelo /O < Nyl /0% — ¢ (78)

where C, is a constant. Thus the set E is bounded. Since Q
is continuous and compact, thanks to Schaefer’s fixed point
Theorem, Q has a fixed point (36), and this fixed point is a
PC-mild solution of (6) which satisfies x(b) = x,. Hence, the
system (6) is controllable on I. O

5. An Example

Consider the following nonlinear partial integrodifferential
equation of the form

aZ/3 1
sane ()= L (y=s)z(s,y)ds
+f (62 () Hz (6,)
+u(ty), te]=10,1],
Z(£0) =z (t,1) = 0, (79)
z(0,y)=0, 0<y<l,

1-
A _ :I ~ > >
Z|t—1/2 1 <Z<2 )’))

where0 < g < 1,pu:]x(0,1) — (0,1) is continuous. Let us
take X = C([0, 1]). Consider the operator A : D(A) ¢ X —
X defined by

1
(Aw) (8) = L (y—s)w(s)ds. (80)

1

It is easy to get

awl = ol [ |y slds= (1 -y (1= ) ol = 3
(81

clearly A is the infinitesimal generator of a uniformly con-
tinuous semigroup (T'(t)),5, on X. Put x(t) = z(t,-) and
u(t) = u(t,-), and take

ot llxIl
f(t,x,Hx) =€ +a(t) (—1 " ||x||>

f Il (82)
¥ L k69 < T+ ] ) ds,

Iy (x) = |lx]l»

where a(t) € C[0,1], k(t,s) € C([0,1] x [0,1]). Then
clearly, f : [0,1]] xRxR — RandI, : R - R
are continuous functions. f, I;, and h satisfy (H5)—(Hé),
respectively. Equations (79) are an abstract formulation of
(6). For y € (0, 1), we define

1/2 1 -1/3 1
Wl”:J <-—s> &(——s)Bu(s)ds,
o \2 2

) (83)
Wou = Jo 1- s)_1/3é’ (1 —s)Bu(s)ds,

where

T O wls) = LOO &) O)w(£°0 + 5) do,
(84)

2 o0
SOwE -3 L 0,5 (0)w (1270 + ) do
and for 6 € (0, 00),

3 -
52/3 ) = 59 5/2(DZ

5 (),

n-1-(ent3)y3 L ((2n+3) /3 2nrm
@, (6) = Z( 1o (n+3)3) T (( ) ) < )
i n! 3
(85)
Assume that the linear operator W; from 12 [(ti_, U] G =

1,2) into X induces an invertible operator T/Vi_ defined on
LZ[(tH,ti],U] / Ker W; and there exists a positive constant
K > 0 such that IIBW[II < K. Moreover, (H,) is satisfied.
All conditions of Theorem 16 are now fulfilled, so we deduce
that (79) is controllable on I. On the other hand, we have

If (&, Hx) = £ (t. y, Hy)]|

t
<a®lr-yl+ | k9 lx-ylds

k(t,s) Il (86)

=k (t9) [yl < ko (Ixl = [[¥])
ko = max {k(t,s) | (t,s) e I x I},

”11 (x) -1, ()/)“ < ||x - J’” .
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Further, other conditions (H,)-(H;) are satisfied and it is
possible to choose a(t), k(t, s) in such a way that condition
(Hj) is satisfied. Hence, by Theorem 15, the system (79) is
controllable on I.
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