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By using an abstract existence result based on a coincidence degree theory for k-set contractive
mapping, a new result is obtained for the existence of at least two positive periodic solutions for
a neutral multidelay logarithmic population model with a periodic harvesting rate. An example is
given to illustrate the effectiveness of the result.

1. Introduction

In recent years, many papers have been published on the existence of positive periodic
solutions for neutral delay logarithmic population models by using a topological degree
theory for k-set contractive mapping (see, e.g., [1-5]). Recently, Xia [6] obtained some
new sufficient conditions for the existence and uniqueness of an almost periodic solution
of a multispecies logarithmic population model with feedback controls. However, few
papers deal with the existence of multiple positive periodic solutions for neutral multidelay
logarithmic population models with harvesting. The main difficulty is hard to obtain a priori
bounds on solutions for neutral multi-delay models with harvesting.

In this paper, we consider the following neutral multi-delay logarithmic population
model of single-species population growth with a periodic harvesting rate
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where a(t), b;(t), oj(t) (j = 1,2,...,n), ci(t), ©(t) (i = 1,2,...,m), h(t) are nonnegative
continuous T-periodic functions, and h(t) denotes the harvesting rate. When h(t) = 0, (1.1)
was considered by [2-5]. When n = m =1, h(t) =0, and oy(t), 71 (t) are constants, (1.1) was
considered by [7].

The purpose of this paper is to establish the existence of at least two positive periodic
solutions for a neutral multi-delay logarithmic population model (1.1) by using a coincidence
degree theory for k-set contractions. Motivated by the work of Chen [8], some novel
techniques are employed to find a priori bounds on solutions.

2. Preliminaries

We now briefly state the part of the coincidence degree theory for k-set contractive mapping
developed by Hetzer [9, 10]. For more details, we refer to [11].

Let Z be a Banach space. For a bounded subset A C Z, let I'z(A) denote the
(Kuratowski) measure of noncompactness defined by

I'z(A) = inf{6 > 0 : 3 a finite number of subsets A; C A, A = UAi' diam(A;) < 6}. (2.1)

Here, diam (A;) denotes the maximum distance between the points in the set A;.

Let X and Z be Banach spaces with norms ||-||x and ||-|| z, respectively and Q a bounded
open subset of X. A continuous and bounded mapping N : Q — Z is called k-set contractive
if for any bounded A C Q, we have

I'z(N(A)) < kI['x(A). (2.2)
Also, for a continuous and bounded map T : X — Y, we define

I(T) = sup{r > 0:V bounded subset A C X,rI'x(A) <T'y(T(A))}. (2.3)

Let L : domL ¢ X — Z be a linear mapping and N : X — Z be a continuous
mapping. The mapping L will be called a Fredholm mapping of index zero if dim Ker L =
codim Im L < +oo and Im L is closed in Z. If L is a Fredholm mapping of index zero, there
then exist continuous projectors P : X — X and Q: Z — Zsuch thatImP = KerL,ImL =
KerQ = Im(I — Q). If we define Lp : dom LNKer P — Im L as the restriction L|qom rrkerp Of
L to dom L NnKer P, then Lp is invertible. We denote the inverse of that map by Kp. If Q is an
open bounded subset of X, the mapping N will be called L-k-set contractive on Q if QN (Q)
is bounded and Kp(I - Q)N : Q — X is k-set contractive. Since Im Q is isomorphic to Ker L,
there exists an isomorphism J : ImQ — Ker L.

Lemma 2.1 ([11, Proposition XL.2.]). Let L be a closed Fredholm mapping of index zero and let
N :Q — Z be k'-set contractive with

0<k <I(L). (24)

Then N : Q — Z is a L-k-set contraction with constant k = k' /1(L) < 1.
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The following lemma [[11, page 213] will play a key role in this paper.

Lemma 2.2. Let L be a Fredholm mapping of index zero and let N : Q — Z be L-k-set contractive
on Q, k < 1. Suppose

(i) Lx # ANx for every x € dom L N 0Q and every A € (0,1);
(ii) QNx #0 for every x € 0Q2 N Ker L;
(iii) Brouwer degree deg,(JOQN, QN Ker L, 0) #0.

Then Lx = Nx has at least one solution in dom L N Q.

3. Main Result

Let CJ denote the linear space of real valued continuous T-periodic functions on R. The linear
space C?. is a Banach space with the usual norm for x € C>. given by |x|o = max;eg|x(t)|. Let
Cr denote the linear space of T-periodic functions with the first-order continuous derivative.
C1 is a Banach space with norm |x|; = max({|x[o, [x'|o}.

Let X = Cland Z = Cland let L : X — Z be given by Lx = dx/dt. Since |Lx]|y =
|x'|o < |x|1, we see that L is a bounded (with bound = 1) linear map.

Under the transformation of y(t) = e*®, (1.1) can be rewritten as

X(8) = alt) - Sb()x(t - 05(8)) - Za(t)(l A G- -0 @)

j=1

Next define a nonlinear map N : X — Z by

NGO = alt) - Zb(t)x(t—o,m) Za(t)(l AT - D (3

Now, if Lx = Nx for some x € X, then the problem (3.1) has a T-periodic solution x(t).
In the following, we denote

1 T
g== = m “=m 3.3
§=7 jo gidt,  g'=ming(t),  g"= maxg(®), (3.3)

t€[0,T]

where g(t) is a continuous nonnegative T-periodic solution.
From now on, we always assume that

(Hy) a(t), bj(t) € C(R,(0,+)), oj(t),ci(t), 7:(t) € C'(R,(0,+00)), forall j € {1,2,...,
n}, forallie€ {1,2,...,m}.
(H») 0;.(t) <1,7/(t) <1, forallt € R,and

& b)) & dm)
0= 2 o)~ 2T m (i) 34
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where p;(t) is the inverse function of t-o;(t), yi(t) is the inverse function of t—7;(t), for all j €

{1,2,...,n}, forallie{1,2,..., m}.

(H3) Let
W oat K
1+1n1"_u<ﬁ_1"”<1' (3.5)
(Hy) Let
T<F+Zb> Zc <1,
j=1
(3.6)
u oy ct(1-1)"M
max 1+lni1—l,0 < a Zl_lc;( uTl) 0 < Ry,
2 b 21
where
a'+ 37 bRy + hte®
My = , Ro=g+p,
CiesnaaenT s T
— _ (3.7)
h 2Ta+ <F+ i b]->Tq
g=2|In | P= — = .
1-T(T+ 371 by) - S o

We first give some technological lemmas.

Set
f(x)=d—-x—-re™, x € (-oo,+00). (3.8)
Lemma 3.1. Assume that d, r are positive constants such that
1+Inr<d. (3.9)
Then there exist x, x} such that
f(x5) = fa) =0,
x; <Inr<x}<d, (3.10)
f(x)>0 forxe (x;,x7); f(x) <0 for x € (—o0,x;) U (x],+00).
If one assumes further that
(3.11)

d<r<l,
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then the following inequalities also hold:

2Inr < x; <Inr<x} <0. (3.12)

Proof. Clearly, f'(x) = r/e* —1 = 0 if and only if x = Inr. Therefore, noticing that
limy .o f (x) = —00, we have

sup f(x)=d-Inr-1>0. (3.13)

x€(—00,+0)
Set

g(r)=2Inr+ % -7 (3.14)

Since

2
g'(r)=§_l_1=_u

P p <0 for O0<r<l, (3.15)

g(r) is monotonically decreasing on (0, 1].
Therefore, we have

g(r)>g() =0, (3.16)
that is,
1
2Inr + - >7, (3.17)
which implies
f(21nr)zd—21nr—%<d—r§0. (3.18)
Again, noticing that
f(0)=d-r<Q, (3.19)

by the monotonicity of the function f(x) on the interval (-oo,Inr) and (Inr, +o0), it is easy to
see that the assertion holds. O
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Set
a-ym c“(1-7)"M u
F(x)= Zz—l ;l( . 1) 0_x_ :l le—x,
Zi=1 b]' Z]‘:l bj
a h
G(x) = —— - X- = e, (3.20)
Zj:l bj Z]‘:1 b]'
o1 — )M !
He= CHEE QD M F
Z;‘:l b] Zj:l b]

Lemma 3.2. Assume that (Hy), (Hy), and (Hy) hold. Then the following assertions hold.
(1) There exist u~,u* such that

F(u)=F(u") =0,

u -y ct(1-1)"M
W<l << Z”C;( uT’) ) (3.21)
2ja b 2ja b
F(x)>0 forxe (u,u"); F(x) <0 for x € (-oo,u”) U (u*,+c0).
(2) There exist x~, x* such that
G(x7) =G(x*) =0,
. h a
X" <In —— <xt< —, (3.22)
Z;‘:l bj Zj:l bj
G(x) >0 for xe (x7,x*); G(x) <0 for x € (o0, x7) U (x*, +0).
(3) There exist I, 1" such that
H(I")=H(") =0,
! “p ST (1 - 7) M
I < ln% <I'< @'t X C;( ; ) O, (3.23)
Zf=1 bj Zj:l b]'

H(x)>0 forxe (I',I'); H(x) <0 for x € (—o0,I7) U (I*, +0).

4)

IF<x <u <u*<x"<I". (3.24)
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Proof. Noticing that

a - pIv C?(l - Ti,)uMO < a < a* + > C?(l - Ti,)uMO
S S S b

7

(3.25)
h! h h*
TIERTIE ey
2= b]' 2-1b; Zija bf

we have
F(x) < G(x) < H(x). (3.26)

It follows from (H;), (Hz),and (Hy), (3.25) that

u Losm (1 -7)'M
1+In rl;l l < a 21:1 C;( ~ Tz) 0,
Zj:lb]' Zj:lbj

a
— < —,
Z?:l bj Z?:l bj
Kl a“+ 37 et (1-1))" My
< .
SN S

1+In

(3.27)

1+In

Therefore, by Lemma 3.1, the assertions (1)-(3) hold. Furthermore, by (3.26) and the asser-
tions (1)—(3), the assertion (4) also holds. O

Lemma 3.3 (see [12]). L is a Fredholm map of index 0 and satisfies

I(L) >1. (3.28)
Lemma 3.4 (see [2]). Suppose o € Cy. and o'(t) < 1, for all t € [0, T]. Then the function t — o(t)
has an inverse function u(t) satisfying p € C(R, R) with uy(a+T) = p(a) + T.

Lemma 3.5. Assume that (Hy)—(Hy) hold. Let ko = >, c¥(1 - 7))", and

He(l -6 R
trer[l&x]JC()E( 6, Ro+0),

. - _ +
Q={xex|mnx® el -51+6), | (3.29)

max |x' ()| < M.
te[0,T]

where 0 < 6 < I~. Then N : Q — Z is a ko-set-contractive map.

Proof. The proof is similar to that of Lemma 3.3 in [12], so we omit it. O
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Theorem 3.6. Assume that (Hy)—(Hy) hold. Then (1.1) has at least two positive T-periodic solutions.

Proof. Let Lx = ANx for x € X, that s,
x(t) =) [a(t) = Dbi(t)x(t-oj(t)) - Dci(t) (1 -7/ (1) x'(t — Ti(t) h((tg] 1e(0,1).
j=1 i=1
(3.30)

Therefore, we have

x'(H) =\ [a(t) Zb (H)x(t-oj(t)) - ch(t) [x(t-T:(t)] - yf(tt))] Ae(0,1). (3.31)

j=1

By (3.31), we have

[x(t) + A ci(t)x(t - Ti(t))] =\ [a(t) = D bi(x(t—o(t) + Dici(t)x(t—Ti(t) - Zf(tt))] .
i=1 j=1 i=1

(3.32)

Integrating this identity leads to
h(t) ’
I Zb (Hx(t-o;(t) - Zc Bx(t—T1;(t) + —= =® I a(t)dt. (3.33)
0
By Lemma 3.4, we have

BT +s)=T+p(s),  Y(T+s)=T+y(s), (3.34)

where t = y;(s) is the inverse function of s = t — 0j(t), and t = y;(s) is the inverse function of
s=t-7(t), forall j€{1,2,...,n} and forallie {1,2,...,m}.

Then
~ T-0;(T) x(s)
fo ;;b i(Ox(t - o t))dt_zf_o/ b;i(uj(s) —1_0}(#j(5))ds
e b(#] (s))
= D x(s)d
f 107 (pi(s)) X 635)
T m p -7;(T) / .
fo ) ci(t)x(t — i(t))dt = Zf ci(yi(s ))1 T(YI(S))
_cni(s)
f =) x(s)ds.
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From (3.33)—(3.35), we have

! & b)) & ns) _ h(s)
JO [a(S) <Zl—0}(ﬂ7(s)) gl:l—f{(n(s))>x(s) ()

j=1

which implies

h(1)
a(n) ~T(m)x(n) - —75 =0,
for some 17 € [0, T].
Therefore, by (H;), we have
a% hl/TH

By (H3) and Lemma 3.1, we have

7%
ZInF <x(n) <0.

Set

then we have
T T
0l < <l + [ WOl g+ [ ol
which implies

T
lx|p < g+ fo |x'(t)|at.

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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It follows from (3.30) that

T
f |x'(t)|dt
0
! h) |,
= )LJ‘O a(t) - Zb (Bx(t - 0;(t)) - Zc,(t)(1 T0)x' (- 7(1) - 5 (3.43)
. Ar a(t) - ib'(f)X(t - 0j(t) - Em]c-(t)(l —7i(1)x' (¢ = Ti(t)) |d + f it )dt
- ] ] t i i
0 j=1 i=1
By (3.36) and (H>), we have
T
hfiZ dt < J a(t)dt +f T (t)dt|x|, = Ta + TT|x],. (3.44)

By this and (3.43), we obtain

f |x(t)|dt<T[2a+T|x|O+Zb |x|0] +Zj |ci(t) (1 = 7/(#))x (t — 7;(t))| dt. (3.45)

j=1

Meanwhile,
m T m T
ZI lei(t) (1 = 7/(t)) X (t — 7:(t)) | dt = Zf ci(yi(s))|x'(s)|ds < Zc f |x'(s)|ds. (3.46)
i=1 70 i=1 70
Substituting (3.42) and (3.46) into (3.45) gives
T
[ 1xa
0

[ n m T
<T 271+1_"|x|0+25]~|x|0] +Zc;‘f |x'(s)|ds
| j=1 i=1 0
<T|2a+ <1_"+ Zb > <q+f |x(t)|dt>] +Zc J‘ |x'(s)|ds
. ] 1
[ — no_ _ no_ m T
<T|2a+ <r+2b,>q] + [T<1"+ij> +Zc;4] f |x'(t)|dt.
i =1 j=1 i=1 0

(3.47)
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Since
T f"'ZEJ' +Zc:‘ <1,
=1 i=1

we have

T 2Ta + <1_" +30 E-)Tq

I |x'(£)|dt < — — =p

0 1-T(T+ 37, by) - 5 o

Then,

T
x|y < g+ f |x'(t)|dt < q+p = Ro.
0
Again from (3.30), we get

n m
|x'|, < a*+ Zby|x|0 + Zcm =7)"|x|, + he™.
j=1 i=1

Since 3%, c(1-1))" <1, we have

a*+ 37 bRy + hef
||, < L —— = M.
1= (1-1)

Choose tpy, t,; € [0,T], such that

tn) = 1), tm) = min x(£).
x(tm) trer[%x() x(tm) tggol’r;]x()

Then, it is clear that
x'(tpm) =0, x'(ty) = 0.

From this and (3.30), we obtain that

a(tM) = ibj(tM)x(tM - O']'(tM)) + ici(tM)(l - Ti,(tM))xl(tM - Ti(tM)) + ZSZ\I\//{))/
=1 i1
N N : : h(tm)
a(tm) = ij(tm)x(tm - G]’(tm)) + Zci(tm)(l - Ti(tm)>x (tm — Ti(tm)) + m
j=1 i=1

11

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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It follows from (3.55) that

h(t
a(ty) - Zcz(tM)(l 7/ (tp)) Mo — Zb (tm)x(tm) — ( M) <0, (3.57)
which implies
a -3" c(1-1)"Mp h
SRR - x(tm) - ce ¥t <0, (3.58)
Zja b]’ Z] 1 1
By the assertion (1) of Lemma 3.2, we have
x(tpm) <u” or x(tym) >ut. (3.59)
It follows from (3.56) that
z : 5 B(tn)
a(tm) + izzlci(tm)(l - Ti(tm))MO - ];1 i (Em)x (tm) — ox(tn) = 20, (3.60)
which implies
a“+ 3" c(1-1)*M Kl
Zl—l ( l z) U X(t) — n—bue—x(tm) > 0. (3.61)
Z] 1 b] Zj:l j
By the assertion (3) of Lemma 3.2, we have
I” <x(tm) <I". (3.62)

Hence, it follows from (3.50), (3.59), and (3.62) that

x(tm) € [I7,u7] U [u*, Ro],

3.63
xX(tw) € [I7,17]. (369

Clearly, I*, u* are independent of . Now, let us consider QN (x) with x € R. Note that

ON(x)=a- b, x—eﬁx (3.64)
j=1

It follows from the assertion (2) of Lemma 3.2 that QN (x) = 0 has two distinct solutions:

L =x, U =x+. (3.65)
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By the assertion (4) of Lemma 3.2, one can take v~, v* > 0 such that

u <v <o <u'. (3.66)

Let

( el -6v
tg%x()e( 6,v7),

. -_ +
@ = {xex| minx(t) € "~51' +6),

Il
A
~~
~

max |x'(£)| < M.
\ te[0,T]
(3.67)
( t) e (vt,Rp+6), )
trer[%x( ) € (v*, Ry +0)

. - _ +
QZ =<dxeX fIG‘r[IOI,I]‘}]x(t) € (l 6/l + 6)/

max |x'(t)| < My.
max (5] < My

g

Then Q4, Q, are bounded open subsets of X. Clearly, £; C Q (i = 1,2), where Q as defined in
Lemma 3.5. It follows from Lemma 3.5 that N : Q; — Z is a ko-set-contractive map (i =1,2).
Therefore, it follows from Lemmas 2.1 and 3.3 that N : Q; — Z is L-k-set contractive on
Q; (i=1,2) withk = ko/I(L) < ko < 1.

By the assertion (4) of Lemma 3.2, (3.52), (3.63), (3.65), and (3.66), it is easy to verify
that Q; satisfies the assumptions (i) and (ii) in Lemma 2.2 (i = 1,2). By the assertion (2) of

Lemma 3.2, a direct computation gives

degp{JON,QiNKerL,0} = sgn <—ZE]- + e%) =1,

j=1
(3.68)

deg,{JON,Q, nKerL,0} :sgn<_zgj N h > _

j=1

Here, ] is taken as the identity mapping since Im Q = Ker L. So far we have proved that ;
satisfies all the assumptions in Lemma 2.2 (i = 1,2). Hence, (3.1) has at least two T-periodic
solutions x; (t) and x; € dom L ﬂﬁi (i=1,2). Since QN =0, x; (i=1,2) are different. Let
yi(t) =e5® (i =1,2). Then y; () (i = 1,2) are two different positive T-periodic solutions of
(1.1). The proof is complete. O

Example 3.7. Consider the following equation:

d];it) =y(t)|a(t) - b(t) Iny(t - o(t)) - c(t)% Iny(t-7(t)| - h(t), (3.69)
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where

11, .
a(t) = <m + 5 Sin t) €, b(t) = (2.35+0.15sint)e,
(3.70)

3e

= (0. 1 =2 =4 = —+ —
c(t) = (0.9 +0.1cost)e, o(t) =2, T(t) =4, h 2@+23

sint,

and the constant e > 0. Clearly, (H;) is satisfied.
Let pu(t) be the inverse function of ¢ — o(t), and y () be the inverse function of ¢ — 7(f).
Then we have

u(t) =t +2m, y(t) =t+4um,

, 3.71
b(u(h)) COW) __ pihs2) - (k4 o) = (235 + 025 sin e, &7

MO = ) " Tor ()

Hence, (H,) is satisfied.
It is easy to see that

T=2r a“=—, =—, a=—, b*=25¢, b'=22¢, b=235,
T8 o1 P T a0 T 28e € € €
) 3 (3.72)
I“=26e, T'=21c, T=235¢, c'=e W' =25 K=F, n=2¢
e e 2e
Therefore, we have
Kl 3 1 at 3 1
T 2.6e T~ 441’
¢ € (3.73)
hl
1+ ln—u =-In2.6.
So,
W o at K
1+h’11_|—u<ﬁ<ﬁ<l. (374)

Hence, (H3) is satisfied.
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Also, it is easy to see that

a-c*(1-7)"My e/(42e)-eMy 1 M,

= - M
b 25¢ 105e 25 =
K 2Ta+ (r + b>T‘1 e/ (0.7e) +18.8(In2.6 + 1)e
q=21n—u =2(In2.6+1)>1, p= - = ,
r 1_T<I‘+b>_cu 1-94re-¢€
Ro=q+p,
_a'+b“Ro+h'e®  e/(2.1e) +2.5eRy + 2ee!
0T Il — )t 1-e :
(3.75)
Therefore, we obtain that
1 _ u _ U
Ry>q> 2= -T) Mo (3.76)

bu

Noticing that lim,_, ¢+ Ry = g, we have lim,_,¢- My = 0. Therefore, for some sufficiently small
€ > 0, the following inequalities hold:

u

I au(q _ A\
max{1+ln};—l,0} = max{-In1.1,0} =0 < a-c*(1-1)"My

b+ ’

(3.77)
T<I:+E> +c*=94re+e<1.

By (3.76)-(3.77), (H,) is also satisfied. Therefore, all necessary conditions of Theorem 3.6 are
satisfied. By Theorem 3.6, (3.69) has at least two positive 2sr-periodic solutions.
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