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This paper consists of main two sections. In the first section, we prove a common fixed point theorem in modified intuitionistic
fuzzy metric space by combining the ideas of pointwise R-weak commutativity and reciprocal continuity of mappings satisfying
contractive conditions. In the second section, we prove common fixed point theorems in modified intuitionistic fuzzy metric space
from the class of compatible continuous mappings to noncompatible and discontinuous mappings. Lastly, as an application, we
prove fixed point theorems using weakly reciprocally continuous noncompatible self-mappings on modified intuitionistic fuzzy

metric space satisfying some implicit relations.

1. Introduction and Preliminaries

Recently, Saadati et al. [1] introduced the modified intu-
itionistic fuzzy metric space and proved some fixed point
theorems for compatible and weakly compatible maps. Con-
sequently, in this modified setting of intuitionistic fuzzy
metric space, Jain et al. [2] discussed the notion of the
compatibility of type (P); Sedghi et al. [3] proved some
common fixed point theorems for weakly compatible maps
using contractive conditions of integral type. The paper [1] is
the inspiration of a large number of papers [4-7] that employ
the use of modified intuitionistic fuzzy metric space and its
applications.

In this paper, we prove some new common fixed point
theorems in modified intuitionistic fuzzy metric spaces.
While proving our results, we utilize the idea of compatibility
due to Jungck [8] together with weakly reciprocal continuity
due to Pant et al. [16]. Consequently, our results improve
and sharpen many known common fixed point theorems
available in the existing literature of modified intuitionistic
fuzzy fixed point theory.

Firstly, we recall the following notions that will be used in
the sequel.

Lemma 1 (see [10]). Consider the set L* and the operation <; .
defined by

L* = {(xl,xz) :(xp,%,) € [0,11%, x; + x, < 1}
(1)
(%1, %) <p- (V1 30) & X1 S Y%, 2 95,
for every (x1,%,), (¥, ¥,) in L*. Then, (L*,<;-) is a complete

lattice.
One denotes its units by 0. = (0,1) and 1;. = (1,0).

Definition 2 (see [11]). A triangular norm (f-norm) on L*
is a mapping & : (L*)> — L* satisfying the following
conditions:

(1) F(x,1;-) =xforallxinL*,

(2) F(x,y)=F(y,x) forall x, yin L,

(3) F(x, F(y,2)) = F(F(x, y),2) forall x, y, zin L*,

(4) ifforall x, x', y, y' in L*, x <;.x" and y <;. y" imply

Fx, )< F (X', ).

Definition 3 (see [10, 11]). A continuous t-norm & on L* is
called continuous t-representable if and only if there exist a



continuous t-norm * and a continuous t-conorm < on [0, 1]
such that for all x = (x,x,), ¥ = (y,5,) € L*[0, 1%,
F(x,y) = (x1 * y1, %, O ¥,).

Definition 4 (see [1]). Let M, N are fuzzy sets from X2 x
(0,+00) — [0,1] such that M(x, y,t) + N(x, y,t) < 1 for
allx, yin X and t > 0. The 3-tuple (X, {; 5, &) is said to be a
modified intuitionistic fuzzy metric space if X is an arbitrary
nonempty set, # is a continuous t-representable, and {y;
is a mapping X* x (0,4+00) — L* satisfying the following
conditions for every x, y in X and t,s > 0:

(a) CM,N(x, ¥,6)>1+0;4,

(b) {yn(x, y,t) = 1;- ifand only if x = y,

(©) S 35 1) = Gy, X, 1),

(@ S 7t + 921 F (62,8, (2 3:9),

(&) {yn(x, ¥57) : (0,+00) — L7 is continuous.

In this case, () v is called a modified intuitionistic fuzzy
metric. Here, (y; n(x, ¥, 1) = (M(x, y,t), N(x, y,1)).

Remark 5 (see [12]). In a modified intuitionistic fuzzy
metric space (X, (N> F), M(x, y,-) is nondecreasing, and
N(x, y,-) is nonincreasing for all x, y in X. Hence, {y;
(x, y,t) is nondecreasing with respect to ¢ for all x, y in X.

Definition 6 (see [1]). A sequence {x,} in a modified intu-
itionistic fuzzy metric space (X, {; n, %) is called a Cauchy
sequence if for each ¢ > 0 and t > 0, there exists n;, € N such
that {y; N(%,,, X, 1) > - (1 — &, &) for each n,m > n and for all
t.

Definition 7 (see [1]). A sequence {x,} in a modified intu-
itionistic fuzzy metric space (X, {3 n» ) is said to be conver-
gent to x in X, denoted by x,, — xiflim, _, (o (%, x,1) =
1;- forall t.

Definition 8 (see [1]). A modified intuitionistic fuzzy metric
space (X, (N> F) is said to be complete if and only if every
Cauchy sequence is convergent to a point of it.

Definition 9 (see [1, 13]). A pair of self-mappings (f,g) of
modified intuitionistic fuzzy metric space (X,{y;n»> ) is
said to be compatible if lim,, _, . ,Cpr n(f9%,> gf%,,t) = 1;
whenever {x,} is a sequence in X such that lim,, ,  f(x,) =
lim, , g(x,) = z for some z in X.

Definition 10 (see [13]). Two self-mappings f and g are called
noncompatible if there exists at least one sequence {x,} such
that lim,, , ., f(x,) = lim, _, . g(x,) = z for some z in X but
either lim,, , . Cy; nv(fgX,> gfX,»t) # 11 or the limit does not
exist for all z in X.

Definition 11 (see [14, 15]). A pair of self mappings (f,g)
of a modified intuitionistic fuzzy metric space (X, (y; n» F)
is said to be R-weakly commuting at a point x in X if

Cun(f9%, gf %0 t) 21 (N (X5 gX,5 t/R) for some R > 0.
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Definition 12 (see [14, 15]). The two self-maps f and g
of a modified intuitionistic fuzzy metric space (X, {y;n»
F) are called pointwise R-weakly commuting on X if
given x in X, there exists R > 0 such that {

(fgx, gfx, )21 Cpn(fx, gx, t/R).

Definition 13 (see [15]). The two self-maps f and g of a
modified intuitionistic fuzzy metric space (X, (y; > F) are
called R-weakly commuting of type (A ) if there exists some
R > 0 such that {; (ffx, gfx,t) = {n(fx, gx,t/R) for all
x in X. Similarly, two self-mappings f and g of a modified
intuitionistic fuzzy metric space (X, {y;n» F) are called R-
weakly commuting of type (A ;) if there exists some R > 0
such that {y; N(fgx, ggx, t)21- (o n(fx, gx,t/R) for all x in
X.

It is obvious that pointwise R-weakly commuting maps
commute at their coincidence points and pointwise R-weak
commutativity is equivalent to commutativity at coincidence
points. It may be noted that both compatible and noncom-
patible mappings can be R-weakly commuting of type (A )
or (A ), but the converse needs not be true.

Definition 14 (see [2]). Two self-mappings f and g of a
modified intuitionistic fuzzy metric space (X, (y; > F) are
called R-weakly commuting of type (P) if there exists some
R > 0 such that {; N (ffx, ggx, )= (o (X, gx, t/R) forall
xin X.

In 1999, Pant [9] introduced a new continuity condition,
known as reciprocal continuity as follows.

Definition 15 (see [9]). Two self-mappings f and g are
called reciprocally continuous if lim, _,  fgx, = fz and
lim,_, gfx, = gz, whenever {x,} is a sequence such that
lim, , ., fx, = lim,_,  gx, = z for some z in X.

If f and g are both continuous, then they are obviously
reciprocally continuous, but the converse is not true.

Recently, Pant et al. [16] generalized the notion of recip-
rocal continuity to weak reciprocal continuity as follows.

Definition 16 (see [16]). Two self-mappings f and g are called
weakly reciprocally continuous if lim, ,  fgx, = fz or
lim, _, . gfx, = gz whenever {x,} is a sequence such that
lim, , ., fx, = lim, _, . gx, = z for some z in X.

If f and g are reciprocally continuous, then they are
obviously weak reciprocally continuous, but the converse
is not true. Now, with an application of weak reciprocal
continuity, we prove common fixed point theorems under
contractive conditions that extend the scope of the study of
common fixed point theorems from the class of compatible
continuous mappings to a wider class of mappings which also
includes noncompatible mappings.

2. Lemmas

The proof of our result is based upon the following lemmas.
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Lemma 17 (see [2]). Let (X, (y; n> ) be a modified intuition-
istic fuzzy metric space and for all x, y € X, t > 0 and if for a
number k € (0, 1),

S (6 pokt) 20 Cop (x5 958). (2)
Then x = y.

Lemma 18 (see [2]). Let (X, n» ) be a modified intuition-
istic fuzzy metric space and {y,} a sequence in X. If there exist
a number k € (0, 1) such that

CM,N (J’m Ynt+1> kt)
(3)

>0 Cun Do Yot)  VE>0,m=1,2,3,...,

then {y,} is a Cauchy sequence in X.

3. Main Results

3.1. Section I: Pointwise R-weakly Commuting Pairs and
Fixed Point

Lemmal9. Let (X, n» T) be a modified intuitionistic fuzzy
metric space, and let (A, S) and (B, T') be pairs of self-mappings
on X satisfying

AX)cT((X),B(X)cS(X), (4)
there exists a constant k € (0,1) such that
{vn (Ax, By, kt)
>, min {{y,  (Ty, By, t),
Can (Sx, Ax, t), (5)
Cvn (Sx, By, at),
Cun (Ty, Ax, 2 —a)t),

CmN (Ty,Sx,t)}

forall x,y € X, t > 0and a € (0,2). Then, the continuity
of one of the mappings in compatible pair (A,S) or (B,T) on
(X, Cpr.n» T) implies their reciprocal continuity.

Proof. First, assume that A and S are compatible and S is con-
tinuous. We show that A and § are reciprocally continuous.
Let {u,} be a sequence such that Au, — zand Sy, — z
for some z in X asn — 00. Since S is continuous, we have
SAu, — Sz and SSu, — Sz asn — oo and since (A, S) is
compatible, we have for all t > 0,

Jim Oy (ASu,, SAu,, t) = 1.,

(6)
Jim Cyy  (ASu,, Sz,t) = 1,

Thatis, ASu, — Szasn — ©00.By (4), for each n, there exists
v, in X such that ASu,, = Tv,. Thus, we have SSu, — Sz,
SAu, — Sz, ASu, — Sz,and Tv, — Szasn — 00
whenever ASu,, = T,

Now, we claim that Bv, — Szasn — oo.
Suppose not, then, by (5), taking o = 1,

{nn (ASuy, By, kt) > min {Cy, 5 (TV,, B, t),
Cnin (SSuy,, ASu,,, t),
Can (SSthy, By t) (7)
o (TV, ASut),

Cvin (T, SSu,, 1)}

Takingn — o0, we have

G (2 lim B, kt )
21 min {Cy (82, im B,ot), Gy (52,52,8),
G (52 lim B, t), Gy (52,52,
S (52,52,1) | (8)
= min {(M,N (Sz, Jim By,.t), 1,
G (82 Jim Bv,ot), 10,1}
= G (82 lim B, t).

By Lemma 17, we have lim By, = Sz.

n— 00

Claim that Az = Sz. Again, by (5), taking « = 1,

CM,N (AZ> BVn’ kt)
> min{{y; 5 (TV,, By, 1), {ypn (S2, Az, 1),
Cmn (82, By, t),

CM)N (TVn, AZ’ t) > (M,N (TV,,, SZ, t)} .

)

Takingn — 00, we get

{vin (Az, Sz, kt) > min{{y; (82, Sz, 1), (N (52, Az, 1),
Can (82,82,1),
Cun (82, Az, 1), (v (S2, Sz, 1)}
=min {1.,{ y (Sz, Az, 1), 1},
Cun (82, Az, 1), 1.}

= (N (Sz, Az, t).
(10)

By Lemma 17, Az = Sz.



Therefore, SAu, — Sz, ASu, — Sz = Azasn — oco.

Hence, A and S are reciprocally continuous on X. If the
pair (B, T) is assumed to be compatible and T is continuous,
the proof is similar. O

Theorem 20. Let (X,{y, N> T ) be a complete modified intu-
itionistic fuzzy metric space. Further, let (A,S) and (B, T) be
pointwise R-weakly commuting pairs of self-mappings of X
satisfying (4), (5). If one of the mappings in compatible pair
(A, S) or (B, T) is continuous, then A, B, S, and T have a unique
common fixed point in X.

Proof. Let x, € X. By (4), we define the sequences {x,} and
{y,} in X such that foralln =0, 1,2,...,

Von = Axyy = TXp 115 Yanr1 = BXgpiq = 8%505. (1)

We show that {y,} is a Cauchy sequence in X. By (5) taking
a=1-p,¢€(0,1), wehave

Cnn (Vanets Yanens kt)
= (o (Bxgi1> AXoyin, kt)
= (o (Axgi00 BXyyy, kt)
> min {Cyy n (T BXgpers 1)
O (S Axgpinnt)
O (S%zmi20 Bxgy15 (1= B)1)
S (Txgi15 Axgpins (1+ B)E)
i (TXp415 SXppio 1)}
= min {{pn (Van Yonerr 1) > San (Vaners Vaneo 1) »
SN oot Yo (1= B 1)
SN Vo Yaner (1 B 1)
Cnan (Vo Vane1o )}
= min {$y;n (Van Yone1o 1) > Sty (V2nets Vaneao 1)
L S (P Yane1ot) »
iy (Vanes Yaneao Bt) »
S (Vo Yanero 1)}
2> min {Sy N (Vam Va1 ) > Cav (Vanets Vanear ) 5

CM,N ()’2n+1) Yon+2> ﬁt)} .
(12)
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Taking B — 1, we have

Cun (Vaners Yaneos kt)
> min {Qy y (Yo Yans1o ) »
S (Vaners Vanao ) »
S (Vanets Vaneo )}
S (Vaners Yanear kt)
> min {Cug N (Vo Vane1o 1) s S Voot Yoo )}

Caan (Vansrs Yanss k) 21 Copn (Vs Yanero t) -
(13)

Similarly,

Caan (Vansas Yaness kt) 200 Copn (Vanass Yansao t) - (14)

Therefore, for any n and ¢, we have

Coan Vs Ve KE) 21 Copn (Voo Yo £) - (15)

Hence, by Lemma 8, {y,} is a Cauchy sequence in X. Since X
is complete, {y, } converges to z in X. Its subsequences {Ax,,},
{Tx,,11}> {Bxy,.1}> and {Sx,,,,,} also converge to z.

Now, suppose that (A,S) is a compatible pair and S is
continuous. Then, by Lemma 17, A and S are reciprocally
continuous, then SAx, — Sz, ASx, — Azasn — oo.
As, (A, S), is a compatible pair. This implies that

i G (485, 545,01) = 1.
(16)
(N (Az,Sz,t) = 1.

Hence, Az = Sz.

Since A(X) <€ T(X), there exists a point p in X such that
Az =Tp =Sz

By (5), taking « = 1,

{vn (Az, Bp, kt)
>, min{{y; 5 (Tp, Bp, 1), {pn (Sz, Az, 1),
o (82, Bp,t), Cyn (T, Az, t),
Cun (TP, Sz, 1)},
(v (Az, Bp, kt) (17)
>« min {{y, n (Az, Bp,t),{y n (Az, Az, 1),
Can (Az, Bp,t), (i (Az, Az, 1),
(N (Az, Az, 1)}
Cun (Az, Bp,kt) 21 (o (Az, Bp,t) .

Thus, by Lemma 17, we have Az = Bp.
Thus, Az = Bp = Sz = Tp.



Journal of Applied Mathematics

Since A and S are pointwise R-weakly commuting map-
pings, there exists R > 0, such that

t
Lo (AS2,SAZ, 1) 2. Cugn <Az, sz, Tz) —1,.. (18)

Therefore, ASz = SAz and AAz = ASz = SAz = SSz.
Similarly, since B and T are pointwise R-weakly commut-
ing mappings, we have BBp = BTp = TBp = TTp.
Again, by (5), taking « = 1,
{un (AAz, Bp, kt)
>, min {{y; x5 (TP, Bp t),{pn (SAz, AAz, 1),
{mn (SAz, Bp,t),
S (Tp, AAz,t),
G (Tp.SAz, 1)}
Cun (AAz, Az, kt) (19)
> min {Cy n (TP, Tpst) . (i (AAz, AAz, ),
Cun (AAz, Az, t),
(M,N (Az, AAz,t),
(v (Az, AAz, 1)},
(N (AAz, Az kt) >1. 0y v (AAz, Az, t).

By Lemma 17, we have AAz = Az = SAz. Hence Az is a
common fixed point of A and S. Similarly, by (5), Bp = Az
is a common fixed point of B and T. Hence, Az is a common
fixed point of A, B, S, and T O

For Uniqueness. Suppose that Ap(+# Az) is another common
fixed point of A, B, S, and T Then, by (5), taking o = 1,

{yin (AAz, BAp, kt)
>, min {{y; 5 (TAp, BAp,t), (s N (SAz, AAz, 1),
Cvn (SAz, BAp, t),
{un (TAp, AAz,t),
M (TAp,SAz,t)},
{un (Az, Ap, ki) (20)
>, min{{y; y (Ap, Ap, 1), (N (Az, Az, 1),
(i (Az, Ap,t),
Cun (Ap, Az t),
Cun (Ap, Az t)},
{vn (Az, Ap, kt) =1 {y y (Az, Ap,t).

By Lemma 17, Az = Ap.
Thus, the uniqueness follows.

Corollary 21. Let (X,(y;n>T) be a complete modified intu-
itionistic fuzzy metric space. Further, let A and B be reciprocally
continuous mappings on X satisfying

Cnn (Ax, By, kt) > min{{y; (3, By, 1), {pyn (% Ax, 1),
Cmn (%, By, at),
Cun (0 Ax, (2 - ) 1),

(0> %, 1)}
(21)

forallx,y € X, t > 0and « € (0,2), then pair A and B has a
unique common fixed point.

Example 22. Let X = [2,20] and for each t > 0, define

(ot [x =1
o) = (g ) @

Then, (X, {yn> ) is complete modified intuitionistic fuzzy
metric space. Let A, B, S, and T be self-mappings of X
defined as

AQ)=2, Au=3 ifu>2,

Bu)=2 ifu=2o0ru>>5, Bu=6 if2<u<s5,

S2)=2, Sw=6 ifu>2,

TQ)=2 Tm)=12 if2<u<s,

Tw)=u-3 ifu>5.

(23)

Then, A, B, S, and T satisfy all the conditions of the above
theorem with k € (0,1) and have a unique common fixed
point u = 2.

3.2. Section 1I: Weak Reciprocal Continuity and
Fixed Point Theorem

Theorem 23. Let f and g be weakly reciprocally continuous
self-mappings of a complete modified intuitionistic fuzzy metric
space (X, (> ) satisfying the following conditions:

fX)cgX) (24)
forany x,y € X,t >0, k € (0,1) such that
Caan (%, fy kt)
> min {{ n (9%, 93, 1), Cun (9% f322t), (25)
S (o g%, 1) e (fx g90t)

S (fysgy1)}-

If f and g are either compatible or R-weakly commuting of
type (A,) or R-weakly commuting of type (A ;) or R-weakly
commuting of type (P), then f and g have a unique common
fixed point.



Proof. Let x,, be any point in X. Then, as f(X) ¢ g(X), there
exist a sequence of points {x,} such that f(x,) = g(x,,,).
Also, define a sequence {y,} in X as

In = f(xn) =9 (xn+1)' (26)

Now, we show that {y,} is a Cauchy sequence in X. For
proving this, by (25), we have

Cain (Vs Ve Kt)
= Cun (fX fXpi15 kt)
2+ min {Cpr x5 (9% 9Xp10t) 5
S (9% fXp0152)
S (fX 9X0t)
S (fX 9% pe1t) 5
Caan (fXn> 9%i1o1)}

= min {(M,N (V15 Yo t) 5

>
>

CM,N (J’n—l) Ynt1> Zt) >

CM,N (yn’ yn—l’ t) >
(27)

SN D Yo t)»

N Gnets Yo O}
> min {Syy N (Vo1 Yo t) 5
)
),
)

>

{M,N (yn—l’ yn’ t
CM,N (yn’ yn+1’ t
t

Cpan (V> Yot
LN (Vpets Yo 1)}
= min {{pn (V1> Yo ) »
SN O e O}
S (Vo Ve k) 21y (Vs o £) -

Then, by Lemma 18, {y,} is a Cauchy sequence in X. As X is
complete, there exists a point z in X such thatlim,, _, ¥, = z.
Therefore, by (26), we have lim,,_, ¥, = lim,_, ., f(x,) =
limn - oog(xn+1) =z

Suppose that f and g are compatible mappings. Now, by
weak reciprocal continuity of f and g, it implies that lim, _,
fg(x,) = fzorlim, , gf(x,) = gz. Letlim, , gf(x,) =
gz, then the compatibility of f and g gives

Jim Copy (f9%,0 9f%0t) = 110 (28)
This gives
Jim Oy (fgx,0 g2:t) = 1. (29)
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Hence, lim, ,  fg(x,) = gz. By (26), we get lim, _,
fg(xn+1) = hmn—»ooff(xn) = gz-

Therefore, by (25), we get
S (2o ffxp kt) 2 min {Cy (92, 9f%,01)
S (92 ffx2t),
Cmn (f2,92:1), (30)
S (f2: 9fx ),
S (X gf %, 1)}

Takingn — 00, we get

$un (f2, g2, kt) 21 min {{y y (92, g2, 1),
(v (92, 92,2t),
Cmn (2 921),
S (2 921),
Cmn (92,92 1)}
Cun (fzo g2, kt) 21 (o (f2, 920 t) .

(31)

Hence, by Lemma 17, we get fz = gz. Again, the compatibil-
ity of f and g implies commutativity at a coincidence point.
Hence gfz = fgz = ffz = ggz. Using (25), we obtain

S (f2, ffz kt)
>, min {$y 5 (92 9f2: 1) S (92, ff228),
S (fz.92:1),
Sun (f2, gfz:t) . S (ffz 9fz. 1)}
= min {{yn (f2, ffz. 1), Sun (f2 ffz.2t) 1., (32)
S (f2o ffzt) 110}
> min {{u (f2: £ )2 G (2o ff20) 1o,
S (f2o ffz) 110}
= Cun (f2 ffzt).

That is, fz = ffz. Hence, fz = ffz = gfz and fzisa
common fixed point of f and g.

Next, suppose that lim, _,  fg(x,) = fz. Then, f(X) c
g(X) implies that fz = gu for some u € X and, therefore,
lim, _, o, fg(x,) = gu.

The compatibility of f and g implies that
lim, , gf(x,) = gu. By the virtue of (26), this gives

Jim fg(x,,,) = lim ff (x,) = gu. (33)
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Using (25), we get
Cae (St S Kt) 21 min {Qyp (i, gf %00 1)

S (gus ffx,,2t),

S (fus gust) s (34)
S (fis gfxpnt) s

Cnn (ffx gfxmt)}

(
(

Taking n — 00, we have
v (fus gus kt)
>, min {{y, y (gu, gu, t), $prn (gub gu, 2t)
S (fus gust), (35)
S (fu gust), Sy (gus gus t)}

S (fues gus kt) 212 Cop e (furs gust) .

By Lemma 17, we get fu = gu. The compatibility of f and g
yields fgu = ggu = ffu = gfu. Finally, using (25), we obtain

S (fus ffu, kt)

2. min {Cpr (gt gfust) Sy (gus ffus2t),
O (fu gust),
S (fus gfust), Sap e (ffuns gfunt)}

= min {{yn (ftr ffust), Curn (furs ffus2t), (36)

L S (fus ffust) 1,0

2 min {{y n (firs ffin 1), Cppn (fus ffunt),

L S (fus ffust) 1,04

= (N (fu, ffu,t).

That is, fu = ffu. Hence fu = ffu = gfuand fuisa
common fixed point of f and g.

Now, suppose that f and g are R-weakly commuting of
type (A ). Now, weak reciprocal continuity of f and g implies
that lim, ,  fg(x,) = fz orlim, , gf(x,) = gz. Let
us first assume that lim, , gf(x,) = gz. Then, R-weak
commutativity of type (A ) of f and g yields

CaN (ffxu gf%t) 21 N <fxn) 9% %) ,

(37)
Jim Gy (% 92:8) 21 S <Z¢ z, l_t2> =1p-.
This gives lim, _, ., ffx,, = gz. Also, using (25), we get
S (f2s ffx kt)
21 min {{ n (92, 9f % t) - S (92, £, 21) 33)

CmN (fz. 92.1), CvN (fz, gfxt),
CM,N (ffxn’ gfxn’ t)} .

Takingn — o0, we have

S (f2: gz, kt)
> min {{y y (92, 92, ) .y (92, 92,21)
S (fz, 92.1) (39)
Cun (f2.92.1), Qi (92 92,1)}
Cun (fz, gz, kt) 218y (f2, g2, 1) -

Hence, by Lemma 17, we get fz = gz. Again, by using R-weak
commutativity of type (A ),

Cun (ffz gfzt) 21-Cun <fz, gz, %) =1 (40)

This yields ffz = gfz. Therefore, ffz = fgz = gfz =
ggz. Using (25), we get

Sun (fo [z kt)
> min {$y y (92, 9f2.1) S (92, ffz2t),
S (f2.92:1),
Sun (f2, 9f2t) S (ff2: gfz 1)}
= min {{yy (f2, ffz.t), Qun (f2 ffz,2t), 110, (41)
S (f25 ffzot), 11}
>, min {{yy (2 ff21), Cun (2 ffzot) 1,0,
S (f2o ffz:t) 5110}
=Cun (f2 ffzt).

That is, fz = ffz. Hence, fz = ffz = gfz and fzisa
common fixed point of f and g.

Similarly, we prove if lim,, _, ., fg(x,) = fz.

Suppose that f and g are R-weakly commuting of type
(Af). Again, as done above, we can easily prove that fz is a
common fixed point of f and g.

Finally, suppose that f and g are R-weakly commuting of
type (P). Weak reciprocal continuity of f and g implies that
lim,_,  fg(x,) = fzorlim,_,  gf(x,) = gz. Let us assume
that lim, ,  gf(x,) = gz. Then, R-weak commutativity of
type (P) of f and g yields

t
SN (% 99%,00 1) 21+ Cuun (fxn, GXu» E) .

Taking limit as n — oo, (42)
. t
Jim Cyp n (ffx 9950 t) 210 Sy (Z) 2 E) =1p-

This gives lim,, _, ,Cpr n(ffX,0 gg%,5t) = 11-.



Using (24) and (26), we have gfx,_, = ggx, — gz as
n — oo; this gives ffx, — gzasn — o0. Also, using (25)
we get

S (f2, ffx, kt)
;. min {{y n (92, 9f%,0 1) Qe (92, fFx,28),

43)
Cun (f2:92,) Sy (2, 9% t),
S (fFxn gfxnt)} -
Taking 1 — 00, we have
S (f2: gz, kt)
>, min { n (92, 92,1), S (92, 92.21)
Cun (fz.92:1),
Cun (f2.92.1), Gy (92 92,1)}
(44)

Cun (f2 g2, kt)
> min{l;., 1,0y N (f2, 92.1),
Cun (fz 92.1) 51},
S (f2 92 kt) 218y v (2, 92,t) -

By Lemma 17, we get fz = gz. Again, by using R-weak
commutativity of type (P),

GVaY, (ffz. ggz.t) 2 CaN (fz, gz, %) =1p.. (45)

This yields ffz = ggz.
Therefore, ffz = fgz = gfz = ggz. Using (25), we get

S (f2, ffz:kt)
2. min {{ n (92, 912 1), (o (925 ff221),
Cmn (f292:t)
S (f29f2.1) S (ffz gfz 1)}
= min {{yn (f2, ffz. 1), Qun (f2, ff221),
S (f2 f21), (46)
S (f2 ff2:1), Cnn (ff2, ff2 1)}
2. min (O (f25 ff2:1) S (f25 ff201),
S (f2 o),
S (f2 ff2.t) Cun (2 ffzot)}
= Cun (f2 ffzt).

By Lemma 17, we get fz = ffz. Hence, fz = ffz = gfz and
fz is a common fixed point of f and g.
Similarly, we prove that if lim, _, . fg(x,) = fz. O
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Uniqueness of the common fixed point theorem follows
easily in each of the three cases by using (5).
We now give an example to illustrate Theorem 23.

Example 24 (see [16]). Let (X,{y; x> ) be modified intu-
itionistic fuzzy metric space, where X = [2,20], as defined
in Example 22.

Define f,g: X — Xby

fx=2 ifx=2o0rx>5
fx=6 if2<x<5,
g2=2, gx=11 if2<x<5 (47)
+1
x:(x ) if x > 5.

Let {x,} be a sequence in X such that either x, = 2 or x,, =
5+ 1/n for each n.

Then, clearly, f and g satisfy all the conditions of
Theorem 23 and have a unique common fixed point at x = 2.

Theorem 25. Let f and g be weakly reciprocally continuous
noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, {y; n» T ) satisfying (24) and

S (f% o kt) 21 Qv (9%, 990 1) (48)
forallk >0
O (o f2x01)
>p- max {{n (9% 9f%0 1), Oy (fx 9501) )
Cun (F2x gfxt),

S (fx, gfxt) O (gx, fx, t)} ,

whenever fx# fx forall x,y € X and t > 0.

If f and g are R-weakly commuting of type (A,) or R-
weakly commuting of type (A ;) or R-weakly commuting of type
(P), then f and g have common fixed point.

Proof. Since f and g are noncompatible maps, there exists
a sequence {x,} in X such that fx, — =z and gx, —
z for some z in X as n — oo but either lim,_, .,
Cavin(fgx,, gfx,,t) # 1+ or the limit does not exist. Since
f(X) ¢ g(X), for each {x,} there exists {y,}, in X such that
fx, = gy,. Thus, fx, — z,gx, — zand gy, — zas
n — 00. By the virtue of this and using (48), we obtain

Caan (fXs [ kE) 210 Copn (9% GV ) » 50)
50
Jim $yp (2 fymkt) 210 Gy (252,8) = 110

This gives fy, — zasn — oo. Therefore, we have fx, —
2 g%y = 5 GVn = T fn = 2

Suppose that f and g are R-weakly commuting of type
(A,). Then, weak reciprocal continuity of f and g implies

that fgx, — fzor gfx, — gz Similarly, fgy, — fz
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or gfy, — gz. Let us first assume that gfy, — gz. Then,
R-weak commutativity of type (A ) of f and g yields

SN (fFVm 9V t) 210 Cun (fyw > %) ,

(51)
. t
Jim Gy (ffym 92:) 21 Cun (Z) 2 E) =1
This gives ffy, — gz. Using (48), we get
S (fFyw f2:Kt) 21 Cpp 5 (9F Y 9701)
n— 0o (52)

S (92 f2, kt) 21 {y v (92, g25t) = 1.

This implies that fz = gz. Again, by the virtue of R-weak
commutativity of type (A ),

Cun (ffz9fzt) 20 Gun (fz, gz %) =1 (53)

This yields ffz = gfz and ffz = fgz = gfz = ggz. If
fz# ffz, then by using (49), we get

Cun (f2 frant)
> max {Cyn (92, 912 1) s S (f2, 920 1) 5
Cuw (f2 afzt),
Sun (f2.9f21), Qe (92 f21)}
= max {{y y (f2, ffz:t),{un (f2 92,1),
Cun (ffz. gfzt),
Cun (fzo ffzt) . Sy (f2, ffzt)}
Oun (f2o frzat) >0 100,

which is a contradiction. Hence, fz = ffz = gfzand fzisa
common fixed point of f and g.

Similarly, we can prove that if fgy, — fz, then again fz
is a common fixed point of f and g. Proof is similar if f and
g are R-weakly commuting of type (A f) or (P). ]

(54)

We now give an example to illustrate Theorem 25.

Example 26 (see [16]). Let (X,{y;n» ) be modified intu-
itionistic fuzzy metric space as defined in Example 22 and let
{x,} be a sequence in X as in Example 22.

Define f,g: X — Xby

fx=2 ifx=2o0rx>5,
fx=6 if2<x<5,
g2=2, gx=11 if2<x<5 (55)
+1
x:M if x > 5.

Let {x,,} be a sequence in X such that either x,, = 2 orx,, = 5+
1/n for each n. Then, clearly, f and g satisfy all the conditions
of Theorem 25 and have a common fixed point at x = 2.

Theorem 27. Let f and g be weakly reciprocally continuous
noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, {yp n» T ) satisfying the conditions (24) and

Cun (fx fyskt) 2 Cpn (9%, gy5t)  Vk 20, (56)
N (fx, fzx’ t) > Cun (gx, gzx, t) > (57)

whenever fx# fx forall x,y € X andt > 0.

If f and g are R-weakly commuting of type (A,) or R-
weakly commuting of type (A ) or R-weakly commuting of type
(P), then f and g have common fixed point.

Proof. Since f and g are noncompatible maps, there exists a
sequence {x,} in X such that fx, — zand gx, — =z for
some z in X asn — oo but either

Jim Cop o (f9%,0 Gf%0t) # 1,0 (58)
or the limit does not exist.

Since f(X) ¢ g(X), for each {x,}, there exists {y,} in
X such that fx, = gy,. Thus, fx, — z, gx, — zand
gy, — zasn — 00. By the virtue of this and (56), we obtain
fy, — z.Therefore, we have fx, — z, gx, — z, gy, —
Z, fyn - Z.

Suppose that f and g are R-weakly commuting of type
(A,). Then, weak reciprocal continuity of f and g implies
that fgx, — fzor gfx, — gz Similarly, fgy, — fz
or gfy, — gz. Let us first assume that gfy, — gz. Then,
R-weak commutativity of type (A ) of f and g yields

SN (Y 9V t) 210 Cuun (fyn, V> %) ,

(59)
lim Oy (ffm 92:1) 210 Suun <Z’ z, i) = 1.

n— 00 R

This gives ffy, — gz. Using (56), we get

Cun (ffyw f2kt) 21 Copn (9 925 1) - (60)

Takingn — 00, we have

S (92 fz,kt) 210 (o (92, 92, 1) = 110 (61)

This implies that fz = gz. Again, by the virtue of R-weak
commutativity of type (A ),

Cun (ffz gfzt) 20 Cun <fz, 9z, i) =1p- (62)

R

This yields ffz = gfz and ffz = fgz = gfz = ggz. If
fz# ffz, then by using (57), we get

CM,N (fz, fZZ> t) > (M,N (gz, gzz, t) = CM,N (fZ, sz, f) R
(63)
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which is a contradiction. Hence fz = ffz = gfz and fzisa
common fixed point of f and g.

Similarly, we can prove that if fgy, — fz, then, again
fz is a common fixed point of f and g. Proof is similar if
f and g are R-weakly commuting of type (A ) or R-weakly
commuting of type (P). O

We now give an example to illustrate Theorem 27.

Example 28 (see [16]). Let (X,{y; x> ) be modified intu-
itionistic fuzzy metric space as defined in Example 22 and let
{x,} be a sequence in X as in Example 22.

Define f,g: X — X as follows:

fx=2 ifx=2o0rx>5,
fx=4 if2<x<5,
g2=2 gx=4if2<x<5, (64)
1
x=(x+) if x > 5.

Then, f and g satisfy all the conditions of Theorem 27 and
have two common fixed points at x = 2 and x = 4.

Remark 29. Theorems 23, 25, and 27 generalize the result of
Pantetal. [16] for a pair of mappings in modified intuitionistic
fuzzy metric space.

4. Fixed Point and Implicit Relation

Let © denote the class of those functions 0 : (L*)5 — L*
such that 0 is continuous and 0(x, 1;+,1;+, x, x) = x.
There are examples of 0 € ©:
(1) 0, (xy, x5, X3, X4, X5) = min{xy, x,, X3, X4, X5},
(2) 05(x;1, x5, X3, %45 X5) = X7 (X7 + X5 + X5+ X, +%5)/ (%, +
X4+ X5+ 274),

(3) O5(x;, X, X3, X4, X5) = /X[ X4 X5
Now, we prove our results using this implicit relation.
Theorem 30. Let f and g be weakly reciprocally continuous

noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, {y; n» T ) satisfying the conditions:

fX)cgX), (65)
Cun(fx fyit) Cnmn(gx.gy:t)
J y(s)ds > J v (s)ds, (66)
0 0
Cvn(fxf2xt)
J w(s)ds

2 (67)
0 S (g% gf )8 n (g%, pn (F X, g f x,t),

S (g fx) L (g2 220} v (s) ds,
0

>

whenever fx# f*x forall x, y € X, t > 0 and for some 0 € O,
where v : R* — R is a Lebesgue integrable mapping which
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is summable nonnegative and such that f; y(s)ds > 0 for each
e>0.

If f and g are R-weakly commuting of type (A,) or R-
weakly commuting of type (A ;) or R-weakly commuting of type
(P), then f and g have common fixed point.

Proof. Since f and g are noncompatible maps, there
exists a sequence {x,} in X such that fx, — z and
gx, — z for some z in X as m — o0 but either
lim,, , o n(fgX,s gfX,5 1) # 11 or the limit does not exist.
Since f(X) ¢ g(X), for each {x,}, there exists {y,} in X such
that fx, = gy,. Thus, fx, — z,gx, — zand gy, — zas
n — 00. By the virtue of this and using (66), we obtain

rM,N(fxmfywt) J(M,N(gxmgywt)

v (s)ds>;- y(s)ds.  (68)
0

Takingn — 00, we have

cM,N(Z’limnﬁ oofyn’t)
| v(©ds (69

Cun(z:2:t)
Y (s)ds > J
0

0

which implies that fy, — zasn — oo. Therefore, we have
X0 = 2:9%, = 2,9, = % [y, = 2

Suppose that f and g are R-weakly commuting of type
(A,). Then, weak reciprocal continuity of f and g implies
that fgx, — fzor gfx, — gz Similarly, fgy, — fz
or gfy, — gz. Let us first assume that gfy, — gz. Then
R-weak commutativity of type (A ) of f and g yields

SN (Vs 9V t) 20-Cun (fyn, G %) ,
(70)

. t
Jim o (ffym 92:t) 21 Cupn <Z’ z, l_2> =1p-.
This gives ffy, — gz. Using (66), we get

J(M,N(ffwaz,kt) J(M,N(gfngz,t)

v (s)ds>;. y(s)ds. (71
0

0
Takingn — o0, we have

J’{M,N(gz’fz’kt) J(M,N(gzﬂz’t)

v (s)ds>- v (s)ds. (72)
0

This implies that fz = gz. Again, by the virtue of R-weak
commutativity of type (A ),

CaN (ffz gfz.t) 2 CaN <fZ> gz, I_t{) =1p.. (73)
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This yields ffz = gfz and ffz = fgz = gfz = ggz. If
fz # ffz, then by using (67), we get

Cun(fz.f22t)
J v(s)ds

0

0 {(M,N(gz’gfz’t))(M,N(fz)gz’t)KM,N(fzz)gfz)t)’
(M,N(fzngzyt),CM,N(gz’fzz»t)} v (S) ds

0

0 {Cun 2 ffzt) Sun (f2 f2) 8 mn (fF2 ffz2:t),
J Cun(fz ffz:t) N (f2: ffzot)} 1//(5) ds
0

9{(M,N(fz)fzz)t))1L* Sl >(M,N(fz’fzz’t))CM,N(fz’fzZ>t)}
J y(s)ds

0

Cun(fz.f2t)
J v (s)ds

(74)

which is a contradiction. Hence, fz = ffz = gfzand fzisa
common fixed point of f and g.

Similarly, we can prove if fgy, — fz, then, again, fzis
a common fixed point of f and g. Proof is similar if f and g
are R-weakly commuting of type (A f) or (P). O

SN (fx.f>x.t)
J v (s)ds

0

0

whenever fx# f’x for all x,y € X, t > 0, where y :
R* — R isa Lebesgue integrable mapping which is summable
nonnegative and such that j; y(s)ds > 0 for each € > 0.

If f and g are R-weakly commuting of type (A,) or R-
weakly commuting of type (A ;) or R-weakly commuting of type
(P), then f and g have common fixed point.

Corollary 33. Let f and g be weakly reciprocally continuous
noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, Cyy > T) satisfying the conditions (65), (66),
and

Cun(fxfrxt)
J y(s)ds

(77)

ern(gxa 50 Caun (g fxt) (g f20)
>j ¥ (s)ds,
0

whenever fx# f’x for all x,y € X, t > 0, where y :
R — R isa Lebesgue integrable mapping which is summable

nonnegative and such that IOE y(s)ds > 0 for each € > 0.

(VAN (gx’gfx't)(CM,N(gx’gfx’t)+CM,N(fx’gx’t)+(M,N(fzx’gfx’t)+<M,N (fx'gfxvt)+(M,N(gx’fzx’t))/((M,N(gx’gfx’t)+CM‘N(fxvgfxvt)+(M,N(gx’fzx’t)+2L* )
> j

1

If we take 0 as 0,, 0,, 05, then we get the following cor-
ollaries.

Corollary 31. Let f and g be weakly reciprocally continuous
noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, (N> ) satisfying the conditions (65), (66)
and

O (e frxt)
I y(s)ds

, (75)
SN (9.9 %.0).8 0N (f2.9560) v n (f %9 fx,8),

CM,N(fx’gfx:t))CM,N(gx’fzx’t)} v (S) ds,

>
0

whenever fx# f’x for all x,y € X, t > 0, where y :
R — R isa Lebesgue integrable mapping which is summable
nonnegative and such that IOS y(s)ds > 0 for each & > 0.

If f and g are R-weakly commuting of type (A,) or R-
weakly commuting of type (A ;) or R-weakly commuting of type
(P), then f and g have common fixed point.

Corollary 32. Let f and g be weakly reciprocally continuous
noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, (N> ) satisfying the conditions (65), (66)
and

y(s)ds,
(76)

If f and g are R-weakly commuting of type (A,) or R-
weakly commuting of type (A ;) or R-weakly commuting of type
(P), then f and g have common fixed point.

Let A denote the class of those functions & : (L*)* — L*
such that § is continuous and §(x, 1+, x,1;+) = x.

There are examples of § € A:

(1) 6,(x;, x5, x5, x4) = min{x,, x5, X3, X4},
(2) 8,(xy, %y, X3, X4) = /X1 X5.
Now, we prove our main results.

Theorem 34. Let f and g be weakly reciprocally continuous
noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, (> T) satisfying the conditions (65), (66),
and

(M,N(fx’fzxat)
J w(s)ds

Crn(g%.9f%.0).8 0N (f2.9560) N (fx.gfx01), (78)

2
>L* J (M,N(f x,gfx.t)) 1//(5) dS,
0
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whenever fx# fx forall x,y € X, t > 0 and for some § € A
where y : R — R is a Lebesgue integrable mapping which

is summable nonnegative and such that J: y(s)ds > 0 for each
e>0.

If f and g are R-weakly commuting of type (A,) or R-
weakly commuting of type (A ;) or R-weakly commuting of type
(P), then f and g have common fixed point.

Proof. Since f and g are noncompatible maps, there exists
a sequence {x,} in X such that fx, — =z and gx, —
z for some z in X as m — oo but either lim,
Cun(fgx,, gfx,,t) #1;- or the limit does not exist. Since
f(X) ¢ g(X), for each {x,}, there exists {y,} in X such that
fx, = gy, Thus fx, — z,gx, — zand gy, — =zas
n — 00. By the virtue of this and using (78), we obtain

J'(M,N(fxn’f}’n’t) J’(M,N(gxmg)’wt)

Y (s)ds>, v(s)ds. (79)
0

Takingn — 00, we have

JCM,N(Z’limn oo fVwt) J‘cM,N(Z’Z’t)

V(s)ds > v(s)ds  (80)
0

0

which implies that, fy, — zasn — o0. Therefore, we have
fxn — 9% 2 5 9V, 7 % fyn - Z.

Suppose that f and g are R-weakly commuting of type
(A,). Then, weak reciprocal continuity of f and g implies
that fgx, — fzor gfx, — gz Similarly, fgy, — fz
or gfy, — gz. Let us first assume that gfy, — gz. Then
R-weak commutativity of type (A ) of f and g yields

S (FFm 9FVnt) 20 Cun (fyn, 9> %) ,
(81)

. t
Jim Cop n (ffyn 92:1) 20-Cuun (Z>Z’ E) =1

This gives ffy, — gz. Using (78), we get

SN (ff Y f2okt)
J y(s)ds. (82)

SN (gfymgzt)
v (s)ds=>p. J
0

Takingn — o0, we have

S gz fz:kt)
I y()ds.  (83)

Cmn(gz.92:t)
v dsz |
0

This implies that fz = gz. Again, by the virtue of R-
weak commutativity of type (Ag), Cun(ffz9fz.)21-
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(fz, gz, t/R) = 1;-. This yields ffz = gfz and ffz = fgz =
9fz = ggz. If fz# ffz, then by using (78), we get

Cun(farf’zt)
J y(s)ds

0

Cumn(92.9f20) 8N (f2.92.8) . pmn (2.9 f20),
2
5pe J Cun(fP2afzh) v (s)ds
0

s Cun [z 22l un (f2 f2t) S (2. 2:t),
2 2
= Sun(fzf 2t w(s)ds

0

(84)

6((M,N(fz’fzz>t))1L* ’(M,N(fz’fzz’t)’llf )
= J w(s)ds

0

CM,N(fZ’fZZ)t)
= J y(s)ds,

0

which is a contradiction. Hence, fz = ffz = gfzand fzisa
common fixed point of f and g.

Similarly, we can prove that if fgy, — fz, then, again,
fz is a common fixed point of f and g. Proof is similar if f
and g are R-weakly commuting of type (A ¢) or (P). O

If we take § as §;, §,, then we get the following corollaries.

Corollary 35. Let f and g be weakly reciprocally continuous
noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, Cy; > T) satisfying the conditions (65), (66),
and

CM,N (fx,fzx,t)
J y(s)ds

85
min{py N (g% %) p N (f:.9%).8 0 N (f:g fX01), (85)
2
> Cun(fx.gfxt)} " (s) ds,
0

whenever fx# f’x for all x,y € X, t > 0, where y :
R™ — R isa Lebesgue integrable mapping which is summable
nonnegative and such that J: y(s)ds > 0 for each € > 0.

If f and g are R-weakly commuting of type (A,) or R-
weakly commuting of type (A ;) or R-weakly commuting of type
(P), then f and g have common fixed point.

Corollary 36. Let f and g be weakly reciprocally continuous
noncompatible self-mappings of a modified intuitionistic fuzzy
metric space (X, (N> ) satisfying the conditions (65), (66)
and

JcM,mfx,fzx,r) J Vo (a%afxt) Can(Froaft)

y(s)ds>p v (s)ds,
0

(86)

0

whenever fx# f>x forall x, y € X, t > 0 and for some & € A,
where v : R — R is a Lebesgue integrable mapping which

is summable nonnegative and such that fos y(s)ds > 0 for each
£>0.
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If f and g are R-weakly commuting of type (A,) or R-

weakly commuting of type (A ;) or R-weakly commuting of type
(P), then f and g have common fixed point.
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