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We consider a class of linearly constrained separable convex programming problems whose objective functions are the sum of three
convex functions without coupled variables. For those problems, Han and Yuan (2012) have shown that the sequence generated by
the alternating direction method of multipliers (ADMM) with three blocks converges globally to their KKT points under some
technical conditions. In this paper, a new proof of this result is found under new conditions which are much weaker than Han and
Yuan’s assumptions. Moreover, in order to accelerate the ADMM with three blocks, we also propose a relaxed ADMM involving an
additional computation of optimal step size and establish its global convergence under mild conditions.

1. Introduction

In various fields of applied mathematics and engineering,
many problems can be equivalently formulated as a sep-
arable convex optimization problem with two blocks; that
is, given two closed convex functions f; : R" — R U
{+o0}, i = 1,2,tofindasolution pair (x;, x; ) of the following
problem:

min f, (x;) + f, (x,)

st. Ax;+A,x,=b,

@

where A; is a matrix in RP", i = 1,2, and b is a vector in
RP.The classical alternating direction method of multipliers
(ADMM) [1, 2] applied to problem (1) yields the following
scheme:

X = arg min f; (x,) - <Af)tk,x1>

x;€ER™M

Bl - Aol

k+1 . Tk
X, =arg min f, (x;) - <Az}L ,x2>
X, €R™

e Bladt s e ol

Ak+1 _ Ak _ ﬁ(Alxllt+l +A2x]2<+1 _ b),
()

where A¥ is a Lagrangian multiplier and 8 > 0 is a penalty
parameter. Possibly due to its simplicity and effectiveness, the
ADMM with two blocks has received continuous attention
both in theoretical and application domains. We refer to
[3-8] for theoretical results on ADMM with two blocks
and [9-13] for its efficient applications in high-dimensional
statistics, compressive sensing, finance, image processing,
and engineering, to name just a few.

In this paper, we concentrate on the linearly constrained
convex programming problem with three blocks:

min f; (x,) + f, (x;) + f5 (x3)

st. Apxy+A,x, +Azx; =0,

3)



where f; : R™ — R U {+oo} is a closed convex function
and Aj; is a matrix in R?*™. For solving (3), a nature idea is
to extend the ADMM with two blocks to the ADMM with
three blocks in which the next iteration (xl;”,x’;“, ARy s

updated by
(x]2€+1)xl3<+1,Ak+1) = (55]2(’%]3(’ Xk)) (4)
where

X = argx?gglfl (x;) = (ATAK, x))
4 §||A1x1 + A+ A,
X5 = arg x?g{nnz £ (x,) - <A§Ak,x2>
+ /;"Al)?'l‘ +A,x, + A3xk - b“z, ®)

X5 = arg min f; (x;) - <A§)Lk,X3>

x;€R™
Blas A e o
A=A - B(AF + AT + AR - b).

Similar to the ADMM with two blocks, the ADMM with three
blocks has found numerous applications in a broad spectrum
of areas, such as doubly nonnegative cone programming
[14], high-dimensional statistics [15, 16], imaging science
[17], and engineering [18]. Even though its numerical effi-
ciency is clearly seen from those applications, the theoretical
treatment of ADMM with three blocks is challenging and
the convergence of the ADMM is still open given only the
convex assumptions of the objective function. To alleviate
this difficulty, the authors of [19, 20] proposed prediction-
correction type methods to solve the general separable con-
vex programming; however, numerical results show that the
direct ADMM outperforms its variants substantially. There-
fore, it is of great significance to investigate the theoretical
performance of the ADMM with three blocks even only to
provide sufficient conditions to guarantee the convergence.
To the best of our knowledge, there exist only two works
aiming to attack the convergence problem of the direct
ADMM with three blocks. By using an error bound analysis
method, Hong and Luo [21] proved the linear convergence
of the ADMM with m blocks for sufficiently small 3 subject
to some technical conditions. However, the sufficiently small
requirement on 3 makes the algorithm difficult to implement.
In [22], Han and Yuan employed a contractive analysis
method to establish the convergence of ADMM under the
strongly convex assumptions of f; and the parameter f3
less than a threshold depending on all the strongly convex
moduli. In this paper, we firstly prove the convergence of
ADMM with three blocks under two conditions weaker
than those of [22]. In our conditions, the threshold on the
parameter 3 only relies on the strongly convex moduli of f,
and f;, and furthermore f; is not necessarily strongly convex
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in one of our conditions. Also, the restricted range of 8 in this
paper is shown to be at least three times as big as that of [22].

In order to accelerate the ADMM with three blocks,
we also propose a relaxed ADMM with three blocks which
involves an additional computation of optimal step size.
Specifically, with the triple (x;‘, xé‘, A5), we first generate
a predictor (5512‘, 3?]3‘,)7‘) according to (5) and then obtain

(xlz‘+1 x’;“, A1) in the next iteration by
k+1 _ _k * k ~k
Xy =Xy Yo (xz_x2)>
k+1 k * k ~k
X3 T X3 V% (x3 - x3), (6)

UL LR (Ak _Xk),

where y € (0,2) and «; is special step size defined in (43).
The convergence of the relaxed ADMM is also established
under mild conditions. We should mention that it is possible
to modify the analyses given in this paper to be problems with
more than three blocks of separability. But this is not the focus
of this paper.

The remaining parts of this paper are organized as follows.
In Section 2, we list some preliminaries on the strongly
convex function, subdifferential, and the ADMM with three
blocks. In Section 3, we first show the contractive property
of the distance between the sequence generated by ADMM
with three blocks and the solution set and then prove
the convergence of ADMM under certain conditions. In
Section 4, we extend the direct ADMM with three blocks to
the relaxed ADMM with an optimal step size and establish
its convergence under suitable conditions. We conclude our
paper in Section 5.

Notation. For any positive integer m, let I, be the m x m
identity matrix. We use ||- || and || - ||, to denote the vector
Euclidean norm and the spectral norm of matrices (defined as
the maximum singular value of matrices). For any symmetric
matrix S € R, we write IIxII?g = x'Sx for anyx € R". G
and M are two (n, + 13 + p) x (n, + n; + p) matrices defined

by

BATA, 0 0

G 0 BALA, (I) ,
0 0o -

g 7)

28ATA, 0 0
M = 0 ﬁA§A3 0

= L
0 0o -
B

respectively. For given x; € R™, x, € R™, x; € R™, and
A € RP, we frequently use u and v to denote the joint vectors
of x,, x5, Aand x;, x,, X3, A, respectively; that is,

v= [l AT, ®)

while i and ¥ are the joint vectors corresponding to X,, X5, A
and X, X,, X3, A.

T T 4717
u=|xy,%5,A |,
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2. Preliminaries

Throughout this paper, we assume f;, i = 1,2, 3, are strongly
convex functions with modulus y; > 0; that is

fi((l —cx)z+ocz')
<(1-a) f;(2) + af; (') )
_ %1‘,‘06(1 - ) "Z - Z,"z, Vz, z' e R™,

for each i. Note that f; is a strongly convex function with
modulus 0 being equivalent to the convexity of f;. Let x be
a point of dom( f;); the subdifferential of f; at x is defined by

of;(x) ={x"| f(&) > f(x)+{x",z—x),Vz}. (10)

From Proposition 6 in [23], we know that, for each i, Of; is
strongly monotone with modulus y; which means

(21 =20, % = %) 2 .“i“zl - 22"2 =0,

Vx,, %5, 2, €0f;(x,), z, € 0f; (x,).

The next lemma introduced in [22] plays a key role in the
convergence analysis of the ADMM and the relaxed ADMM
with three blocks.

(11)

Lemma 1. Let (x,x;,x;,A") be any KKT point of problem
(3). Let V* be generated by (5) from given u*. Then, one has

i - u*,G(uk - ﬁk)>

3 3
zZmuﬁ—xmz+<ﬂ—Xﬂ2Axﬁ—fD>

i i=2
+p <A3 (9?]; —x;),A2 (9?]2( —x§)>.
(12)

3. The ADMM with Three Blocks

In this section, we first investigate the contractive property
of the distance between the sequence generated by ADMM
with three blocks and the solution set under the condition

that 0 < B < min{u, /A, 13, us/IIA; 15}

Lemma 2. Let v' = (x|,x;,x;,A") be a KKT point of

problem (3) and let the sequence W= (xlf,x;‘, x;‘,)tk)} be
generated by the ADMM with three blocks. Then, it holds that

2 2
o - w Blases™ -5

2 k *
< [u - u
u S

- ﬁ“Alx’f“ + Ayxs + AT - b“z

2

k+1 %
- 2y1' X, —Xx 13)
_ 2”xk+1 e 2
2 2 o1y, —ﬁAgAz
_ 2”xk+1 et 2
3 3 31y -pATA;

Proof. Since x} minimizes f;(-) - (A%A, ), we deduce from

the first order optimality condition that
ATV €dfy(x]), j=0.1,...,k (14)
By (14) and the monotonicity of df;(-) (11), it is easily seen that
(s = x5, ATAE - AT > 0. (15)
Then for each k,
<uk+1 _ u*’ G (uk _ uk+1)>
3
2 Zl/‘i"xz]'<+1 - x;
k * k k
+p <A3 (x3+1 - X5 ) y A, (x2+1 - x2)>
2
= Zﬂi"xz]'m - x;

+ (A=A A, (o5 - 5)

. <Ak AR A, (xic _ x12<+1>>

2
I"sIn3 _ﬁA§A3

2 k+1
+ x5

*
—X3

B, ()
(16)

@ »

where the last “>” follows from the elementary inequality

1
(%wZ—MW—ﬂUW 17)

Since

k1 k\|? K+l |2
||A3(x3 —x3)” S2||A3(x3 - x3)

(18)
k 2
+ 2||A3 (x5 -x3)|"
by direct computations, we further obtain that
"uk oy 2 ||uk+1 o 2
G~ G
k+1 k|2 k1|2
+||u —1/L||G+2‘ul'x1 - X
k+1 |2
+ 2||x -X
2 2 .“2In2*(ﬁ/2)A’£Az
(19)
k+1 |2
+ 2||x -X
3 3 vl *ﬁAgAs

+2 </\k - AkH,AZ (x’zc - x’2c+1)>

2

>

- Bl4a (- )




T
which, together with G = M — (ﬁ Atk 0 >, implies
0

o = 2 o =
+ "uk+1 | ut Zyl'x’fﬂ - x] ?
+ 2"kar1 - X, sztzInz’BAzAz (20)
R
+2 <Ak - /\k“,A2 (xlzc - x§+1)> .
Note that
“xlzc _ k+1“ﬁATA +2 <lk _ /\k+1’A2 ( 12< _ x12c+1)>
+ %"Ak e (21)
= /3||A1x]1<+1 + A2x2 + A3x]3chl b||2.
We complete the proof of this lemma. O

With the above preparation, we are ready to prove the
convergence of the ADMM with three blocks for solving (3)
given the following conditions.

Theorem 3. Let {vk = (x’f, xlzc,x’;, /\k)} be the sequence
generated by the ADMM with three blocks. Then {v*} converges
to a KKT point of problem (3) if either of the following
conditions holds:

(i) g > 0and 0 < B < min{u, /A, 15, ps/I A5 15}

(ii) A, is of full column rank, 0 < B < p,||A, |3, and B <
usll A1

Proof. By the inequality (13), it follows that the sequence
{A,x5, Asx AF} is bounded. Recall that

k k+1
AT =A k+1

AlxllC+1 = 3 - AxyT - A3x§Jr1 +b. (22)

Hence {Alx’f} is also bounded. Moreover, from (13) we see
immediately that

+00 > Zﬁ"A (kar1 xé‘)“2
+ /3||A K A+ AT - b"2

+ 22[41' Mt

2
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+ 2||xk+1

HzInZ*ﬁAgAz
ktl = 2

+ 2||x .
3 t3 1y ~BATA;

(23)

According to the condition that 0 < f <
l/‘s/"Ag”;}, we know

min{ﬂz/”Azni

ZuA (5" = 5) I < o0,

(o)
YA + Ay + AT = b < +oo,
k=1
k+1 2
Zm I = %71 < +oo, (24)
k+1 *
Z"x 2lly,1,,-BA% A, < 100,
k+1 *
< +00.
Z' Yl ﬁA§A3

It therefore holds that

hm ||A3( kel x?)“z =0,

(25)
k+1 2
hm ”Alx1 + A2x2 +Azxy - b" =0,
1 k+1 _
im ptl X ,
. k+1 * 2
lim "x =0 26
k— o0 2 paly, _/;AgAz ’ ( )
. k+1 |2
lim |x -x =0.
k—ooll 3 3 #3 Ly ~PATA,

2
Therefore, the sequence {u[Ix"|’,

k
||X2 ”P‘zlnz _ﬁAgAz >
41, -
edness of{ lx’f,Ale;, A3xl3‘, A¥}, implies that {x’z‘, x’;,Ak} is

bounded, and {x*} is bounded given the condition g, > 0 or
A, is of full column rank. Moreover, since

pAT 4,1 is bounded, which, together with the bound-

k+1 k+1
[ = = s - and]
(27)
ktl _ k
+ [ -
3 31y -ATA; ’

by the first equality in (25) and the third equality in (26), it
holds that

. 1
lim [
k— 0o

- x5 =0 (28)
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We proceed to prove the convergence of ADMM by consid-
ering the following two cases.

Case 1(p, > 0and B < min(, /A, 5, ps/1A;13)). In this
case, the sequence {x]f} converges to x, and then
. k+1 . k+1 k|| _
klgréo ||A2x2 - A2x2" = kll)rr(l)0 "A -2 “ =0
(29)

By the second equality in (26), we deduce from (29) that

Jim " -] = 0 (30)

Since {xz, x3, A*}is bounded, there exist a triple (x5°, x3°, A%)
and a subsequence {r;} such that

lim x)* = x3°, lim x2 = x5, lim A% = A%,
k— oo k— k— o0
(31)

which by combining (25), (29) with given conditions, implies

n+1 00
=x,, lim x,
k— 00

n+1
lim x, k

xOO
k— o0 2

(32)

lim A% = A
k— oo

Note that
0edf (") -A
+ ATA3 (xI; - xI;H) R
0¢ afz( k+1)_
0 €ofs (x5 -

Akﬂ _ /\k _ﬁ(Alxlch +A2x12<+1 +A k+1)'

ATA 4 ATA, (o5 - x5

AV ATA (K -5, (33)

Tqk+1
ATAF

Then, by taking the limits on both sides of (33), using (25) and
(29), and invoking the upper semicontinuous of 9f; (-), 9f,(-),
and df;(-) [24], one can immediately write

0 € of, (x*) — ATA®,
0 € 3f; (x5°) — ATA*,

(34)
0 € of; (x5°) - AL,

* (oe] o
Ax" +Ayx, +Asxy =b,

which indicates (x;, x3°, x5°, A°°) is a KKT point of problem
(3). Hence, the inequality (13) is also valid if (x], x5, x;,A")
is replaced by (x;, x5°, x5°, A°°). Then it holds that

2/3||AZX§Jrl

ol2
A,X; “ +ﬁ“A3x3 — Azxy "

e gl < 2pland - AT

2
e last - au - gl -2

5
which yields
2
i k o,
Jim 2
, (36)
. k 0 _
Jim [x5 -3, =0,
lim AF = A%, (37)
k— oo
By adding the last two equalities in (26) to (36), we know
li k . k _ .00
im x; = x3°, lim x3 = x5 . (38)
k— oo k— oo

Therefore, we have shown that the whole sequence
{(x'f,xlzc,x?,)xk)} converges to (xj,x5,x5,A%) under
condition (i) in Theorem 3.

Case 2 (A, is of full column rank, 0 < f3 < P‘z/||A2||§: and
B < ps/lA5l3). In this case, the sequence {x’; } converges to

x, and {xlf} is bounded. From the second equality in (25) and
(28), we have

lim_ TA X - A X5 =0,
(39)
lim [[A* - A" =0
k— o0
Since A is of full column rank, it therefore holds that
k k
hm [l x; H -x;l=0. (40)

Let (x1 ,x5°,A%) be a cluster point of the sequence
{x1 , x3, A¥}. Following a similar proof in Case 1, we are able to
show (x7°, x5, x5°, A°°) is a KKT point of problem (3) and the
whole sequence {(x'lc , x§, x]; A converges to this point. [J

Remark 4 (see [22]). the authors proved the convergence
of the ADMM under the conditions that f,, f,, and f; are
strongly convex and 0 < 8 < minlsiis{yi/.%llAiIl;}. Our
result improves the upper bound minlgg{yi/?)llAillg} by
min{y2/||A2||§,‘1,13/||A3||§}. Moreover, in our condition (ii),
the strongly convexity assumption is only imposed on f, and
f5 while f; is not necessarily strongly convex with positive
modulus.

4. The Relaxed ADMM with Three Blocks

For the ADMM with two blocks, Ye and Yuan [25] developed
a variant of alternating direction method with an optimal
step size. Numerical results demonstrated that an additional
computation on the optimal step size would improve the
efficiency of the new variant of ADMM. In this section, by
adopting the essential idea of Ye and Yuan [25], we propose



arelaxed ADMM with three blocks to accelerate the ADMM
via an optimal step size. For notational simplicity, we write

@ (o) = Playod =)
o R e |

+ (A =254, (o - 7)) + A5 (o - 75)).
(41)
With u* = (xlz‘, x]; ,AF), the new iterate of extended ADMM is
produced by

= - y(x* (uk - ﬁk) , y€(0,2), (42)

where 7i* is the solution of (5) and ™ is defined by

. ol

e I (43)

Lemma 5. Let the sequence {u*} be generated by the relaxed

ADMM with three blocks. Then, if 0 < f8 < M3/||A3II§, the
following statements are valid:

(i) @@k, @) = (1/6) |uF — "' |2 and thus o« > 1/6;

" 2 w2
() " —u'ly < W -utlly - (/362 -

- w2
A3yl - %17 -
- w2 _ w2
(13l = 51 = (U/3VIFE = 231, para,-

ko ~k2
Pu® - allg -

Proof. By direct computations to ®(u¥, #*), we know that
O] (uk, ﬁk)
= T1as (-2 + st -
Ry

+ (A -25 4, (o - 2) + Ay (& - 7))

[\

Dot sl

1 ~112 12
LR R THEEE]

1 ~ 3 _
-l - - Llased -

1 = ]
S AR I IR
2

+§Mgé-@$+ A - 3

ol
o
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where the second inequality follows Cauchy inequality. It
therefore holds that

o (i) > o[t -7, (45)

which completes the proof of the first part. By Lemma 1 and
the elementary inequality (17), it can be easily verified that

<uk - u*,G(uk - ﬁk)>

>0 (uk,ﬁk) + i "56]1( - x, "2 + /,42"55]2( - x, "2 (46)
2

+ ||5Zk -x;
3 3 U3l ~PATA;

and then

k+1 * 2
u —-Uu

Ly ()

o e L

2 k * * k  ~k
o= u —u -y (u —u)

< "uk -u"

_9 * || =~k F 2
HhYx || X2 — X,
2

- 2ya” “fk - x;
3 3 .“3In3 ‘ﬁAgAs.

This, together with the fact that & > 1/6, completes the
proof. O

Based on the above inequality, we are able to prove the
following convergence result of the relaxed ADMM with
three blocks. Since the proof is in line with that of Theorem 3,
we omit it.

Theorem 6. Let {V* =
generated by the relaxed ADMM. Then {v*} converges to a
KKT point of problem (3) under the conditions that 0 < 8 <
y3/||A3||§ and A, A,, and A are of full column rank.

(xlf,xlzc,xlg,/\k)} be the sequence

5. Conclusion Remarks

In this paper, we take a step to investigate the ADMM for
separable convex programming problems with three blocks.
Based on the contractive analysis of the distance between
the sequence and the solution set, we establish theoretical
results to guarantee the global convergence of ADMM with
three blocks under weaker conditions than those employed
in [22]. By adopting the essential idea of [25], we also present
a relaxed ADMM with an optimal step size to accelerate the
ADMM and prove its convergence under mild assumptions.
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