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The Cauchy problem for a nonlinear generalized pseudoparabolic equation is investigated. The
well-posedness of local strong solutions for the problem is established in the Sobolev space
C([0,T); H*(R)) N C ([0, T); H* ' (R)) with s > 3/2, while the existence of local weak solutions
is proved in the space H*(R) with 1 < s < 3/2. Further, under certain assumptions of the nonlinear
terms in the equation, it is shown that there exists a unique global strong solution to the problem
in the space C([0, 00); H*(R)) N C!([0, o0); H*"(R)) with s > 2.

1. Introduction

Davis [1] investigated the pseudoparabolic equation

0
w(t, x) = &‘P(u’C) + AUy, (1.1)

where the constant a > 0, the function ¢ € C?*(—c0,0), ¢(0) = 0 and ¢'(¢) > 0, and the
subscripts x and t indicate partial derivatives. Equation (1.1) arises from the study of
shearing flows of incompressible simple fluids. The quantity ¢(u,) + au, is viewed as an
approximation to the stress functional during such a flow. Much attention has been given to
this approximation when the function ¢ is linear (see [2, 3]). The existence and uniqueness
of the global weak solution of the initial value problem for (1.1) were established in [1].
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Recently, Chen and Xue [4] investigated the Cauchy problem for the nonlinear gener-
alized pseudoparabolic equation

Up — Ay — Myy + YUy + f (1), = a%C(lp(ux) +g(u)—ag(u),,, x€R, t>0, (1.2)

where u(t, x) is an unknown function, & > 0, A > 0, y is a real number, f(s), ¢(s), and g(s)

denote given nonlinear functions. The well-posedness of global strong solution in a Sobolev

space, the global classical solution and its asymptotic behavior are studied in [4] in which

several key assumptions are imposed on the functions ¢(s) and g(s). In fact, various dynamic

properties for many special cases of (1.2) have been established in [5-7]. For example, when

p(s) = g(s) =0, (1.2) becomes the generalized regularized long wave Burger equation.
Motivated by the works in [1, 4], we study the problem

0
U — AUpyr = a—x(p(ux) + ﬂu2muxx, X€ER, t>0, (13)

u(0,x) = up(x), x€R,

where a > 0 and > 0, m is a nature number, ¢(s) is a given function, and u,(x) is a given
initial value function. Here we should address that (1.2) does not include the first equation
of problem (1.3) due to the term fu*"u,,. Letting § = 0, the first equation of problem (1.3)
reduces to (1.1).

The objectives of this work are threefold. The first objective is to establish the local
well-posedness of system (1.3) in the space C([0,T); H*(R)) N C*([0,T); H*'(R)) with s >
3/2. We should address that the Sobolev index s > 2 is required to guarantee the local well-
posedness of (1.1) and (1.2) in the works of Davis [1] and Chen and Xue [4]. The second aim
is to study the existence of local weak solutions for system (1.3). The third aim is to discuss the
well-posedness of the global strong solution for problem (1.3). Under the assumptions of the
function ¢(s) and the initial value uy(x) similar to those presented in [1, 4], problem (1.3) is
shown to have a unique global solution in the space C([0, o0); H*(R)) N C*([0, o0); H*"}(R)).

The organization of this paper is as follows. The well-posedness of local strong solu-
tions for problem (1.3) is investigated in Section 2, and the existence of local weak solutions is
established in Section 3. Section 4 deals with the well-posedness of the global strong solution.

2. Local Well-Posedness

Let L = LP(R) (1 £ p < +oo) be the space of all measurable functions h such that
Ihl?, = [t x)|Pdx < oo. We define L* = L*(R) with the standard norm |[|h]|t» =
infyn(e)=0 SUP g\ A (f, X)|. For any real number s, H® = H*(R) denotes the Sobolev space with
the norm defined by

- 1/2
il = <jR<1 v |§|2)S|h<t,§>|2dg) <o, @.1)

where h(t, &) = [, e **h(t, x)dx.
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For T > 0 and nonnegative number s, C([0,T); H*(R)) denotes the Frechet space of all
continuous H*-valued functions on [0,T). We set A = (1 — ai)” 2. For simplicity, throughout

this paper, we let ¢ denote any positive constants.
The local well-posedness theorem is stated as follows.

Theorem 2.1. Provided that s > 3/2, ug € H*(R), ¢ is a polynomial of order N with ¢(0) = 0.
Then problem (1.3) admits a unique local solution:

u(t,x) € C([0,T); H*(R)) (" C'([0,T); H*'(R)). (2.2)
Proof. In fact, the first equation of problem (1.3) is equivalent to the equation
u = A2 (i(p(ux) + ﬁuz"’uxx>, (2.3)
ox
which leads to

t
u=1uy+ I A’2<a%(p(ux) + ﬁuzmuxx>d’r. (2.4)

0

Suppose that both u and v are in the closed ball By, (0) of radius My > 1 about the zero
function in C([0,T]; H*(R)) and A is the operator in the right-hand side of (2.4), for fixed
t e [0,T], we get

H f ; A2 (), + pri" s ) dt - f ; A2 ((0x), + po*" v )t

H (2.5)

Hs2 > .

The algebraic property of H®(R) with sy > 1/2 (see [8-10]) and s > 3/2 derives that

uZmuxx _ ,02m,vxx

< T<sup llo(ex) = 9(02) || 1yor + sup
0<t<T

0<t<T

U ~ v,

= ”(u - )<u"71+ujfzv +otu vj72+vj71>“
-1 x x x x Ux xUx x -1

<

Uy — V|| s || <uf;1 1l v a0l v{[l> “HH

2 . (2.6)
iy - -1 .
< ellitx = vxll g Dl Moxllges < €Myl =i,

i=0

N
(1) = p(@)llrrr < € M1(1x) = (02) llpzer < M|t = 0l
j=0
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Using 2™t = O, [t2"11,] — 2mu®™ " (1)? and 02" v, = B, [0¥"v, ] — 2mv?™\ (v,)?, we get

” WPy — oMo 2m71ui _ vzm’lv,zc

e < |0« [uzmux - vzmvx] lgzs—2 + clju || £7s-2

< c“ <u2m - Uzm>vx + 1™ Uy — Uy)

Hs1

+ c”uzm_1 <ui - v,%) + <u2m"1 - vzm_1>vi

Hs1

(2.7)
< c<|| <u2m - Uzm>Ux||Hsfl + ”uzm(ux — Uy) e
-, e -y, )
< cMS’"Hu — 0| s,
in which s > 3/2 is used.
From (2.5)—(2.7), we obtain
|Au - Av|| s < |lu - ||, (2.8)

where 6 = max(cTM}’™,cTM2™) and c is independent of T. Choosing T sufficiently small
such that 6 < 1, we know that A is a contractive mapping. Applying the above inequality and
(2.4) yields

| Awllprs < llutoll s + Olloell - (2.9)

Choosing T sufficiently small such that O Mg + ||uo||p: < Mo, we know that A maps By, (0)
to itself. It follows from the contractive mapping principle that the mapping A has a unique
fixed point u in Bpy, (0). This completes the proof of Theorem 2.1. O

3. Existence of Local Weak Solutions

In this section, we assume that ¢(#) = 7*N*! where N is a nature number. In order to establish

the existence of local weak solution, we need the following lemmas.

Lemma 3.1 (see Kato and Ponce [8]). If r > 0, then H" (| L* is an algebra. Moreover,
luolly < cllull-llolly + lulllloll-), (3.1)

where c is a constant depending only on r.

Lemma 3.2 (see Kato and Ponce [8]). Let r > 0. Ifu € H" \WY* and v € H""' (" L*, then

1A, w0l < c(I0xulliIAolliz + A w2 0]l ) (32)
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Lemma 3.3. Let s > 3/2, ¢p(uy) = u?N*1, and the function u(t, x) is a solution of problem (1.3) and
the initial data uo(x) € H®. Then the following results hold.
For q € (0,5 — 1], there is a constant c such that

f ) <A‘7+1u>2dx < J'R [(Aq“uo)z] dx

t

2 2 2m-2 3.3

e [ e (sl sl el 2 (33)
0

2m-1 2
e [l + el ) b
For g € [0, s — 1], there is a constant c such that
el < el g (el + el X7, (3.4)

Proof. For q € (0,s — 1], applying (A9u)A7 to both sides of the first equation of system (1.3)
and integrating with respect to x by parts, we have the identity

2dtj [(A"u) + a(Auy) ]dx j (ATu) AT (p(uy) )dx+ﬂj A"uA"[u uxx]dx. (3.5)

We will estimate the two terms on the right-hand side of (3.5), respectively. For the first term,
by using the Cauchy-Schwartz inequality and Lemmas 3.1 and 3.2, we have

U (ATu)AT(p(uy), )dx | = U (ATur) AT (p(uy) ) dx
R R (3.6)
< | AT |2 || A9 (1) N S cllull g el
For the second term, we have
f ANTuN1 [u uxx] dx = I ATuNT [<u2’”ux> - Zmuszlui] dx
R R X
= f AT, N1 (uzmux> dx — ZmI ANTuN1 [u2m’1ui]dx = K; + Ks.
R R
(3.7)

For K3, applying Lemma 3.1 derives

K| < ellalr (Nl + e 220, (38)
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For K;, we get

2m-1, 2
ux

|K2| < cllul|pallu | 2o

2m-1

< ellulas (1™ el s + 02 ) (39)

< ellulR g (ol Nl + s B a2 2).
It follows from (3.5)—(3.9) that there exists a constant ¢ such that

i [(Aqu)2 + (Aqux)Z] dx
R (3.10)

2 2N 2 2m-2 2m-1 2
SCIIuIIHqH(IluxIILm ol 2 (17 (172412 71 +||u||L’ZZ>-

Integrating both sides of the above inequality with respect to f results in inequality (3.3).
To estimate the norm of 1, we apply the operator (1 — d2)™" to both sides of the first
equation of system (1.3) to obtain the equation

0
U = A‘2<a—x<p(ux) + ﬁu2muxx>. (3.11)
Applying (A9u;) A1 to both sides of (3.11) for g € [0, s — 1] gives rise to
f (AT dx = f (A7) A92 [axtp(ux) + uZmuxx] dr. (3.12)
R R

For the right-hand of (3.12), we have

[ amup(1-2) M09

el <fR ()| [ <€-n>@<n>]dﬂ]2>l/2

< cllullealleellen el o s 1721,

'JR(Aqut) (1 - 636) _1Aqax (uzmux> dx

< c||lug|| ga <J'R (1 N §2>q—1 UR [1;2771 .- n)LTx(q)]dq]2>l/2 (3.13)

< clluelleslleller el o 7277,

JR (A%uy) (1 — 63() 71/\‘1 (uzm_lui> dx

<atut(J, 120" [ - acolo)

2m-1
< cllugl|palluell e lloell o lloell 72
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Applying (3.13) into (3.12) yields the inequality
2m-1

aello < clael el (a2 + e 23)

for a constant ¢ > 0. This completes the proof of Lemma 3.3.

Lemma 3.4. If u(t, x) is a solution of problem (1.3), a > 0, (1) = 7*N*1, then
lulle < cllullmr) < clluolla r),

where c is a constant.

(3.14)

(3.15)

Proof. Multiplying both sides of the first equation of (1.3) by u(t,x) and integrating with

respect to x over R, we have

1d I [u(t, x)? + auy(t, x)2]dx = j () u(t, x)dx +ﬂf 2y
24t ), . ]

Since

wN"2dx - p2m + 1) j u?mutdx <0,
R

fR P (1ts) cu(t, x)dx + p jR T f

R

we derive that

d 2 2
I IR [u(t, Xx)° + auy(t, x) ]dx <0,

N =

which results in
J‘ [u(t, x)? + aux(t,x)Z] < f [u(O, x)* + zxux(O,x)2] < c||uo||f{1.
R R

From (3.19), we know that (3.15) holds. This completes the proof.

Defining
eV x| <1,

P = {0, x| > 1

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

and setting ¢ (x) = e V/4p(e7/4x) with 0 < € < 1/4 and u.o = ¢, * uy, we know that 1.y € C*

for any up € H°(R) and s > 0.
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It follows from Theorem 2.1 that for each ¢ the Cauchy problem

0
Ut — Upxx = a‘/’(ux) + ,Buzmuxx/ (3 21)

u(0,x) =ux(x), x€R

has a unique solution u,(t,x) € C*([0,T); H*®).

Lemma 3.5. Under the assumptions of problem (3.21), the following estimates hold for any & with
0<e<1/4,up€e H(R)and s >0 :

lttcox |l < c1llttox || ee,
(3.22)

lueolla <1, ifq<s,

where ¢y is a constant independent of ¢.
Proof. Using the definition of 1.9 and u.o, results in the conclusion of the lemma. O

Lemma 3.6. Suppose that ug(x) € H*(R) with s € [1,3/2] such that ||ugx|lr- < oo. Let uy be
defined as in system (3.21) and let (1) = n*N*1. Then there exist two positive constants T and c,
independent of €, such that the solution u, of problem (3.21) satisfies ||ugx||= < c forany t € [0,T).

Proof. Using notation u = u, and differentiating both sides of the first equation of problem
(3.11) with respect to x give rise to

Uty = —(uy) — PP u, + A7 [(p(ux) + Pt u, — 2mﬂ<u2m‘1ux>x]. (3.23)

2p+1

Letting p > 0 be an integer and multiplying the above equation by (1) and then

integrating the resulting equation with respect to x yield the equality

2p+ 5 dtf (1) dx = — f p(uy)u " dx - pf 2my 2P 2dx+f Ju?dx,  (3.24)

where
J=A2 [(p(ux) + pu*™u, — 2mp (uzm*lux> ] (3.25)
Applying the Holder’s inequality to (3.24) and noting Lemmas 3.4 and 3.5, we obtain

f ()PP dx < cf|uxlPN f ux?2dx + ¢ f Wl dx

1/(2p+2) 2(p+1)/2(p+2)
+ < f | ]|2P+2dx> (uff“dx)
R

2p +2dt
(3.26)
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or

d 1/(2p+2) 2pi2 1/(2p+2) opi2 1/(2p+2)
E(J‘ (ux)z(p+2)dx> < cllull2Y (f " dx> + c<f ul" dx)
R R R

(3.27)
1/(2p+2)
+ (J | ]|2”+2dx> .
R

Since ||fllr — |fllL= asp — oo for any f € L*(L?, integrating both sides of the
inequality (3.27) with respect to t and taking the limit as p — oo result in the estimate

t
sl < Baoale + [ (ol + B0 4 17 ) (3.28)
0

Using the algebra property of H*(R) with sop > 1/2 yields (||u,|| 12+ means that there exists
a sufficiently small & > 0 such that ||ug||1/2+ = [|1e|| pir2es)

= < cllf e < A2 [pn) + e = 2mp (") llspe

< c(lpGllpo + sz + 20 )
(3.29)
< (el PN el + el + 22 el )
< c(flu?N +1),
in which Lemmas 3.4 and 3.5 are used. From (3.28) and (3.29), one has
t
el < o+ [ [L+ el + B+ 21 (3.30)
0

From Lemma 3.5, it follows from the contraction mapping principle that there is a
T > 0 such that the equation

t
Wile = loele + [ [+ W+ IWEE + WY ar (331)
0

has a unique solution W € C[0, T]. Using the result presented on page 51 in [11] yields that
there are constants T > 0 and ¢ > 0 independent of ¢ such that ||uy|t= < |[W(#)|L>» < ¢ for

arbitrary t € [0, T], which leads to the conclusion of Lemma 3.6. O
Using Lemmas 3.3-3.6, notation u, = u and Gronwall’s inequality result in the
inequalities

luell g < Cre’, 332
et || e < Cre®T,
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where g € (0,s], r € (0,s —1] (1 £ s < 3/2) and Cr depends on T. It follows from
the Aubin’s compactness theorem that there is a subsequence of {u.}, denoted by {u,,},
such that {u,,} and their temporal derivatives {u,,} are weakly convergent to a function
u(t,x) and its derivative u; in L*([0,T], H®) and L?([0,T], H*!), respectively. Moreover,
for any real number R; > 0, {u,,} is convergent to the function u strongly in the space
L?([0,T], H1(-Ry, Ry)) and {u,,;} converges to u; strongly in the space L*>([0,T], H"(-Ry, Ry))
for r € [0, s — 1]. Thus, we can prove the existence of a weak solution to (1.3).

Theorem 3.7. Suppose that ug(x) € H® with 1 < s < 3/2, |luox|l= < o0 and ¢(n) = n*N*L.
Then there exists a T > 0 such that (1.3) subject to initial value uy(x) has a weak solution u(t,x) €

L2([0,T], H®) in the sense of distribution and u, € L*([0,T] x R).
Proof. From Lemma 3.6, we know that {u, .} (¢, — 0) is bounded in the space L*. Thus, the

sequences {u, }, {te,x}, {12 .}, and {12!} are weakly convergent to u, uy, u%, and u2N*! in
L?[0,T], H" (-R, R) for any r € [0, s — 1), separately. Therefore, u satisfies the equation

T T
[ wta-godxar={ [ [@g s puimug, -2mpr-tiiglaxar, (339
0 /R 0 /R

with u(0,x) = ug(x) and g € C{. Since X = L'([0,T] x R) is a separable Banach space
and {u,,,} is a bounded sequence in the dual space X* = L*([0,T] x R) of X, there exists
a subsequence of {u,,}, still denoted by {u,,.}, weakly star convergent to a function v in
L*([0,T] x R). It derives from the weakly convergence of {u,} to uy in L*([0, T] x R) that
u, = v almost everywhere. Thus, we obtain 1, € L*([0,T] x R). ]

4. Well-Posedness of Global Solutions

Lemma 4.1. If u(t, x) is a solution of problem (1.3), a > 0, (1) = 7*N*1, then

x|l < A2, (4.1)

where

l+a

o,

Proof. Multiplying each side of the first equation of problem (1.3) by u,, and integrating over
[0,¢] x R yields

t t
2 2m., 2 gﬁ 2 _
fo IR <uxx(p (1) + 10"+ 5 (uxx>>dx dt L fR Uittxdx dt. (4.3)

Integrating the right-hand side of the above identity by parts and using u,(+o) = 0, we get

—(u x))*+ (1 +a) (ug(x))z] dx. (4.2)

2 JZ IR Uttyxdxdt = fR [ (x)] *dx - fR W2 (¢, x)dx. (4.4)
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From (4.3), (4.4) and the assumption of this lemma, we have
2 ! 2 " 2
e+ Tl < [ [(5000)” + ()], (45)

from which we obtain (4.1). O

Theorem 4.2. Suppose that s > 2, ug € H*(R), ¢p(uy) = u2N*! with positive integer N. Then

problem (1.3) has a unique global solution:
u(t,x) € C(10,%0); H*(R)) () €' ([0,00); H*(R)). (46)

Proof. Using the Gronwall inequality and Lemma 3.3 and choosing s = g + 1, we have

Nl < clluol|mrs efé(llux\lﬁ\i | oo N5 2 e lloo Nl 72+l )T (4.7)

From Lemma 4.1, we have

12 l+a,, 2 " ) 172
< A2 = ([ [F2200)* + A+ @) @0 | dx) < el @9
Using (4.7) and (4.8) derives
llull s < clluol| e, (4.9)
which completes the proof of Theorem 4.2. O
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