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We present a constructive approach to establish existence and uniqueness of solution of singular
boundary value problem —(p(x)y'(x)) = q(x)f(x,y,py’) for 0 < x < b,y(0) = a,a;y(b) + f1p(b)

y'(b) = y1. Here p(x) > 0 on (0, b) allowing p(0) = 0. Further g(x) may be allowed to have integrable
discontinuity at x = 0, so the problem may be doubly singular.

1. Introduction

Consider the following singular boundary value problem:

My = -(p(0)y (1)) = 4(x) f (x,y(x),p(x)y'(x)), 0<x<b, (1.1
y0) =a, ay®)+pip®)y' () =1, (12)
where a1 > 0, f1 > 0, y1 is any finite constant. We assume that p(x) and g(x) satisfy the follow-
ing conditions:
(A1) p(x) > 0in (0,b], p € C[0,b] N C(0,b) and [ (dt/p(t)) < oo,
(A2) g(x) > 0in (0,b] and [} q(£)dt < oo.

In this work we establish existence and uniqueness of solution of the singular problem
(1.1)-(1.2). We use monotone iterative method. For this we require an appropriate iterative
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scheme. In this regard Cherpion et al. [1] suggest the following approximation scheme:

—ah .+ I;(x)a;m + () ety = fx, an,a),) + I;(x)(x'n +1(x)aty,

,41(0) = a1 (1) =0,

(1.3)

for the regular boundary value problem -y" = f(x,y,y'), y(0) = y(1) = 0. They also suggest
that (1.3) with l~(x) = 0 or with constant k and I does not work for the Dirichlet boundary con-
dition.

Thus, for our problem we consider the following iterative scheme:

Lyna = F(X, Yn,pyn), 0<x<b,
(1.4)

Yn1(0) =0, a1y (b) + P1p(B)Y,,1 (b) =11,
where

Ly = -(p(x)y' (x)) - p(x)q(x)p(x)y' (x) — Ak(x)q(x)y (x), 15

F(x,y,py") = 9(x) f (x,¥,py") — u(x)q(x)p(x)y' (x) - Lk (x)g(x)y (x).

We assume that k(x) and p(x) satisfy the following conditions.
(A3) k(x) € C[0,b], 3 my, My € Rsuch that 0 < my < k(x) < M.
(A4) pu(x) € L}J(O, b), that is, fob qg(x)pu(x)dx < oo.

(A5) Further, we assume that the homogeneous boundary value problem Ly =0, y(0) =
0, and a1y (b) + f1p(b)y'(b) = 0 has only trivial solution.

For fg (dt/p(t)) < oo, several researchers ([2-5]) suggest to reduce the singular prob-
lem to regular problem by a change of variable. But in [6] it is suggested that a direct consid-
eration of singular problems provide better results.

Further, the following sign restrictions are imposed by several researchers ([4, 5, 7-9]):

(i) yf(x,y,0) >0, |y| > Mo, where My is a constant ([7-9]) or
(11) f(x,Ml,O) 2 0 2 f(x/ _MZIO)/ M11M2 Z 0 ([41 5])

But such sign restrictions are quite restrictive as the simple differential equation y" = 2 fails to
satisfy the sign restrictions (i) and (ii) ([7]).

In the present work we consider the singular boundary value problem (SBVP) directly
and do not impose any sign restriction. Further, we do not assume that the point x = 0 is a
regular singular point as assumed in [6, 9]. We use iterative scheme (1.4) to establish existence
and uniqueness of the solution of the problem. With the help of nonnegativity of Green’s fun-
ction, existence uniqueness of linear singular boundary value problem (LSBVP) is estab-
lished.

This paper is divided in four sections. In Section 2, we show that singular point x = 0is
of limit circle type; hence, spectrum is pure point spectrum with complete set of orthonormal
eigenfunctions. In Section 3, we prove the existence uniqueness of the corresponding LSBVP.
Finally, in Section 4, using the results of Section 3, we establish the existence uniqueness of
solutions of the nonlinear problem (1.1)-(1.2).
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2. Eigenfunction Expansion
Let L2(0, b) be a Hilbert space with weight s(x) = k(x)g(x) and the inner product defined as

b —_—
(u,v) =f s(Hu(t)v(t)dt. (2.1)

0

Conditions on p, g, p, and k guarantee that the singular point x = 0 is of limit circle type
(Weyl’s Theorem, [10, page 438]. Thus, we have pure point spectrum ([11, page 125]. Next,
from the Lagrange’s identity, it is easy to see that all the eigenvalues are real, simple, positive,
and eigenfunctions are orthogonal. Let the eigenvalues be 0 < g < Ay < Ay < ---, and let the
corresponding eigenfunctions be ¢y, ¢51, ¢, . . ., respectively. Next, we transform Ly = 0 by
changing variable z = 1/g(x)y, where g(x) = el #DI0d to

~(p(x)Z'(x)) +7r(x)z(x) = As(x)z(x), 0<x<b, (2.2)

where r(x) = (1/2){p(x)q(x)p(x)} + (1/4){p(x)q(x) }zp(x). Now following the analysis of
Theorem 2.7, (i), (ii) and Theorem 2.17 of [11] for the operator (1/s)(r + M), where M is de-
fined by (1.1), the following results can be established.

Theorem 2.1. Let f(x) be the primitive of an absolutely continuous function, and let

§u+Myegmm,
f(b)sina—p(b)f' (b)cosa =0, where a is real, (2.3)

lim p()W: [f,4] =0,

for every nonreal A, where ¢s(x, \) € L2(0, b) is a solution of (2.2) and W[, ] is the wronskian of f
and . Then

fx) = cngpn(x), (0<x<Db), (2.4)
n=0

being the series absolutely and uniformly convergent on [0, b].

Theorem 2.2. Let f € L2(0,b). Then

rﬂﬂﬁ@fﬂ=iﬁ~ (2.5)

0 n=0
Theorem 2.3. Let f € L2(0,b), and let ®(x, A) be the solution of

~(p(x)Z'(x)) +7r(x)z(x) = As(x)z(x) = s(x) f(x), 0<x<b, (2.6)
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satisfying a11z(b) + prp(b)z'(b) = 0, where a1 = a1 — (1/2)1p(b)p(b)q(b). Then for A not equal
to any of the values of \,,, one has

- Cn@Pn
D(x,\) = , (2.7)
n=0 A=Ay

where the series is absolutely convergent.

Remark 2.4. Since || - ||s on L2(0,b) is equivalent to || - ||; on Lé(O,b), we can apply Theorems
2.1-2.3 in L3(0, b) also.

3. Linear Singular Sturm-Liouville’s Problem

In this section we apply Theorem 1.1 of [12] to the differential operator L and generate two
linearly independent solutions of the linear problem. Further, with the help of these solutions,
Green’s function is constructed, and nonnegativity of the Green’s function is establish-
ed.

Theorem 3.1. Let p(x), g(x), k(x), and p(x) satisfy (A1), (A2), (A3), and (A4), respectively. Then
the initial value problems (IVPs)

Ly =0, 0<x<b, y(0) = ap, limp(x)y'(x) = by, (3.1)
Ly=0,0<x<b, yb)=co, pb)y(b)=d (3.2)

have a solution in LZ(0,b) or equivalently in L3(0,b) (Remark 2.4).

3.1. Green’s Function

Green’s function G(x, ¢, ) for the differential operator L can be defined as

G(x,t, 1) =

1 {—qf(t)¢(x), if0<t<x, .

POW (6 9) | —p(x)p(t), if x<t<b,

where ¢ = S{ay1(x) + fiya(x)}, S = 1/4/ad + B2, y1(b) = 0, p(b)y,(b) = -1, ya(b) = 1,
p(b)y,(b) = 0, and ¢ is a nontrivial solution of IVP (3.1) with ap = 0, by = 1. From
(AD), it is easy to conclude that p(x)W (g, ¢)|x=p #0; thus, ¢ and ¢ are linearly independ-
ent.

Next we establish nonnegativity of Green’s function. For this we need to establish fol-
lowing results.

Lemma 3.2. If y(x) satisfies Ly(x) = q(x)f(x) >0, for 0 < x < b, y(0) = 0, and a;y(b) +
Pip(b)y' (b) = y1 > 0, where p(x), q(x), u(x), and k(x) satisfy (A1), (A2), (A3), and (A4), respec-
tively, then y(x) > 0 provided that A < 0.
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Proof. We divide the proof in two cases as follows.

Case i. When A < 0. On contrary assume that there exists a point ¢ € (0, b) such that y(c) < 0.
Then from the continuity of the solutions there exists a point d € (0,b) such that y(d) < 0,
y'(0) =0, and y"(d) > 0. Now at the point d, we have

-p(d)y"(d) —p'(d)y'(d) - p(d)q(d)p(d)y'(d) - Ak(d)g(d)y(d) <0, (3-4)

which is a contradiction. Hence, y(x) > 0 when A < 0.

Case ii. When A = 0. Using the same notations as in the previous case, we have y'(x) > 0 for
x>dand y'(x) <0forx <d.

Now, we consider the interval [d, xo] C (0,b) where y'(d) = 0, y < 0in [d, x¢], and
y' > 0in (d, x¢]. Then

P::fOhﬂﬂgaﬂykﬂ)?_gﬂgﬂﬁ%ﬂya”dt>0. (3.5)

d
Integrating the first term by parts, we get
P = p(x0)g(x0)y (x0)y(x0) <0, (3.6)

which is again a contradiction. Thus, y(x) > 0 when A <0. 0

Lemma 3.3. Consider the following differential equation:

Ly(x)=0, 0<x<b, (3.7)

where p(x), q(x), p(x), and k(x) satisfy (A1), (A2), (A3), and (A4), respectively, with the boundary
conditions:

y(0)=0, aip(b) +pip(b)y'(b) = y1. (3.8)
Then LSBVP (3.7)-(3.8) has a unique solution given by

Y1 (x)

YO = @ + e ®)

(3.9)

provided that A is none of the eigenvalues of the corresponding eigenvalue problem and (s satisfies (3.1).
Moreover, y(x) > 0ify1 > 0and 0 < A < Ao, where Ay is the first positive zero of a1¢s(b, \) +
Pip(b)g' (b, A).
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Proof. From Theorem 3.1, it is easy to see that the unique solution of (3.7)-(3.8) can be written
as

y(x) = Y1 (x)

" ag®) + fip )y (B) (3.10)

provided that ay¢ (b, A) + f1p(b)y' (b, L) #0; that is, A is none of the eigenvalue of the corre-
sponding eigenvalue problem (Section 2). Since ¢(0) = 0, lim,_o-p(x)¢’'(x) =1, and ¢ (x, L)
does not change sign for 0 < A < Ay, we get that y(x) > 0 for 0 < A < Ao, provided that

Lemma 3.4. For the linear differential operator associated with
Ly(x) =q(x)f(x), 0<x<b, (3.11)

y(0) =0,a1y(b) + fip(b)y'(b) =11, (3.12)

with f € LE(O, b), the generalized Green’s function for the corresponding homogeneous boundary val-
ue problem is given by

(x, )Ln)(lf(t/ An)

- ¢
G(x, 1)) = , (3.13)
TLZ:O )tn - A

where g(x, A;) are the normalized eigenfunctions corresponding to the eigenvalue \;. G(x, t, \) satis-
fies the homogeneous boundary condition provided that X # o, A1, . ... Solution of the non-homogen-
eous LSBVP (3.11)-(3.12) is

_ quf(x/ )‘) b
y(x) = 5o ®) + POy ) + fo q(t) f(H)G(x, t, \)dt. (3.14)

The series on the right is absolutely convergent.

Proof. The solution y(x) of (3.11)-(3.12) can be written as sum of the solution of (3.11) with
boundary condition y(0) = 0,a:1y(b) + fip(b)y'(b) = 0 and solution of (3.7) with boundary
condition y(0) =0, a1y(b) + pip(b)y'(b) = 11,

_ Y“P(xr )‘)
YO = ) + Pp @) )

b
+f g F(OG(x,t, \)dt, (3.15)
0

where G(x,t, 1) is Green’s function defined by (3.3). Now using the analysis of ([11, page 38],
it is easy to show that the generalized Green’s function is given by

G(x,t,A) = i%, (3.16)
n=0 n

and absolute convergence of the series on the right-hand side follows from the analysis of
([11, page 38]. This completes the proof. O



International Journal of Differential Equations 7

Lemma3.5. If f € Lé(O, b), y1 2 0and f > 0, then solution of (3.11)-(3.12) is nonnegative provided
that 0 < A < Ap.

Proof. We first show that G(x,t) > 0forall 0 < x,t < bif 0 < A < Ag. Fixing ¢, G(x, t) satisfies
LG(x,t) = 0,0 < x < t, where’' = 0/0x. Since G(0,t) = 0, ;;G(t",t) + p1p(t" )G (t7,£) > 0
for 0 < A < Ay, from Lemma 3.3 G(x,t) > 0 for 0 < x < t7, provided that 0 < A < A¢. By the
symmetry, continuity, and G(t,t) > 0 for 0 < A < 1y, it follows that G(x,t) > 0for 0 < x,t < b,
provided that 0 < A < A¢. The result follows. O

Corollary 3.6. If y(x) satisfies Ly(x) = q(x)f(x) > 0 for 0 < x < band y(0) = 0, a;y(b) +
Pip(b)y' (b) = y1 >0, then y(x) > 0, provided that X < Ay.

Proof. The proof follows from Lemmas 3.2 and 3.5. O
Corollary 3.7. The solution of the boundary value problem in Lemma 3.4 is unique.

Proof. The proof follows from Corollary 3.6. O

4. Nonlinear Sturm-Liouville’s Problem

In this section, we establish the existence uniqueness of solution of the nonlinear problem
(1.1)-(1.2). For this, first we prove that the sequences generated by (1.4) are monotonic se-
quences (Lemmas 4.2 and 4.3). Then using the bound for py’ (Lemmas 4.9 and 4.10), the uni-
form convergence of these sequences to a solution of the nonlinear problem is established
(Theorem 4.11). Finally the uniqueness of the solution is established in Theorem 4.14.

The nonlinear boundary value problem

-(p()y' (x)) = q(x)f(x,y,py'), 0<x<b,
(4.1)

y(0)=a, ay®)+pipb)y () =1
can be transformed to

~(p()u'(x)) = q(x)f(x,u+a,pu), 0<x<b,
4.2)

u(0) =0, aju)+pp®)u' (b) =y, - am,

with u = y—a. Further, the functions f(x, u+a, pu') and f(x, y, py’) satisfy the same Lipschitz
condition, so we may work with the boundary value problem

-(p()Y' (%) =q(x)f(x,y,py), 0<x<b,

y(0) =0, ay(b) +pip(b)y'(b) = 11.

(4.3)

Next, we define upper solution 1 (x) and lower solution vy (x) such that uy > vy, which work
as initial iterates for our constructive approach.
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Definition 4.1. A function uy(x) € C[0,b] N C?(0,b] is an upper solution if

~(p(x)uy(x)) > q(x) f (x,u0,pup), 0<x<b,

(4.4)
up(0) =0, ayug(b) + frp(b)ug(b) 2 11,
and a function vy(x) € C[0,b] N C%(0,b] is a lower solution if
~(p(x)v}(x)) < q(x)f(x,v0,pv)), 0<x<b, ws)
4.5

v9(0) =0, a1vo(b) + pr1p(b)vy (b) < 11

Lemma4.2. If A <0, Ak(x) < Ky, |u(x)| <Ly, Ly > 0for 0 < x < b, y(0) = 0, and a1y (b) + f1p(b)
y'(b) >0, then

(Ky = Ak(x))y — (u(x) + Li(signy'))py' >0, 0<x<b, (4.6)

provided that

Coar oup(PEY [
v g ), s () | g >0 vsxse

(Ki = Ak(x)) = (L1 = |pu(x)|)@(p, q,5,8) 20, 0<x<b,

hold. Here,

Pg ’
©(p,q,5,8) = sup( ) I(p.4,5,8) — A fo s(t)g(t)dt, (48)

~ A pgy (0 dt \
I(p,q,s8) = <1 + AL —p(t)g(t) J;) s(t)g(t)dt - sup<7> 4[0 p—(t)g(t)> ) (4.9)

Proof. The solution of the equation Ly = qf >0, y(0) = 0, and a1y (b) + pip(b)y'(b) =11 20
is given by (3.15) where G(x, t, 1) is defined by (3.3). Substituting y(x) from (3.15) into (4.6),
it is easy to see that we require the following inequalities in order to complete the proof

(K1 = Ak(x))g — (p(x) + L (signy'))py’ >0, 0<x<b, (4.10)

(Ky = Ak(x))p — (p(x) + Ly (signy') )p¢’ >0, 0<x<b. (4.11)

Here ¢ satisfies the IVP at x = 0; that is, Ly = 0, ¢¢(0) = 0 and lim,_o+p(x)¢p(x) = 1,
and ¢ satisfies the IVP at x = b; thatis, L¢ =0, ¢(b) = 1 and p(b)¢'(b) = —a;. The solutions ¢
and ¢ cannot have either point of maxima (at the point of maxima the Lgg = 0 or L = 0 will
be contradicted) or point of minima (since to have minima, maxima is bound to occur). So,
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finally we have ¢'(x) > 0 and ¢'(x) <0 on [0,b]. As |u(x)| < Ly, it is enough to prove the fol-
lowing inequalities:

(Ki = Ak(x)¢p = (L1 = [u(x)|)py’ 20, 0<x<b, (4.12)

(Ki = k(x)¢ + (L1 — |u(x)|)p¢’ 20, 0<x<b. (4.13)

Next, we prove the inequality (4.12), and the other one can be proved in a similar manner.
By the mean value theorem, there exist 7 € (0,b) such that ¢(b) = by'(7). Writing
Lg = 0 in the following form:

~(p@gE)y(x)) - As(x)gx)g(x) =0, (414)
and integrating it first from 7 to x and then x to b, we get that
p(x)¢'(x) < g(x)®(p,q,5,8) on 0<x<b. (4.15)

Here ®(p, g, 5, ) is given by (4.8). Now, the result follows from (4.7), (4.12), and (4.15). O

Lemma 4.3. If0 < A < A, Ak(x) < Ky, |pu(x)| < L1, Ly >0 for 0 < x < b, y(0) = 0, and a1y(b) +
Pip(b)y'(b) > 0, then

(Ky = Ak(x))y — (u(x) + Li(signy'))py' >0, 0<x<b, (4.16)

provided that

—sup 7;,7 4[0_>O 0<x<b,

(4.17)
(Ky - )tk(x))(l - sup(%) f §> - (L1 — |p(x)|) sup(%) >0, 0<x<b
or
dt
- *f sz fo P30
b . (4.18)
(K1 - Ak(x)) <1 - )LJ‘O sgdt fo p—;) - (L1 - |/4(x)|))LJ‘ sgdt>0, 0<x<b,
hold.

Proof. Similar to the proof of Lemma 4.2, we need to establish two inequalities (4.10)-(4.11)
for 0 < A < Xg. Here ¢ and ¢ cannot have the point of minima in (0, b), because at the point of
minima, the differential equation Ly = 0 or L¢ = 0 will be contradicted. So either ¢'(x) > 0
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and ¢'(x) < 0 or ¢(x) and ¢(x) both are concave downwards on [0, b]. Thus we can divide
the proof in two cases:

Case i. ¢ and ¢ both are concave downwards.

We prove for ¢ as similar analysis provides result for ¢. Let the point of maxima be
x0 € (0,b). Then ¢'(x) > 0 for x < x9 and ¢'(x) < 0 for x > xg. On both sides of x, the in-
equality (4.10) will be reduced into the following two inequalities:

(K1 = Ak(x))g = (L1 + p(x)py’ 20, ¢'(x) 20,

(4.19)
(Ky = Ak(x))g + (L1 — pu(x))py’ >0, ¢'(x) <0.
For a point x on the left side of xg, we integrate (4.14) from x to x, twice and get
, Mg (x) [y s(t)g(t)dt
p(x)y'(x) < : b - : (4.20)
1-A[fys(h)gt)dt [, (1/p(t)g(t))dt
Similarly for any point x on the right side of xg, we get
: Agp(x) [y s(H)g(t)t
“P()¢ (x) < h (421)

1-A [0 s(hgtydt [1(1/p(Hg(t))dt

Now, the result follows from the fact that |p(x)| < L; and from (4.18) to (4.21).

Case ii. When ¢'(x) >0 and ¢'(x) <0.

To establish the inequality (4.16), we require to establish the inequalities (4.12)-(4.13).
We prove the inequality (4.12), and the proof for (4.13) is quite similar. By the mean value
theorem, there exists T € (0, b) such that ¢(b) = by’ (7). Integrating (4.14) first from 7 to x and
then from x to b, we get

, (x)su /b

p(x)g(x) < y p(pf ) ’ (4.22)
1-sup(pg/b) [, (dt/pg)

and the result follows from (4.12), (4.17), and (4.22). This completes the proof. O

Lemma 4.4. If u, is an upper solution of (4.3) and w1 is defined by (1.4)—(1.5), then u, > .1 for
A< .)L().

Proof. Let w = u, — Uys1. w satisfies Lw = —(pul,)' — qf (x, un, py,) > 0,0< x < b,w(0) =
0, myw(b) + pip(b)w' (b) > 0, and the result follows from Corollary 3.6. O

Proposition 4.5. Let ug be an upper solution of (4.3), and let f(x,y, py') satisfy the following
(F1) f(x,y,py’) is continuous on

Do = {(x,y,py’) : [0,b] x [vo, uo] x R}, (4.23)
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(F2) 3 K; = K1 (Dy) such that for all (x,y,v), (x,w,v) € Dy,

Ki(y-w) < f(x,y,v) - f(x,w,v) fory>w, and (4.24)

(F3) 30 < Ly = Li(Dy) such that for all (x,y,v1),(x,y,v2) € Dy,

|f(x,y,01) = f(x,y,02)| < Lilor -], (4.25)

and (4.7), (4.17), or (4.18) hold. Then the functions u, defined by (1.4)—(1.5) are such that, for all
n € N, (i) u, is upper solution of (4.3) and (ii) u, > Uy.1.

Proof. Since uy is an upper solution from Lemma 4.4, we have 1y > u;. Assume that the claim
is true for n — 1; that is, u,_1 is an upper solution and u,_1 > u,.
Let w = u,_1 — u,. We have

~(pu,)' = qf (x,un, piiy) > g{(Kq — Ak(x))w — (u(x) + L (signw') ) pw'}, (4.26)

and from Lemmas 4.2 and 4.3 we get —(pu,)' — qf (x, un, puly) > 0,0 < x < b.

Thus, u, is an upper solution for all n € N. From Lemma 4.4 we have u,, > u,.;. Hence,
the result follows.

Similar results (Lemma 4.6, Proposition 4.7) follow for lower solutions. O

Lemma 4.6. If v, is a lower solution of (4.3) and v, is defined by (1.4)—(1.5) then v, < vy for
A< )LQ.

Proposition 4.7. Let vy be a lower solution of (4.3), let f(x,y,py’) satisfies (F1)-(F3) and (4.7),
(4.17), or (4.18) hold. Then the functions v, defined by (1.4)—(1.5) are such that, for alln € N, (i) v,
is lower solution of (4.3) and (ii) v, < Vps1.

Proposition 4.8. If f(x,y,py’) satisfies

(F4) f(x,uo, puy) — f(x,v0, pvy) — pu(x) (puy — pvy) — Ak(x)(ug — v) > 0 for 0 < x < b such
that Ak (x) < Ky and |u(x)| < Ly,

and in addition let (F1)—(F3) and (4.7), (4.17), or (4.18) hold, then for all n € N the functions u, and
vy, defined by (1.4)—(1.5) satisfy v, < uy,.

Proof. Let w; = u; — v;, then w; satisfies Lw; = g(x)h;_; for all i € N such that
hi(x) = f(x,u;, pu;) — f(x,vi, pv;) — p(x) (pu; — pv;) — Ak(x)(ui —v;), 0<x<b. (4.27)

Since vy < 1y, we prove that v; < uy. Since w; is solution of Lw; = ghg > 0, w;(0) = 0 and
aywi(0) + frp(b)w; (b) = 0, from Corollary 3.6 we have w; > 0. Let n > 2, let h,» > 0, and
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Uy-1 > Up-1, then we prove that h,; > 0 and u, > v,. Consider

oy = f (%, un-1,ptty, 1) = f (X, One1, PO, 1) — p(2)pw),_y — Ak (x)wn
(4.28)

> (K1 — Ak(x))wy-1 — (u+ L(signw),_,))pw,_;.

Since w1 is a solution of Lw, 1 = gh, > > 0, w,-1(0) = 0, and ayw,_1(0) + p1p(b)w,,_, (b) = 0;
hence, from Lemmas 4.2 and 4.3, we have h,_; > 0. Thus, from Corollary 3.6 on Lw,, = ghy,_1 >
0, w,(0) = 0 and a1, (0) + p1p(b)w,,(b) = 0, we have w, > 0, that is, u,, > v,. This completes
the proof. O

Lemma 4.9. If f(x,y, py') satisfies

(F5) forall (x,y,v) € Dy, |f(x,y,v)| < ¢(|v]) where ¢ : [0,00) — (0, o0) is continuous and
satisfies

b ©
ds
(s)ds < f —, (4.29)
fo K L 9(s)
where Iy = sup g, |p(x)uo(x) /bl then there exists Ry > 0 such that any solution of

-(py) >4f(x,y,py’), 0<x<b, (4.30)
y(0)=0, ay(b)+pipd)y (b) 211, (4.31)

with y € [vo, uo] for all x € [0, b], satisfies ||py'l| < Ro.
Proof. We divide the proof in three parts.

Case i. If solution is not monotone throughout the interval, then we consider the interval
(x0, x] C (0,b) such that y'(x9) = 0 and y'(x) > 0 for x > x,. Integrating (4.30) from x, to x we
get

Py dg b
Jo @ : fo 4(o)ds. (432

From (F5) we can choose Ry > 0 such that

P ds b R ds R ds
et -2 4.33
fo pes SL "(s’dssﬁo #(5) SL o)’ (4.33)

which gives

p(x)y'(x) < Ro. (4.34)
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Now we consider the case in which y'(x) < 0 for x < xo, ¥'(xo) = 0, and proceeding in the si-
milar way we get

—p(x)y'(x) < Ry, (4.35)

and the result follows.

Case ii. If y is monotonically increasing in (0,b), that is, ¥’ > 0 in (0,b), then by the mean
value theorem there exists a point 7 € (0, b) such that

yr =¥ y © | (4.36)

Now, integrating (4.30) from 7 to x, we get

Py ds b b ds
J, o <], amae [ oo (37

Further, from (F5) we can choose Ry such that

Py ds b ds R ds
ds ds 438
£)¢w>—fq“msﬂﬁww>gﬂ e (4.38)

which gives p(x)y'(x) < Ry.

Case iii. If y is monotonically decreasing in (0, b); thatis, y’ < 0in (0, b), then argument similar

to Case ii yields
Y ds J‘ J'lo ds J‘RO ds
< S)ds+ | — < —, (4.39)
Jo sl ] G < )
and we get
—p(x)y'(x) < Ry, (4.40)
and the result follows. 0

Lemma 4.10. If f(x,y, py') satisfies (F5), then there exists Ry > 0 such that any solution of

- (ry) <af(xy.py), 0<x<b,
y(0) =0, ay(b)+pip(d)y'(b) <y,

(4.41)

with y € [vo, uo] for all x € [0, b], satisfies ||py'|| < Ro.

Proof. Proof follows from the analysis of Lemma 4.9. O
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Theorem 4.11. Let uy and vy be upper and lower solutions. Let f(x,y,py') satisfy (F1) to (F5) and
(4.7), (4.17), or (4.18) hold. Then, boundary value problem (4.3) has at least one solution in the region
Dy. If X < \g is chosen such that Ak (x) < Ky and |u(x)| < L1, where g is the first positive eigenvalue
of the corresponding eigenvalue problem, then the sequences {u,} and {v,} generated by (1.4)—(1.5)
with initial iterate uy and vy converge monotonically and uniformly towards solutions 1 (x) and D (x)
of (4.3). Any solution z(x) in Dy must satisfy v(x) < z(x) < u(x).

Proof. From Lemmas 4.2-4.10, Propositions 4.5-4.8, and we get two monotonic sequences
{un} and {v,} which are bounded by u and vy; respectively, and by Dini’s Theorem their
uniform convergence is assured. Let {u,} and {v,} converge uniformly to # and v.

By Lemmas 4.9 and 4.10, it is easy to see that the sequences {pu),} and {pv;,} are uni-
formly bounded. Now, from

|y, (x1) = py,(x2)| = _[ (py,) dt|, (442)

uniform convergence of {y,}, properties (A1)-(A4), and (F1), it is easy to prove that {py,,}
is equicontinuous. Hence, by Arzela-Ascoli’s Theorem there exist a uniform convergent sub-
sequence {py,, } of {py,}. Since limit is unique so original sequence will also converge uni-
formly to the same limit say py'. It is easy to see that, if y, — ¥, then py,, — piy/'. Therefore
sequences {pu;} and {pv)} converge uniformly to pit’ and p?’, respectively.

Let G(x, t) be Green’s function for the linear boundary value problem Ly, =0, 1,,(0) =
0, and a1y, (b) + P1p(b)y,,(b) = 0. Then solution of (1.4)—(1.5) can be written as

b
i = [ GO F( s pyi) + HO) b, (4.43)
0

where H(t) = 2C(tp'(t) + p(t)) + 2Ctu(t)q(t)p(t) + A\Cts(t) and C = 11/ (a1b* + 21bp(D)).

Now, uniform convergence of {y.}, {py,} and continuity of f(x,y,py’) imply that
{(1/9)F(x, yn,py',)} converges uniformly in [0, b]. Hence, {(1/q)F(x, Y., py,)} converges in
the sense of mean in Lé(O, b). Taking limit as n — oo and using Lemma 2.4 ([11, page 27]),
we get

b
y=Cx*+ f G(x,t){F(t,y,py’) + H(t)}dt, (4.44)
0

which is the solution of the boundary value problem (4.3).
Any solution z(x) in Dy plays the role of uy(x). Hence z(x) > o(x). Similarly, z(x) <
1i(x). This completes the proof. O

Remark 4.12. The case when A = 0 corresponds to the case when f(x,y,py’) = f(x,py’). In
such cases the boundary value problem (4.3) can be reduced to two initial value problems
-z = qf(x,z), z(0) = —a and py' = z, y(0) = p;. From the assumptions on p(x), g(x),
and f(x,y,py’), one can easily conclude existence uniqueness of solutions of the nonlinear
boundary value problem.
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Remark 4.13. Suppose, in addition to the hypothesis of Theorem 4.11, |f (x, y, py')| < No in D.
Then lower solution vy and upper solution 1y may be obtained as solution of the following
linear boundary value problems:

- (pvp) + Nog(x) =0, 0<x<b,
0(0) =0, avo(b) + pip(b)vy(b) =11,
~ (pup) —= Nog(x) =0, 0<x<b,
up(0) =0, aruo(b) + prp(b)uy(b) = y1.

(4.45)

Theorem 4.14. Suppose that f(x,y,py') satisfies (F1), (F3), and 3 constants Ky (Dy) < Ao such that
Ki(u-v) < f(x,u,py’) - f(x,v,py). (4.46)

Then the boundary value problem (4.3) has unique solution.

Proof. Let u and v be two solutions of (4.3), then we get

= (p(u-v)) = q){f (xu.p) - f(x,v,p0)}, 0<x<b,
or — (p(u - U)/)’ + Lig(x)(pu' —-pv') - Kig(x)(u-v) >0, 0<x<b, (4.47)
(u-0)(0)=0, ai(u-ov)(b)+ppb)(u-o)(b)=0.

Since K < Ag, from Corollary 3.6 we get u—v > 0 or u > v. Similarly v > u. Therefore, the solu-
tion of (4.3) is unique. O
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