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The notion of the homomorphism of approximation spaces is introduced. Some properties
of homomorphism are investigated, and some characterizations of homomorphism are given.
Furthermore, the notion of approximation subspace of approximation spaces is introduced. The
relations between approximation subspaces and homomorphisms are studied.

1. Introduction

The theory of rough sets [1], proposed by Pawlak, is an effective tool to conceptualize and
analyze various types of data. The theory and applications of rough sets have impressively
developed. There are many applications of rough set theory especially in data analysis, arti-
ficial intelligence, and cognitive sciences [2—4]. Some basic aspects of the research of rough
sets and several applications have been presented by Pawlak and Skowron [5-7].

In theory, in recent years scholars have put forward many extended rough set models
combining with other soft computing theories or relaxing the relation on the universe or
broadening the boundary, such as statistical rough set [8], fuzzy rough set [9-11], prob-
abilistic rough set [12], variable precision rough set [13, 14], Bayesian rough set [15] and grey
rough set [16]. It is worth noting that proposed in the early 90s, the decision-theoretic rough
set model (DTRS) aims to loosen restrictions of conventional rough approximations [17-20].
It is one of the most important probabilistic rough set models. DTRS has gained research at-
tention in recent years [21-27].

In a word, researchers have proposed many models based on rough set theory, but
there are a few researches focusing on comparison between approximation spaces corre-
sponding to rough set models. In fact, through the comparison between approximation spa-
ces, we can find the difference between them and give the classification of approximation
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spaces, which can help a decision maker to choose a suitable rough set model for data anal-
ysis. The comparison between approximation spaces, in mathematics, can be explained as
a mapping between two approximation spaces. A homomorphism may be viewed as a special
mapping between approximation spaces, which preserves or transfers properties from one
approximation space to another. In this paper, we define the concept of homomorphism be-
tween two approximation spaces based on binary relations and study some properties of
homomorphism. In addition, the notion of approximation subspace is introduced, and the
relationship between homomorphisms and approximation spaces is investigated.

The paper is organized as follows. The next section reviews some basic notions of
rough sets based on binary relations and some results to be used in the following sections. In
Section 3, the concept of homomorphism of approximation spaces is defined, and its main
properties are examined. In Section 4, we define the concept of approximation subspace
and investigate union, intersection, and complement of approximation spaces. In addition,
Theorem 4.14 shows that we can induce an isomorphism of approximation spaces by means
of a homomorphism.

2. Review of Relation Models and Their Properties

Let U be a finite and nonempty universe. A binary relation R over a universe U is a subset of
the Cartesian product U x U. For two elements x, y € U, if xRy, we say that y is R related to
x, x is a predecessor of y, and y is a successor of x. Given a binary relation, the successor
neighborhood of x is defined by xR = {y | xRy} and the predecessor neighborhood of y by
Ry = {x | xRy}.

Definition 2.1 (see [28]). Let U be a finite and nonempty universe and R € U x U a binary re-
lation on the universe. The pair (U, R) is called an approximation space. For any subset X of
the universe U, a pair of lower and upper approximations, RX and RX, are defined as follows:

RX={xeU|xRCX}), RX={xelU]|xRNnX#0}. (2.1)

Definition 2.2 (see [29, 30]). Let U be a finite and nonempty universe and R a binary relation
on U. The relation R is referred to as serial if, for all x € U, there exists a y € U such that
xRy. R is referred to as inverse serial if, for all x € U, there exists a y € U such that yRx.
R is referred to as reflexive if, for all x € U the relationship xRx holds. R is referred to
as symmetric if, for all x,y € U, xRy implies yRx. R is referred to as transitive if, for all
x,y,z € U, xRy and yRz imply xRz. R is referred to as Euclidean if for all x,y,z € U, xRy
and xRz imply yRz. Since the approximation operators are defined through the successor
neighborhood, it is more convenient to express equivalently the conditions on a binary
relation as follows:

Serial: for all x € U, xR#0,

Inverse serial: for all x € U, there exists a y € U such that x € yR,
Reflexive: for all x € U, x € xR,

Symmetric: for all x,y € U, if x € yR, then y € xR,

Transitive: for all x,y € U, if y € xR, then yR C xR,

Euclidean: for all x,y € U, if y € xR, then xR C yR.
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Theorem 2.3 (see [28]). Let U be a finite and nonempty universe and R C U x U a binary relation
on the universe. The approximation operators satisfy the following properties: for subsets X,Y C U,

(L0) RX =~R~X, (U0) RX=~R~X,

(L1) RU=U, (Uu1) Rp=9,

(L2) R(XNY)=RXNRY, (U2) R(XUY)=RXURY, (2.2)
(L3) R(XUY)2RXURY, (U3) R(XNY)CRXNRY,

(L4) XCY = RXCRY, (U4) XCY = RXCRY.

With respect to certain special types, say, serial, inverse serial, reflexive, symmetric,
transitive, and Euclidean binary relations on the universe of discourse U, the approximation
operators have additional properties [28, 29, 31].

Theorem 2.4. Let U be a finite and nonempty universe and R C U x U a binary relation on the
universe, then the following assertions hold.

(1) R is serial = (U0) RU = U.

(2) R is inverse serial = R{x}#@, for all x € U.
(3
(4) R is symmetric = (U7) X CR RX, forall X e U.
(5) R is transitive &< (L8) RX C R RX, for all X € U.

)
)
) R is reflexive = (U6) X C RX, for all X € U.
)
)
)

(6) R is Euclidean & (U9) RX C R RX, for all X € U.

3. The Properties of Homomorphisms and Isomorphisms

In this section, we introduce the notion of the homomorphism of approximation spaces and
study on the properties of the homomorphisms.

We can study the relations between the approximation operators of one approximation
space and the approximation operators of the other approximation space by means of
mappings. For this purpose, in the following we present the concept of the homomorphism
of approximation spaces.

Definition 3.1. Let U; and U, be finite and nonempty universes, f : U; — U, a mapping from
U; to Uy, Ry a binary relation on Uy, and R, a binary relation on U,. f is called a lower
homomorphism from the approximation space (U1, R;) to the approximation space (Us, R;)
if, for all X C Uy, f(R1X) C Rof(X). f is called an upper homomorphism from (U3, Ry) to
(U, Ry) if, for all X C Uy, f(RiX) C Raf(X). f is called a homomorphism from (U, Ry)
to (Uy, Ry) if, for all X C U;, f(RiX) C Ryf(X) and f(R;X) C Raf(X). An injective
homomorphism from (U;, R;) to (U;Rz) is called a monomorphism, a surjective homomor-
phism an epimorphism, and a bijective homomorphism an isomorphism.

Remark 3.2. In the above definition, it is easy to show that f is a homomorphism from (U1, R;)
to (Uy, Ry) if and only if f is a lower homomorphism from (U1, R;) to (U, R;) and f is an
upper homomorphism from (U;, Ry) to (Uz, Rz).
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For better understanding of the definition we illustrate it by the following examples.

Example 3.3. Let (U1, R1) and (Uy, R2) be two approximation spaces, where U; = {x1,x2},
Uz = {y1,y2,y3,y1}, R = {(x1,x1), (x2,x2), (x1,%2), (x2,%1)}, and Ra = {(y1,y1), (y2,y3),
(ys,y3)}. f is a mapping from U, to U, and f(x1) = y1, f(x2) = yi. It is easy to check that
for all X C Uy, if X# Uy, then RiX = 0. Hence, for all X c Uy, f(R1X) = 0 C R f(X). If
X = U, then R X = U;. Therefore, f(Ri1X) = {y1} € {y1} = Rof (X) when X = U;. We have
shown that for all X C Uj, f(RiX) C Ry} f(X). It follows from Definition 3.1 that f is a lower
homomorphism from (U1, Ry )_to (UQ,E).

Example 3.4. Let (U1, Ry) and (U3, Ry) be two approximation spaces, where R, = Uy x Us. f
is a mapping from U; to Uy. It is easy to check that for all X C Uy, if X # () then R, f(X) =Uo.
Hence for all X C U and X #0, f(RiX) C U, = Ryf(X). If X = @, then by the part (U;) of
Theorem 2.3 we have that R X = 0. Therefore, if X = (), then f (RiX)=0CR, f(X). We have
shown that for all X C U;, f (RiX) C Ry f(X). It follows from Definition 3.1 that f is an
upper homomorphism from (U4, R;) to (U, Ry).

Notation 1. Let U denote a finite and nonempty set and R C U x U an equivalence relation on
U. Then let U/ R denote the quotient set consisting of equivalence classes of R.

Example 3.5. Let (U1, R1) and (U3, Ry) be two approximation spaces, where U; = {x1, x2, x3},
Uz = {y1, 2}, U1/ Ry = {{x1,x2}, {x3}},and U2/ R> = {{y1}, {y2}}. f is a mapping from U; to
U; and f(x1) = f(x2) = y1, f(x3) = Y. We first show that f is a lower homomorphism from
(U1,R1) to (u2/ R2) BY

Rif = Rifx1} = Rifx2} =9, (3.1)

we can get that f(R10) € Rof (), f(Ri{x1}) € Raf({x1}), and f(Ri{x2}) € Raf ({x2}). By

&{xl,x3}:&{xz,m}:&{xg}:{xg}, &{y1,y2}={y1,y2}, &{y2}={y2},
(3.2)

we can get that

{
f(&{xz,x3}> = {2} S {y1, 12} = Raf ({x2,x3}), (3.3)
C

In addition, by

Ri{x1, 22} = {x1,x2}, Rl = Uy, Rofyi} = {1}, Rol, = Uy, (3.4)
we get that f(Ri{x1,x2}) = {y1} C {y1} = Ref({x1,x2}), f(Rild1) = U2 C Uz = Rof (Uq). We
have shown that for all X C Uy, f(R1X) C Ryf(X). It follows from Definition 3.1 that f is a
lower homomorphism from (U3, R1) to (Uy, Ry).



Journal of Applied Mathematics 5

In the following, we will prove that f is also an upper homomorphism from (U, R;)
to (Uz, Rz). By Rif) = @, we get that f(Ri10) € Rof (0). By Ri{x3} = {x3} and Rof{y2} = {12}, we
can get that f(R1{x3}) = {y2} C {y2} = Rof ({x3}). By

Ri{x1} = Ri{x2} = Ri{x1, x2} = {x1,x2}, Rofwi} = {1}, (3.5)

we can get that
f(Ritx}) = {n} € ()} = Ref((x))
f(Rilxa)) = {w1) € {1} = Raf ({2}, (3.6)
f(R1{x1/x2}> ={y1} S {n} = Ref({x1,%2)).

By

=
E)
5

|

1{x,x3) = Rildy = Uy, Rl = Uy, (3.7)

we can get that

f(Ritx,x5)) = Ua € Us = Rof ({21, 33)),

f(Rl{lexs}
F(RUL) = U € Us = Rof ().

=LI2QU2 ZR_zf({xZ,x_?,}), (38)

N——"

We have proved that for all X C U, f (RiX) C Ry f(X). It follows from Definition 3.1 that f is
an upper homomorphism from (U, R;) to (U, Ry).
In summary, by Remark 3.2, f is a homomorphism from (U1, R;) to (U, Ry).

Example 3.6. Let A1 = (U;,Ry) and A, = (Uy, Ry) be approximation spaces, where u, =

{x1,x2,x3}, Uz = {y1,y2,y3}, U1/Ry = {{x1,x2},{x3}}, and U2/ Ry = {{y1,y2}, }. fisa
mapping from U, to U, and f(x1) = y1, f(x2) = y2, and f(x3) = y3. By Defm1t1on3 1, it is
easy to show that f is an isomorphism from (U, R;) to (U, Ry).

For better understanding of the upper homomorphism we give the following theorem.
In fact, we present a criterion for judging an upper homomorphism.

Theorem 3.7. Let U, and U, be finite and nonempty universes, f : Uy — U, a mapping, Ry
a binary relation on Uy and Ry a binary relation on Uy, then f is an upper homomorphism from

(U1, Ry) to (Up, Ry) if and only if, for all x € U, f(R1 x}) C sz(

Proof. The necessity follows directly from Definition 3.1.
Conversely, for all X C U, by the part (U>) of Theorem 2.3, we have that

f(Rix) = <U Rifx > - U £(Rix)
Rof (X) :R_2f<U{x}> =R_2<U f({x})> = U Rf(Ux))

xeX xeX xeX

(3.9)
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Applying the condition for all x € U, f (Ri{x}) C R, f({x}), we conclude that

U F(Ritx}) € U Refthx). (3.10)
xeX xeX
Hence,
f(RiX) € Raf (). (3.11)

We have proved that forall X C U, f (RiX)CR, f(X). It follows from Definition 3.1 that f is
an upper homomorphism from (U1, R;) to (U, Ry). O

In the following, when f : U; — U, is a bijective from U, to U», some characteriza-
tions of homomorphisms are given.

Theorem 3.8. Let Uy and U, be finite and nonempty universes, f : Uy — U, a bijective from U,
to Uy, Ry a binary relation on Uy, and R, a binary relation on Uy, then the following assertions hold:
(1) f is an upper homomorphism from (U1, Ry) to (Uy, Ry) if and only if for all X C Uy,
f(RiX) 2 Ry f(X),
(2) f is a lower homomorphism from (U1, Ry) to (Ua, Ry) if and only if for all X
f(RiX) 2 Rof(X),
(3) f is a homomorphism from (U1, R1) to (Uy, Ry) if and only if for all X C U, f(RiX) 2
Ryf(X) and f(RiX) 2 Rof (X),

N

U,

Proof. (1) Since f is a bijective, it follows that for all X C Uy, f(~X) = ~f(X). Hence, f is an
upper homomorphism from (U1, R;) to (Uz, Ry) © forall X C Uy, f(Ri1X) C R f(X)

& forall X C Uy, f(Ri(~ X)) € Raf (~ X),
& forall X C Uy, f(~ Ri(X)) C Ra(~ f(X)),
& forall X C Uy, ~ f(Ri(X)) S~ Ro(f(X)),
& forall X C Uy, f(Ri(X)) 2 Ra(f(X)).

This finishes the proof.
(2) It is similar to the proof of (1).
(3) By (1), (2), and Remark 3.2, (3) holds. O

As natural consequences of the above theorem we can obtain the following conclu-
sions.

Theorem 3.9. Let Uy and U, be finite and nonempty universes, f : Uy — Uy a bijective, R a
binary relation on Uy, and Ry a binary relation on Uy, then the following assertions are equivalent:

(1) f is an isomorphism from (U1, Ry) to (Us, Rz),
(2) for all X C Uy, f(RiX) = Rof (X),
(3) forall X C Uy, f(RiX) = Raf (X),

Proof. The proof follows directly from Definition 3.1, Theorems 2.4, and 3.8. O
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The following example shows that if the above mapping f is surjective and satisfies the
condition for all X C U, f(R1X) = Ry f(X), then f is not necessarily an isomorphism.

Example 3.10. Let (U3, Ry) and (U, Ry) be two approximation spaces, where Uy = {x1, x2},
U = {y1}, U1/Ry = {{x1}, {x2}}, and U2/ R = {{y1}}. f is a mapping from U; to U, and
f(x1) = f(x2) = y1, then Rif = @, Ri{x1} = {x1}, Ri{x2} = {x2}, RiU; = Uy and Rof = 0,
RoU> = U». Hence,

F(Ri0) =0 = Rof (9),
Ri{xi}) = Uz = Ref({x1)),
1{x2)) = Uz = Rof ({x2)),
F(Rilly) = U = Rof (L),

(3.12)
f

We have shown that for all X C U, f(R1X) = Ry f (X).

In the following, we shall prove that for all X C Uy, f (R_lX) =R, f(X). It is easy to
check that RO = 0, R{x1} = {x1}, R{x2} = {x2}, RU; = U; and R,0 = 0, R,U>» = U,. Hence,

f(Ri0) =0=Raf 9),

f(Ritx}) = Uz =Rof (),
(_ (3.13)

f(Ritxa)) = Us = Ref (1x21),
f R_1U1)=U2=R_2f(ul)-

We have shown that for all X € Uy, f (RiX) =R, f(X).
Thus, by Definition 3.1, f is a homomorphism from (Ui, R1) to (U3, Ry), but f is not
an isomorphism.

Corollary 3.11. Let Uy and U, be finite and nonempty universes, f : Uy — Uy a bijective, Ry a
binary relation on U;, and Ry a binary relation on Uy, then f is an isomorphism from (U, Ry) to
(U, Ry) if and only if f Lisan isomorphism from (U, Ry) to (U1, Ry).

Proof. Since f is a bijective, it follows that f~! is a bijective from U, to U;. For all Y C U,, by
Theorem 3.9, we have that f(Rif~'(Y)) = Ryf (f 1(Y))) = RyY. Hence, Ri f 1 (Y) = f(RY).
We have proved that for all Y C U, f~! (RY) = Ry f “1(Y). It follows from Theorem 3.9 that
f 1isan isomorphism from (Uy, Ry) to (U1, R;). The proof of the sufficiency is similar to the
proof of the necessity. O

Notation 2. The symbolism (U1, R;y) = (U>, Ry) signifies that there is at least one isomorphism
from approximation space (Ui, R1) to approximation space (U, Ry). By Corollary 3.11, we
conclude that (U1,R1) = (UZ, Rz) = (UZ, Rz) = (Ul, R1)

In the following, some properties of homomorphisms are given. These properties
reveal the difference and relationship between two approximation spaces.
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Theorem 3.12. Let U, and U, be finite and nonempty universes, f : Uy — U, a surjective from Uy
to Uy, Ry a binary relation on Uy, and R, a binary relation on Uy. If f is an upper homomorphism
from (Uy, Ry) to (Uy, Ry), then the following assertions hold:

(1) If Ry is serial, then Ry is serial,
(2) If Ry is inverse serial, then Ry is inverse serial,
(3) If Ry is reflexive, then R, is reflexive.

Proof. (1) Since R; is serial, it follows from part (1) of Theorem 2.4 that RU, = U;. By the
condition, f is an upper homomorphism from (U1, R;) to (U, Ry), hence we conclude that
fU) =f (Rill;) C R, f (U4). In addition, since f is a sur]ectlve it follows that f(U;) = U,.
Thus U, C R, f (uy) = R,U,. On the other hand, clearly, U, 2 R,U,. Hence, RyU, = U, and
so by part (1) of Theorem 2.4, R; is serial.

(2) By part (2) of Theorem 2.4, we need to prove only that for all y € U, Ry {y} #0. Let
y € Uy. Since f is a surjective, it follows that there exists x € U; such that f(x) = y. By the
condition, R1 isinverse serial, therefore by part (2) of Theorem 2.4, we have that Ri{x}#0and
so f (R1 }) #0. Since f is an upper hy homomorph1sm from (Ul, Ry) to (U3, Ry), it follows from
Definition 3.1 that 0 # f (R {x}) C Rof ({x}) = Ro{f(x)} = Ra{y}. Thus, Ry{y} #9. This fini-
shes the proof of (2).

(3) By the part (3) of Theorem 2.4, we need to prove only thatforallY CU,, Y C RyY.
Let Y C U,. Since f is a surjective, it follows that there exists X C U; such that f(X) = Y. By
the condition, R, is reflexive, therefore by the part (3) of Theorem 2.4, we have that X C RiX
andsoY = f(X) C f (R X). Since f is an upper homomorphism from (U1, Ry) to (U, Ry), it
follows from Definition 3.1 that Y C f (R_lX) CR, f(X) = R,Y. Thus, forallY CU,, Y CR,Y.
This finishes the proof of (3). O

Theorem 3.13. Let Uy and U, be finite and nonempty universes, f : Uy — U, a mapping from U,
to Uy, Ry a binary relation on Uy and Ry a binary relation on U,. f is an epimorphism from (U1, Ry)
to (Uy, Ry). If Ry is symmetric, then Ry is symmetric.

Proof. By the part (4) of Theorem 2.4, we need to prove only that for allY C U,, Y C RzR_zY
Let Y C U,. Since f is a surjective, it follows that there exists X C U; such that f(X) = =Y. By
the condition, R; is symmetric, therefore by part (4) of Theorem 2.4, we have that X C & RlX

andsoY = f(X) C f(Ry R_lX). Since f is a homomorphism from (U1, R;) to (Uz, Ry), it fol-
lows from Definition 3.1 that f (&R_lX) CRy f (R1X) and f (RiX)CR, f(X).Thus, by the part
(4) of Theorem 2.3, we have that Y C f(Ry RiX) C &f(R_lx) CRy Ryf(X) = Ry R,Y. Hence
forall Y CU, Y C Ry R,Y. This finishes the proof of theorem. O

The following theorem gives main properties of isomorphisms on approximation spa-
ces.

Theorem 3.14. Let Uy and U, be finite and nonempty universes, Ry a binary relation on Uy and R,
a binary relation on Uy. If (U1, Ry) = (Uy, Ry), then the following assertions hold:

(1) Ry is serial if and only if Ry is serial,
(2) Ry is inverse serial if and only if R, is inverse serial,

(3) Ry is reflexive if and only if Ry is reflexive,
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(4) Ry is transitive if and only if R, is transitive,
(5) Ry is symmetric if and only if R, is symmetric,
(6) R is Euclidean if and only if Ry is Euclidean.

Proof. By Theorem 3.12 and Notation 2, (1), (2) and (3) hold.

(4) We first prove the necessity. By part (5) of Theorem 2.4, we need only prove that
forall Y C Uy, RY C Ry RyY. By the condition (U, R;) £ (U2, Ry), we may assume that f
is an isomorphis_m from (Ul,Rl) to (U, Ry). Let Y C Uo. Since f is a surjective, it follows
that there exists X C U such that f(X) = Y. By the condition, R; is transitive, therefore by
part (5) of Theorem 2.4, we have that Ry X C Ry RiX and so f(R1X) C f(R1R;X). Since f an
isomorphism from (U1, R;) to (U, Rz) it follows from Theorem 3.9 that f(Ri1X) = Rof(X)
and f(R; RiX) = Ryf(RiX). Thus, RY = Ryf(X) = f(RiX) C f(Ry R1X) = Rof (RiX) =
Ry Rof (X) Ry RyY. Hence for all Y CU,, RyY C RoR,Y. So R; is transitive. By Notation 2,
the proof of the sufficiency is similar to the proof of the necessity.

(5) By theorem 3.13 and Notation 2, (5) holds.

(6) We first prove the necessity. By part (6) of Theorem 2.4, we need only prove that for
allY CU,, R,Y C Ry RyY. By the condition (U3, R1) = (U, Ry), we may assume that f is an
isomorphism fromml, R1) to (U, Ry). Let Y C Us. Since f is a surjective, it follows that there
exists X C Uj such that f(X) =Y. By the condition, R; is Euclidean, therefore by the part (6)
of Theorem 2.4, we have that Ry X C &R_lX and so f (R_lX) cf (& R_lX). Since f an iso-
morphism from (Uj, R;) to (U, Ry), it follows from Theorem 3.9 that f (R_lX) =R, f(X) and
f(Ri RiX) = Ref (RiX). Thus, RyY = Raf (X) = f(RiX) € f(Ri RiX) = Rof (RiX) =
Ry Ry f(X) =R R,Y.Hence, forall Y C U,, R,Y C RyR,Y. So R, is Euclidean. By Notation 2,
the proof of the sufficiency is similar to the proof of the necessity. O

4. Approximation Subspaces and Homomorphisms

In mathematics, subspaces are similar to original space and independent of the original space,
such as, linear subspaces of linear space subspaces of topological space and. According to
ideas, the notion of approximation subspace of approximation space is introduced in this
section. For this purpose, we first introduce the following notation.

Notation 3. Let U be a finite and nonempty universe, R C U x U a binary relation on U, and
S C U. Then let R|g denote the set RN (S x S), that is, R|g = RN (S x S). Clearly, R| is a binary
relation on S.

Definition 4.1. Let U be a finite and nonempty universe, R a binary relation on U and S C U.
Then the pair (S, R|s) is called an approximation subspace of the approximation space (U, R)
if forall X C S, R|sX = RX and R[sX = RX.

Remark 4.2. Let U be a finite and nonempty universe, R C U x U a binary relation on U, and
S C U.iis amapping from S to U and for all x € S, i(x) = x. If (5, R|s) is an approximation
subspace of (U, R), then by Definitions 3.1 and 4.1, it is easy to check that i is a homomorphism
from (S, R|g) to (U, R).

Lemma 4.3. Let U be a finite and nonempty universe and R C U x U a binary relation on U. If R is
an equivalence relation on U, then R|g is an equivalence relation on S.
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Proof. (1) Since R is an equivalence relation on U, it follows that for all x € S, (x,x) € R.
Hence, (x,x) € RN (S x S) = R|g and so R|; is reflexive.

(2) Let (x,y) € R|g, then (x,y) € Sx S and (x,y) € R. Clearly, (y,x) € S x S. Since R
is an equivalence relation on U, it follows that (y,x) € R. Hence (y,x) € RN (S x S) = Rs.
Therefore R|g is symmetric.

(3) Let (x,y),(y,z) € R|g, then (x,y),(y,z) € Sx S and (x,y),(y,z) € R. Clearly
(x,z) € S x S. Since R is an equivalence relation on U, it follows that (x,z) € R. Hence,
(x,z) € RN (S x S) = R|g. Therefore, R| is transitive.

By (1), (2), and (3), we conclude that R|s is an equivalence relation on S. O

Note 1. Let R C U x U be an equivalence relation on U, that is, R is reflexive, symmetric,
and transitive. The pair (U, R) is called an approximation space. The equivalence relation
R partitions the universe U into disjoint subsets called equivalence classes. Elements in the
same equivalence class are said to be indistinguishable. Equivalent classes of R are called
elementary sets. A union of elementary sets is called an R-definable (composed) set [32]. The
empty set is considered to be a R-definable set [33]. Let X C U, then it is easy to check that
X is an R-definable (composed) set if and only if RX = X = RX. Clearly, if X,Y C U are
R-definable sets, then X UY, X N Y and~ X are R-definable sets.

Lemma 4.4. Let U be a finite and nonempty universe, R C U x U an equivalence relation on U and
S C U, then S is an R-definable set if and only if, for all x € S, [x] g, = [x]-

Proof. We first prove the necessity. Let x € S. Since S is an R-definable set, it follows that RS=
S = RS and so [x]; C S. Hence, for all y € [x]g, we get that (x,y) € Sx Sand (x,y) € R,
which implies (x,y) € RN (S x S) = Rlg and so y € [x]g_. Thus [x]g C [x]|g),- On the other
hand, by R|s = RN (S x S), it is clear that [x]g 2 [x]g. So [x]g, = [x]k-

Conversely, suppose that S is not an R-definable set, then RS # RS. Hence, there exists
y € U such that [y],ZS and [y]zx NS #0. Choosing x € [y]zx N S, namely, x € [y]gand x € S.
Since R is an equivalence relation on U, it follows that [x]z = [y]z. Hence, [x]zZS and x € S.
By Lemma 4.3, we have that R|g is an equivalence relation on S. Thus, [x]R|S C S and so
[x]g), # [x]g- We have proved that supposing that S is not crisp (exact with respect to R),
then there exists x € S such that [x]g # [x]g. This is a contradiction with the condition for
all x € S, [x]g, = [x]g. It follows that S is an R-definable set. O

When R is an equivalence relation in the approximation space (U, R), some charac-
terizations of approximation subspace are given in the following theorem.

Theorem 4.5. Let U be a finite and nonempty universe, R C U x U an equivalence relation on U and
S C U, then the following assertions are equivalent:

(1) Sis a R-definable set,

(2) forall X C S, R[sX = RX,

(3) (S, R|g) is an approximation subspace of the approximation space (U, R),
(4) forall X C S, R_|5X = RX.

Proof. (1) = (2) Let X C S, then by part (U,) of Theorem 2.3, we have that RX C RS. Since R
is an equivalence relation on U and S is an R—definable set, it follows that RS = S. Hence,
RX C RS = S and so for all x € RX, we have that x € S and [x]g N X #0. In addition,
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by Lemma 4.4, we have that [x]g, = [x]g. Hence, [x]g N X#0 and so x € R_|SX. Thus
R_|5X D RX.On the other hand, forall x € R_|SX, clearly x € Sand [x] g NX # 0.By Lemma 4.4,
we have that [x] g = [x]g. Thus, [x]gNX #@, which implies x € RX. Hence R_|5X C RX. Con-
sequently, R[gX = RX.

(2) = (1) Suppose that S is not an R-definable set, then by Lemma 4.4, there exists
x € §,such that [x]g_ # [x]g. By Lemma 4.3, R|s is an equivalence relation on S, thus Rls{x} =
[x] Rs- On the other hand, R{x} = [x] r- Hence, R_|s{ x} # R{x}. We have proved that supposing
that S is not a R-definable set, then there exists X = {x} C S such that R_lsX #RX. This is a con-
tradiction with the condition for all X C S, R[¢X = RX. It follows that S is an R-definable set.

(2) = (3) By Definition 4.1, we need to prove only that for all X C S, R|¢X = RX. Since
(1) & (2), it follows that S is an R-definable set. By Lemma 4.4, we can gettTat forall x € S,
[x]g), = [x]g- Forall x € R_|SX, clearly x € S. Hence, x € R_|SX = [x]g, CX=[x][gC X =
x € RX. Thus, R|gX C RX. On the other hand, since R is an equivalence relation on U, it
follows that BX?X C S. Hence, x € RX implies x € S. Thus, x € RX = [x]z € X = [x] Ris €
X = x € R|gX. Therefore R|sX 2 RX. It follows that R|¢X = RX. This completes the proof.

(3) = (4) By Definition 4.1, the proof is obvious.

(4) = (1) Suppose that S is not an R-definable set, then by Lemma 4.4, there exists
x € S such that [x]g #[x]g- By Rls = RN (S x 5), it is easy to check that [x]g, C [x]g.
Hence, [x]g, C [x]g and so R[x]g, = (. On the other hand, by Lemma 4.3, we have that R|g
is an equivalent relation on S. Thus, R|s[x]g, = [x]g,. Hence, R_ls[x]R|S # R[x]g),- We have
proved that supposing that S is not an R-definable set, then there exists X = [x]g_ € S such
that R|¢X # RX. This is a contradiction with the condition for all X C S, R|¢X = RX. This
completes the proof. o O

Notation 4. Let (U, R) be an approximation space. Let S (A) denote the set of all approxi-
mation subspaces of (U, R).

Now we consider the union, intersection, and complement of approximation sub-
spaces.

Definition 4.6. Let (U, R) be an approximation space, where U is a finite and nonempty uni-
verse, R is an equivalence relation on U, and S,H C U. If (S, R|s), (H, R|y) € SP(A), then
the union, intersection and complement of approximation subspaces are correspondingly de-
fined as follows:

(S/ RlS) U (Hl R|H) = (S U H/ RlS U R|H)/
(Sr RlS) N (H/R|H) = (S NH, RlS N R|H)/ (4.1)
~ (5 Rls) = (~ S, Rl.s)-

Lemma 4.7. Let (U, R) be an approximation space, where U is a finite and nonempty universe and
R is an equivalence relation on U, and let (S, R|g), (H, R|y) € SP(A), then the following assertions
hold:

(1) Rls UR|y = Rlsyp,
(2) Rls "Rl = Rlsnp-
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Proof. (1) For all (x,y) € Rlgyy, clearly, y € [x]g, . and (x,y) € (SUH) x (SU H). In ad-
dition, by Theorem 4.5, we have that S and H are crisp (exact with respect to R), hence SUH
is crisp (exact with respect to R), and so by Lemma 4.4, we have that [x]g_ = [x]z. (x,y) €
(SUH) x (SUH) implies x € SU H, namely, x € S or x € H. We may assume that x € S,
then by Lemma 4.4, we have [x]g_ = [x]z. Hence, [x]g . = [x]g, and soy € [x]g . implies
y € [x]g,- Thus, (x,y) € R|s. Hence, R|s U R|y; 2 Rlgyp- On the other hand, clearly R|g = RN
(5xS) C RN((SUH)x(SUH)) = R|g y and R|;; = RN(H xH) € RN((SUH)x(SUH)) = R|g p-
Hence, R|s U R|y C R|g - It follows that R|g U R|y = Rlg g-

(2) For all (x,y) € R|g N R|y, clearly, (x,y) € Rl = RN (S xS) and (x,y) € R|y =
R n (H x H). Hence, (x,y) € R, x,y € S and x,y € H, which implies (x,y) € R and
x,y € SN H. Therefore (x,y) e RN ((SN H) x (SN H)) = Rlgny. Thus Rlg N R|y € Rlgngy-
On the other hand, clearly, Rlg = RN (SxS) 2 Rn (SN H) x (SN H)) = Rlgny and
Rl =RnN(HxH) 2 RN((SNH)x(SNH)) = R|gny- Hence, R|sNR|z 2 R|gnpy- It follows that
Rls "Rl = Rlsnp- O

It is meaningful to notice that the union, intersection and complement of approxima-
tion subspaces still are approximation subspaces.

Theorem 4.8. Let (U, R) be an approximation space, where U is a finite and nonempty universe and
R an equivalence relation on U, and S,H C U. If (S,R|s), (H,R|) € SP(A), then (S,R|g) U
(H,R|y) € SP(A), (S,R|s) N (H,R|y) € SP(A), and ~ (S, R|g) € SP(A).

Proof. By Lemma 4.7 and Definition 4.6, we have that (S,Rs) U (H,Ry) = (SUH,Rs U Ry) =
(SUH,Rsuy), (S5,Rs)N(H,Ry) = (SN H,RsNRy) = (5N H,Rsny). It follows from Note 1
and Theorem 4.5 that (S, Rs) U (H, Ry) € SP(A), (S5,Rs) N (H, Ry) € SP(A). In addition, by
Note 1 and Theorem 4.5, we can get that ~ (5, Rs) € SPD(A). O

When the binary relations are equivalence relations in approximation spaces, the im-
portant properties of homomorphism are given in the following theorem.

Theorem 4.9. Let Uy and U, be finite and nonempty universes, f : Uy — Uy a mapping from U to
Uy, Ry an equivalence relation on Uy, and Ry an equivalence relation on Uy. f is a homomorphism
from (U, Ry) to (Ua, Ry) and X C Uy. If X is an Ry-definable set, then f(X) is a Ro-definable set.

Proof. Since X is an R;-definable set, it follows that RiX = R; X and so f(R;X) = f(R;X). In
addition, since f is a homomorphism from (U1, R;) to (LIZ,E), it follows from Definition 3.1
and Theorem 3.9 that f(R;X) = Rof(X) and f(RX) = Ryf(X). Thus, Ryf(X) = Rof(X).
Hence, f(X) is an R,-definable set. O

As natural consequence of the above theorem, we can obtain the following conclusion.

Corollary 4.10. Let U, and U, be finite and nonempty universes, f : Uy — U, a mapping from U,
to Uy, Ry an equivalence relation on Uy, and R, an equivalence relation on U,. f is a homomorphism
from (U1, Ry) to (Uz, Ry) and X C Uy. If (X, R|x) is an approximation subspace of (U1, Ry), then
(f(X), le(x)) is an approximation subspace of (Uy, Ry).

Proof. The proof follows directly from Theorems 4.5 and 4.9. O

Notation 5. Let U; and U, be finite and nonempty universes and f : U; — U, a mapping
from U, to Us. Then let Ky denote the binary relation on U; and x,y € Uy, xKfy & f(x) =
f(y). Clearly, K¢ is an equivalence relation on U;. U1/ K[ denotes the set of all equivalence
classes of Ky, that is, U1 /Ky = {[x]Kf | x € Uq}.
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Lemma 4.11. Let U, and U be finite and nonempty universes, f : Uy — Uy a mapping, Ry an equi-
valence relation on Uy, and R, an equivalence relation on Uy,. One writes

Ri/Kj = {([x]Kf, [y]Kf> | ¥k, [yl € Un/Kp,3u€ [x], 3o € [y, st uRlv}. (4.2)

Then Ry/ K7y is a reflexive and symmetric relation on U1/ K.

Proof. By the definition of R;/Kj, it is easy to show that if ([xl]Kf, [yl]Kf) = ([x]Kf, [y]Kf),
then ([x]Kf, [y]Kf) €R/Ks & ([x1]Kf, [yl]Kf) € R1/Ky. Hence, R1/Ky is a binary relation
on U1/Kjy. In the following, we shall prove that R; /Ky is reflexive and symmetric.

(i) Let [x]g ;€ U1/Ky, clearly, x € U;. Since Ry is an equivalence relation on Uy, it
follows that xR;x. Hence, by the definition of R;/ Ky, we have that ([x] o [x]x f) €
Ry/Ky. Thus, R/ K7 is reflexive.

(ii) Let ([x]Kf, [y]Kf) € R1/Kjy, then by the definition of R;/Kj, there exist u € [x]Kf
and v € [y]x : such that uR;v. Since R; is an equivalence relation on Uj, it follows

that vRyu. Hence, there exist v € [y]Kf and u € [x]Kf such that vR;u and so by the
definition of R1 /Ky, ([y]Kf, [x]Kf) € Ry/Ky. Thus, R;/ Ky is symmetric. |

Lemma 4.12. Let U, and U, be finite and nonempty universes, f : Uy — U, a mapping, Ry an
equivalence relation on U1, and Ry an equivalence relation on Uy. f is a homomorphism from (U1, Ry)
to (U, Ry). For all [x]Kf € U1/ Ky, one defines h([x]Kf) = f(x), then h is a mapping from U,/ Ky
to Uy and forall Y C U1 /Ky, h(Y) = f(U[y]Kfey [y]Kf).

Proof. Let [x]Kf, [y]Kf € Uy/Ky. If [x]Kf = [y]Kf, then by Notation 5, we have that f(x) =
f(y). Hence, by the definition of h, we can get that h([x]Kf) = f(x) = f(y) = h([y]Kf). We
have proved that for all [x]Kf, [y]Kf € U1/Ky, if [x]Kf = [y]Kf, then h([x]Kf) = h([y]Kf).
Therefore, h is a mapping from U; /Ky to Uo.

We shall prove that for all Y C U;/Ky, h(Y) = f(U[y]Ker [y]K/). By Notation 5,

it is easy to verify that for all [x]Kf € Ui/Ky, f([x]Kf) = {f(x)}. Hence, h(Y)
= h(U[y]KfEY{[y]Kf}) = U[y]KfEY{h([y]Kf)} = U[y]KfGY{f(y)} = U[y]KfEYf([y]Kf) =
f(U[y]Kfey [y]K/). It follows that for all Y C U1 /Ky, h(Y) = f(U[y]Kfey [y]K/). O

Lemma 4.13. Let Uy and U, be finite and nonempty universes, f : Uy — U, a mapping, Ry an equi-
valence relation on Uy, and Ry, an equivalence relation on Uy, then

VY CUi /Ky, Ri/KfY = [ ]U [[y]Kf]Rl/Kf. (4.3)
v Ker

Proof. Let [y]Kf € Y. We first show that for all [u]Kf € [[y]Kf]Rl/Kf, [u]Kf € Ri/K¢Y. By
Lemma 4.11, R; /K is symmetric, hence [y]Kf € [[u]Kf]R]/Kf. Thus, [y]Kf € [[u]Kf]R]/Kf N

Y #0. This implies [u]yx, € Ri/K;Y. Therefore, [[ylx, Ir,/x, S Ri/K;Y. It follows that
U[y]Ker[[]/]Kf]Rl/Kf C Ri/KyY.
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On the other hand, for all [u] ¢ ;€ Ry /KyY, then [[u]x f] Ri/K fﬁY # 0. Hence, there exists
[y]Kf € [[u]Kf]Rl/Kf NY #0 such that [y]Kf € [[u]Kf]Rl/Kf and [y]Kf € Y. By Lemma 4.11,
Ry /Ky is symmetric, hence [u]g, € [[ylk, g, /k,- Therefore, [u]y € U[y]Ker[[y]Kf]Rl/Kf- It

follows that R, /K;Y € Uy, Ik GY[[y]Kf]Rl/Kf'
Thus, Ri/KY = U Ik, e [vlk, IR/, =

An interesting problem is to discuss the isomorphisms of approximation spaces induc-
ed by the homomorphisms of approximation spaces. The next theorem shows the very in-
timate relation between homomorphisms and isomorphisms. The theorem is similar to first
isomorphism theorem in group theory.

Theorem 4.14. Let Uy and U, be finite and nonempty universes, f : Uy — U, a mapping from U,
to U, Ry an equivalence relation on Uy and R, an equivalence relation on Uy. If f is an epimorphism
from (U1, Ry) to (U2, Rp), then (U1/ Ky, R1/Ky) = (U, Rp).

Proof. For all [x]Kf € U;/Ky, we define h([x]Kf) = f(x), then by Lemma 4.12, we have that
h is a mapping from U;/Ky to U,. Let [x]Kf,[y]Kf € Ui/Ky. If [x]Kf;é[y]Kf, then by
Notation 5, we get that f(x) # f(y). Hence, h([x]Kf) =f(x)#f(y) = h([y]Kf). We have prov-
ed that h is injective. In addition, for all z € Uy, since f is surjective, it follows that there
exists x € U; such that f(x) = z. Thus for all z € U,, there exists [x]g ;€W /K such that
h([x]g /) = f(x) = z. Therefore, h is surjective. It follows that h is a bijective mapping from
U1/Ky to U>. By Lemma 4.11, we conclude that R; /Ky is a binary relation on U1/ K, hence
(U1/K¢,R1/Ky) is an approximation space. Since h is a bijective mapping from U;/Ky to
U,, it follows from Definition 3.1 and Notation 2 that in order to have (U1/Ky, Ri/Ky) =
(U3, Ry), we need to prove only that h is a homomorphism from (U;/Ky, R1/Ky) to (Uz, Ro).

Let Y C U;/Kj. We shall show that h(R;/K¢Y) C &h(Y) and h(R;/KsY) C R_gh(Y).
For simplicity, we write

U W, =% (4.4)

[y]KfEY

clearly, X € U, and by Lemma 4.12, we have that h(Y) = f(X).
(i) We shall prove that for all [Z]Kf € R1/KyY, [z]Kf C Ry X. We need to prove only that

forallu € [Z]Kf, then u € R, X. By Notation 5, u € [z]g, implies [u]K/ = [z]Kf. Lett € [u]g,,
then by the definition of R, /Ky, we have that ([u]x K;s L[t jK ) € R1/Ky. Hence, ([z]Kf, [t]Kf) =
([u]K ,[t]K ) € R1/Kj, that is, ([z]K ,[tlk,) € Ri/Ky and so [t ]Kf € [[z]Kf]Rl/Kf. We have
proved that for all ¢ € [u]r,, [tlk, ¢ [[ZI/Kf]Rl/K, Thus, e ulRl{[t]Kf} < [lzlk gk, In
addition, since [Z]Kf € Ri/KyY, it follows that [[z ]Kf]Rl/Kf C Y. Hence, Ute[u]Rl { [t]Kf} cY
and 0 Uyepy,, [Hk, € U[y]K erlylk, = X. This implies [u]g, C Usepu,, [tx, S X, that is,
[u]g, € X. Thusu € Ry X. It follows that [Z]Kf CRiX.

(ii) We shall prove that h(R;/K fY) C th(Y) By (1) we have that for all [z ] €
Ri/K¢Y, [z]k k; € RiX and so for all [z]Kf € Ri/KyY, f([z f C f(RiX). Therefore, by
Lemma 4.12, we have that

n(RUKY)=Fl U [k )= U f(Eg)e U F(RiX)=f(RiX),

(2], €R1 /Ky Y [=]x, €R1 /Ky Y (2], €R1 /Ky Y

(4.5)
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that is, h(R1/K¢Y) C f(R;1X). In addition, since f is a homomorphism from (U, Ry) to (Ua,
Ry), it follows that f(R;X) C R f(X). Thus,

h(Ri/K;Y) € f(RiX) € Rof (X) = Roh(Y). (4.6)

We have proved that h(R;/K¢Y) C Roh(Y).

(iii) Let [y]x, € Y. We shall prove that for all [ul, € [[y]x, I, x, f([ulx,) € fF(RIX).
By the definition of R;/Kj, there exist s € [y]x : and t € [u]g : such that sR;t. Hence, s €
[t]g,N [y]Kf # . Since [y]Kf €Y, it follows that [t]g, m(U[y]K/ ey [y]Kf) #0,namely, [t]g NX #0.
This implies t € RiX and so f(t) € f(RiX). In addition, since ¢ € [u]g L it follows from
NotationSthatf([u]Kf) ={f(t}. Thus,f([u]Kf) C f(RiX).

(iv) We shall prove that h(R;/KfY) C Ryh(Y). By Lemma 4.13, we get that

h<mY>=h Uy[[y]Kf]Rl/Kf - U h([[y]Kf]Rl/Kf) (47)

[y]KfE [y]KfGY

By Lemma 4.12, we have that

h<[[y]Kf]Rl/Kf>=f U W |= U A(dg) @8

[u]x €[y, ] [l ellv], ]

Ky Ry/Kg Ry /K¢

Thus, h(Ri/KfY) = U[y]Ker h([[ylk, Ir k) = U[y]KfEY U[u]Kfe[[y]Kf],wa f([ulk,), that is,
h(Ri/KY) = U[y]Ker U[u]Kfe[[y]Kf]Rl/Kf_j:([u]Kf)' By (iii), we have that for all [y]Kf €Y and
all [ulg, € [yl g /k, f([ulk,) € f(RiX). Hence,

WERRY)= U U f(e)e U U s(Rx) = f(Rix),

[i],c ¥ lulx, Ellvl, [i],c ¥ lulx, ellvl,

Ry/Kg Ry/Kg

(4.9)

that is, h(R;/K fY) c f (R_lX). In addition, since f is a homomorphism from (Ui, R;)
to (Uy, Ry), it follows from Definition 3.1 that f (RiX) C R_2f (X) = Ryh(Y). Therefore
h(Ri/KfY) € f(RiX) € Roh(Y), thatis, h(R1/KY) € Roh(Y).

(v) By (ii), (iv), and Definition 3.1, we conclude that h is a homomorphism
(U1/Kf,R1/Ky) to (U2, Ry). Since h is bijective, it follows from Definition 3.1 that h is
an isomorphism from (U;/Ky, R1/Ky) to (U2, Ry). Thus, by Notation 2, we conclude that
(U1/K¢,R1/Ky) = (U3, Ry). This completes the proof. O
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In the following, we extend Theorem 4.14 to more general cases.

Corollary 4.15. Let U; and U, be finite and nonempty universes, f : Uy — Uy a mapping, Ry
an equivalence relation on Uy, and R, an equivalence relation on Uy. If f is a homomorphism from
(Uy, Ry) to (U2, Rp), then (U1/Ky, Ri/Ky) = (f (Un), Rl uyy)-

Proof. For all X C Uy, since f is a homomorphism from (U1, R;) to (U3, Ry), it follows from
Definition 3.1 that f(R1X) € Ryf(X) and f(Ri1X) C Rof(X). In addition, By Corollary 4.10,
we have that (f(U1), Ry| f(ul)) is an approximation subspace of (U, R,). Since f(X) C f(Uy),
it follows from Definition 4.1 that R, f (X) = R2|f(u1)f(X) and R_zf(X) = R2|f(u1)f(X)- Thus

f(RiX) C R2|f(u])f(X) and f(R_lX) C R2|f(u])f(X). We have proved that for all X C Uy,

f(RiX) € Rolf,) f(X) and f(R_lX) € Rolfu, f (X). Hence, by Definition 3.1, we have that f

is a homomorphism from (U1, Ry) to (f (U1), Ro|f,))- Clearly, f is a surjective mapping from
U; to f(Uy); therefore, f is an epimorphism from (U1, Ry) to (f (U1), Ry| f(Ul))' It follows from
Theorem 4.14 that (U1/Kf, R1/Ky) = (f(U1), R2|f(u1))- O

Corollary 4.16. Let Uy and U, be finite and nonempty universes, f : Uy — U, a mapping, Ry an
equivalence relation on Uy, and Ry an equivalence relation on U,. If f is a homomorphism from
(U1, Ry) to (U2, Ry), then Ry /Ky is an equivalence relation on U1/ K.

Proof. By Corollary 4.15, we have that (U1/Ky, Ri/Ky) = (f(U1), Ro|¢(y,))- by Lemma 4.3,
we have that Ry|;(y,) is an equivalence relation on f(U). It follows from Theorem 3.14 that
Ry /Ky is an equivalence relation on U; /K. O

In fact, Ri/Ky may not be an equivalence relation on U;/K; when f is not a ho-
momorphism from (U, Ry) to (U2, Ry). The above results show that R; /Ky is an equivalence
relation on U; /Ky when f is a homomorphism from (U1, Ry) to (U2, Ry).

5. Conclusions

In this paper, we present the notion of the homomorphism of approximation spaces. A
homomorphism may be viewed as a special mapping between two approximation spaces.
By means of this concept, we establish the relationships between two universes. In this
way, one can make inference in one universe, based on information about another universe.
In addition, we give the notion of approximation subspaces of approximation spaces, and
investigate the properties of approximation subspaces by means of homomorphism. In the
future, we will introduce a similar notion of homomorphism into covering-based rough set
model in order to deepen understanding of this model.
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