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We define here an integral operator #y,, ., for meromorphic functions in the punctured open unit

,,,,,

1. Introduction

Let X denotes the class of functions of the form
1 & "
f(2) =2+ > anz", (1.1)
n=0

which are analytic in the punctured open unit disk
U'={zeC: 0<|z| <1} =U\ {0}, (1.2)

where U is the open unit disk U = {z € C: |z] < 1}.
We say that a function f € X is meromorphic starlike of order a (0 < a < 1), and
belongs to the class *(a), if it satisfies the inequality

_m<zﬁg)> > a (1.3)
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A function f € X is a meromorphic convex function of order a (0 < a < 1), if f satisfies
the following inequality

- zf/l(z)
9%(1 e > >a, (1.4)

and we denote this class by 2 (a).

Analogous to the integral operator defined by Breaz et al. [1] on the normalized ana-
lytic functions, we now define the following integral operator on the space meromorphic
functions in the class Y.

,,,,,

.....

fn)(2).
By 3, (B) (-1 < p < 1), we denote the class of functions f € X such that

Zfll(z) ~ Zfll(z) -
e +2|< i)%( 2 +[3> 1. (1.6)

In order to derive our main results, we have to recall here the following preliminary results.

Lemma 1.2 (see [2]). Suppose that the function ¥ : C> — C satisfies the following condition:
. —(1+?)
R{P(is, 1)} <0, s,teR; t< — ) (1.7)
If the function p(z) =1+ p1z + - is analytic in U and

R{¥(p(2),2zp'(2))} >0, (z€l), (1.8)

then,
Rip(z)} >0 (ze€l). (1.9)

Proposition 1.3 (see [3]). If f € X satisfying

. z(zf"(z) +3f'(2))
zf'(z) +2f(z)

zf'(2)
f(2)

} >a, 0<a<l,
(1.10)

+1'<1,
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then,

—%{%} > a. (1.11)

2. Starlikeness of the Operator 4, , (z)

In this section, we investigate sufficient conditions for the integral operator &, .., (z) which
is defined in Definition 1.1, to be in the class Z*(a), 0 < a < 1.

Theorem 2.1. Let fi € 3, yi>O0forall ie{l,..., n}.If

zfi@x)\ _ -1
—SR< ) > > n_Yz +2, (2.1)

then Ky, ..y, (z) belongs to 3*(0).

.....

22441 ,,,,, o (z) + 4zJ€’Yl ,,,,, o (z) +2Hy,,. . (2) (2.2)

=S (-2h@) (PR -220:) T1 (-2@)".

i=1 j=1j#i

ZZJZ;1 ,,,,, 5 (2) +4zH, L (2) +2Hy, o, (2) _ n y fl(z) . 2 23)
zZe(e’Yl ,,,,, Yo (z) + zz“leﬁ ,,,,, Y (2) i-1 l fil(z) z)
By multiplying (2.3) with z yield,
224(3;1,4__% (zl) + 4zJ€’Yllu_,yn (2) +2Hy,,. 1. (2) _ n y Zf,i,’(z) ) o
zHy,, .y, (z) +2Hy,, . (2) im1 fi(z)

Z<Z°’Z;1 ''''' y. (2) +3H5, Yn(z)> L zf(z)
1=yl == 2). 25

,,,,,
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z(zHy,, ., (2) +3H), . (2) " n
_ ( e il > ZYI < Zf () ) 22% +1. (2.6)
zHy,,. . (2) + 24eﬂ,,,,,w (z)
We can write the left-hand side of (2.6), as the following:

...........

pren s (2.7)

We define the regular function p in U by

zHy, .y (2)

i LI 2.8
Hy,,..y.(2) ’ 28)

p(z) = -

and p(0) = 1. Differentiating p(z) logarithmically, we obtain

P’(Z) Ze’el);l ///// Yn (Z)
(z) =1+ —Jé’% e . (2.9)

.....

-p(z) +

From (2.7), (2.8), and (2.9), we obtain

p(z) + % - znlly<-z;c((zz))> - 2%}% A1, (2.10)
Let us put
W, v) = ut —. (2.11)
From (2.1), (2.10), and (2.11), we obtain
R{Y¥(p(2),2p'(2))} = 1 <—9%fo,((zz))> T (-%fo(g)> T
(2.12)

>y1<;—1 +2)+--~+Yn<_—1+2>—2(y1+--~+yn)+1:0.

Y1 nyy
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Now, we proceed to show that
. —(1+8?)
R{W¥(is,t)} <0, s, teR;t< — ) (2.13)

Indeed, from (2.11), we have

2t 1+¢2

- o< s <O (2.14)

. . t
R{P(is, 1)} = 9%{15 + S }
Thus, from (2.12), (2.14), and by using Lemma 1.2, we conclude that %i{p(z)} > 0, and so

zH! (z)
—R R L L >0 2.15
{ JYM---,Yn(Z) } ( )

thatis, #,, . y,(z) is starlike of order 0. O

Theorem 2.2. Fori € {1,...,n},lety; >0and f; € Zp(a;) (0 <a; <1). IfFO< X371 yi(1—-a) <
1, H#y,,.. v, (2) be the integral operator given by (1.5) and

Ze{elyl //// Yn (Z)
ew}'lrm/}/n (Z)

+ 1‘ <1 (2.16)

Then H,y,,..y, (z) belong to X*(p), where p =1 - 312, vi(1 — a;).

Proof. Following the same steps as in Theorem 2.1, we obtain

z(ze’é%,_“%(z) + 3J€’Y1 ,,,,, o (z)> n 2f(2) ;
_{ zhy,..y, (2) + 2Hy,,. .y, (2) ) 1—21%{_< fi(2) ’ 1> } ti- ZYi' (2.17)

,,,,,

Taking the real part of both terms of the last expression, we have

2(2), . (2) 43, (2)) 2f/(2) .
_m{ ZJZ’YL...,Y,[(Z) + 2"%1,--.%(2) ) ;Yi{_m< fi,(z) ' 1> } o ZYi‘ o
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Since f; € Xk (a;), for i€ {1,...,n}, we receive

2z, (2) 43, (2) n 0
—R o o > i+ 1- i (219)
{ zHy,, y (2) + 2Hy,,y, (2) é}f ;1’
Therefore,
2z, (2) 43, (2) n
R ; >1- >yl - ay). (2.20)
Z°’€Y1 ,,,,, Yn (Z) + 29’[)’1,4--,)% (Z) i=1

Using (2.16), (2.20), and applying Proposition 1.3, we get H#,, . ,,(z) € Z*(u), where y =
1-35 (0 -a). O

Letting a; = a, i€ {1,...,n}in Theorem 2.2, we get the following.

Corollary 2.3. Forie {1,...,n},lety; >0and f; € Zx(a) 0<a<1). If

- 1
0 i < , .
< IZ;Y - (2.21)
Hy, ..y, be the integral operator given by (1.5) and
zH! ()
YiserYn
+1| <1 (2.22)
°l£}'1,m Yn (2) ‘

Then Hy,...., (z) is starlike of order 1 — (1 — a) 3121 vi-

Theorem 2.4. Fori € {1,...,n}, lety; > 0and f; € Zi (i) (-1 <fi<1). If
0< S yp(1-p)<1, (2.23)
i=1
Hy,,..y. (z) be the integral operator given by (1.5) and

<1. (2.24)

Then Hy,,..., (z) is starlike of order 1 - 31 vi(1 = Bi).
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Proof. Following the same steps as in Theorem 2.1, we obtain

z(zo’é%wm‘ (z) +3H), . (z)) n zf!(2)
_{ Zelel)ﬁ Yn (Z) +2°le}’1,m,}’n(z) - Z ( f( ) +2> " 1

..... i=1
ICTI SR

S ()

(2.25)

=

We calculate the real part from both terms of the above equality and obtain

) m{ z<ze1€” ,,,,, (z) +3H), (z)> }

zHy oy (2) +2Hy,  y, (2)

.....

B 6) o g

Since f; € Z, (p;) foralli € {1,...,n}, the above relation then yields

_m{z(zew" () +3, (z))}

(2.26)

zHy oy (2) +2Hy,  y, (2)

.....

(2.27)

n
> ZYl
i=1

zf]'(z)
i@

21 +1 —zn;}’l(l _ﬂi)-

Because YL, yilzf!(z)/ f!(z) +2| > 0, we obtain that

.....

z(z,le" (2) +3H) (z)) n
_%{ z ), (z) +2Hky, 1 (2) } >1 —gri(l - i) (2.28)

,,,,

order 1 - Zl_l Yz(l Bi). O
Letting ; = B,i € {1,...,n} in Theorem 2.4, we get the following.

Corollary 2.5. Fori€ {1,...,n},lety;>0and f; € Z, (f) (-1 < p<1).If

" 1
0<dy<— (2.29)
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Hy,,...y, be the integral operator given by (1.5) and

ZJelyl,...,yn (z)

— T +1
#n,-u,yn (2)

<1. (2.30)

Then Hy, ..., (z) is starlike of order 1 — (1 - B) 3L, Vi
Lettingn =1, y1 = y and f; = f in Corollary 2.5, we get the following.

Corollary 2.6. Lety >0, and f € %, (f) (-1 <p<1).If

1
<
O<Y_1—ﬂ’ (2.31)
H,(z) be the integral operator,
y(z) = f (- w)) du
Y 22 0 s
, (2.32)
zH | (z) .
_— +
Hy(2)

Then H(z) is starlike of order 1 — (1 - p)y.

Other work related to integral operator for different studies can also be found in [4-6].
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