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We obtain some W?? a priori bounds for a class of uniformly elliptic second-order differential
operators, both in a no-weighted and in a weighted case. We deduce a uniqueness and existence

theorem for the related Dirichlet problem in some weighted Sobolev spaces on unbounded
domains.

1. Introduction

Let Q be an open subset of R”, n > 2. The uniformly elliptic second-order linear differential
operator

n 62 n a
L= _Hzlaij—axiaxj + ,Zlaia_xi +a, (11)
ij= i=

with leading coefficients a;; = a;; € L*(Q),i,j = 1,...,n,and the associated Dirichlet problem

22 f12
ueW-(Q)Nnw(Q), (12)

Lu=f, feL*Q),

have been extensively studied under different hypotheses of discontinuity on the coefficients
of L (we refer to [1] for a general survey on the subject). In particular, some W?? bounds and
the related existence and uniqueness results have been obtained.

Among the various hypotheses, in the framework of discontinuous coefficients, we
are interested here in those of Miranda’s type, having in mind the classical result of [2] where
the leading coefficients have derivatives (a;;),, € L"(Q),n > 3. First generalizations in this
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direction have been carried on, always considering a bounded and sufficiently regular set Q,
assuming that the derivatives belong to some wider spaces. In particular, in [3], the (a;),,
are in the weak-L" space, while, in [4], they are supposed to be in an appropriate subspace of
the classical Morrey space L?"~2P(Q), where p €]1,1n/2[. In [5], the leading coefficients are
supposed to be close to functions whose derivatives are in L"(Q). A further extension, to a
very general case, has been proved in [6, 7], supposing that the a;; are in VMO, which means
a kind of continuity in the average sense and not in the pointwise sense.

In this paper, we deal with unbounded domains and we impose hypotheses of
Miranda’s type on the leading coefficients, assuming that their derivatives (a;;),, belong
to a suitable Morrey type space, which is a generalization to unbounded domains of the
classical Morrey space. The existence of the derivatives is of crucial relevance in our analysis,
since it allows us to rewrite the operator L in divergence form and puts us in position to use
some known results concerning variational operators. A straightforward consequence of our
argument is the following W??-bound, having the only term ||Lu||;2(q) in the right-hand side,

lullwezq) < cllLullzq)y, Yu € W>(Q) nW'(Q), (1.3)

where the dependence of the constant c is explicitly described (see Section 4). This kind
of estimate often cannot be obtained when dealing with unbounded domains and clearly
immediately takes to the uniqueness of the solution of problem (1.2).

In the framework of unbounded domains, under more regular boundary conditions,
an analogous a priori bound can be found in [8], where different assumptions on the a;; are
taken into account. We quote here also the results of [9], where, in the spirit of [5], the leading
coefficients are supposed to be close, in as specific sense, to functions whose derivatives are
in spaces of Morrey type and have a suitable behavior at infinity.

The W?2-bound obtained in (1.3) allows us to extend our result to a weighted case. The
relevance of Sobolev spaces with weight in the study of the theory of PDEs with prescribed
boundary conditions on unbounded open subsets of R" is well known. Indeed, in this
framework, it is necessary to require not only conditions on the boundary of the set, but
also conditions controlling the behaviour of the solution at infinity. In this order of ideas, we
also consider the Dirichlet problem,

ue W@ nWHQ),
(1.4)

Lu:f’ fELg(Q)/

where s € R, Wf ’Z(Q), vc\’/?(gz), and L2(Q) are weighted Sobolev spaces where the weight p*
is power of a function p : Q — R, of class C?(Q), and such that

avz
supM <400, V|a|<2,
xeQ p('x)
(1.5)
lim <p(x) ¥ L) oo, lim PO TP
x| = +oo p(x) x| = +oo p(x)

see Sections 2 and 3 for more details. Also in this weighted case, we obtain the bound

[ull o) < cllLullizy, Yu € Wi Q) nWH(Q), (1.6)
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where the dependence of the constant ¢ is again completely determined. From this a priori
estimate, in Section 5, we deduce the solvability of problem (1.4).

Existence and uniqueness results for similar problems in the weighted case, but with
different weight functions and different assumptions on the coefficients, have been proved
in [10]. Recent results concerning a priori estimates for solutions of the Poisson and heat
equations in weighted spaces can be found in [11], where weights of Kondrat’ev type are
considered.

2. A Class of Weighted Sobolev Spaces

Let Q be an open subset of R”, not necessarily bounded, n > 2. We want to introduce a class
of weight functions defined on Q.

To this aim, given k € Ny, we consider a function p : Q — R, such that pE Ck (ﬁ) and

|0 ()|

sup———— < +oo0, Vl]a|<k. 2.1
P . 2D
As an example, we can think of the function
t
p(x) = (1 + |x|2> , teR. (2.2)

In the following lemma, we show a property, needed in the sequel, concerning this class of
weight functions.

Lemma 2.1. If assumption (2.1) is satisfied, then

|0%° (%))
sup—————— <+oo Vs eR, Vija| < k. (2.3)
x€Q ps (x)
Proof. The proof is obtained by induction. From (2.1), we get

< cl,a,os‘1 =cp®, i=1,...,m, (2.4)

(o).,

= |sp*"p,

with ¢; positive constant depending only on s. Thus (2.3) holds for |a| = 1.

Now, let us assume that (2.3) holds for any g such that |p| < |a| and any s € R, and fix
a f such that |g| = |a| — 1. Then, using (2.1) and by the induction hypothesis written for s — 1,
we have

lo%p°| = |0 ("),

= [0 (s 00|

(2.5)
< CZZ'bﬁ*priayps’w <cpp*t=c3p®, fori=1,...,n,
rsp
with ¢3 positive constant depending only on s. Hence, (2.3) holds true also for a. O

Now, let us study some properties of a new class of weighted Sobolev spaces, with
weight function of the above-mentioned type.
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For k € Ny, p € [1,+o0[, and s € R, and given a weight function p satisfying (2.1), we
define the space Wsk P(Q) of distributions u on Q such that

”””wsk"’(g) = Z ”Psau””mg) < +oo, (2.6)

a|<k

equipped with the norm given in (2.6). Moreover, we denote by I/(i/ls('p (Q) the closure of C (£2)
in W7 (Q) and put W) (Q) = LL(Q).

Lemma 2.2. Let k € Ny, p € [1,+o0], and s € R . If assumption (2.1) is satisfied, then there exist
two constants c1,cp, € R, such that

k,
cillullyrr ) < ||ptu||W:_,7(Q) <alullysr g, VEER, YueW; P(Q), (2.7)
with ¢1 = ¢1(t) and ¢ = co(t).

Proof. Observe that from (2.3), we have

(o) <Y
p<a

6“*ﬂptaﬁu| < cz|pt6ﬂu|, Via| <k, (2.8)

with ¢, € R, depending only on t. This entails the inequality on the right-hand side of (2.7).
To get the left-hand side inequality, it is enough to show that

|p'o*u| < C3Z|aﬁ(ptu) |, V|a| <k, (2.9)

p<a

with ¢z € R, depending only on t.
We will prove (2.9) by induction. From (2.3), one has

| = | (p'1),, = (0) 1] < ca((p'w)  + ), (2.10)

fori=1,...,n with c; € R, depending only on t. Hence, (2.9) holds for |a| = 1.
If (2.3) holds for any p such that |f| < |a], then, using again (2.3) and by the induction
hypothesis, we have

|pfomul < [0 (p'u)| + o5 3 |0" ' || 0]
e (2.11)
<|o*(p'u)| + céz|pt6ﬂu| < C7Z|aﬂ(ptu) |,
p<a p<a
with ¢y € R, depending only on t. O

Let us specify a density result.

Lemma 2.3. Let k € Ny, p € [1,+o0[, and s € R . If Q has the segment property and assumption
(2.1) is satisfied, then D(Q) is dense in Wf P(Q).
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Proof. The proof follows by Lemma 2.2 in [12], since clearly both p, p’1 eL® (ﬁ) O

loc

This allows us to prove the following inclusion.

Lemma 2.4. Let k € Ny, p € [1,+o0[, and s € R . If Q has the segment property and assumption
(2.1) is satisfied, then

WkP(Q) nWHP(Q) c WP (Q). 2.12)

Proof. The density result stated in Lemma 2.3 being true, we can argue as in the proof of
Lemma 2.1 of [10] to obtain the claimed inclusion. O

From this last lemma, we easily deduce that, if Q has the segment property, also
CHQ) c WP (@)

Lemma 2.5. Let k € Ny, p € [1,+o0[, and s € R . If Q has the segment property and assumption
(2.1) is satisfied, then the map

u—s pu (2.13)
defines a topological isomorphism from We? (Q) to W*?(Q) and from I/C\)/];’P(Q) to Wk Q).

Proof. The first part of the proof easily follows from Lemma 2.2 with ¢ = s. Let us show that
ue W’;’p(Q) if and only if p*u € Wk?(Q).

Ifue I/({/l;’p(Q), there exists a sequence (¢n) ey C CF(Q) converging to u in W;( P(Q).
Therefore, fixed € € R,, there exists hy € N such that

1>
" (1 =) sy < 5. VR > ho- (2.14)

Fix hy > hy, clearly p*¢y,, € W*P(Q), because of its compact support. Therefore, there exists a
sequence (¢5,) ey C CP(Q) converging to p*dy, in Wr#(Q). Hence, there exists np € N such
that

€
Nl —Psﬁbhlllwkm(g) <3 Vn > np. (2.15)
Putting together (2.14) and (2.15), we get

llgm = P ullwinqy < llon = P llyin @ + 1P°Pm = P71tll i ) < & (2.16)

for all n > ng. Thus, pu € Wr?(Q).

Vice versa, if we assume that pu € WP (Q), we find a sequence (¢p),eny C CP(Q)
converging to p*u in W*#(Q). Hence, there exists hy € N such that

- 2
lp™¢n = ullyyrrqy < 5, VR > ho. (2.17)
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Fix hy > hy, since p~*¢p,, € C’g (), which is contained in W’;’p(Q) by Lemma 2.4, there exists

a sequence () ey C CP(Q) converging to p~*¢y, in Wf ?(Q). Therefore, there exists 79 € N
such that

_ €
”‘Pn -p s(;bh1 ”Wf'p(g) < E’ Vn > ny. (218)
From (2.17) and (2.18), we get

llom = ullyer ) < Ngm =P llyyio ) + 107" bm = ull i < & (2.19)
for all n > ng, so that u € I/c{/l;’p Q). O

3. Preliminary Results

From now on, we consider a weight p : Q - R, peC? (Q), and such that (2.1) is satisfied
(for k = 2). Moreover, we assume that

. 1\ o Px(X) + prx(x)
Jim (s g ) =e Jim B 0 o

An example of a function verifying our hypotheses is given by
t
p(x) = <1+|x|2>, teR\ {0). (3.2)

We associate to p a function o defined by

o=p if p— +oo, for |x| — +oo,

1 (3.3)
o=— if p—0, for x| — +oo.
Clearly o verifies (2.1) and
_ . Ox(X) + Oxx(x)
lim o(x) = +oo, lim ——————~ =0. 3.4
|x|—>+oo ( ) |x|—>+oo O'(x) ( )

Now, let us fix a cutoff function f € C? (R,) such that

0<f<1, f()=1 ifte[0,1],  f(t)=0 ifte[2+oo]. (35)
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Then, set
5 o(x)
Ck:xeQ— f - ) keN,
Qr={xeQ:0(x)<k}, keN.
By our definition, it follows that {x € CZ (Q) and

OSQkSL Ckz]- Ong—k! §k=0 OnQ\QZk/ keN.

Finally, we introduce the sequence
Mk s x € Q — 2k (x) + (1 - &k(x))o(x), keN.
For any k € N, one has

=%k —-0)+0>0, inQy,

qk§2k+o§< +1>0:(ck+1)0, in Qop,

1anTko

Mk =0, inQ\ Qyy,
where ¢, € R, depends only on k. This entails that
o~Mnk, VkeN.
Concerning the derivatives, easy calculations give that, for any k € N,

(), = (M) =0, in Q,

(), =00, (), = Oxe,  in Q\ Qu,
o2 R
(nk)x S €10, (nk)xx S C2<Fx + O'xx>/ in Q \ sz/

with ¢; and ¢, positive constants independent of x and k.
From (3.9), (3.11), (3.13), (3.14), and (3.15), we obtain, for any k € N,

(), < c’lﬁ, in Q,
Tk o

2
(ﬂk) oL+ 00 .=
lexx sa— o2 =, ingQ

where ¢} and ¢} are positive constants independent of x and k.

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Combining (3.13) and (3.16), we have also, for any k € N,

UOR <c sup%, in Q, (3.17)
U oo ¢
2 —_—
Mk oo

We conclude this section proving the following lemma.

Lemma 3.1. Let 0 and Qi, k € N, be defined by (3.3) and (3.6), respectively. Then

lim su 0. 3.19
k—+oo Q\g; o(x) (3.19)
Proof. Set
_ 0x(X) + O (%) —
(P(x) - O'(x) 7 X € Q/
(3.20)

g =supy, kel
Q%

By the second relation in (3.4), the supremum of ¢ over Q \ Q is actually a maximum; thus,
for every k € N, there exists xi, € Q \ Qi such that ¢ = ¢(xi).

To prove (3.19), we have to show that limy _, ;¢ = 0.

We proceed by contradiction. Hence, let us assume that there exists £y > 0 such that,
for any k € N, there exists ny > k such that ¢, = ¢(x,,) > €.

If the sequence (xy, )iy is bounded, there exists a subsequence (x',, ) ey converging
to a limit x € Q, and by the continuity of o, (0(x's,))rey converges to o(x). On the other
hand, x',,, € Q\ Q, thus o(x',,) > nx, which is in contrast with the fact that (o(x’,,)) ey 1S @
convergent sequence.

Therefore, (x,, )y is unbounded, so that there exists a subsequence (xj, )iy such
that limg _, ,0|xy, | = +oo. Thus, by the second relation in (3.4), one has limg . ., ¢p(x3,) = 0.
This gives the contradiction since ¢(x;, ) > €. O

4. A No Weighted A Priori Bound

We want to prove a W22 bound for an uniformly elliptic second-order linear differential
operator. Let us start recalling the definitions of the function spaces in which the coefficients
of our operator will be chosen.

For any Lebesgue measurable subset G of R”, let 2(G) be the o-algebra of all Lebesgue
measurable subsets of G. Given E € %(G), we denote by |E| the Lebesgue measure of E, by y
its characteristic function, and by E(x,r) the intersection E N B(x,r) (x € R",r € R,), where
B(x,r) is the open ball with center x and radius r.

Forn>2,1€[0,n[,p € [1,+oo], and fixed t in R, the space of Morrey type MPA(Q, 1)
is the set of all functions g in L} _ (Q) such that

I8l s = SuPT%/p”g"Ln(g(x,r)) <+, (4.1)

T€]0,t]
x€Q
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endowed with the norm defined in (4.1). It is easily seen that, for any t;,t, € R, a function
g belongs to MPA(Q, 1) if and only if it belongs to MPA(Q, t,); moreover, the norms of gin
these two spaces are equivalent. This allows us to restrict our attention to the space MP*4(Q) =
MPA(Q,1).

We now introduce three subspaces of MP(Q) needed in the sequel. The set V MP(Q)
is made up of the functions g € MP*(Q) such that

lim | g || i@ =0 (4.2)

t—0

while MPA(Q) and Mf’l(Q) denote the closures of L*(Q) and CZ(Q) in MP*(Q), respec-
tively. We point out that

M Q) ¢ MPA(Q) c VMPA(Q). (4.3)

We put MP(Q) = MPY(Q), VMP(Q) = VMP(Q), MP(Q) = MPX(Q), and ME(Q) = M (Q).
We want to define the moduli of continuity of functions belonging to MP*(Q) or
ME’A(Q). To this aim, let us put, for h € R, and g € MP*(Q),

Flgl(h)= sup  |lgxellyoi e (4.4)

EeS(Q)
sup|E(x,1)|<1/h

xeQ

Recall first that for a function ¢ € MP*(Q) the following characterization holds:

§ € MP(Q) &= lim F[g](h) =0, (4.5)
while
ge M@ e lim (Flg](h) + (1= gllame) =0 (4.6)

where ¢;, denotes a function of class CZ (R") such that

0<¢h<l, Ghypr =1, suppén C B(0,2h). (4.7)

Thus, if g is a function in MPA(Q), a modulus of continuity of g in MPA(Q) is a map 67 [g] :
R, — R, such that

F[g](h) <3P [g] (h), hl_i}?oo&”')‘ [g](h) =0. (4.8)
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While, if g belongs to Mg’)‘(Q), a modulus of continuity of g in Mg’)”(Q) is an application
ooP*[g] : Ry — R, such that

Flg](h) + |1~ Ch)g”MW(Q) <" [g] (),

i PAToT () < 0 (4.9)
hi@oooo [g]( ) R
If Q has the property

|Q(x,7)| > Ar" VxeQ, Vre ]0,1], (4.10)

where A is a positive constant independent of x and r, it is possible to consider the space
BMO(L, 1) (T € R,) of functions g € LllOC (L) such that

[g]BMO(Q,T) = sup J( g_J( 4 dy' dy < +oo, (4.11)
xeQ Q(x,r) Q(x,r)
rel0,r]
where
][ gdy = IQ(x,r)I’lf gdy. (4.12)
Q(x,r) Q(x,r)

If g € BMO(Q) = BMO(L,T4), where

Toa=supq TER,: su L<l (4.13)
A= Sup O R T A '

rel0,r]

we say that ¢ € VMO(Q) if [g]ppmo@r) — 0forT — 0"
If g belongs to VMO(Q), a modulus of continuity of g in VMO(Q) is function 7[g] :
10,1] — R, such that

8l smo@n < 7lgl(m) YT e]01],  lim ng](7) =0 (4.14)

For more details on the above-defined function spaces, we refer to [8, 13-15].
Let us start proving a useful lemma.

Lemma 4.1. If Q has the uniform C"'-reqularity property and

VM'(Q), r>2, forn=2,
g,8x € (4.15)

VM (Q), rel2,n], forn>2,

then g € VMO(LQ).
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Proof. For n > 2, the result can be found in [16], combining Lemma 4.1 and the argument in
the proof of Lemma 4.2.

Concerning n = 2, we firstly apply a known extension result, see [9, Corollary 2.2],
stating that any function g such that g, g, € VM'"(Q) admits an extension p(g) such that

p(8), (p(8). € VM (R?).
Then, we prove that for all x € R? and t € R,, there exists a constant ¢ € R, such that

fB(xU,t)

Indeed, in view of the above considerations, if (4.16) holds true, one has that p(g) €
VMO(R?), so g € VMO(Q).
Consider the function

P&, P dxse(tNCEDNnn) @10
X0,

g i zeR* — p(g)(x +1tz) ER. (4.17)

By Poincaré-Wirtinger inequality and Holder inequality, one gets

J:B(xo,t)
= jr_l J‘
B(0,1)

-at’ IB( t)l(p(g))x(x)|dx < et [B(xo, |7 | (P(g))x”L’(B(xo,t))'
X0,

dx

p(g)(x) - J[m t)P(g)(X)dx

g (2) —J: ¢*(z)dz|dz < clf |(8").(z)|dz (4.18)
B(O,1) B(O,1) =

this gives (4.16). 0

For reader’s convenience, we recall here some results proved in [17], adapted to our
needs.

Lemma 4.2. If Q is an open subset of R" having the cone property and g € M™(Q), with r > 2 and
A=0ifn=2,andr €]2,n]and A =n—-rif n>2, then

u— gu (4.19)
is a bounded operator from W12(Q) to L*(Q). Moreover, there exists a constant ¢ € R, such that
”gu”LZ(Q) sc ”g”MM(Q)||”||W1'2(9)' (4.20)

withc =c (Q,n,r). .
Furthermore, if g € M™ (Q), then for any & > 0 there exists a constant ¢, € R, such that

”g””LZ(Q) <€ lullwrzq) + cellull iz, (4.21)

with Ce = Cg(gf Q/nrrrar,)t[g])'
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If g € M"(Q), witht > 2 and p > n — 2t, then the operator in (4.19) is bounded from
W22(Q) to L*(Q). Moreover, there exists a constant ¢' € R,, such that

”gu”U(Q) < C,”g“MW(Q)”””WZ,Z(Q), (4.22)

with ¢' = c'(Q,n,t, p).
Furthermore, if g € M "#(Q), then for any € > 0 there exists a constant c. € R.., such that

”gu”LZ(g) <€ [[ullwezg) + C’g“u”LZ(Q)/ (4.23)

with c. = c.(e,Q,n,t, u,6"*[g]).
Proof. The proof easily follows from Theorem 3.2 and Corollary 3.3 of [17]. O

From now on, we assume that £ is an unbounded open subset of R",n > 2, with the
uniform C!!-regularity property.
We consider the differential operator

L S —62 S . 2 4.24
= —iJZ:laij Bx,0%; + izzlaia_xi +a, (4.24)

with the following conditions on the coefficients:

ai]-=a]-,-eL°°(Q), i,j=1,...,71,

N 2 . . (h1)
I>0: Zaijgig]- >v¢l5, ae inQ, V¢ eR",
ij=1
(i), ai € MZNQ), i,j=1,...,n,
withr>2, A=0ifn=2, (h2)
withre]2,n], A=n-rifn>2,
ae M"™(Q), witht>2, u>n-2t
(hs)

ess infa = ag > 0.
Q

We explicitly observe that under the assumptions (h1)-(h3) the operator L : W2?(Q) —
L%(Q) is bounded, as a consequence of Lemma 4.2.
We are now in position to prove the above-mentioned a priori estimate.

Theorem 4.3. Let L be defined in (4.24). Under hypotheses (h1)—(hs), there exists a constant ¢ € R,
such that

lullyo @y < clllullz), Ve W(Q) nW'(Q), (4.25)

with ¢ = C(QI n,v,t,t, H, ||aij||L°°(Q)/ O-OT,)L [(ai]')x]-]/ O-or,j\ [ai]/ Ght [a]/ aO)'
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Proof. Let us put

n az
Lo = —Zlaijm (426)
ij=

and fix u € W22(Q) N W?(Q). Lemma 4.1 being true, Lemma 3.1 of [18] (for n = 2) and
Theorem 5.1 of [17] (for n > 2) apply, so that there exists a constant ¢; € R, such that

ez < o1 (ILowll 2 + Il ) (4.27)

with ¢ = ¢1(Q, 1, v, ||aij||r= (), oor'*[(ai,-)xj]). Therefore,

n
lullwzzq) < a1 <||Lu”L2(Q) + |ull2) + Z”aiuxi”LZ(Q) + ”au”LZ(Q)>' (4.28)
i=1

On the other hand, from Lemma 4.2, one has

llaitix, |l 2q) < elltllwee @) + celltxll2),
(4.29)

laullr2iq) < ellullwezq) + cellullzq),

with c; = c:(g,Q,n,7,0,*[a;]) and c. = c.(¢,Q,n,t, u, G [al).
Furthermore, classical interpolation results give that there exists a constant K € R,
such that

K
el 2 (o) < Kellullwezq) + - llll 2 (c2)s (4.30)

with K = K(Q). Combining (4.28), (4.29) and (4.30) we conclude that there exists ¢, € R.
such that

lllwes @y < 2 (ILul 2 + Il 2 ) (4.31)

with c; = ¢2(Q,n,v,7,t, 4, ||ai]-||Loo(Q),oor')‘[(aij)xj],oor')‘[ai],&t'/‘[a]).
To show (4.25), it remains to estimate ||u||;2(q). To this aim let us rewrite our operator
in divergence form

n n n
Lu= —Z (aij”xi)xj + Z <Z (a,-j)xj + a,-> Uy, + au, (4.32)
i=1 \ j=1

ij=1

in order to adapt to our framework some known results concerning operators in variational
form. Following along the lines, the proofs of Theorem 4.3 of [19] (for n = 2) and of
Theorem 4.2 of [13] (for n > 2), with opportune modifications—we explicitly observe that the
continuity of the bilinear form associated to (4.32) in our case is an immediate consequence
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of Lemma 4.2—we obtain that

lull 20 < esllLullrzq), (4.33)
with ¢;3 = c3(n,v,7, oo"A[(ai]-)x/_],oo")‘[a,-],ao). Putting together (4.31) and (4.33), we obtain
(4.25). O
5. Uniqueness and Existence Results

This section is devoted to the proof of the solvability of a Dirichlet problem for a class
of second-order linear elliptic equations in the weighted space W2*(Q). The W22-bound
obtained in Theorem 4.3 allows us to show the following a priori estimate in the weighted
case.

Theorem 5.1. Let L be defined in (4.24). Under hypotheses (h1)—(h3), there exists a constant ¢ € R,
such that

22 012
lully22q) < cllLullzq), Yu € W™ (Q) NnW™(Q), (5.1)
with ¢ = C(Q, n,s,v,r,t, H, ||ai]~||Loo(Q), ||ai||Mr,,\(Q),oor')‘[(aij)x]_], Gor,)t[ai],a.t,#[a]’ ao).

Proof. Fix u € W*(Q) n I/i/i’z(Q) . In the sequel, for sake of simplicity, we will write #; = 77,
for a fixed k € N. Observe that 7 satisfies (2.1), as a consequence of (3.16), so that Lemma 2.5

applies giving that 7°u € W*?(Q) N W12 (Q). Therefore, in view of Theorem 4.3, there exists
¢ € R,, such that

7 ullwzi) < coll L(10) ] 2 (5.2)

with o = co(Q 1,7t llaijlli=(@), 06" [(aij)x,], 00" [ai], 5"#[a], ao). Easy computations
give

L(Tlsu) = 1flsLu - SZ aij<(s - 1)Tls_271xi71xju + Tls_lrlxixju " zﬂs_lﬂxi”x,)
=1

(5.3)
+ szn:a,-ns‘lnxiu.
i=1
Putting together (5.2) and (5.3), we deduce that
n
77wl gy < @ <||’ZSL”||L2(Q) + 2_11< M M, 2@ M g 12(Q)
" (5.4)
n
(|7 1 LZ(Q)> +;||am$’1nx,-u o )

where ¢; € R, depends on the same parameters as ¢y and on s.
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On the other hand, from Lemma 4.2 and (3.17), we get

_ O
||ai7ls 17lxiu < CZSupr”ai“MW(Q)||nsullwl,2(g)/ (55)

2(Q) a0

with ¢; = c(Q, 1, 7).
Combining (3.17), (3.18), (5.4), and (5.5), with simple calculations we obtain the
bound

2
0% + OO0xy

o
”ﬂsullwu(g) S¢3 [”715Lu”L2(Q) + <SUPT + Supgx> ”’15””w22(g)] ’ (5.6)

Q\Q Q\Qx

where c3 depends on the same parameters as ¢ and on ||a;|| pr1(q)-
By Lemma 3.1, it follows that there exists k, € N such that

2
oL+ 00 o 1
sup x—zxx + sup == < 2— (57)
oa, ¢ oo, ¢ cs

Now, if we still denote by 7 the function 7, from (5.6) and (5.7), we deduce that
”’fullwﬂ(g) < 2C3”'lsLu”L2(Q)' (5.8)

Then, by Lemma 2.2 and by (3.12), written for k = k,, we have

Z lo°0"ull12(q) < callo®Lul| z(q), (5.9)

lal<2

with ¢4 depending on the same parameters as c3 and on k.
This last estimate being true for every s € R, we also have

S o0 ull 2 < esllo Ll gy (5.10)

la|<2

The bounds in (5.9) and (5.10) together with the definition (3.3) of o give estimate
(5.1). O

Lemma 5.2. The Dirichlet problem

ueW2(Q)n W(Q),
(5.11)

~Au+bu=f, felIXQ),
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where

n

o2 LIS
b=1+|-s(s+D)) %+ sz% ) (5.12)
i=1 i=1

is uniquely solvable.

Proof. Observe that u is a solution of problem (5.11) if and only if w = o°u is a solution of the
problem

w € W2(Q) N W2(Q),

(5.13)
-A(c5w) +bo~w = f, fe€LXQ).
Clearly, forany i€ {1,...,n},
2
Fyes (07°W) = 0% Wy, — 250 Oy Wy, + 5(s +1)0 " 20w — 50 oW, (5.14)
Xi
then (5.13) is equivalent to the problem
w e W22(Q) nW2(Q),
n (5.15)
-Aw + Sawy, taw =g, g€L*Q),
i=1
where
2 Ox; =1 b 1 B 0926,- - Oxix; s 5.16)
i= s =1..., 1, =0 + — + — = . .
ai=2s-=, i n a s(s )goz Si:210 g=0°f (

Using Theorem 5.2 in [18] (for n = 2), Theorem 4.3 of [20] (for n > 2), (1.6) of [8], and
the hypotheses on o, we obtain that (5.15) is uniquely solvable and then problem (5.11) is
uniquely solvable too. O

Theorem 5.3. Let L be defined in (4.24). Under hypotheses (h1)—(hs), the problem

ueW2(Q) nWHQ),
(5.17)

Lu=f, felX(Q),

is uniquely solvable.

Proof. For each T € [0, 1], we put

L.=7(L)+ (1 -7)(-A +b). (5.18)
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In view of Theorem 5.1,
2z < ellleullz),  Yu€ W2AHQ)NWIA(Q), Vr € [0,1]. (5.19)

Thus, taking into account the result of Lemma 5.2 and using the method of continuity along
a parameter (see, e.g., Theorem 5.2 of [21]), we obtain the claimed result. O
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