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Let ¢¢ be a holomorphic mapping on the upper half-plane IT* = {z € C : Jz > 0} and ¢ be
a holomorphic self-map of IT*. We characterize bounded weighted composition operators acting
from the weighted Bergman space to the weighted-type space on the upper half-plane. Under a
mild condition on ¢, we also characterize the compactness of these operators.

1. Introduction and Preliminaries

Let IT* = {z € C : 3z > 0} be the upper half-plane, Q a domain in C or C", and H(Q) the
space of all holomorphic functions on Q. Let ¢ € H (L), and let ¢ be a holomorphic self-map
of Q. Then by

Wou(f)(2)=¢(fop)(z), z€Q, (1.1)

is defined a linear operator on H (€2) which is called weighted composition operator. If ¢(z) =
1, then W, ,, becomes composition operator and is denoted by C,, and if ¢(z) = z, then W, ,,
becomes multiplication operator and is denoted by M.

During the past few decades, composition operators and weighted composition
operators have been studied extensively on spaces of holomorphic functions on various
domains in C or C" (see, e.g., [1-22] and the references therein). There are many reasons
for this interest, for example, it is well known that the surjective isometries of Hardy and
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Bergman spaces are certain weighted composition operators (see [23, 24]). For some other
operators related to weighted composition operators, see [25-30] and the references therein.

While there is a vast literature on composition and weighted composition operators
between spaces of holomorphic functions on the unit disk DD, there are few papers on these
and related operators on spaces of functions holomorphic in the upper half-plane (see, e.g.,
[2,3,5,7-9,11, 12, 16-18, 31] and the references therein). For related results in the setting of
the complex plane see also papers [19-21].

The behaviour of composition operators on spaces of functions holomorphic in the
upper half-plane is considerably different from the behaviour of composition operators on
spaces of functions holomorphic in the unit disk . For example, there are holomorphic self-
maps of IT* which do not induce composition operators on Hardy and Bergman spaces on the
upper half-plane, whereas it is a well-known consequence of the Littlewood subordination
principle that every holomorphic self-map ¢ of D induces a bounded composition operator
on the Hardy and weighted Bergman spaces on ). Also, Hardy and Bergman spaces on the
upper half-plane do not support compact composition operators (see [3, 5]).

For0 <p < wo and a € (-1, 0), let £P(IT*,dA,) denote the collection of all Lebesgue
p-integrable functions f : IT* — C such that

Lﬁ |f(z)|pdAa(z) < o, (1.2)
where
dA,(z) = %(zx +1)(27 z)*dA(=z), (1.3)

dA(z) =dxdy,and z = x + iy.
Let 45 (IT") = £P(IT*, dA,) NH(IT"). For 1 < p < oo, Ah(IT%) is a Banach space with the
norm defined by

1/p
1Ay = (fn |f<z>|”dAa(z>> <o, (14)

With this norm o, (IT") becomes a Banach space when p > 1, while for p € (0, 1) it is a Fréchet
space with the translation invariant metric

a(f.8) =Nf - 8llppry  fr8 € AalT). (1.5)
Recall that for every f € o (IT*) the following estimate holds:

IfIF,
x +iy)|f < C—L (1.6)
y

a+2

where C is a positive constant independent of f.



Abstract and Applied Analysis 3

Let > 0. The weighted-type space (or growth space) on the upper half-plane Az IT)
consists of all f € H(IT") such that

||f||,4;o(1—[+) = surE(Jz)ﬂ|f(z)| < oo. (1.7)

It is easy to check that Az (IT*) is a Banach space with the norm defined above. For weighted-
type spaces on the unit disk, polydisk, or the unit ball see, for example, papers [10, 32, 33]
and the references therein.

Given two Banach spaces Y and Z, we recall that a linear map T : Y — Z is bounded
if T(E) C Zis bounded for every bounded subset E of Y. In addition, we say that T is compact
if T(E) C Z is relatively compact for every bounded set E C Y.

In this paper, we consider the boundedness and compactness of weighted composition
operators acting from </} (IT*) to the weighted-type space Ay (IT*). Related results on the unit
disk and the unit ball can be found, for example, in [6, 13, 15].

Throughout this paper, constants are denoted by C; they are positive and may differ
from one occurrence to the other. The notation a < b means that there is a positive constant C
such that a < Cb. Moreover, if both a < b and b < a hold, then one says that a < b.

2. Main Results

The boundedness and compactness of the weighted composition operator W, ,, : o4 (IT*) —
94;" (IT*) are characterized in this section.

Theorem 2.1. Let 1 <p < oo, a>-1, p>0, ¢ € H(IT*), and let ¢ be a holomorphic self-map of
IT*. Then Wy, : Au(IT7) — oA (IT") is bounded if and only if

. (3z)f
M = supw

lg(2)| < oo. (2.1)
zelT* (j(p(z

Moreover, if the operator Wy, = An(IT*) — Az (IT*) is bounded then the following asymptotic
relationship holds:

W

A= upry < M. (2.2)

Proof. First suppose that (2.1) holds. Then for any z € IT" and f € A (1TH), by (1.6) we have

(3z)°

—_— 2.3
(jq)(z))(a‘*Q)/P ( )

2| (Wou f)(2)] = 32 ||| f (9(2))] <

lg ]l £]

A (I1+)

and so by (2.1), W, : ST — J;" (IT*) is bounded and moreover

W

(1) — 42 (IT7) <M (2.4)
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Conversely suppose W, : Hh(ITH) — J;" (IT*) is bounded. Consider the function

~ (jw)(a+2)/l’
fw(Z) = (Z_E)W, w eIl". (25)

Then f,, € #4(IT") and moreover sup, . || fwlly# (1) < 1 (see, e.g., Lemma 1 in [18]).
Thus the boundedness of W, : Hh(ITH) — J;" (IT*) implies that

(jz)ﬂ|‘lf(z)||fw (p(2)] < ||th,<pfw||,4;°(n+) < Wyl SA(TT) — o2 (I14)7 (2.6)
for every z, w € IT*". In particular, if z € IT" is fixed then for w = ¢(z), we get
(32)f
WW(ZH M Woull sz~ uz ey (2.7)
Since z € IT" is arbitrary, (2.1) follows and moreover
M < |[Wy,| (2.8)

L) = A (IT)

If Wy : Hh(ITH) — J;f (IT*) is bounded then from (2.4) and (2.8) asymptotic relationship
(2.2) follows. O

Corollary 2.2. Let 1 < p < oo, a > =1, and p > 0 be such that pp > a + 2 and ¢ € H(IT"). Then
M, SLITY) — Ay (IT*) is bounded if and only if ¢ € X, where

X = {J;o(mm/p) (IT) if a+2<pp, 29)

H>(IT") if a+2=pp.

Example 2.3. Let1 <p < oo, a > -1 and p > 0 be such that fp > a + 2 and w € IT*. Let ¢, be a
holomorphic map of I'T* defined as

1
(Z _ w)ﬁ*((ﬁz)/lﬂ)

ifa+2<pp,

$w(z) = (2.10)

~

if a+2=pp.

zZ—-w
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For z = x +iy and w = u + iv in [T*, we have

( )ﬂ (11+2)/p| ( )| yﬂ-(u+2)/P
sup (Jz)" $w(z)| = sup -
zell* z=x+iy€ell* <(x _ u)2 " (y + U)2>(ﬂp (a+2))/2p
(2.11)
yﬂ—(:x+2)/p
= sup (a+2)/p <1

z=x+iy€lT* (y + U)lk

Thus ¢, € J[‘;i(a+2)/p(l_[+) if a +2 < Pp. Similarly ¢, € H*(IT") if # +2 = pp. By Corollary 2.2,

it follows that My, : Hh(ITH) — J[‘;" (IT*) is bounded.

Corollary 2.4. Let 1 < p < oo, @« > =1, > 0, and let ¢ be a holomorphic self-map of IT*. Then
Cy: Hh(ITH) — Jl‘f(lT') is bounded if and only if

Jz)f
supN(—)@Hz)/p (212)
zel T+ (J(I)(z))
Corollary 2.5. Let ¢ be the linear fractional map
()= b deR ad—be>0 (2.13)
(10 - cz + d’ rYrly ’ . .

Then necessary and sufficient condition that C,, : Sh(ITH) — J;"(H*) is bounded is that ¢ = 0 and
a+2=pp.

Proof. Assume that C,, : Hh(ITH) — J[‘f(l'[*) is bounded. Then

(a+2)/
(32)[5 ((cx + d)z + Czy2> " pyﬂ

zett (Jp(z)) @277 et (ad — be) @y /p

(2.14)

which is finite only if c = 0 and a + 2 = fp.
Conversely, if ¢ = 0 and a + 2 = fp, then from (2.13) we get a#0, and by some
calculation

J)P p
zelT* (jlp(z)) p a
Hence C,, : ST — J;" (IT*) is bounded. O

Corollary 2.6. Let 1 < p < oo, > =1, and B > 0 be such that fp = a + 2. Let ¢ be a holomorphic
self-map of T1* and ¢ = (¢')P. Then the weighted composition operator W, acts boundedly from
AH(IT) to A7 (IT).
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Proof. By Theorem 2.1, W, : ShAT) — JE" (IT*) is bounded if and only if
()] < oo. (2.16)

By the Schwarz-Pick theorem on the upper half-plane we have that for every holomorphic
self-map ¢ of IT* and all z € IT*

, (2.17)

where the equality holds when ¢ is a Mobius transformation given by (2.13). From (2.17),

condition (2.16) follows and consequently the boundedness of the operator W, : ST —

AL (IT). O
p

Corollary 2.6 enables us to show that there exist 1 < p < oo, a > -1, f > 0, and
holomorphic maps ¢ and ¢ of the upper half-plane IT* such that neither C, : S5 (IT") —
J;"(H*) nor My : ST — JE"(H*) is bounded, but W, : (I — J‘E’(H*) is
bounded.

Example2.7. Let1 <p < oo, a>-1,and ff > 0 be such that fp = a+2. Let ¢p(z) = (az+b)/(cz+
d), a,b,c,d€R, ad-bc >0, and c#0. Then by Corollary 2.5, C,, : Sh(IT) — J;" (IT*) is
not bounded. On the other hand, if

p
w(2) = (@) = <%> , (2.18)

then ¢ ¢ H*(IT") and so by Corollary 2.2, M,, : SH(ITH) — JE"(H*) is not bounded.
However, by Corollary 2.6, we have that W(p,((p,)p c AT — J;" (IT*) is bounded.

The next Schwartz-type lemma characterizes compact weighted composition opera-
tors W, : Hh(IT) — J;" (IT*) and it follows from standard arguments ([4]).

Lemma28. Let1 <p <oo, a>-1, p>0,¢p € H(IT"), and let ¢ be a holomorphic self~map of TT*.
Then W, + An(IT%) — J;"(H*) is compact if and only if, for any bounded sequence (fn),en C

A4 (TT*) converging to zero on compacts of TI*, one has

nhj{}o||w%q!fn||e4;°(n+) =0. (2.19)

Theorem 2.9. Let 1 <p <o, a> -1, >0, ¢ € H(IT") and ¢ be a holomorphic self-map of IT*.
Wy ShATH) — J;" (IT*) is compact, then

. (3z)F
hm Sup )) (a+2) /P

¥(z)| =0. (2.20)
"= 05p(z)<r (Jgp(z | |
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Proof. Suppose W, : ST — J;f (IT*) is compact and (2.20) does not hold. Then there is
a 6 > 0 and a sequence (z,) ey C IT* such that J¢(z,) — 0and

(jzn)ﬂ
qur(zn)l >0 (221)
forall n € N. Let w,, = ¢(z,), n € N, and
(jwn)(vl+2)/P
fn(Z) = W’ n € N. (222)

Then f, is a norm bounded sequence and f, — 0 on compacts of IT" as Jp(z,) — 0. By
Lemma 2.8 it follows that

,}i_r)rc}o”W%wfn”J;(m) =0. (2.23)
On the other hand,
W Foll g1y 2 G20 | (W f) )|
= 3z g (z) || fu ()| (224)

~ (3z,)"
2(2u+4)/p (j(P(Zn)

o
@D/ 90l > S

which is a contradiction. Hence (2.20) must hold, as claimed. O

Before we formulate and prove a converse of Theorem 2.9, we define, for every a,b €
(0, 00) such that a < b, the following subset of IT*:

Top={z€ll":a<Jz<b}. (2.25)

Theorem 2.10. Let 1 <p < oo, a>-1, >0, ¢ € H(IT"), and let ¢ be a holomorphic self-map of
IT" and Wy, : Ah(ITH) — J;" (IT*) be bounded. Suppose that ¢ € JE" (IT*) and (jz)ﬂlq,r(z)| — 0
as |Re(z)| — oo within Ty, forallaand b, 0 < a <b < co. Then W, : ShATH) — J;“’(H*) is
compact if condition (2.20) holds.

Proof. Assume (2.20) holds. Then for each € > 0, there is an M; > 0 such that

(3z)°

W |(I)'(Z)| <§g, whenever j(p(Z) < M. (226)
z
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Let (fn)qen be a sequence in o/} (IT*) such that sup, || fl| s+ S Mand f, — 0 uniformly
on compact subsets of IT* as n — oo. Thus for z € IT* such that Jy(z) < M; and each n € N,
we have

(32)
32 ||| falp(2)] = WW(Z)”UA sy < EM. (2.27)
From estimate (1.6) we have
||fn| SAE(IT+) M
|fn(z)| 5 (jz)(””z)/” - (jz)(a+2)/p’ (228)
Thus there is an M, > M; such that
| f(p(2))] <&, (2.29)

whenever Jp(z) > M,. Hence for z € IT* such that J¢(z) > M, and each n € N we have

(jz)ﬁ|‘1’(z)||fn(‘l’(z))| < 5||‘l"”,4;°(n+)' (2.30)

If M; < Jp(z) < M;, then by the assumption there is an M3 > 0 such that (jz)ﬂl(p(z)| < g,
whenever |Rp(z)| > M3. Therefore, for each n € N we have

1]

A (IT+) . M
,J(p(z))(a+2)/P - M§a+2)/p

(2.31)

02)P|g(2)|| fulp(2)| < (

whenever M < Jp(z) < M, and |Re(z)| > M.
If My < Jp(z) £ M; and |Rep(z)| < M3, then there exists some 1y € N such that
|fn(p(2))| < € for all n > ny, and so

2 g @)1 fa(p@) < ellll oy (232)
Combining (2.27)—(2.32), we have that

”W‘Pr(lff””Jff(nq <eC, (2.33)

for n > ny and some C > 0 independent of n. Since ¢ is an arbitrary positive number, by
Lemma 2.8, it follows that W, ,, Hh(IT) — 94;" (IT*) is compact. O
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Example 2.11. Let1 < p < oo, a > -1, and > 0 be such that a + 2 = fp. Let ¢(z) = z +i and
¢(z)=1/(z+ i)ﬂ, then Ry(z) = x and Jy(z) = y + 1. It is easy to see that ¢ € 94;6” (IT*). Beside
this, for z € 'y ;,, we have

(32)|g(2)| = IS T e 0 as Ry(z) = x — co. (2.34)
<x2+(y+1)> (x* + a?)
Also
Jz)P p 1
sup—j ) ﬁ|<p(z)| = sup Y 5 Iz <1< oo, (2.35)
zell* (J(p(z)) z=x+iyell* (y + ]) <x2 " (]/ n 1)2>

and the set {z : J¢p(z) < 1} is empty. Thus ¢ and ¢ satisfy all the assumptions of Theorem 2.10,
and so W, : ST — JE"(H*) is compact.
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