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We give some identities on the g-Bernoulli and g-Euler numbers by using p-adic integral equations
on Zy.
P

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Qp, and C, will denote the
ring of p-adic integers, the field of p-adic rational numbers, and the completion of algebraic
closure of Q,, respectively. Let N be the set of natural numbers and Z, = NU {0}. The p-adic
norm | - |, is normally defined by |p|, = 1/p.

As it is well known, the Euler polynomials are defined by

2
et +1

) m
et = eFOt = ZE"(X)E’ (1.1)
n=0 :

with the usual convention about replacing E"(x) by E,(x) (see [1-14]). In the special case,
x =0, E,(0) = E, is called the nth Euler number.
The ordinary Bernoulli polynomials are also defined by

[¢') tn
—— 1ext — Bt _ ZBn(x)ﬁ' (1.2)
n=0 :
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with the usual convention about replacing B"(x) by B,(x) (see [1-14]). In the special case,

x =0, B,(0) = B, is called the nth Bernoulli number.

Let UD(Zy) be the space of uniformly differentiable functions on Z,. For f € UD(Z,),

the bosonic p-adic integral on Z,, is defined by
pN-1 pN-1
. N .1
1) = [ e = im 3 foou(x+p2,) = lim S f)
z, N—>oox:O N—>oop =0
(see [1,7]). Let f1 be the translation of f with f(x) = f(x + 1). From (1.3) we have

I(f1) = 1(f) = f(0),

(see [1,7]).
The fermionic p-adic integral on Z,, is also defined by T. Kim as follows:

pN-1 pN-1
Li(f) = fzp fdpa) = lim 3, fpea (x+pN2;) = Jim 3 fGOC)"

(see [6, 15,16]). By (1.5), we get
Li(f1) + Ia(f) = 2f(0),

(see [6, 8]).
Let f(x) = e € UD(Z,) with [t], < |p|}l,/(p_1) and |x|, < 1. From (1.4), we have

+ t X < t"
’[ e(x y)td/’l(y) = et — 16 f= ZBn(x)E'
n=0 :

4

Thus, by (1.7), we see that

[ Gy ant) =B, nez.

By (1.8), we get
B,(x) = l}é(?) X! J;p y'du(y) = IZ(; <7> x"'B,.

As an indeterminate, let us assume that g € C, with [1 -g|, < 1.
From (1.1) and (1.6), we note that the g-Euler polynomials are given by

2 & "
(x+y)t _ xt _
f e du_y (y) = P €= nEZOEn,q(x)n!,

Zyp

where E,, ;(x) are called the nth g-Euler polynomials (see [1, 3, 6, 8]).

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)
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Thus, by (1.10), we get
Enq(x) = f g’ (x+y)'du1(y), nez,. (1.11)
ZP

In the special case, x = 0, E, 4(0) = E,, 4 is called the nth g-Euler number (see [8, 9]). By (1.10)
and (1.11), we get the recurrence formula for the g-Euler numbers as follows:

2
Eoq= 1.’ q(Eqg+1)" + Enq = 260, (1.12)
q

with the usual convention about replacing E; by E, 4. Here [x] g = (1 -g%)/(1 - gq) is the
g-number of x and 6k, is the Kronecker symbol (see [10, 11]).
From (1.2), (1.7), and (1.8), we have

Bo=1, (B+1)"—B, =061, (1.13)

with the usual convention about replacing B" by B, (see [1, 3, 14]).
From (1.11), we easily see that

Epq(x) = En: (’;) x"Ey, (1.14)

1=0

(see [14]).

In this paper we give some interesting properties of p-adic integrals on Z, associated
with the g-Bernoulli and the g-Euler numbers. From those properties, we derive new
identities involving the g-Bernoulli and the g-Euler numbers arising from p-adic integrals
of polynomial identities.

2. Identities on g-Bernoulli and g-Euler Numbers

Let Cp be the cyclic group of order p" with Cp» = {{ € C,, | ¢ = 1}. Then T, is defined by
the direct limit as T, = lim,, . ,Cpn = Cp=. In this section, we assume that g(#1) € T, then
|g — 1|, < 1. From (1.4), we can derive the following equation (2.1):

t (oo} tn
Y ,(x+y)t — xt _
f qYe du(y) o1 7¢ nE:an'q(X)_"!’ (2.1)

Zy

where B, ;(x) is called the nth g-Bernoulli polynomial (see [7]). In the special case, x = 0,
B,.4(0) = By, is called the nth g-Bernoulli number.
By (2.1), we get

Bog=0, q(By+1)"=Bug=061n, (2.2)

with the usual convention about replacing Bf by B, 4 (see [7, 14]).
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From (1.3), we have
[ revant) = | r+nduew) 23
Z, Z,
By (2.3), we get
qf (1-x+y)"q’du(y) = (-1)" f a7 (x+y)"du(y). (2.4)
ZP ZP
From (2.1) and (2.4), we have

gBuq(1-x) = (-1)"B, g1 (x), neZ,. (2.5)
By using (1.4), we see that
g Qrxey)gau) = [ aGy)duty) < 6)
) v
Thus, by (2.1) and (2.6), we get
gBuq(1+x) =By q(x) +nx"', neZ,. (2.7)

Therefore, by (2.5) and (2.7), we obtain the following theorem.

Theorem 2.1. For n € Z., one has
(=1)"By g1 (=x) = gByq(1 + x) = By g(x) + nx""". (2.8)

From (1.5) and (1.6), we note that
f (1-x+y) "¢ dp1(y) = (-1)" IZ (x+y)"q ¥ Vdpu (). (29)
ZP P

Therefore, by (1.11) and (2.9), we obtain the following theorem.

Theorem 2.2. For n € Z,, one has
qEn/q(l -x) = (_1)nEn,q’1 (x) (2.10)

By (1.6), we get

qf ¢/ (x+1+y)"dua(y) + f ' (x+y)"dpa (y) = 2x". (211)
ZP ZP
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Thus, by (1.11) and (2.11), we have

GEnqg(x +1) = —En4(x) +2x", ne€Z,.

Therefore, by Theorem 2.2 and (2.12), we obtain the following theorem.

Theorem 2.3. For n € Z,, one has

(—1)"En,q-1 (=x) = gEpq(1 + x) = =Ej 4(x) +2x".

By using the p-adic integrals on Z,, we have the following equation (2.14):

f q(ery)e(JHy)td#(x)dﬂ_l (y) — f qxl’:'Xtd/l(X) J. qyeytd//t_l (y)
z, )z, z, z,

(1) ()=
" \get-1/\get+1/)  ge? -1

:f q2x62xtd#(x).
ZV

By (2.14), we get
f f Y (x +y) " dp(x)dpa (y) = Z"J g x"dp(x).
2,72, Zy

It is not difficult to show that

,[ z, f 2, g (x+ y)"du(x)dp () = g(;(?) f z, f 7, g X"y dp(x)dp- (y).-

Therefore, by (2.15) and (2.16), we obtain the following theorem.

Theorem 2.4. For n € Z.., one has

- [N
> < 1 > BuiqEiq = 2"Bqp.

1=0
By (2.5), (2.7), (2.12), Theorems 2.1, and 2.3, we get

GBug(x) = (-1)"By g1 (1 = x) = Bug(x — 1) + n(x - 1)" ",

GEnq(x) = (-1)"Ey g1 (1 = x) = =Epq(x = 1) + 2(x - )"

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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From (2.1), we have

By (x) = f ¢ (x+y)"du(y) = 3 (’;) B!, nez,. (2.20)
Zy 1=0
Let
L=gq f G Bug(x)dpu(x) = 4 <’l1> B.14Big. (2.21)
Zy 1=0

From (2.18), (2.20), and (2.21), we note that

= (— "n n e X(x — ld X (nr _ n—1d
= 0SS (7)Bra [ 0D e -1 o)

n

EIY (’;) By 1yBig(~1) + 1By 14(-1) (2.22)
1=0

- /N
- (13, (1) Buaboia-D) + By (-1

By (2.5), we get

an,q(—l) = (_1)an,q’1 (2)1 nez,. (2.23)
By (2.3), we easily see that

4°Byq(2) =g+ qByq(1) = nq + Byg + 61, (2.24)

where 61 ,, is the Kronecker symbol.
Thus, by (2.23) and (2.24), we get

Byg(-1) = (=1)"(n +qB, 41 + 461,). (2.25)

By (2.22) and (2.25), we get

L=y (’;) Biy(-1)""(n—1+qBy 151 + q611) + nBy_1,4(-1)
1=0

n-1 n-1 n n

n ( 1 )B,,q(—1)l +q), < 1 ) (-1)'BigBu-ig1 + q(=1)""'1By 1,4 + nBy_14(-1) (2.26)

1=0 1=0

L n 1 n-1 n-1

qZ( l)(—l) BigBy g1 +(-1)""nBy1g + (1+ (1)) By 4(-1).

1=0

Therefore, by (2.21) and (2.26), we obtain the following theorem.
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Theorem 2.5. For n € Z., one has

1=0 =0

Let us consider the following integral:

f G Eng () dpr (x) = Z() EriFuy

By (2.19), we get

L= _J‘Z g Epq(x —1)dp-1(x) + ZIZ q*(x = 1)"dp-1(x)

n

=-y (7) EiyEn14(~1) + 2E, 4(~1)

1=0

==y (’;) Ep14E14(~1) + 2E, 4(-1).
1=0

From Theorem 2.2, we note that
GEng(-1) = (-1)"Enq1(2), neZ,.
By (1.12), we get
Enq(2) =2q+Ey g — 280
Thus, by (2.30) and (2.31), we get
Epnqg(-1) = (-1)"(2+qE, 01 —2q60,).

From (2.29) and (2.32), we note that

n

12 = —Z <Tll) Ellq(—l)nil (2 + qEn_lqul — 21750,11—1) + 2(—1)” (2 + qEn,qfl — 2q60,n)

1=0

& /n e
=) ( 1 > (-1)""EjqEp 141 +2qEng.
1=0

Therefore, by (2.28) and (2.33), we obtain the following theorem.

Theorem 2.6. For n € Z., one has

L /n . /n _
> ( l > En-qEiq+ > ( l ) (-1)""EjEp141 = 2Ep ;.
1=0 =0

2n
2n 2n
Z( I >B2n—l,qu,q Z( >( 1) quan -lg' = —2nBo;,- 14-

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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Now we consider the fermionic p-adic integral on Z, for the nth g-Euler polynomials

as follows:

I; = f g Enq(x)dp(x) = i (7) Eiq ,[Z,, g x"dp_q(x)

Zp 1=0

< /n
= Z<1>El,qEn—l,q/ nel,.
1=0

On the other hand, by Theorem 2.2, we get

L=(-1)"q" J Epq1 (1 - x)q*dp(x)
ZP
n_— L /n X
= (-1 1%( L fzp g1 = ) dpu s (x)

n

=g 'S (") E, o (1) Ep (<1).
q lz;(,) (1) By (1)

From (2.32) and (2.36), we note that

L=(-1)"q"'>; <Tll> Ey141 (2 +qEp 1 - 2q60,)
1=0

_ e /1
= 2(=1)"q " Epgr (1) + (1) Z(l)En,,,qflE,,qfl —2(=1)"Ep e
1=0

- (1
= —2(=1)"Ep g1 +4(=1)"60, + (-1)" D] ( ; ) Epiq1Eq1 = 2(-1)"Epq.
=0

Therefore, by (2.35) and (2.37), we obtain the following theorem.

Theorem 2.7. For n € Z.., one has

1=0

From (2.1) and (2.7), we note that

n

n q n+1 qg-1
b — Z( l )Bl/q(x)‘f' —n+1Bn+1,q(x),

""'11:0

2n+1 2n+1
2n+1 2n+1
Z ( i )El,qE2n+1—l,q + Z < I >El,q‘] E2n+1—l,q‘1 = 4E2n+1,q‘1 .
=0

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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Let us consider the following fermionic p-adic integral on Z,:

[ stardpie - 153 (””)j 7By ()1 (x) +

P =i

S (n+1 ! q—l"” n+1
) < >Z <k>Blfk’qu’q " mz< l )B"””"?El"f'

1=0 k=0 1=0

Therefore, by (2.40), we obtain the following theorem.

Theorem 2.8. Forn € Z., one has

g & /n+l\w/I g-1" /n+1

From (1.10) and (2.12), we note that

Thus, by (2.42), we get

XN [ ]q x (=
J g x"dpu_,(x) = - § nq(x)q dpu_q(x) + 22( )f q Elq(x)d‘u 1(x)

. 1=0
=%§<7) n-1qE1q + gn_zo< ) o< >El—k,qu,q-

Thus, by (2.43), we have
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