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We investigate the consistency of spectral regularization algorithms. We generalize the usual defi-
nition of regularization function to enrich the content of spectral regularization algorithms. Under
a more general prior condition, using refined error decompositions and techniques of operator
norm estimation, satisfactory error bounds and learning rates are proved.

1. Introduction

In this paper, we study the consistency analysis of spectral regularization algorithms in reg-
ression learning.

Let (X, d) be a compact metric space and p a probability distribution on Z = X xY with
Y =R. The regression learning aims at estimating or approximating the regression function

fo(x) = L ydp(y | x) (L1)

through a set of samples z = {(x;,y;)}j2; € Z™ drawn independently and identically ac-
cording to p from Z.

In learning theory, a reproducing kernel Hilbert space (RKHS) associated with a Mer-
cer kernel K(x,y) is usually taken as the hypothesis space. Recall that a function K : X x
X — Ris called a Mercer kernel if it is continuous, symmetric, and positive semidefinite.
The reproducing kernel Hilbert space £ is defined to be the closure of the linear span of
K, := K(-,x), x € X. The reproducing property takes the form

F) = (£ Ke)y, VfeEHk, VxeX. (1.2)
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For the Mercer kernel K(x, y), we denote that

K= meaXX\/K(x, x). (1.3)

Our first contribution is to generalize the definition of regularization in [1] such that
many more learning algorithms can be included in the scope of spectral algorithms.

Definition 1.1. We say that a family of continuous functions g, : [0,x*] — R, A € (0, 1] is
regularization, if the following conditions hold.

(i) There exists a constant D such that

sup |ogi(o)| < D. (1.4)

O0<o<k?

(ii) There exists a constant B > 0, 0 < a < 1 such that

sup |g1(0)] < E (1.5)

a
0<o<k? A

(iii) There exists a constant y such that

sup |1-g(o)o| <. (1.6)

0<o<K?

(iv) The qualification vy of the regularization g, is the maximal v such that

sup |1-gi(o)o|o” <A™, (1.7)

0<o<k?

where ¥, does not depend on .

Our definition for regularization is different from that in [1]. In fact, the definition
given by [1] is the special case when taking & = 1 in (1.5) and (1.7). So from this viewpoint,
our assumption is more mild and it is fit for more general situations, for example, coefficient
regularization algorithms correspond to spectral algorithms with a = 1/2, the relation bet-
ween coefficient regularization algorithms and spectral algorithms had been explored in [2].

Letx = {x;}12; and y = {y;}1,. The sample operator Sy : Hx — R™ is defined as Sxf =
{f(x:)},. The adjoint of Sy under 1/m times the Euclidean norm is SIc = (1/m) 3", ¢;K,.
For simplicity, we use T to stand for SIS,.

The spectral regularization algorithm considered here is given by

f} = qu(T)SLy. (1.8)

The regularization g, A € (0,1] in (1.8) was proposed originally to solve ill-posed
inverse problems. The relation between learning theory and regularization of linear ill-posed
problems has been well discussed in a series of articles, see [1, 3] and the references therein.
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The analysis made in previous literatures provides us with a deep understanding of the
connection between learning theory and regularization.

A large class of learning algorithms can be considered as spectral regularization
algorithms in accordance with different regularizations.

Example 1.2. The regularized least square algorithm is given as
f2 =arg mm—Z(% f)* + Al £l (19)

It has been well understood due to a lot of literatures [4-11], and so forth. It is proved in [7]
that

fa =T+ AD)7'SLy, (1.10)
which corresponds to algorithm (1.8) with the regularization
(0) =+ (1.11)

In this case, we have B =D =y = y,, = a = 1, the qualification vy = 1.

Example 1.3. In regression learning, the coefficient regularization with /> norm becomes

A = J—
fi = fa, a = argmﬂgng(yl Fulxc)? + )Lchxl, (1.12)
where
fo= D mKy, VaeR™ (1.13)

The coefficient regularization was first introduced by Vapnik [12] to design linear
programming support vector machines. The consistency of this algorithm has been studied
in literatures [2, 13, 14]. In [2], it is proved that the sample error has O(1/+/m) decay, even
for nonpositive semidefinite kernels, and

fr=(a+ Tf) T, Sly. (1.14)
Thus, it corresponds to algorithm (1.8) with the regularization
-1
(o) = ((72 + )L) o. (1.15)

In this case, we have B = D = y = y,, = 1, the qualification vy =2 and & = 1/2.
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Example 1.4. Landweber iteration is defined by g\(c) = >, l.%)‘lfl(l - 0)" where |a| = max{m :
m € Z,m < a}. This corresponds to the gradient descent algorithm in Yao et al. [15] with con-
stant step-size. In this case, we have that any v € [0, +c0) can be considered as qualification
of this method and y, = 1if 0 < v < 1 and y, = v” otherwise.

Let f7, be the projection of f, onto K, here £y denotes the closure of £y in Lf,x (X).

The generalization error of f2 is

() = (Feo-v)dp= [ (re0-Fato) dpx+ | (£ = fy0) dpx 0%,
(1.16)

where py is the marginal distribution of p on X, 0 is the variance of random variable y—f, (x).
So the goodness of the approximation f2 is measured by || f2 — f3,,x, where we take the L?
norm defined as

1/2
17l = ([ 1rPap) v e L0, a17)

The integral operator Lg associated with kernel K from L’%X (X) to Lf,X(X) is defined
by

Lxf(x) = fx K(x,t)f(Hdpx(t), Vf € L2 (X). (1.18)

Lk is a nonnegative self-adjoint compact operator [4]. If the domain of Lk is restricted to
Kk, it also is a nonnegative self-adjoint compact operator from #x to Hx, with norm
ILk |l wex —wex < % [16]. In the sequel, we simply write ||Lg| instead of ||Lk||lwx -, and
assume that |y| < M almost surely.

As usual, we use the following error decomposition:

<
PX

fo=fl

TER A I VY (1.19)
where
fr= (L) Lk fl- (1.20)

The first term on the right-hand side of (1.19) is called sample error, and the second one
is approximation error. Sample error depends on the sampling, and the law of large numbers
would lead to its estimation; approximation error is independent of the sampling, and its
estimation is mainly through the method of operator approximation.

In order to deduce the error bounds and learning rates, we have to set restriction on
the class of possible probability measures that is usually called prior condition. In previous
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literatures, prior conditions are usually described through the smoothness of regression func-
tion f,. We suppose the following prior condition:

fla=9(Lidho,  ho € L) (X), [lholl,, < R. (1.21)

Here, ¢ called the index function is some continuous nondecreasing function defined on
[0, x2] with ¢(0) = 0.

In the sequel, we request the qualification vy > 1/2, and there exists yio > 0 covering ¢,
which means that there is ¢ > 0 such that

Ao ol
c—— < inf —, 0<A<%2 1.22
o 0@ (122

It is easy to see that, for any p > po, p covers ¢.

Furthermore, we request that ¢(t) is operator monotone on [0, x*], that is, there is a
constant ¢, < oo, such that for any pair U,V of nonnegative self-adjoint operators on some
Hilbert space with norm less than x?, it holds

o) - (V)| < cpp(l - V1), (1.23)
and, there is d,, > 0 such that

A < % g<i<o<? (1.24)

LoN) T p(o)’ - '

It is proved that ¢(t) = t* for 0 < & < 1 is operator monotone [8].
In [1], Bauer et al. consider the following prior condition:

f;é € Q‘P'R’ Q‘P/R = {f € e’éKIf = (p(LK)’U, ||’U||K < R} (125)

This condition is somewhat restrictive, since it asks that f, must belong to #.

Our result shows that satisfactory error bound is available with a more general prior
condition, this is our second main contribution. So from this view point, our work is mean-
ingful. The main result of this paper is the following theorem.

Theorem 1.5. Suppose the index function ¢ with covering number po > 0 is operator monotone on
[0, x2]. The qualification vy satisfies vy > max{1/2, po} and that m > 2log(4/6) for 0 < 6 < 1.
Then, with confidence 1 — 6, there holds

fo=fh

ox < C1{<1 + A—a/2€1/2> <(p()»))t(“_1)”° +(0) + )L_“/211>

1.2
min{po, vo-1/2) } (126)

7

+ [A‘“‘” (o))" °]
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¢ = 22 2log(4/06)
= V—m ,

n= (P(.)L))L_”U+min{a(#0_l/2)' O}m—l lOg % + <1 + (P()L))L(a—l);m)m—l/&‘ hOg %

+ )Lmin{yg, v-1/2}(a-1)+a/2 ((P()L))mini(zvo—l)/z,uor 1}

where

(1.27)

4

and C; is a constant independent of A, m, 6.

This theorem shows the consistency of the spectral algorithms, gives the error bound,
and also can lead to satisfactory learning rates by the explicit expression of ¢.

This paper is prepared as follows. In Section 2, we will prove a basic lemma about
estimation of operator norms related to the regularization and two concentration inequalities
with vector value random variables. In Section 3, we give the proof of Theorem 1.5. In
Section 4, we derive learning rate under the setting of several specific regularization.

2. Some Lemmas

We simply write yp instead of y,,, in (1.7) for qualification v. To estimate the error || f2 - f2,[|,,
we need the following lemma to bound the norms of some operators.

Lemma 2.1. Let ¢ be an index function and vy > max{1/2, ug}. Then, the following inequalities
hold true:

sup |1 - gi(0)o|o® < yl=s/ys ™A%, W0 <5 < v, (2.1)
0<o<K?

s s (a=1)pos Vo
sup |1-g1(0)o|¢®(0) < asp® (VA Vo< s < . (2.2)
0<o<k? 0

sup |1 _ gA(O')O'l(P(O')\/E < ﬂlimin[yo, w-1/2}(a-1)+a/2 (QO(A))min{(ZVo—l)/zﬂo: 1}, (2.3)

O0<o<r?

sup |1(0)0"/2p(0) | < Pap(A) A latho=1/2) 0o, (2.4)

O0<o<k?

Here, ag, p1, P are constants only dependent on vy, o, Y, Yo, C, (p(xz).

Proof. By (1.6) and (1.7), for any 0 < s < vy, we have

sup I1 - 81(0)0|05 < sup [|1 - g/\(o-)o-lo.vo]s/vo % |1 _ g)t(o_)0_|1—s/v0
O<osw? 0<osK? (2.5)
< Yl_S/UUYg/vOJ\aS-
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Since pos < v and ¢ is covered by pg, by (2.1) and (1.6), we get

sup |1 - gu(0)oly*(0) = max{supll 81(0)o|y*(0), sup [1- gx(o)olq’( )0""5}

0<o<K? O0<o<A A<o<k?
1 _ / _
< maX{YwS(A),;sos(A)Yl pos/myg Al ”’”s}

Cls y s ! } F)ATI = g g7 (1) ADrs,

= max { Y,
(2.6)

In order to prove the third inequality, let 7 = min{2vy/(2vy — 1),v/po} and 7(1 -
1/2vy) = (1/po) min{pg, vy — 1/2}, by (2.2), we have

1-1/2 1 2
sup |1-g1(0)o] " *"p(0) = sup [|1-gi(0)oly" (@] (p(0)) T
0<o<k? 0<o<k?
< <(p<K2>>1—7-(1—1/21«))“%—1/21:0)Lmin{m, vo-1/2}(a-1) (2.7)

x ((P()L))min[(zvo—l)/2#0/ 1}.

Thus,
_ v11/2v0 1-1/2v
sup |1 -81(0)olp(0)vo = sup [|1-gi(o)o|c™] ™ x |1-gi(o)o[ " ¢(0)
0<o<x? 0<o<Kk? (28)

< ‘Bl)tmin{‘uo,vu—l/Z](a—1)+a/2 ((p()t)>min[(2vo—1)/2/¢g, 1}/

where f is a constant only dependent on vy, po, v, o, ¢, (p(xz).
If 0 < po <1/2, we have

1/2 (o)o”(’”/z ¢(0)

ot

}

<max{ sup |g,\(0' O'| 1/2 Ig (O' |1/2 ()L) (P( )D#°+1/231/2 ‘MO)L (1/2- ‘uo)a}

9(0)|, sup

A<o<K?

sup |gk(o)o

sup gx(o)ol/zq’(o)| max{
O<o<)A

0<o<k?

&r

O<o<A CcA#o

ax{VBD, ¢ DI*1/2B1 /2 L (1) ettt /2,
(2.9)

Similarly computation shows that, for pg > 1/2,

sup gx(0)01/2(p(0)| < max{r D, ¢! Dx?Ho- 1} (L)L7Ho, (2.10)

0<o<K?

Thus, the last inequality holds, and we complete the proof. O



8 Abstract and Applied Analysis
By taking s = 1/2in (2.1), we have

1-1/2vg

sup |1-gi(0)o|o? <y yarE a2, (2.11)

0<o<K?

The estimates of operator norm mainly adopt the following classical argument in
operator theory. Argument: let A be a positive operator in a Hilbert space, for f € C[0, || A[l],
then f(A) is self-adjoint by [17, Proposition 4.4.7] and o(f(A)) = {f(t) : t € 0c(A)} by [17,
Theorem 4.4.8] where o(A) is the spectral set of A. Consequently, || f(A)|l < ||flco-

The following probability inequality concerning random variables with values in a
Hilbert space is proved in [18].

Lemma 2.2. Let H be a Hilbert space and ¢ a random variable on (Z, p) with values in H. Assume
léll € M < oo almost surely. Denote 6*(¢) = E(||g||*). Let {z;}!", be independent random drawers
of p. Forany 0 < 6 < 1, with confidence 1 — 6, there holds

. 2Mlog(2/6) _, [20%(8) log(2/6) (2.12)
m m

Let HS(H k) be the class of all the Hilbert Schmidt operators on Hk. It forms a Hilbert
space with inner product

H%i[g(zn ~EQ)]

i=1

[ee]

(T, S)us = D (Toi, Spi) . (2.13)

i=1

where ¢; is an orthonormal basis of #x and this definition does not depend on the choice of
the basis. The integral operator Lk, as an operator on g, belongs to HS(# k) and || Lk ||as <
2 (see [9]). By Lemma 2.2, we can estimate the following operator norms.

Lemma 2.3. Let x = {x;}"; be a sample set i.i.d drawn from (X, px). With confidence 1 — 6, we have

< K2< 2log(2/6) _, [2log(2/6) > (2.14)

||LK - sIs, - -

Proof. Observe that SIS, = (1/m) 31" Ky, (-, Ky, ). Denote SIS, = (1/m) 3", &(x;). Here ¢
is the random variable on (X, px) given by é(x) = Ky (-, Ky ) -
Consider

<§(x)/§(x)>HS = Z<Kx<(Pier>K/ Kx(‘Pi/ KX>K>K = Z(‘Pir Kx>§<K(x/ X) < K4' (215)
i=1 i=1

For x € X and f € Hk, the reproducing property insures that

&) (f) = Ku(f, Ki) g = f(2)Ks. (2.16)
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Hence, E(¢) = Lk, and thereby
1 g
(Lk - S¥Sx) = Bt = — 3 4(x). (217)
i=1

According to (2.15), there holds ¢?(¢) = E|¢[l%s < «*. Inequality (2.14) then follows from
(2.12) and the fact that | Lx — STS,|| < ||Lx — ST Sy|lns- O

Lemma 2.4. Under the assumption of Lemma 2.1. Let z = {z;}i", be a sample set i.i.d drawn from
(Z, p). With confidence 1 — 6, we have

Sfy - Txfa ||K <2x <M + KﬂzR(p()L))C/‘0+min{a(llo—1/2), 01) —log(jl/(s) +ﬁ1R)Lmin{l‘-0,V0—1/2}(“-1)+ﬂ/2
min{ (2vo— _ 21 2/6
« ((P()L)) {(2vo-1)/2po, 1} +1<<a1)u(“ 1>#0(P(/\)R+Cp>“ OgTil/ )

Proof. Define ¢ = (fi(x) — y)K, so g is a random variable from Z to Hx. Combing the rep-
roducing property with Cauchy-Schwartz inequality, we get

(2.18)

1£:l.. = supl{fu Kl < xllfull - (2.19)

Since L}</2 is an isometric isomorphism from (Hk, || - [|lox) onto (Kk, | - [[x) (see [16]), we
obtain

1Al = |90 @O L oL ||,

< || @OL o[ x ol
(2.20)
< sup gl(t)tl/z(p(t)| x R
0<t<x?

< ﬁz(p(A)Amin{“(ﬂo‘l/z)' 0}—po R,

where the last inequality follows from (2.4).
By |y| £ M almost surely, there holds

gl = ((f1(x) = ) Ke, (Fa(x) = ) K)o < 32 (M + pap(d) Amin o1/ 01-”°R)2. (2.21)
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By (2.3) and Lk f, = Lk f_,, we get

lEglx = ||LK(fp _fl)”K = ”LK(f:@ _ff\)”K
= || Lx (L) (I = ga(Lr) Lk ) hol|

<[ (- st L)L LY

X

Lo
< ﬁlR)me[ﬂo, v-1/2} (a=1)+a/2 (tp(A))mi“{(ZVU‘l)/z””’ 11’
Ellglk = E(y = f1(x))*K(x,%)
<KE(y - fi(x))*
<[ -ft)ap+ [ (0= fa)dpx+ [ (£l = i) dpx

< 2 (a%J\Z(a—l)#o(PZ(J\)RZ +I (y- fp(x))2dp +1fo —f;}”ix),
z (2.22)

where, in the last step, we used the result of Proposition 3.1 in Section 3. For simplicity, we
write c% for fz(y - fp(x))zdp +fp - ]c;:q||§X Applying Lemma 2.2, there holds

1 & o ~ log(2/6)
- ; —E <2k(M Ro(M)A po+minfa(pg—-1/2), 0} O\ =/
ngmm el <2x(M+ xRy () )=
(2.23)
_ 21og(2/6)
L@ D) R —_—.
+ K<a1 p(L)R+ cp) po»
Then, we can use the following inequality to get the desired error bound,
1 m
Sty =T, < || Dls(z) ~ Eel|| + IEslx. (2.24)
m i=1 K
This completes the proof of Lemma 2.4. O

3. Error Analysis

Proposition 3.1. Let ¢ be an index function with py > 0 covering ¢ and vy > max{1/2,uo}, so
under the assumptions of (1.21), there holds ||fy — f,llpx < a1 A@DHog(L)R.

Proof. From the definition of f, and f7,, we have

fa—flo = u(Lx)LxfY - f1 = (9a(Lx)Lx — I)¢(Lg)ho. (3.1)
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So the following error estimation holds

1fx = flllpy < 18 (Lr) Lk = D)p(Li) || x [1holl

< sup |(g1(0)o —1)p(0)| x llholl o (3.2)

0<o<K?

< txl)»(“_l)”(‘(p()t)R,

where the last inequality follows from (2.2). O

Let us focus on the estimation of sample error.
Consider

f=A| = e - < L @@ DA - (@@t DEEA|

+ ]| (aTIT = DL L L o | + |10 (T (STy - T ||
=Ml + 12l + 3]l k-

(3.3)

The idea is to separately bound each term in Hx. We start dealing with the first term of (3.3).
Consider

I = (L - T2 (2T T = 1) (9(Li) = 9(T) 1 (L) L LY *ho

+ (L2 -T2 (1T T - Dp(T g1 (Lio) LY 2Ly ho

(3.4)
+ (UTITe= 1) (T2 = L)L) ga (L) L LY *h
=h+ 2+ s
According to (1.4) and (1.5), we derive the following bound:
s (L] < sup |gi(@)0™?| = sup \/|gu@)a] x\/|gu(0)]
0<o<k? 0<o<k? (35)

< 1*2\/DB.

Now, we are in the position to bound (3.4).
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Suppose that m > 21og(4/6), then

- <210g(4/6) . /210g(4/5)> <oy 21o8/0)
m m m

. log(4/6 [2log(4/6
2K<M + KﬁzR(p()»)A"ﬂ0+mln{“(ﬂo—l/2), 0]> —Og(m/ ) + K<a11(“—1)ﬂo¢(A)R + cp> —og; /9)

+ ,61 R)Lmin{‘uo,vo—l/ZJ (a-1)+a/2 (‘P(A»min{ (2vo-1)/2p0,1}

. log(4 2log(4/6
< ZKZﬂzR(P()L)A‘I‘Mmm[a(ﬂo—l/Z), 0} O—ggn/é) + K<M + a1R<P()L))L(“‘1)/‘0 + Cp> v —Ogrfi /%)

+ ﬂl R)tmin{‘uo,vofl/Z}(a—1)+a/2 ((P(J\))min{(2v0—1)/2y0,l]

< CO <(P()L))L—Ilo+min{u(/40—1/2), O}m—l IOg % + (1 + ()0()»))»(“_1)#(])711_1/21 “Og %

+)Lmin{;40,v0—1/2}(a—1)+a/2 (lp()t))mm{ (2v0-1)/2po,1 }>

= Con.
(3.6)

By Lemmas 2.3 and 2.4, with confidence 1 -6, the following inequalities hold simultaneously:

”u—ﬂ&

<¢ |

Sty -Tufi| < Con- (3.7)

Combing (1.6), (3.5) together with the operator monotonicity property of ¢(t) and t'/2,
we obtain

Il < | L2 = T2 x llga (BT~ 1] x (L) - (T |

[soni] < i,

(3.8)
< ¢py VDBRA*?||Lg = Tu| '/ x (|| Lk = Ti))
< cpyVDBRA™2V2(0).
By Lemma 2.1 and (3.5),
1l < [[LR = T2 1 (@a (T T = DT || x || g (L) L || |13 ho]|
< RVDB||Lg = Ty||"/? x ay @ Droa/2( ) (3.9)

<y RVDBG (1) A @ Dromar2,
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For the purpose of bounding || J3||x, we rewritten J3 as the following form:

Js = (§u(T) T = DT (9(Lk) - 9(To)) g1 (L) LY2LY kg

+ (gu(T)T ~ 1) T (T g (L) LY LY *ho

~ (8T T~ 1) (p(Lx) = 9(T)) g1 (Lx) L L *ho 10
— (81T T = D) p(Ty) g1 (L) L L *ho.
In the same way, we have that
sl < y/20y 20 Ry/DBip(g) + pramintiom-1/21=D (1)) min G20} /HER )

+yYRD¢(g) + RDajp(A)A @ Do,

Thus, we can get the bound for ||I1||x by combining (3.8), (3.9), and (3.11). What left is to
estimate || I||x and ||I3||x, we can employ the same way used in the estimation of || 1| k.
Consider

2]k < ” (eu(T)T = 1) (p(Lk) - ‘P(Tx))gA(LK)LKL}JZh()”K
+ ” (u(T)Tx - I)‘P(Tx)gA(LK)LKL}{2h0||K .
< YRDg({) + a1 RDep(A) A Dro,

Il < || (LY - TV2) (T (STy - Tefa) ||+ |

< CoBA™ Y2y + CovVDByA™/2,

Ti/ng(Tx)<S£y_ TXf)‘)”K (3.13)

Lastly, combining (3.8) to (3.13) with Proposition 3.1, we have Theorem 1.5 holds.

4. Learning Rates

Significance of this paper lies in two facts; firstly, we generalize the definition of regularization
and enrich the content of spectral regularization algorithms; secondly, analysis of this paper
is able to undertake on the very general prior condition (1.21). Thus, our results can be ap-
plied to many different kinds of regularization, such as regularized least square learning, co-
efficient regularization learning, and (accelerate) landweber iteration and spectral cutoff. In
this section, we will choose a suitable index function and apply Theorem 1.5 to some specific
algorithms mentioned in Section 1.

4.1. Least Square Regularization

In this case, the regularizationis gy(c) = 1/(c+1), L € (0,1]withB=D=y=yp=a =1
The qualification of this algorithm is vy = 1. Suppose ¢(t) = t" with 0 < r < 1, that means
fle =Lxho, ho € LfJX (X). Thus, we have that yp = r covering ¢(t).
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Using the result of Theorem 1.5, we obtain the following corollary.
Corollary 4.1. Under the assumptions of Theorem 1.5, we have the following.

(i) For 0 < r <1/2, with confidence 1 — 6, there holds

5/4
fA-full < O<<)J N .)L_lm‘3/4> <1 N )L—l/2m—1/4> <log %) > 1)
Px

-1/2

By taking A = m™/=, we have the following learning rate:

4N\ /4
o < O(m‘r/2 <log 5) > (4.2)

(ii) For 1/2 < r < 1, with confidence 1 — &, there holds

fo=fh

fo=fl

6

5/4
< O<<)Ll/2 F ATV 22 A\ m*1/4> <log é) > (4.3)
PX

-1/2

By taking A = m™/, we have the following learning rate:

4 5/4
. <O <m—l/4 <log 5) > (4.4)

4.2. Coefficient Regularization with the > Norm

fo=fa

In this case, the regularization is g (o) = o/(c?>+1), A€ (0,1l withB=D = Y=y=1a=
1/2. The qualification is vy = 2. We also consider the index function ¢(t) = t" with0 < r <1
and po =7.

Corollary 4.2. Under the assumptions of Theorem 1.5, we have the following.

(i) For 0 < r <1/2, with confidence 1 — 6, there holds

f2=fl

174, -1/4\ (yr/2 /2 1/24-1/4 14(1/2)(r-1) 4\
pXSO<<1+A m ><.}L +m rmT AT v mT A ><log5> >

(4.5)

By taking A = m™!, we have the following learning rate:

4 5/4
. < O<mr/2 <log 3> > (4.6)

fo=fl
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(ii) For 1/2 < r < 1, with confidence 1 — 6, there holds

4 5/4
A _ o+ -1/4_-1/4 r/2 -r/2 -1/24y-1/4 -
-1 so<(1+x m V) (A2 2 2 ><10g6> > (4.7)

By taking \ = m™2/ @™V we have the following learning rate:

4 5/4
N <0 <m—r/(2r+1) <10g 5) > . (4.8)

For coefficient regularization, the learning rates derived by Theorem 1.5 are almost
the same, see Corollary 5.2 in [2]. For least square regularization, the learning rates in
Corollary 4.1 are weak, the analysis in [8] by integral operator method gives learning rate
O(m=3/4141)) for 0 < r < 1/2; leave one out analysis in [11] gives the rate O (m ™"/ (1+21).

Our analysis is influenced by both the prior condition and the regularization. Under
the weaker prior condition (1.21), some techniques for error analysis in [1] are inapplicable;
we take more complicated error decomposition and refined analysis to estimate error bounds
and learning rates.

fo=fl
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