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We discuss the existence of subharmonic solutions for nonautonomous second order differential
equations with singular nonlinearities. Simple sufficient conditions are provided enable us to
obtain infinitely many distinct subharmonic solutions. Our approach is based on a variational
method, in particular the saddle point theorem.

1. Introduction and Main Result

In this paper we discuss the problem of the existence of infinitely many subharmonic solu-
tions for nonautonomous second order differential equations with singular nonlinearities of
the form

u'(t) + f(tu(t) = e(t), (1.1)

where f : R? — R is continuous, is T-periodic, in its first argument with T > 0, and presents
a singularity with respect to its second argument. Here by a subharmonic solution we mean a
kT-periodic solution for any integer k if T > 0 is the minimal period. When the solution is not
T-periodic we call it a true subharmonic. It was pointed out in [1] that singular differential
equations of the form (1.1) appear in the description of many phenomena in the applied scien-
ces, such as the Brillouin focusing system and nonlinear elasticity. Several authors have
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investigated the problem of existence of periodic solutions for second order differential
equations with singular nonlinearities (see [2-4] and the references therein). Topological and
variational methods are the two main techniques that have been developed for the study of
(1.1). We refer the interested reader to the paper [1] for details and references on the topo-
logical methods. In this work we shall rely on the saddle point theorem, see [5, 6], to prove
our main result. We use the truncation techniques introduced in [7] to modify our problem to
one without singularities. We assume that the nonlinearity f is monotone with respect to its
first variable . When f is increasing, our result generalizes the result in [8]. We can obtain the
same result by considering the monotonicity of the potential function instead of the field f.
For more results on the subject and different techniques one can consult the papers [9-12].
We should point out some related recent articles, for instance [13, 14].

Throughout this paper we shall use the following notations. Let I = [0,T]. LP(I) is the
classical Lebesgue space of functions u : I — R such that |u(-)|” is integrable, and for u €

L?(I) we define its norm by
T 1p
l[ullr = <I Iu(t)l’”df> : (1.2)
0

Let |lull, = supf{lu(t); t € [0,kT]}. For T > 0 and k € N we let H;T = {u €
W2([0,kT],R); u(0) = u(kT)} and for u € H}.. we define its norm by

lallg, = Claallez + [l )™ (13)

H ;T endowed with the norm || - || I is a reflexive Banach space. Also H;T =H'eH,
orthogonal decomposition, where H is the subspace of constant functions in H},. and H~
denotes the subspace of functions in H; . with mean value zero; so that u € H}.. can be written
asu=u+uwithue H' andue H".

We shall assume that e : R — R is a locally integrable T-periodic function. We denote
the mean value of e by e, thatis, e = 1/Tf0Te(t)dt. It follows that e, |le||;: and |le||;» are
bounded. Moreover, since e is T-periodic, we have féc T e(t)ydt = Z;:ol fOT e(t + jT)dt =
K0 fy e(tydt =k [ e(t)dt = kTe.

Let F(t,u) = ﬂl f(t,s)ds be an antiderivative of f defined forall u € R and forall ¢ € I.

We introduce the following assumptions on the nonlinearity.

(H1) f:Rx(0,+0) — Riscontinuous, f(t+T,u) = f(t,u) forall (t,u) € Rx (0, +o0), and
such that

(i) t — f(t,u) is monotone for each fixed u in (0, +o0),
(ii) limy, o+ f (t, u) = —oo, uniformly int € I,
(iii) f(O,u) = f(T,u) >eforallu > 1.

(H2)

(i) limy, —, +,2F (t,u) /u? = 0, uniformly in t € I.

(i) 1imy— 4o [3 [F(t, 1) — @u]dt = +oo.
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Theorem 1.1. Assume that e is a locally integrable T-periodic function. If (H1) and (H2) are satisfied
then (1.1) has a sequence (ux)y, of kT-periodic solutions whose amplitudes and minimal periods
tend to infinity. In particular, if T is the minimal period of e and of f with respect to t, (1.1) admits
solutions with minimal periods kT for every sufficiently Large Integer k.

2. Proof of Theorem 1.1

The proof of this result will be based on several auxiliary results.

2.1. Modification of the Problem

Define the truncation function f, : R2 - R0<r<1, by

fr(tu) = {f ()= @.1)
ft,r), u<r

Note that condition (H1) implies that f, is continuous with respect to (t,u) € I x R and
T-periodic with respect to its first variable ¢.

Lemma 2.1. Assume (H1) and (H2) (ii) are satisfied. Then there exists d > 1 such that for every
ue (0,1/d)u(d,+o0)

(f(t,u)—e)(u—-1)>0, uniformlyintel. (2.2)

Proof. First, it follows from (H1)(ii) that for any A > 0, there is 64 > 0 such that for every
u € (0,64) we have f(t,u) < —A, uniformly int € I.
In particular for A > 2[e| + 1, there is 64 > 0 such that for every u € (0,64) it holds

ft,u)—e<-le|-1<0. (2.3)

Choose d; > 1 such that 1/d; < 64. Then for every u € (0,1/d1), we have f(t,u) —e < 0.
Therefore, condition (H1)(ii) implies that there exists d; > 1 such that for every u €
(0,1/d1) itholds (f(t,u) —e)(u—1) >0, uniformly in t € I.
Next, condition (H2)(ii) implies that for any B > 1, sufficiently large, there is y5 > 0,
large enough, such that for every u > yp we have

T
f [F(t,u) —eu]dt > B. (2.4)
0
Hence, there exists d», sufficiently large such that d, > max(1, yg) and for every u > d, it
holds

T
f [F(t,u) —eu]dt > B. (2.5)
0

We show that for u > d, we have f(t,u) — e > 0, uniformly in t € I. Assume, on the contrary,
that there exists y > d, for which f(ty,y) —e < 0, for some ty € (0,T). By the continuity of
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fon I and ((H1)(iii)), there exists o € (0,T) such that f(o,u) = maxr f(t,u). If ty < o then
0< f(0,y) —e < f(t,y) —e <0, and this is a contradiction. Similarly, if ¢y > o then 0 <
fO,y)-e=f(T,y)—e< f(t,y)—e<0,and we again arrive at a contradiction.

Hence we deduce that if (H1) and (H2)(ii) hold, then there exists d > max (d;, d») such
that for any u € (0,1/d)U(d, +o0)(f(t,u) —€)(u—1) > 0, uniformly in t € I. This completes the
proof of Lemma 2.1. O

Lemma 2.2. For every positive integer k, there exist ri. and Ry with 0 < rx < 1/d < d < Ry such
that for any p € (0, ri] each kT-periodic solution u of

u"(t) + fu(t,u(t)) = e(t), (2.6)
satisfies
re <u(t) <Ry, VteR. (2.7)

In particular, any kT-periodic solution of (2.6), with p = ry is a solution of (1.1).

Proof. This is essentially Proposition 2.1 in [8]. We shall use some ideas from [8] (see also
[15]). Fix k € N, and suppose, on the contrary, that for each integer n, there exist p,, € (0,1/n)
and a kT-periodic solution u,, satisfying

Uy (£) + fu, (t un(t)) = e(t) (2.8)

and {u,(t);t € R}Z[1/n,n].

Claim 1. Let d be as in Lemma 2.1 and let u, be as above. Then for every n there exists 7, €
[0, kT] such that u,(7,) € [1/4d,d].
Indeed, it follows from (2.8) that

k
} S, (t un(t))dt = kTe. (2.9)
0

Now, if u,,(t) > d for all t € [0, kT], then Lemma 2.1 implies that f,, (t,u,(t)) —e > 0, which in
turn yields [} fy, (t, un(£))dt > kTe.

This contradicts (2.9). On the other hand, if u,(t) < 1/d for all t € [0,kT], then
fun(t, un(t)) —e <0, so that féCT fun(t, un(t))dt < kTe. This is again a contradiction to (2.9).

Claim 2. There exists R > 0 such that M,, = max;e[o 11U (t) < R for each integer n. To prove
the claim notice, there exists t. € [0,kT] such that u,,(t.) = M,,. If u,(t}) = M,, € [1/d,d] then
u,(t) < R for any R > d. So, assume that there exists a subsequence of (u,),, which we label
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the same, for which M,, — +oo whenn — +co. So that M,, > d for n large enough. Since
u,(T,) < d, there exists an interval [a,,, ,], containing tL, such that

,ﬁn —ay S kT/
un(an) =d= un(ﬁn)/ (210)
d <) <uy(t}), forall t€ [a,, B].

Equation (2.8) can be written as

U, (t) = vn(t) + ft [e(s) —e]ds, 211)
0, (£) = —fo, (t, un(t)) +e.

Since for all t € (ay, Bn),u,(t) > d and p, < 1/n, then the second equation in (2.11) is
equivalent to

v, (t) = —f(tua(t)) +e. (2.12)

Lemma 2.1 implies that f(¢,u,(t)) —e > 0 for all t € [a,, B,]. Then v, (t) < 0 for all
t € [an, Bn] and hence v, is decreasing on [a,,, B,]. The first equation in (2.11) implies

u,(t) < vp(ay) + ft [e(s) —elds Vte [an, fn]. (2.13)

This yields

1w, (t) < vn(an) + |lell + kT[e|  Vt€ [an, Bn]. (2.14)

Integrating the above inequality over [a,, tL] C [ay, fn] We obtain

Un (t},) —tp(ay) = My — d < kT[vn(an) + llell + kT[el]. (2.15)

Equation (2.15) leads to

. d . vn(an) + |lell + kTle]
Jim (157 ) <47, ( Mo ) (216)
Hence
. Un(an)
1< kT lim -2 (2.17)
n— +oo n

It is clear from (2.17) that v,(a,) — +o00 whenn — +oo. So that, for n large enough, we have

Un(an) > el + kTel. (2.18)
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Since M,, = u,(t}), we have u,(t.) = 0. It follows from the first equation in (2.11) that

va(th)

We see from (2.18) and (2.19) that for n large enough

t
= j le(s) —elds| < el + kTe|. (2.19)

An

Ou(an) > llell + kTle] > vn(t;). (2.20)

Since v, (+) is continuous on [a,, B,], then, for n large enough, there exists at least one t}, €
(an, th) such that v,(t;) = |le||: + kT|e|. We denote by t2, the first such t},. Then

vn(tﬁ) = llell: + kTJel. (2.21)

We distinguish two cases.

Case 1. f(:,s) is increasing for each fixed s € (0, +o0).
Consider the function B; defined by

Bi() = F(£,1n(8)) ~2un(t) + 5 (0n(t) = el - KT[el)” 22)
Then
By () = (£ (£ un(t)) = 2)u(H) + (@n(t) - llells — KTIE) ), (8). (2.23)
Since v;,(t) = —f(t, u,(t)) + e, it follows from the first equation in (2.11)

B(8) = (f (£, ua(t)) -2) <vn<t> + j [e(s) —ads>

+ (On(t) = llells = KTlel) (= f (£, un(t)) +€)

t (2.24)
= (f(2 () -2) <vn<t> - j [e(s) ~ @lds + llell: + kT[] - [lell: - kT|E|>
+ (On(t) = llelly: = kTIel) (—f (£, un (D) +2).
Hence
t
By () = (f(8,unt)) -2) <f [e(s) — 2lds + [lell 1 + kT|E|>
@ (2.25)

+ (F(Bun(®) = F(tun(t) (@a(t) - llells — KTIe))-
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Since, for all t € [ay, fn]

t
I [e(s) —elds| < |le|l;: + kTle|, (2.26)
it follows that for all t € [ay, ]
t
f le(s) —elds + |le||;: + kTe| > 0. (2.27)

Also, Lemma 2.1 implies that f (2, u,(t)) —e > 0 for all t € [a,, Pn]. Furthermore, the
monotonicity of f implies that f(t2,u,(t)) — f(t,u,(t)) > O for all t € [ay, t3]. Since v, (")
is decreasing on [a,, t2] and v,(t2) = |le||,: + kT|e|, it follows that

ou(t) = llells = kT(el 2 o () - llell, — KTI2) = 0 (2.28)

for all t € [a,,t2]. Now, Lemma 2.1 combined with (2.27), (2.28), and the monotonicity of f
with respect to its first variable shows that

B/()>0, Vte [an, tﬁ]. (2.29)
Thus, the function B is increasing on [a,, t2]. Since u,(a,) =d,

_. 1 _
Bi(ay) = F(t, d) ~2d + 5 (ou(a) - lell: - kT[e])’

(2.30)
<Bi(8) = F(B,ui(8)) -2us(82) + %(w (£) - llell: - kT|E|)2.
Since v, (t2) - |le|l; — kTle| = 0, it follows that
Bi(ay) = F(£, d> —2d < F(tﬁ,un(ti)) — Buy (ti) (2.31)

Notice that

Un (t%)

F(2,ua(£)) - 2un(£) = f(f(ti,s) ~e)ds+ [ T (f(Bs)-F)as-z @)

Also, f(t2,s) —e > 0if s € (d, u,(t2)] C [d, un(t.)] (see Lemma 2.1). It follows that

()
L [ f (ti, s) - z] ds < L [ f (ti, s) - E]ds. (2.33)
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Hence
Bi(ay) < f [ F(8s)- z] ds + f:"(tb [ f(ti, s) - E]ds —e= F(ti, (1)) —2ua (). (234)
Set
pu =1 (o)l —leEl)z_ (235)
Then
lim p, =0. (2.36)

n—+oo

Indeed, since M,, = u,(t.), we have

Bi(ay) = F(£,d) ~d + p,M3 < F(8,u (1)) ) —2un (1)) = F(8, My) ~2M,.  (2.37)

From (2.37) we deduce

. F(£,4) ) . F(,M,)
lim >+ lim p, < lim —
n— +oo (Mn) n— +oo n— +oo (Mn)

(2.38)

Notice that F(£3,d) = ff f(t2,s)ds is bounded, so that

F(t2,d
m (n’ ) = Vu.
n—+oo (Mn)2

(2.39)

Also, (H2)(i) implies that

F(t:, M,
lim L Ma)

Jm (2.40)

Therefore (2.36) holds; that is, lim,,_, .,pn = 0. Since ||e||;: and |e| are bounded, it follows that

lim Onlan) _

n—+o M,

0. (2.41)

It is clear that (2.41) contradicts (2.17).

Case 2. f(:,s) is decreasing for each fixed s € (0, +0).
In this case we consider the function B, defined by

Ba(t) = Flatn, 0a(8)) ~ 2t (1) + 5 (ou(®)  llells ~ KTIeI) (2.42)
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Then ,
By(t) = (f(an, un(t)) —€) <f [e(s) —e]ds + [l + kT|E|>

an

+ (f(an, un(t)) = f(t, un (1)) (0 (t) - el — kT]el)
>0 Vte [an, tﬁ]. (2.43)

Repeating the same reasoning as in Case 1, we arrive at a contradiction.

Therefore, we deduce that there must exist R > 0 such that M,, = maxejor)un(t) < R
for each n.

Next, we prove that there is r > 0 such that u,(t) > r for every t € [0,kT]. Assuming
that this is not true we will obtain a contradiction.

Consider the following sets

L= {t € [0, kT un(t) < %}/

Lmaya = {t EM0KT]; < u(t) < %} (2.44)
1
Il/d,R = {t € [O,kT],E < un(t) < R}

It is clear that for n > R, u,(t) < R < n. Also, we cannot have u,(t) > 1/n for every t € [0, kT],
for otherwise we would have

<uu(t)<n Vtel[0,kT], (2.45)

S

which contradicts the assumption {u,(t);t € R}Z[(1/n),n]. Hence, for n > R there exists
t3 € [0, kT] such that u,(t3) < 1/n. This shows that I, # 0. The continuity of u, implies that
I/, is open, and so meas(I1,,) #0.

Define

kT
U= | [fultus(t) -2ldt, neN. (2.46)
0

It follows from (2.9) that ¥, = 0. On the other hand

¥, = [fﬂn(t,un(t))—é]dHf

v Liynasa

[fr, (8, un(t)) —€]dt + f [fu, (8, un(t)) —€]dt. (2.47)

AVZERS

(i) Assume we are integrating positively on all subintervals of [0, kT].
Ift € Ii/n1/a, then u,(t) € [1/n,1/d) C (0,1/d). So that, by Lemma 2.1,

f [fu (t, un(t)) —€]dt <O. (2.48)
Linasa

For t € I1/ar we have u,(t) € [1/d, R]. This means that u,(t) is bounded uniformly in ¢ €
I1/4,r- Since f,, is continuous it is bounded on Iy /4 r.
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Let
o= max{ fu ()] e O, kT],é <x< R} - max(|,, ()] ). (2.49)
Then
J‘Il/“ [fﬂn (t, un(t)) - E] dt| < J‘IW'R [|fﬂn (t, un(t))| + |E|]dt < KkT(c+lel). (2.50)
It follows from (2.47), (2.48), and (2.50) that
v, < LM [foo, (t () — 2] dt +KT(c +[e]). 2.51)
Claim 3.
Tlim ) [fi, (b un(t)) —e]dt = —c0. (2.52)

Proof. Recall that p, € (0,1/n) and u,(t) < 1/n for each t € I1/,. Then, if u, (t) < p, we have
funun(t)) = f(t, pn), and if u,(t) € [pun,1/n), we have f,, (t,u,(t)) = f(t,u,(t)). In both
cases condition (H1)(ii) and the continuity of f imply that lim,, _, o (f,, (£, un(t)) —€) = —oo for
every t € Iy /,.

Since e is bounded, then (2.51) implies that

lim ¥, = —oo, (2.53)

n—+oo

which is a contradiction with (2.9).
(ii) If we integrate negatively on all subintervals of [0, kT] we will obtain lim,, _, 1o, ¥, =

+o0, which, again, contradicts (2.9). Thus, the proof of Lemma 2.2 is complete. O
O

Remark 2.3. Lemma 2.2 shows that any kT-periodic solution u of (2.6), with u = r is a
solution of (1.1), since it satisfies u(t) > ri forall t € Rand f,, (t, u(t)) = f(t, u(t)).

In the remainder of the paper we shall deal with (2.6), with p = ry instead of (1.1). Let
F, (t,u) = j’f fr.(t,s)ds be a primitive of f,, defined forallt € I and u € R.

Lemma 2.4. If (H1) and (H2) hold, then f,,_ and F,_ satisfy the following conditions.

(L1) fr, is defined and continuous in (t,u) € I x R and T-periodic with respect tot € I.
(L2) iminfjy— +0o2F,, (t, 1) /u? = 0, uniformly in t € I.

(L3) 3d > 1 such that for u € (—o0,1/d)U(d, +o0) it holds (fy, (t,u)—e)(u—1) > 0 uniformly
intel

(L4) 1y o5 fo [Fr (£, 1) — Eu]dt = +o0.
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2.2, Existence of kT-Periodic Solutions for Equation (2.6), y = ry

Using a variational method we shall show that equation (2.6), with y = 7y has infinitely many
kT-periodic solutions. In fact, we have the following.

Lemma 2.5. Assume that e is locally integrable T-periodic function and the conditions (L1), (L2),
(L3), (L4) hold. Then (2.6), with u = r admits a kT-periodic solution uy.

Proof. We shall rely on a variational method and more precisely on the saddle point theorem.
Define for each k > 1 the action functional Ji : H};. — Rby

kT 1 )
]k(u)=J‘0 [E [t/ ()] = Fy (£, u(t)) + e(t)u(t) | dt. (2.54)

Ji is well defined on H}
H}... Furthermore,

. weakly lower semicontinuous and continuously differentiable on

kT
(Ji(u),v) = Jo [t/ () (t) = fr, (b, u(t)v(t) + e(t)o(t)]dt, Yu,v € Hyy. (2.55)

The critical points of Ji are precisely the weak solutions of equation (2.6), with y = ry.

First, we show that the functional Ji satisfies the Palais-Smale condition.

For this, let k > 1 be fixed and let (1) ey be a sequence in H .. such that (Ji (1)) e is
bounded and lim, . o J; (4,) = 0. Then (u,),y has a convergent subsequence.

Suppose, on the contrary, that lim, _, 1o ||14,]| Hl =+ Condition (L2) implies that for
any ¢ > 0, small enough, there is C, > 0 such that

F, (tu)<eu*>+C,, YuceR. (2.56)

Writing u, (t) = U, + u,(t) for t € [0, kT], we obtain
kT kT kT
—f Fr (£, u (t))dt > —ekT i, |* - EJ it (1) [dt — 2gu—,,J 0, (t)dt — C.kT. (2.57)
0 0 0
Since u,, € H-, we have J'(’;T i,(t)dt = kT =0, so that
kT
- f Fy, (t, un(t)dt > —¢l|ity |12 — ekT|tt,|* — C.kT. (2.58)
0

Now, Holder’s inequality gives

kT

kT
f e(yun(t)dt =,
0 0

kT

et + | eT()dt > TIKTE - el Tl (259)
0
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Since u,(t) = i, (t) for t € [0, kT], it follows from (2.54), (2.58), and (2.59)

—_

—~m2 — —_ | — —
Jilitn) 2 || I} — Nz - eKTlil* = CKT = KT |e| @] = llellallill s (2.60)

Wirtinger’s inequality

—m2 4]2'2 —_—2
u > ———— )llu 2.61
L e 2o

combined with the inequality ||it, ;2 < || ]| y give
kT

— _ N 272
u,) + (ekT[iw,)* + kT|e|[in]) + CkT > |7y, — @l —ell- ).
Ji(un) ( [t le] |> I ||”11<T<[47r2+(kT)2 ]H ”Hir [ “L>
(2.62)

This leads to

lim [iz] = +oo. (2.63)

n—+oo
Indeed, if (2.63) does not hold then there would exist a subsequence of (u,),,y, still

denoted the same, which is bounded. Since (Jx(u,)),cy and e are bounded and ¢ is chosen
arbitrarily small, then (2.62) implies that ||iz,]| ” is bounded. It follows from the inequality
kT

Iunll _SVk Iun|+||un|| (2.64)

that ||un||H1 is bounded, but this contradicts our assumption llmné+oo||un||H1 = +oo.
Therefore, (2 63) holds.
Using Wirtinger’s inequality

kT
e < 5l e (2.65)

in (2.60), we get

i |l ([1 kTN e kT ell2 \ Tk (i) kTle| C.kT
~—g( — —( = < .2
i \ |2 £<2Jr> i <2ar> ml ) S g T ) e 2%

It follows from (2.63) that

lim T2 =, (2.67)
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Using Sobolev’s inequality we obtain

lim 1ellee i, =0. (2.68)
n—+oo Uy 1 n—>+oo |un|

The identity u,(t) = U, (1 + (14,(t) /u,)) for all t € [0, kT] and (2.63) imply that

1 1| = 2.69
ng{lwter[r(;llglun()l +00. (2.69)

Assume that lim,, _, ;ominse[o k1 Un () = +0o (the other case can be treated similarly). Then for
n large enough, u,(t) > d uniformly in t € [0, kT]. By (L3) we have for all t € [0, kT]

fr(tun(t)) —e>0. (2.70)

Consequently, for n large enough

kT kT kT
J‘o | fr (8, un(t)) —|dt = . [fro (t, un(t)) —e]dt = fo [fre (t, un(t)) — €] dt|. (2.71)
Since lim,, 1. ] I’((un) =0, thenforallv e H ;T and for n large enough
kT
fo [0, ()" (£) = fr (8, un ()0 (F) + e(F)v()]dt| < £n||v||H;T, (2.72)

where ¢, > 0 for every n, and lim,, _, s .6, = 0. In particular, if we take v(t) = -1 in the above
inequality we obtain for every n € N

kT

[fr. (1, un (1)) - €] dt| < e, VKT, (2.73)
0

which infer

kT

kT kT
[ 1m0l s [ 1ot -elars [ e
0 0 0

(2.74)
kT kT
= f [fri (8, un(t)) — €] dt| + f le|dt < e, VKT + kTJel.
0 0
Now, taking v = i, in (2.72) we obtain
eull Tl > 11 f Lo (6 100(8)) — e(t)] Tty 275)
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Obviously, we have for n large enough

kT kT kT
f [ (b 1a () - (D] T(B)dt| < sup |u~n<t>|<f0 | fo (6 un(8)) |l + fo |e<t>|dt>

te[0,kT] (276)
< Nltnl., (ea VKT +KTle] + 1)
Thus, for n large enough, (2.75) implies that
enllinllsg, > 185|172 = )l (0 VT + KTIE| + lellys). (2.77)
Sobolev’s inequality
. < kT o 2.78
”unHoo S 12 ” ”Lz S ﬁ”unHH;T (2.78)

and Wirtinger’s inequality combined with (2.77) give, for n large enough,

. 472 . kT, _ _
ennunnH;Tz(m)mnu%— S5 1Tl (enVET +KTfe] + lell,). - (2.79)

So, for n large enough, we deduce that

el < €= (4” e (D)7 >< \/'?T [ViT +kT|e|+||e||L]]> (280)

Hence (if,), is bounded in H},.. Consequently [[u}|l,. = [i']l> < liully, < €. Since
(Jx (Un)) yery is bounded, it follows that

kT
f [Fr (£, un(t)) — e(t)u,(t)]dt (2.81)
0
is bounded. Holder’s inequality gives

<llellzllnllz < llellzllwnllpy, < €llell - (2.82)

kT
f e(t)ii (t)dt
0

Since

kT kT kT

[Fr (£, un(t)) — e(t)un(t)]dt + J‘ e(t)un(t)dt,

kT
f Foy (t ()t 11, j
0
(2.83)

0 0

e(t)dt = f

0
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it follows that

kT kT
J‘ F, (t, u,(t))dt— u, f e(t)dt, (2.84)
0 0
is bounded. But,
kT ~ 1 (kT kT
Uy f e(t)dt = kTe u,= kTe— f u, (t)dt = f eu,(t)dt. (2.85)
0 kT Jo 0
Consequently, there exists C > 0 such that
kT
[ 1 a0 -2t < € (2.86)
0

On the other hand, extending F,, by T-periodicity we obtain

k
f T[Frk(t u, () —eu,(t)]dt Z f [Fro(t+jT, un(t + jT)) —eu,(t + jT)]dt
0
(2.87)

k-1 AT
-y f [F,y (1 un(t + JT)) - un (t + iT)] dt
— 0
Setting x,, = u,(t + jT) for t € [0,T], we get
kT
[ tha ) - w1 Z f [Fyy (6 x0) — ]l = f [Py (t, )~ Bxaldt. (288)
0

From (2.75) |x,| = |u,(t + jT)] — +oo0 when n — +oo uniformly in ¢t € [0,kT]. By (L4) we
have

kT T
lim [Frk(t U, (t)) —eu,(t)]dt = k| |lim f [Fr (¢, x) —ex]dt = +oo. (2.89)
x|—+o0 J

n— +oo

This is a clear contradiction to (2.86). Therefore, (i), is bounded in H}., and so it has a
convergent subsequence. This shows that i satisfies the Palais-Smale condition. Next, we
show that Ji has a geometry of a Saddle. For, let u € H™ then we have u = i, and u = 0, so
that

kT
Ji(@) = 5 | ||Lz—f0 [P b, T (1)) — e(®) (1) dt. (2.90)
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Proceeding as before, we get an inequality similar to (2.72) by replacing u, by i, and u, by
0,

22
Uy) > ||ty —— —¢||lun - » ) = C.kT. 291
Tk (Un) 2 x| H;T<[47r2+(kT)2 e]llu I i, IIeIIL> P (2.91)

Since ¢ is chosen arbitrary small, we obtain

lim  Je(i) = +oo, (2.92)

Unll.1 — +oo
l "“Hkr

which shows that Ji is coercive. Hence, Jx admits a bounded minimizing sequence. Fur-

thermore, Ji is weakly lower semicontinuous on H ;T, then

infJi > ~oo. (2.93)

For s, a constant function, we have ||s| = |s|VKT — +oo if and only if [s| — +co. Then
kT

kT

1) == [ Falts) - ethslar (2.94)

0

Extending F,, by T-periodicity we obtain

kT k-1 AT
Ji(s) = — fo [F, (t,s) —es]dt = — Z f [F, (t +iT,s) — es]dts

0

(2.95)
T
= —kf [Fy (t,s) —es]dt.
0
Condition (L4) implies that
T
lim [-Jk(s)] =k lim f [Fy, (t,s) —es]dt = +oo. (2.96)
|s| = +oo |s| = +oo 0

Hence, for each k > 1, (—Jk) is coercive on the space of constant functions. Then for each
k > 1, there exists 7, > 0, large enough, such that

Je(x) — —o0,  and Ji(-1x) — —oo. (2.97)
Thus,

max(Jx(-1k), Jk(k)) — —oo  when 7 — +co. (2.98)
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Therefore,

max (Ji(=1), J (1)) < inf k. (2.99)

Let I;;, be the open interval of R centered at 0 and with radius 7. Since H* = R it is clear that

aInk NH' = {—1’lk, le} (2.100)
Therefore, we have
61%01(4 k< lPrIlf]k, (2.101)

with H* @ H™ = H.. Thus Ji has a geometry of Saddle.
Finally, all conditions of the Saddle point theorem are satisfied. Then for each k > 1, Ji
admits a critical point fx, which is characterized by

Je(Br) = inf  max Ji(g(s)), (2.102)
pelk se [—le,ﬂk]
where
T = {‘l’ € C<["1kr’lk]rHiT>; ¢ (1) =1k, ¢ (1K) = nk}. (2.103)

Thus for each k > 1, fi is a weak kT-periodic solution of (2.6) with y = r¢ If, fur-
thermore, e is assumed continuous, then f is a classical solution of (2.6) with y = ry.
This completes the proof of Lemma 2.5. O

Remark 2.6. As a consequence of Lemmas 2.2, 2.5 and the Remark 2.3, we conclude that if
(H1) and (H?2) are satisfied, then (1.1) admits a sequence (u)»; of kT-periodic solutions.

2.3. Existence of Distinct Subharmonic Solutions for
(2.6) with p = ry

Note that Jx = J,, on H} N H, . for each k and m. This justifies the following definition (see
[10, Definition 2.1 page 653]).

Definition 2.7. The level of u € UgH}; is defined by J,,(u) whenu € H, .
Every functional Ji admits at least a critical level which is given by fix = ming J.

Note that nondistinct subharmonic solutions have the same level. Then we deduce that
in order to find the multiplicity of distinct subharmonic solutions, we have to search the mul-
tiple critical levels. The sequence (f),., is not always increasing, which means that there ex-
ists m € N such that if k € mN then i < B

If Bx < p1 for an integer k, then f is not a level for the T-periodic functions and every
global minimum of Ji is in fact a subharmonic solution of (2.6).
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In our case Ji(uy) is not necessary a global minimum for Ji and then even if the con-
dition above is verified, it is still insufficient to deduce the existence of true subharmonic sol-
utions. This is why we prove also that the amplitudes and the minimal periods tend to in-
finity.

Lemma 2.8. The minimal periods of the solutions uy of (2.6), with p = ry tend to infinity.

Proof. Let uy be a weak solution of (2.6) with y = r Then uy is a critical point of J,. We show
that

lim l]k(uk) = —co. (2.104)
k—+o k
Let 1x > k and let ¢ € I'x be defined for all s € [-#x, 17x] and for all t € [0, kT] by
(9x(s)) (#) = s+ (mx — Is])- (2.105)

We have (@i (1x)) (t) = 1 and (¢x(—7x)) (t) = =1k for all t € [0, kT]. (i (s))(-) is constant with
respect to t for all s € [k, k] and @k (s) € H}. Let sk € -1k, 1ic] be such that

Jk (px(sx)) = Fﬂax ]]k((Pk(S))- (2.106)
SE| -1k Mk
We have
Ji(ur) < Ji(px(sk))- (2.107)

Since ((pk(sk))/(t) =0forallt € [0,kT], (2.54) implies that
kT
Jk (px(sx)) = —f [Fre (t, (pxc(sK)) (£)) = e(t) (x(sx)) (H)] dt. (2.108)
0
Extending F,, by T-periodicity, we obtain for k > 2

k-1
2
j=0

[ 0T, (et 4+ 1) ~2lets) e+ ]t

=

%]k(”k) < %]k((l)k(sk)) =-

T
- fo [Fo (1, (9(50) () — 2 (510 (O] .
(2.109)

We have limg_, 400 | (k (sk)) (£)| = +oo for all t € [0,kT]. Apply (L4) with u = (pk(sk))(t) to
obtain

T
lim 1]k(uk) < - lim I [Fy (t,u) —eu]dt = —co. (2.110)
k—+ok [u| =+ J o

Hence (2.104) holds.
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Now, assume by contradiction that we can extract from the sequence (uy)i>;, of
solutions of (2.6) with y = rx a subsequence whose minimal periods are bounded. Then for
this subsequence we can find a common period koT. The sequence (u,),; of the critical points
of Ji, satisfies

Jio () = %]n(un)- (2.111)

Assuming lim, o [|tnll, = +oo and proceeding as before we arrive at the conclusion
(Jx, (un)),, is bounded and this contradicts (2.104). This completes the proof of Lemma 2.8. [

Lemma 2.9. The amplitudes Ay := (max|o Uk — Minjoxrjuk) of the the solutions wy of equation
(2.6) with u = ry tend to infinity.

Proof. We have to show that limg _, ;,Ax = +oo. First, we have

lim i, = +oo. 2.112)
k—+o0

Otherwise, we can extract from (u);.; a subsequence converging to some u* with period
noT, for some ny > 0. But, this would contradict Lemma 2.8. Next, we must prove that
limy 45 ||Hk||o, = +00. Assume, on the contrary, that ||iik||, is bounded. If we suppose further
that (|iix|);>; is bounded, then [|ux||,, would be bounded and this contradicts (2.112). Hence
there exists a subsequence of (ux)»;, which we label the same, such that limy . ;o [tx| = +o0.
This implies limy _, .ominjoir)|ux(t)] = +oo. Then, for k sufficiently large and each j =
0,1,...,k =1, ux(t + jT) > d, uniformly in t € (0,T). It follows from (L3) that for k large
enough f,, (t,ux(t +jT)) —e > 0, uniformly in t € (0, T). Equation (2.6) with y = ri and the T-
periodicity of f,, with respect to t give

0

T k-1
1
f [E > fr(tu(t+5T)) - E] dt = 0. (2.113)
j=0
Hence we can use Fatou’s Lemma to obtain

0 k—+oo 20

T k-1 T
0= f nminf[% S fo (b, ug (¢ +iT)) —E:Idt:J‘ Hminf[f, (t,x) —g]dt >0.  (2.114)
0 X+t

This is a contradiction. Hence limg _, 1., ||#ik |, = +00, and the proof of Lemma 2.9 is complete.
]

From the above auxiliary results we deduce that equation (2.6) with y = r¢, and con-
sequently (1.1), admits a sequence (ux) > of distinct kT-periodic solutions whose amplitudes
and minimal periods tend to infinity. Thus, the proof of Theorem 1.1 is complete.
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