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By introducing subdifferentiability of lower semicontinuous convex function ¢(x(t), x(t — 7)) and
its conjugate function, as well as critical point theory and operator equation theory, we obtain
the existence of multiple subharmonic periodic solutions to the following second-order nonlinear
nonautonomous neutral nonlinear functional differential equation x' () +x" (t-27) + f(t,x(t), x(t-
7),x(t-21)) =0, x(0) = 0.

1. Introduction

The existence of periodic solutions for differential system has received a great deal of
attention in the last few decades. Different from ordinary differential equations and partial
differential equations that do not contain delay variate, it is very difficult to study the
existence of periodic solutions for functional differential equations. For this reason, many
mathematicians developed different approaches such as the averaging method [1], the
Massera-Yoshizawa theory [2, 3], the Kaplan-York [4] method of coupled systems, the
Grafton cone mapping method [5], the Nussbaum method of fixed point theory [6] and
Mawhin [7] coincidence degree theory.

However, the critical point theory was rarely used in the literature, and most of the
existing results were established for autonomous functional differential equations while little
was done for nonautonomous equations via critical point theory.
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In this paper, by using critical point and operator equation theories, we study
the existence of the following second-order nonlinear and nonautonomous mixed-type
functional differential equation:

X"(8) +x"(t=27) + f(t, x(t),x(t—7),x(t-27)) =0,
1.1
x(0) = 0. 4

Our basic assumptions are the following (A;) ~ (As) and (A4) ~ (Ag) to be given in
Section 4:

(A1) f(t,x1,x2,x3) € C(R%,R), and Of (t,x1,x2, x3)/0t#0;

(A,) there exists a continuously differentiable function F(t, x1,x2) € C!(R?, R) such that
Fé(t/ X1, xZ) + Fi (t/ X2, x3) = f(t/ X1,X2, x3)/ (12)

where F(t,x1,x2) and F](t, x2,x3) denote OF (t, x1,x2)/0x; and OF(t, x2,x3)/0x2,
respectively;

(A3z) F(t+7,x1,x2) = F(t,x1,x7) for all x;,x; € R.

2. Variational Structure

Fixy > 1, T > 0, where y is a positive integer and

H;[0,2y7] = {x(t) € L?[0,2yt] | x' € L*[0,2y7], x(t) is 2yT-periodic function in ¢t
@2.1)
x(0) =0, and x(t) has compact support on [0,2y7] }

It is obvious that H}[0,2y7] is a Sobolev space by defining the inner product (-, -) and
the norm || - || as follows:

2yt
<x/ y>Hé [02yr] — -[0 x,(t)y,(t)dt/

- 12 (2.2)
12 2
”x”H(l) [02yr] = <f0 |x (t)l dt) ’ Vx/]/ € H(l) [0/2YT]
Moreover, x(t) € H;[0,2yT] can be expressed as
x(t) = ag +Z<ak cos k—ﬂ-t+bk sin k—”t) (2.3)
k=1 rr YT
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Let us consider the functional I(x) defined on Hé [0, 2yT] by
2yT
I(x) = f [x'(£)x'(t —T) — F(t, x(t), x(t - T))]dt. (2.4)
0
For all x,y € H;[0,2y7] and € > 0, we know that

2yT
I(x+ey) =1I(x)+ 5<f0 [X'(y'(t—T) +x'(t = T)y' ()

—(F(t, x(t)+ ey(t), x(t = T) + ey (t — 7)) — F(t, x(t), x(t - T)))]dt>

2yT
+ € Yy (H)y'(t-T)dt.
0

(2.5)

It is then easy to see that

2yT
(I'(x),y) = Io [X'()y'(t =) + x'(t = T)y'(t) = F (t, x(t), x(t - 7))y (1) 26

—F,(t, x(t), x(t — 7))y (t - T)]dt,

where I'(x) denotes the Frechet differential of the function I(x). By the periodicity of
F(t,ui,up), x(t), and y(t), we have

2yT 2yT ) ) vr
I Xy (t-7)dt = f X (Bdy(t-7)=x' )yt -7) |OY i

0 0

2yT 2yT
- I X"(Hy(t-7)dt = - J‘ x"(t+T)y(t)dt, (2.7)
0 0

2yT 2yt
f xX'(t-71)y (Hdt = —f x"(t—T)y(t)dt.
0 0

Similarly, we have

2yT @y-Dr
J‘ Fy(t, x(t), x(t - 7))y (t - T)dt = f Fy(t+7,x(t + ), x(t))y(t)dt

0 -T

(2.8)

2yT
=IY EL(t, x(t + 7), x())y (£)dt.
0
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Hence,

2yT
(I'(x),y) = J‘o [-x"(t+7)-x"(t-T)

(2.9)
—F, (t,x(t)x(t —)) - F,, (t, x(t + ), x())]y(t)dt.
Therefore, the Euler equation corresponding to the functional I(x) is
x"(t+7)+x"(t—7) + [F, (t,x(t),x(t - 7)) + F,, (t,x(t + T),x(t))] = 0. (2.10)

It is not difficult to see that (2.10) is equivalent to (1.1). Thus, system (1.1) is the Euler
equation of the functional I(x). It follows that it is possible to obtain 2y7-periodic solutions
of system (1.1) by seeking critical points of the functional I(x).

Since I(x) has neither a supremum nor an infimum, we do not seek critical points
of the functional I(x) by the extremum method. But we may use operator equation theory.
First via the dual variational principle, we obtain new operator equations (see (4.16)) related
to (1.1). Then solutions to system (1.1) are obtained by seeking critical points of operator
equation (4.16).

In this paper, our main tool is the following.

Lemma 2.1 (Maintain Pass Theorem). Let H be a real Banach space. If I(-) € C'(H,R) satisfies
the Palais-Smale condition as well as the following additional conditions:

(1) there exist constants p > 0 and a > 0 such that I(x) > a, for all x € 0B, where B, =
{xe H:|lx[lz <p},

(2) 1(0) < 0 and there exists xo € B, such that I(xo) <0, then c = infrersup, (o ,;1(h(s)) is a
positive critical value of I, where

T =(heC([0,1],H) | h(0) = 6, h(1) = xo). (2.11)

The rest of this paper is organized as follows. Subdifferentiability of lower
semicontinuous convex function ¢(x(t), x(t — 7)) and its conjugate function are introduced
in Section 3. In Section 4, we first give the definition of the weak solution to (1.1), then
we establish the new operator equation (4.16) related to (1.1) by the conjugate function of
F(t,x(t), x(t — 7)) and show that we can obtain solution to (1.1) from the solution to operator
equation (4.16). In Section 5, by seeking critical points of operator equation (4.16), we obtain
the result that there exist multiple subharmonic periodic solutions to system (1.1). Finally in
Section 6, an example and a remark are given to illustrate our result.

3. The Subdifferentiability and the Conjugate Function of
the Lower Semicontinuous Convex Function ¢(x(t), x(t - 7))

Let X be a space of all given n x T-periodic functions in t and a Banach space, where n € N
is a positive integer. Denote R = R U {+oo}. Let ¢ : X> — R be a lower semicontinuous
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convex function. Generally, ¢ is not always differentiable in conventional sense, but we may
generalize the definition of “derivative” as follows.

Definition 3.1. Let (x},x3) € X* x X*. We say that (x],x3) is a subgradient of ¢ at point
(xo(t), x0(t—7)) € X x X if

p(xo(t), xo(t = 7)) + (x], x(t) = x0(t)) + (x5, x(t = 7) = x0(t = 7)) < p(x(t), x(t-7)).  (3.1)

For all xo(t) € X, the set of all subgradients of ¢ at point (x(f), xo(t — 7)) will be called the
sub-differential of ¢ at point (xo(t), xo(t — 7)) and will be denoted by d¢p(xo(t), xo(t — T)).

By the definition of Subdifferentiability of function ¢, we may define its conjugate
function ¢* by

@ (a7, x3) = sup{(x], x(t)) + (x5, x(t - 7)) — p(x(t), x(t - 7))}, (3.2)
where (-) denotes the duality relation of X* and X. So it is not difficult to obtain the following

propositions.

Proposition 3.2. ¢* is a lower semicontinuous convex function (¢* may have functional value +oo,
but not functional value —oo).

Proposition 3.3. If ¢ < ¢, then ¢* > ¢™*.

Proposition 3.4 (Yang inequality). One has
p(x(t), x(t =) + 9" (x],x5) > (x}, x(t)) + (x5, x(t = T)). (3.3)
Proposition 3.5. One has

p(x(t), x(t—=7)) + 9" (x3,x5) = (x], x(t)) + (x5, x(t — 7))

(3.4)
= (x},x3) € 0p(x(t), x(t - T)).

Proposition 3.6. ¢* does not always equal +oo.

Proof. Let x¢(t) € X and f € R such that ¢(xo(t), xo(t — 7)) < +oo and fo < @(xo(t), xo(t — T)).
We consider the two convex sets in X? x R defined by

A=epig 2 {(x(t),x(t-7),) € X2 xR |: g(x(t), x(t = 7)) < +o0, > p(x(t), x(t - 7)) },

B = {(x0(t), xo(t - 7), o) }-
(3.5)
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By Hahn-Banach Theorem, we know that there exists (f1, f2, k) € X* x X* x Rand a € R such
that

(fox®) + (fox(t-1)) +kp>a, V(x(t),x(t-7),p) €eipy,

(3.6)
(fi,x0(t)) + {f2, x0(t — 7)) + kP < ax.

So, we have

(fr,x0(t)) + (f2, x0(t = 7)) + kop(x0(t), xo(t = 7)) > a > (f1, x0(t)) + (f2, x0(t = T)) + kfo.
(3.7)

Thus k > 0, and

<—%f1,x(t)> + <—%f2,x(t - T)> —p(x(t), x(t - 1)) < —%. (3.8E)]

Since ¢* is a lower semicontinuous convex function that does not always equal +oo,
we may define its conjugate function ¢** by

o (xx) = sup {(x]7 ) + (x5, x5) - o(xd, x5) ), (3.9)
(xI,xE)GX*xX*

where () denotes the duality relation of X** and X*.

Theorem 3.7. Let ¢ be a lower semicontinuous convex function that does not always equal +oo, then
(P** = (P

Proof. We divide our proof into two parts. First we show that ¢** = ¢ holds when ¢ > 0 and
then ¢** = ¢ holds for all lower semicontinuous convex functions ¢ that do not always equal
+00.

(i) The case when ¢ > 0.

From the definition of ¢** and Yang inequality, it is obvious that ¢** < ¢ holds.

Next, to prove ¢** > ¢ holds, suppose to the contrary that there exist a point
(x0(t), xo(t — 7)) € X2, such that ¢** (xo(t), xo(t — 7)) < ¢p(x0(t), xo(t — 7)) holds.

Consider the two convex sets

A=eipp 2 {(x(), x(t-7),f) € X2 xR | p(x(t), x(t-T)) < +o0,f > p(x(t), x(t - 7)) },

By = { (xo(t), x0(t = T), ™ (x0(t), x0(t = 7))) }.
(3.10)

By the Hahn-Banach Theorem, we know that there exist (g1, g2, k*) € X* x X* x Rand a; € R
such that

(g, x)) + (g, x(t-1)) +k*p>a1, Y(x(t),x(t-7),p) €eipy, (3.11)
(g1, x0(t)) + (g2, x0(t = 7)) + k* ™ (x0(t), x0(t = T)) < 1. (3.12)
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So, it follows that k* > 0. Let € > 0. Using ¢ > 0 and (3.11), one obtains that
(g, x() + (g, x(t—7)) + (K* + e)p(x(t), x(t = 7)) > a1, V(x(t),x(t-7)) € D(p). (3.13)

Thus, we have

" S & (24
- - < - . .
(‘0< k*+¢’ k*+£>_ k*+¢ (3.14)

Then, by the definition of ¢**, we obtain that

e’ k*+¢" k*+¢

@™ (xo(t), xo(t — 7)) > <—%,xo(t)>+ <_k*8i xO(t_T)> —w*( I3 P )

a1

__8& __& _
2< k*+£'x0(t)>+< k*+5'x0(iL T)>+k*+£'

(3.15)
That is to say,
(g1, x0(t)) + (g2, x0(t = 7)) + (K" + €)™ (x0(t), xo(t = T)) > 11, VYe>0, (3.16)

which is a contradiction to (3.12).
(i) For all ¢, by Proposition 3.6, we know that D(¢*) #@. Choose (x7,, x3,) € D(¢*),
and define function ¢ by

p(x(t), x(t— 1)) = p(x(t), x(t - 7)) — (x5, x(t)) — (x50, x(E = T)) + ¢* (70, X3)- (3.17)

Then @ is a lower semicontinuous convex function that is not always equal to +co and satisfies
p > 0. By the result of (i), we have that p* = p. On the other hand, we have
9" (x1,x3) = 7 (¥ + x5, X3+ X3) = 9" (g, X30)

(3.18)
P (x(t), x(t =) = p(x(t), x(t = 7)) = (x70, x(£)) = (250, x(t = T)) + 9" (2o, x5)-

That is, 9™ = ¢. O

Corollary 3.8. Let ¢ be a lower semicontinuous convex function that is not always equal to +oo. Then
(x},x3) € 0p(x(t), x(t — 7)) if and only if

(x(t), x(t —T)) € dp* (x7, x3). (3.19)
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Proof. One has

(x},x3) € dp(x(t), x(t - 7)) & (x],x(t)) + (x5, x(t = T))

=p(x(t),x(t - 7)) + " (x}, x3)

(3.20)
=™ (x(t), x(t - 7)) + ¢*(x7,x3)
= (x(t), x(t - 7)) € 09" (x], x3). .
4. Weak Solution to (1.1)
Define an operator A = d?/dt?. By (2.6) and
2yt 9 2yT
(u(t), A(w(t))) = L u(t)w" (t)dt = u(t) (') |y - L W' (H)u (t)dt
4.1)

2yt 2yT
= —J‘ u' (Hdw(t) = —u' (Hw(t) |§YT + j w(t)du' (t)
0 0
= (Au(t), w(t))
as well as

(u(t), A(w(t -7))) = (Au(t +7),w(t)),  (u(t-1), Alw(t)) = (Au(t -1)),w(t))

(4.2)

we may define a weak solution to (1.1) as follows.

Definition 4.1. For u € LP[0,2yT], we say that u is a weak solution to (1.1), if
(u(t), Alw(t = 1))) + (u(t - 7), A(w(t)) + (w(t), Fi(t, u(t), u(t - 7)))
(4.3)
+{w(t—1), Fy(t,u(t),u(t-7))) =0,
for all w(t) € D(A) N LP[0,2yT], where

2yT

(), o) = | ot (44)

when u(t) € LP[0,2y7], v(t) € L[0,2yT], where2 < p < +o0, (1/p) + (1/9) = 1.
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Our objective is to define the conjugate function of F(t, x(t),x(t — 7)) by using
the definition of Subdifferentiability of lower semicontinuous convex function and by
making use of the dual variational structure. So we add three more conditions on function
F(t,x(t),x(t — 7)) as follows:

(Ag) u = (u1,up) — F(t,u1,up) is a continuously differentiable and strictly convex
function and satisfies

F(t,0,0)=0, F,(t0,0)=F}(t0,0)=0 Vte [0,2y7]; (4.5)

(As) for ay = 1/p, there exist constants M, C > 0, such that when |u| = \/u% + u% > C we
have

F(t,u1,uz) < an[Fy(t, ur, up)ur + Fy(t, ur, up)us],

(4.6)

F(t,u1,uz) < Mlu|/*);

(Ae)

lim F(t”—g”ﬁ - 0. (4.7)

=0 ul

The conjugate function of function F(t, x(t), x(t — 7)) is defined by
Htw(t),wt-1)) = sup  {{w(t),x(t)) +(w(t-71),x(t-7)) - F(t,x(t),x(t - 7))},
x(t)eLr [O, 277]

(4.8)

fort € [0,2yT].
Then H is a continuously differentiable and strictly convex function. By the duality
principle (Corollary 3.8), we have that

(w(t),w(t-1)) = (Fi(t,x(t), x(t - 7)), Fy(t,x(t), x(t - T)))
(4.9)
= (Hi(t,w(t),w(t-1)), H)t,w(t), w(t - 7)) = (x(t), x(t - 7)),

where H (t, w(t),w(t — 7)) and Hj(t,w(t), w(t - 7)) denote OH (t, w(t), w(t - 7))/0w(t) and
OH (t,w(t), w(t — T))/0w(t — T), respectively.

Example 4.2. Let F(x(t), x(t — 7)) = (1/p) (/22 (t) + x2(t - 7))’. Then

H(w(t),w(t-7)) = %(\/wz(t) +w2(t—T)>q. (4.10)
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Proof. The above expression holds since

p
H(w(t),wt-71)) = sup {(w(t),x(t))+(w(t—T),x(t—T))—%(\/xZ(t)+x2(t—T)> }

x(t)eLr[0, 2yT]

= sup {\/wz(t) +wi(t-T1) L - %)J’}

A>0

= %(\/wz(t) + w?(t-T) >q.

(4.11)
O

Let R(A) denote the value field of operator A. Then R(A) is a closed set. Let P be the
orthogonal projection operator of R(A) and K = A™'P. Then it is not difficult to see that K
maps continuous continuation into a compact operator of L7[0,2yr] — L7[0,2yT].

Let

E= {(v(t),v(t -71)) e (L1 [O,ZYT])ZU(O) =0 (p(t),v(t)) =(P(t),v(t-T))
(4.12)

= (p(t-7), v(t)) =0, V$(t) e R(A)NL¥[0,2y7], $(0) =0},

where R(A) = {u € D(A)|A(u(t) + u(t - 27)) = 0}.

Remark 4.3. In fact, for all x(0) = 0, x(t) € LP[0,2y7], or x(t) € L9[0,2yT], x(t) can be
expressed as

x(t) = ag +g<ak cos I;—ft+bk sin I;—Zt) (4.13)
So, it follows that
(v(t),P(t)) =0 = (Pt —1),v(t)) = (p(t),v(t —T)) = ((t),v(t)) = 0. (4.14)

Thus E can also be expressed as

E = {(v(t),v(t - 27)) € L7[0,2yT] x L7[0,2y7],v(0) = 0 | (¢p(t),v(t)) =0,
(4.15)
Vé(t) € R(A) N LP[0,2y1], $(0) = 0).
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We want {(v(t), vt — 7)), (x(t), x(t — 7))} to satisfy

x(#) = K(v(t - 7)) + Hy(t, 0(t), v(t - 7)),
(4.16)
X(t=7) = K(v(t)) + Hy(t, (), v(t - 7)),

where (v(t), v(t-7)) € E, x(t) € R(A) N LP[0,2y7], thatis, (x(t), x(t — 7)) € E*-.
If {(v(t),v(t-7)),(x(t), x(t — 7))} is a solution to (4.16) and if u(t) = H;(t, v(t), v(t -
7)), u(t—7) = H)(t,u(t), v(t - 7)), then by the duality principle and (4.16), we have

(u(t),A(z(t - 7)) +(u(t —7),A(z(t)) ) +(z(t), F; (bu(t),u(t—7)) ) +(z(t — 7),F (tu(t)u(t — 7)))
= (Hy(t,u(t), V' (t-71)), A(z(t - 7)) + (Hy(t, v(t), v(t — 7)), A(z(t))) + (z(t), v(t))

+(z(t-T1),0(t-1))
= (x(®) - K((t =), AGz(t=1)) ) + (x(t = 7) = K(H), A1) ) + (z(), (D)
+(=2(t), 0(t))

= —(u(t), z(t)) = (v(t), z(t)) + (z(t),v(t)) + (z(t),v(t)) =0 Vz(t) € D(A) N LP[0,2y7].
(4.17)

Thus, u(t) is a weak solution to (1.1).

5. Existence of Solutions to Operator Equation (4.16)

In this section, we discuss the existence of solutions to operator equation (4.16) by using the
critical point theory. Our main result is the following.

Theorem 5.1. Under assumptions (A1) ~ (Ag), problem (1.1) has at least one nontrivial weak 2yT-
periodic solution.

To prove this theorem, we state and prove the following lemmas first.

Let v = (v(t),v(t - 7)), and

N T G T B o M
u(t-T7) K 0/ \v(t-17) Ko(t)

It is not difficult to verify that (K (v), ¢) = (v, K(g)) = (Kv(t—7), ¢ (t)) + (Kv(t), g (t -
7)), where ¢ = (¢ (t), ¢ (t — 7)), that is, the operator K is a symmetric operator.
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We may obtain solutions to (4.16) by seeking critical points of functional J(v) defined
by

1 2yT
J(0) = 3 (K@), 0)+ | - Ht, vt

= %<I?v(t—7),v(t)> + %<Kv(t),v(t—r)> (5.2)

2yT
+ ' H(t, v(t),v(t-71))dt VY(v(t),v(t-T)) €E.
0

J may be regarded as the restriction to E of function J defined on L9[0,2y7] x L9[0, 2y 7]
since both functions have identical component on E. Moreover

J'(v) = K(v) + H' (v). (5.3)
Since

<f’(u) - ]'(U),z> =0, YoeE, z=(z(t),z(t-71)) €E, (5.4)

there exist y(t) € R(A) and y,, = (xu(t), xo(t — 7)) € E* such that
J' () = J'() = yo- (5.5)

So if v* is a critical point of J'(v*) = 0 on E, then there exists y}. = (x5. (t), x5 (- T)) €
E* such that

K(v*)+ H" = y}.. (5.6)
Hence, {v*, x}.} is a solution to (4.16). Thatis, { (v*(t), v*(t-7)), ()5~ (t), Xi- (t=T)) } is a solution
to (4.16).
Lemma 5.2. The following two conditions are equivalent:

(1) F(t,u1,u2) < ap[Fi(t,ur, uz)uy + Fy(t,ur, up)up], forallt € [0,2y7], when |u| =

\ud+ud > C;
(2) F(t, pus, Puz) > /%2 F(t,u1,up) >0, for all p>1, t € [0,2y7], |u| > C.
Proof. For all u = (u1,up), |u| >C, let ®(p) = F(t, fuy, puz), ¥(P) = ﬁl/“zF(t, Uy, Us).

(2) = (1). By ®(p) > ¥(p), for all p>1and ®(1) = ¥(1), it is easy to see that D’'(1) >
W' (1). That is,

1
Fi(t,u1, up)us + Fy(t, u1, up)up > a_F(t' U, Uz). (5.7)
2
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(1) = (2). By

D' (B) = Fy(t, pur, Pua)ur + Fy(t, pus, Puz)uz

1. , 1 (5.8)
= < [Fi(t, pur, Puo) fus + Fy (1, Pur, Puz) pus] > — @ (p),
p arp
it follows that
F(t, pu, pun) > B/ F(t,u1,up) >0, VYp>1, te[0,2y7]. (5.9)
O

Lemma 5.3. Let F(t,u1, up) satisfy assumptions (As) and (As). Then there exist constants m > 0
and M > 0 such that

1/(12
F(t,u1,up) > m< u? +u§> Vvt € [0,2yT], when |u| > C,

e (5.10)
a)—
|F'(t, u1,u2)| < (21/1sz - m) <\/u§ + u%) ,  when |u| >C,
where |F,(t/ u11u2)| = \/|Fi(t/ u11u2)|2 + |F£(tl ul/u2)|2'
Proof. Let
F t,uy,
m= min LM (5.11)

(w1 )edBe  Cl/m

where B¢ denotes the ball of radius C centered at the origin. By (A4), one knows m > 0. On
the other hand, by Lemma 5.2 and (As), we have

o 2\*®
Cuy Cu, VUt U,

! C
\/u% +u3 \/u% +u3 (5.12)

1/[12
> m(\/u%+u§ > )

F(t,ul,uz) Z F t,

By the convexity of function F, one has

F(t,u1,up) + F1(t, u1, u2) (z1 — 1) + Fy(t, u1,u2) (22 — u2) < F(t, 21, 22). (5.13)
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Let z = (z1,2z2) run all over the ball By, (z) of radius |u| centered at u = (uy,u2), and
choose the maximum of Fj(t, u1, u2)(z1 — u1) + F(t, u1, uz)(z2 — up). Then it is not difficult to
see that

1/az 1/az
|F'(t, w1, uo) |\/u2 + u3 < M <\/zf+z% > —m<\/u§+u§> ) (5.14)

By z < 2|u| we have that

(1/a2)-1
|F'(t, w1, up)| < <21/“2M—m> <\/u% +u§> . (5.15)

Lemma 5.4. H € C'(R3,R) is a strictly convex function and satisfies

1)
H;(t,0,0) = Hj(t,0,0) =0, H(t0,0)=0, Ve [0,2y7]; (5.16)
()
ﬁlwl” (=) _ ¢y <H(t,w(t),w(t-T)) < %le” (=a2) | C,; (5.17)
M —_— 7 7 - m 7
3)
o1/(l-a2) 7
C;2|w|a2/(1_a2) - C4 S |H,(t/w(t)lw(t - T))| S Ca2< - _>
m M (5.18)
x |0/ 17%2) 4 Cs;
4)
H —
lim (t,w(t),rf(t 7)) _ o, (5.19)
leol =0 |ew]

where  Cy,...,Cqy are constants, C,, and C,, are constants, depending
on  ay |wl = Vwr(t) +w?(t-1) and |H'(t,w(t),w(t - T))] =
VIH; (b w(B),w(t = )P+ [Hy(t, w(t), w(t - 7).

Proof. By Corollary 3.8 and Fj(t,0,0) = F,(t,0,0) = 0, we have H;(t,0,0) = H;(t,0,0) =
0, for all t € [0,2y7]. Moreover, by the definition of H, we know that H(t,0,0) = 0.
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Now we show that (5.17) holds. By (As) one obtains F(t, u1, us) < Miu|'/% +
Cy, for all u = (u1,un) € R?. So, by Proposition 3.3 and Example 4.2, it is easy to see that

Cy _
H(t,w(t),w(t - 1)) > 2wl /0 - €y, (5.20)

where C,, = 21/(1—112)/Maz/(l—uz)—l(agz/(l—az) _ a;/(l—az)).
Similar arguments to the proof of Lemma 5.3 show that there exists a constant C, such
that

F(t, u1, up) > mlu|** - C,. (5.21)

Therefore, it follows that

Ca,

]/ + G (5.22)

H{t, w(t),w(t-1)) <

Next we show that (5.18) holds. Again as in the proof of Lemma 5.3, we can estimate
H' by

1/(1—“2)
2 - i) o/ 7%) + G, (5.23)

|H'(t, w(t), w(t - 1))| < Ctx2< M

where C3 = max{C; +C,, suplwkllH’(t, w(t),w(t-7))||}. By Lemma 5.3 again and the duality
principle

(u1,12) = (Hy (£, w(t), w(t - 7)), Hy(t, w(t), w(t - 7)))

(5.24)
= (w(t),w(t—1)) = (Fy(t,u1,u2), Fy(t, u1, u2))
when |H'(t, w(t), w(t — T))| > C, we have
lw| < <21/“2M - m) | H (/a1 (5.25)

Since there exists a constant M¢ such that when |u| = 1/u? + u5 = |[H'(t, w(t), w(t - 7))| < C,
we have

lew| = |F,(t, ul,u2)| < Mc. (5.26)

Choose

)ﬂz/(lxz—l)

C,, = (2/"M-m , Cy=Cl MBI, (5.27)

Then it is not difficult to see

H'(t,w(t),w(t-1))| > C. |w|® %) —Cy. (5.28)
2
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Finally, we show that (5.19) holds. By (Ag), for all € > 0, there exists 6 > 0 so that when

lu| = \/u? + u3 < 5, we have
F(t,u1,up) < e\/u? + 1. (5.29)

Now, for all K > 0, choose ¢ = 1/4K and let 77 = 2¢6(¢). Then whenever \/w?(t) + w?(t — ) <
1, we have

H(t, w(t),w(t-1)) > 41—5 (wz(t) + WA (t - T)) = K|w]- (5.30)

That is,
lim H(t’“’(t)"f(t_ D _ o, (5.31)
|| =0 || O

Lemma 5.5. There exist constants Cs and C;; depending on 6, such that

{C5|w|2, when |w| < 6,
H(t,w(t),w(t-1)) > (5.32)

Cilw|?, when |w| > 6,

and when 6 — +0, Cs — +oo.

Proof. By (5.19), we have

 Hw®,we-m) _

li 5.33

ol =0 |ew|? (539
So,as 6 — +0, we obtain Cs £ inf{ H(t, w(t), w(t — 7)) /|w|* : |w| < 8} — +oo. That s,

H(t,w(t), w(t-7)) > Cslw, (5.34)

when |w| < 6.
We next show the validity of the second part of the inequality.
For all wy = (wo(t), wo(t — 7)), |wo| =1, let e, (B) = H(t, Pwo(t), Pwo(t — T)). Then

$roo (B) = Hi(t, Pwo(t), Puwo(t — ) )wo(t) + Hy (t, Pwo(t), Pwo(t — T))wo(t - T). (5.35)

Since ¢,,, is a convex function for all § > 0, we have

H; (t, Bwo(t), Pwo(t — T))wo (t) + Hy (t, Pwo(t), Pwo(t — T))wo(t - T) > %(])wo B). (5.36)
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So, by (5.34) we obtain
H; (t, 8wy (t), dwo (t — T))wo (t) + Hy(t, 8wy(t), dwo(t — T))wo(t —T) > Cs - 6. (5.37)
By the convexity of H again, it is easy to see that

H(t, swy(t), swo(t — 7)) > Hi(t, 6wy(t), 6w (t — 7)) (s — 6)wo(t)
+ Hy(t, 6wy (t), bwy(t — T)) (s = &)wo (t — T)

(5.38)
+ H(t, 6wy (t), 6wo(t — 7))
>Cs-6(s—6) +Cs6* = Csbs, Vs >0.
So, we further obtain that
H(t,w(t),w(t-T)) > Cs - 6|w|. (5.39)
By Lemma 5.4, there exists T > 0 such that
Cu,
H(t,w(t),w(t-1)) > |w]?. (5.40)

2M
Let Cy = min{C,,/2M, T'96Cs}. Then by (5.34), (5.39), and (5.40), we have

Cslwl’, |w| <6,

H{t,w(t),wt-1)) > (5.41)
Cilwl|?,  |w| > 6.

O

Lemma 5.6. Let Uy, = (U (t), U (t — 7)) — v = (v(t), v(t — 7)) (weakly convergent sequence on
LA(]0, 2)’7‘])2) and satisfy

2yT 2yt
H(t,v,)dt — H(t,v)dt as m — oco. (5.42)
0 0
Then
2yT
H(t,v, —v)dt —0 as m — co. (5.43)

0

Proof. (I) First, we show that the terms in {H(t, v,,) } have equicontinuous integrals, that is,
for all € > 0, there exists 6 > 0 such that

Vm,f H(t,v,)dt <e when u(Q) < 6. (5.44)
Q
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Since H is convex, we have
Hi(t,0)(v(t) — vm(t)) + Hy(t, v) (0(t = T) = Uy (t — 7)) < H(t,0,y) — H(t, V). (5.45)

So, from v,, — v and the above equality, we have

2yT 2yT
J- H(t,v)dt < lim H{(t, v,,)dt. (5.46)
0

m—oo J(

By H > 0 and the assumption that ngT H(t,v)dt — j‘g” H(t,v,,)dt, it is not difficult to see

lim H(t,v,,)dt = J‘ H(t,v)dt for all measurable sets Q. (5.47)
Q Q

m— o

Now suppose to the contrary that { H(t, v,,)} does not have equicontinuous integrals,
that is, there exists €y > 0 and functions vy, = (U, (t), Um, (t — 7)), as well as measurable sets
Qy, such that the following inequalities

f H(t,+v)dt < gy, for all measurable sets €, p(Q) <6,
Q

5 (5.48)
H(t, v, )dt > €0, p(Qx) < o
o} 2
hold. Then choose Qo = ;2 Q. It is not difficult to obtain p(Qp) < 6 and
H(t, vy, )dt > H(t, vy, )dt > €, (5.49)
Qo Qk
which is contradictory to (5.46) and (5.47).
(IT) For all b > 0, we divide [0, 2y7] into the following three subsets:
Q= {t € [0,2y7] | [u] = \/02(t) + V2(t - T) > b},
(5.50)

QY ={te [0,2y7] | [v] <b,|vm — V| > 6},
Q= {te [0,2y7] | |[v| < b, v, —v| <6},

where v, —v| = \/(vm(t) —0())? + (Ut —T) —v(t - 7))% By inequality (5.17), we know that
there exist constants K and L such that

H(t,2z(t),2z(t - 7)) < KH(t, z(t), z(t = T)) + L,  Y(z(t),z(t-T)) € R (5.51)
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By the convexity of the function H on Q;, we obtain
1 K
H(t,u, —v) < 3 [H(t,2v,,) + H(t,-20)] < ?(H(t, vm) + H(t,-v)) + L. (5.52)

So by (I), we may choose a constant b large enough and fixed such that p(Q;) is small enough
so that

H(t,v,, —v)dt < 5 (H(t,vy) + H(t,—v))dt + Lu(Q1) < f (5.53)
Qi 2 Q 3

For the above chosen constant b, now choose 6 small enough so that

H(t, v, — v)dt < = (5.54)
Qr 3

For the chosen constants b and 6, let

K= o ‘i>réf| - [H(t,w) — H(t z) - H{(t,w)(w(t) — z(t)) - Hy(t, w) (w(t - T) - z(t - T))].
(5.55)

Then x > 0. Now

Ku(QY) < f [H (¢, 0m) = H(t, 0) = Hj (£, 0) (0 (£) = 0(1)) = Hy (¢, 0) (0n(t = 7) = v(t = 7))]

m
2

2yT
< f - [H(t 0m) = H(tv) = Hi(t, 0) (0 (1) = 0(0) = Hy(t,0) (0t = 1)~ v(t = 1)]d.
(5.56)

Thus we have u(QJ) — 0asm — oo. Hence, it is easy to see that IQE" H(t,v,) — 0as
m — oo.

By repeating the above argument on Q;, we conclude that there exists an ny such that
when m > ng, we have

H(t, 0y - v)dt < £ (5.57)
Qr 3

From (5.53), (5.54), and (5.57), we obtain that

2yT
lim H(t,v,, —v)dt =0. (5.58)

m— o 0
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Corollary 5.7. v, = (Uy(t), Uy (t—7)) — v = (v(t), v(t—T))(L([0,2yT]) x L([0, 2yT])) if and
only if

2yT
H(t, Uy — v)dt = 0. (5.59)
0

Proof. (=). v, — v implies that v, — v (weakly). By inequality (5.17) and the
continuity of the composition operator, one gets H(t,v,,) — H(t,v) (L'([0,2y7])). That is,
f;ﬁ H(t,vy,)dt — jgw H (t,v)dt. So, by Lemma 5.6, one obtains the conclusion.

(&). By Lemma 5.5, there exist constants B; and B, > 0 such that

2yT
H@@ﬂz&f

[v|>6

|uwdt+-32f lv*dt

0 v]<6

2/q
> B, f lo|"dt + By(2y7)” 72 <f |v|th> (5.60)
|U|26 ‘U|<5

2yT 2yT 2/q
> Cs min f |v|7dt, <J‘ |v|th> .
0 0

Choose 6 small enough. Then Cs > 0 is a constant and it is not difficult to see that the
conclusion is correct. O

We next use the Maintain Pass Theorem to prove Theorem 5.1 in three steps.
(i) We show that ] satisfies the P. S. condition in E. Let {v,, = (v,(t),v,(t —T))} C E,
and let the constants C;, C; satisfy

Cl S ](UTZ) S C2/

(5.61)
J'(vn) — 0.
That is, we want to show that {v,} has a convergent subsequence in E.
First, we show that {v,} is bounded. In fact, by
Zm = Kvuy, + Hl(trvm) —Xm — 0,
2yT (562)

1
Cl S §<Kvm/ Um> + H(t/ Um)dt < CZ/
0
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where z, = (Zm(t), 2m(t = 7)), Um = (Um(t), Vu(t - 7)), Xm = (Xm ®), Xm(t - 7)), we know that
there exists n2(g) > 0 for all £ > 0 such that the following inequality holds when m > m(e):

JQYT H(t,v,,)dt - % [H (t, V) U (£) + Hy(t, Up) Uy (F = T)]
0 (5.63)

€
< G+ S (lomBlls + l[om(E = 7)lILa) = Co + el[vm(B)]] o

On the other hand, by Lemmas 5.2 and 5.3, there exist constants a;, C3, C4 and Cs
such that

H(t,w) - %Hi(t,w)w(t) - %Hﬁ(t, w)w(t—T)

= 1z(if)l-“i(t,z(t),z(t -7)) + 1z(t - T)Fy(t, z(t), z(t - 7)) = F(t, z(t), z(t - 7))
2 2 (5.64)

1 1/a 1
> PR —_ —_ > 2 - —
<2 3 1)F(t,z(t),z(t 7)) — C3 > m|z| ( 3 1) Cy

> |w|! = Cs,

where w(t) = F(t,z(t),z(t - 7)), w(t - ) = F(t, z(t),z(t — 7)); z(t) = H|(t,w(t), w(t - T)),

z(t — 1) = Hy(t, w(t), w(t - 1)); |w| = Vw2 (t) + w?(t —1); |z| = V22 (t) + 22(t - 7).
So by (5.63) and (5.64), it is easy to see that

0m ()| ago, 2y7) = lUm(t = T)llLajo2yr) < G (constant) (5.65)

That is, {v,} is bounded. We next show that {v,} has a convergent subsequence. Since
L7[0,2y7] is a reflexive Banach space, there exists a subsequence of {v,} which is weakly
convergent in L1[0,2y7]. We denote it by {v,,, }, that is to say, v, (t) = V*(t), Uy (t —T) —
v*(t — 7). On one hand, by the convexity of the function H, we have

H(t,v*(t), 0" (t = 7)) + Hi(t, 0" (t), 0" (t = T)) (Um, (£) — V" (1))
5.66
+ Hy (0" (1), v (t = 7)) (U, (t = T) = 0" (t = 7)) < H(t, Uy, (1), Uy, (F = T)). (560

So we have

2yT 2yT
U H( 0 (0, 0 (- )t < im [ (O (1), 0, (£~ )t (567)

0 k—o0J0
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On the other hand, by convexity of the function H again, we obtain

H(t,o"(t), 0" (t - 7)) 2 H(t, 0y (£), Oy (t = 7)) + Hy (8, Oy (), O, (£ = 7)) (0" () = O (1))
+ Hy(t, Um, (£), U (£ = 7)) (0" (t = T) = U, (t = 7))

= H(t, Uy (£), U (= T)) + (—KUpsy + Zimg + Xy ) - (U = Up ).

(5.68)
Since operators A and K are compact and (2, (t), zm, (t — T)) — 6, we have
N 2yT
klim H(t, 0, (t), Uy (t — T))dt < H(t,v*(t),v"(t - 7))dt. (5.69)
—=Jo 0

By (5.67), (5.69), and applying Lemma 5.6 and Corollary 5.7, it is not difficult to see
that

(U (t), Oy, (E = 27)) — (U*(F), V" (t - T)). (5.70)

(ii) We show that there exist constants p, r > 0, such that
Jlag, > p >0, (5.71)

where 0Q, = {(v(f), v(t - 7)) € L]0, 2y7] x L7[0, 2y 7] | [[o(})l|10,2yr] = [[0(E = T)l|Lapo2y7) = 7}
Let p = ||K]|¢(r,19)- Choose 6 > 0 such that the constant Cs is large enough and choose r
small enough so that when [|u(t)||rs = ¥, by Lemma 5.5, there exists constant Cy > 0 satisfying

2/q 2/q
Cs LM lo(t)Pdt - 48 (LM |u(t)|"dt> e < f LG |th> )
2/q

2/q
C J‘u|>6 ot - 4ﬂ<j|u|>5 lv(t)lth> > C; <J|u|>5 |v(t)|th> /

where |v| = \VU2(t) + V2(t - 7).

(5.72)
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By (5.72) and inequalities
a®+b° < (a+Db)° <2°a +b°),

where a,b > 0, and ¢ > 1, we have

2yT

1/ 1/~
=~ (K(u®)),v(t- —(K(v(t-T1)), H(t, u(t), v(t -
1) = 5 (K@), o) + 5 (R =m),00)) + |~ Hit, 0,0 -)
p p

> S0 afoare] = 10O agoye]

+Cs f lo(t)|*dt + Cs f
[v|<6

q
(\/Uz(t) + V2(t - T)> dt
. p

D10 1) = 10O oy +Co [ 0Pt

|v|<6

lo(t - 7)[dt + cgf

[v|<6 [v]>6

+Cs J‘ lo(t - 7)Pdt + Cj f lo(#)|9dt
|v|<6

[v[>6

2/q 2/q
>Cy [<J|U|<6 |U(i’)|th> + <f|u26 |U(t)|th> ] +Cs J‘|u|<5 lo(t - 7)|*dt

Cy _ G,

2
2 22/q||v(t)||L‘7[0,2YT] - Zz/qr .

Thus (5.71) is true with p = (C;/2%/9)r2.
(iii) It is obvious that J(0) = 0, and J(v) is an even function in v.

Remark 5.8. Let v;(t) = sin(jor/yT)t, j =1,2,.... Then by
jr\* . jr

Avj(t) = —( =—= ) sin—t,
YT YT

we have

Hence, we obtain
R 2 2 . . 2 . .
Kuvj(t) = —<E> [sin il cos E(t —2T) + cos il sin E(1? - 27')] ,
] Y YT Y YT

R 2 2. . 2. .
Kvj(t-27) = —<E> [cos]—]rsin Et—sin]—]rcos Et]
] Y YT Y YT

23

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)
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Therefore, it is easy to see

1/~ 1/~ 2yt
J(v)) = §<Kv,~(t—2T),v]-(t)>+§<Kuj(t),u,-(t—zf)>+ i H(t,v;)dt

2 i 2yt 2yT 2yT
:_1<£> cos 1T f |Uf(f)|2d”f |vj(t - 27) |*dt +J H(t,v;)dt.
2 Y 0 0 0
(5.78)

We may choose ji, such that cos 2jxor /y > 0. Let v;, () = sin(jxor /yT)t. By (5.78), we have

1 YT 2 2]” 2yT » 2yT 5
]()tvjk)é—)i(],—m_) COSTI:J.O )] dt"'f@ |p(t —27)] dt]

Cuz 2yT
+

m Jo

(5.79)

<\/¢2(t) + P2 (t - 27‘)>th +2y7Cy — —00, (A — +00).

From (i), (ii), (iii), and the Maintain Pass Theorem, we conclude that problem (4.16)
has at least one nontrivial 2y7-periodic solution. Thus, Theorem 5.1 holds.

6. Example

In this section, we present a remark and an example to illustrate our main result.

Remark 6.1. For assumptions (A;) ~ (As), function F is a solution to the following partial
differential equation:

F)(t,x1,%2) + F{(t, x2,x3) = f(t, x1,%2, x3). (6.1)

In some special cases, F can be easily determined. For example, if there exist continuously
differential functions g,h € C!(R? R) such that (8g/0u)(u,v) = (0h/0v)(u,v) and
f(t,x1,%2,x3) = a(t)[g(x1,x2) + h(x2,x3)], where a(t) is continuously differentiable and 7-
periodic in £, then

F(t, x1,x2) = a(t) U:l h(s,x2)ds + J:z g(0, s)ds] (6.2)
or

F(t, x1,x2) = a(t) U:z g(x1,8)ds + J:l h(s,O)ds] . (6.3)



Abstract and Applied Analysis 25

For example,
(1) if g(u,v) = u?-2uv—v2, h(u,v) = w?+2uv-v* and f(t, x1, x2, x3) = cos(27t /) [x?-
2x12; + 2x2x3 — x3], then

F(t,x1,x3) = cos ﬁ U g(x1,8)ds + I h(s,O)ds]
T Lo 0

27t [ (72 x
= Cos il U <x§ —2x18 — sz>ds + f des] (6.4)
T o 0

2rt , 1 414
=Cos7<x1x2—x1x2—§x2+§x1 ;

2 2

(2) if g(u,v) = 2vcosu —u sinv, h(u, v) = 2ucosv — v
cos(2tt/ar)[2x, cos xq — x% sin x, + 2x, cos x3 — x§ sin x;], then

sinu and f(t, x1,x2,x3) =

F(t, x1,x) = cos 2t U g(x1,5)ds + f h(s, O)ds]
T Lo 0

27t [ (2 *
= cos 22 U <25 cos x1 — X7 sin s) ds + f sts] (6.5)
Jr 0 0

2tt s 4 5
= cos — <x2 COS X1 + X7 COS x2>.
T

One can check easily that F satisfies assumption (A).
Finally, as an application, we consider the following example.

Example 6.2. Consider the equation

X'(F) + X" (%)m —7) [(xz(t) w3t - T))(”/Z)_1 + (- )+ (- 2T)>(p/2)_1] =0,
(6.6)

with x(0) = 0, where p > 2. Then g(u,v) = pv (12 + v2)*/?7! and h(u,v) = pu(u? + v?)*/?71,

Moreover, g and h satisfy the condition (0g/0u)(u,v) = (0h/0v)(u,v). So we can
choose

x(t-1) /2)- x(t)
F(t,x(t),x(t - 1)) = P(l + sin2%> [J‘ s(ac(t)2 + sz)(p 27 s+ f

0 0

= (1 + sin2%> (x(l‘)2 + x(t - T)2>P/2.

s”/zds]
(6.7)

It is obvious that assumptions (A1) ~ (A3) and the following (A}) ~ (A;) hold:
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(A}) x = (x(t),x(t—7)) — F(t,x(t),x(t-7)) is a continuously differentiable and strictly
convex function and also satisfies

F(t,0,00=0,  F}(t,0,0) = F;(1,0,0) =0 Vte [0,2y7]; (6.8)

(Af) for ap = 1/p < 1/2, there exist constants M,C > 0, such that when |x| =

Vx%(t) + x2(t — ) > C we have

F(t, x(t),x(t = 7)) < ap [Fy(t, x(t), x(t = T))x(t) + Fy(t, x(t), x(t - 7))x(t — 7)],

(6.9)
F(t, x(t), x(t - 7)) < M|x|"/%;
(Ag)
fim © (t’x(t)”g(t —7) _y, (6.10)
1210 |x|

Thus, (6.6) has at least one nontrivial weak 2yT-periodic solution by Theorem 5.1.
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