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We introduce a new general system of variational inclusions in Banach spaces and propose a new
iterative scheme for finding common element of the set of solutions of the variational inclusion
with set-valued maximal monotone mapping and Lipschitzian relaxed cocoercive mapping and
the set of fixed point of nonexpansive semigroups in a uniformly convex and 2-uniformly
smooth Banach space. Furthermore, strong convergence theorems are established under some
certain control conditions. As applications, finding a common solution for a system of variational
inequality problems and minimization problems is given.

1. Introduction

In the theory of variational inequalities and variational inclusions, the development of
an efficient and implementable iterative algorithm is interesting and important. The
important generalization of variational inequalities called variational inclusions, have been
extensively studied and generalized in different directions to study a wide class of
problems arising in optimization, nonlinear programming, finance, economics, and applied
sciences.

Variational inequalities are being used as a mathematical programming tool in
modeling a wide class of problems arising in several branches of pure and applied
mathematics. Several numerical techniques for solving variational inequalities and the
related optimization problem have been considered by many authors.

Throughout this paper, we denoted by N and R* the set of all positive integers and all
positive real numbers, respectively. Let X be a real Banach space and X* be its dual space. Let
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U = {x € X : ||x|| = 1} denote the unit sphere of X. X is said to be uniformly convex if for each
€ € (0,2], there exists a constant 6 > 0 such that for all x,y € U,

||x - y|| > e implies <1-6. (1.1)

The norm on X is said to be Gateaux differentiable if the limit

i 1t = Dl (1.2)
t—0 t

exists for each x, y € U, and in this case X is smooth. Moreover, we say that the norm X is said
to have a uniformly Gateaux differentiable if the above limit is attained uniformly for all x, y € U
and in this case X is said to be uniformly smooth. We define a function p : [0,c0) — [0, o),
called the modulus of smoothness of X, as follows:

1
pr) =sup{ (s +wll +l=vl) =1 xy e X, el =1, Iyl =7} (3

It is know that X is uniformly smooth if and only if lim, _op(7) /7 = 0. Let g be a fixed real
number 1 < g < 2. A Banach space X is said to be g-uniformly smooth if there exists a constant
¢ > 0 such that p(7) < c79 for all 7 > 0. From [1], we know the following property.

Let g be a real number with 1 < g < 2 and let X be a Banach space. Then, X is g-
uniformly smooth if and only if there exists a constant K > 1 such that

I+ 117+ flx =y < 2(=l7 + [ Ky "), vxy € X. (14)

The best constant K in the above inequality is called the g-uniformly smoothness constant of
X (see [1] for more details).

Let X be a real Banach space and X* the dual space of X. Let (-,-) denote the pairing
between X and X*. For g > 1, the generalized duality mapping

Jox) = {f € X"+ (x f) = IlxIl%, |If]l = Ilx|*"}, vreX. (15)

In particular, if g = 2, the mapping J, is called the normalized duality mapping and usually, we
write J, = J. If X is a Hilbert space, then | = I is the identity. Further, we have the following
properties of the generalized duality mapping J,:

(1) J4(x) = lIx[|772J(x) for all x € X with x #0,
(2) J4(tx) = 77, (x) forall x € X and t € [0, o0),
(3) J4(=x) = —J4(x) forall x € X.

It is know that if X is smooth, then ] is single-valued, which is denoted by ;.
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Definition 1.1. Let C be a nonempty closed convex subset of X. A mapping T : C — X is said
to be

(i) nonexpansive if

|Tx-Ty|| <|lx-y| VYxyeC (1.6)

(ii) Lipschitzian if there exists a constant L > 0 such that

|Tx-Ty| <L||x-vy|, Vx,yeC (1.7)

(iii) contraction if there exists a constant a € (0,1) such that

|Tx-Ty| <a|lx-vy|, VxyeC. (1.8)

Remark 1.2. We denote F(T) as the set of fixed points of T. We know that F(T') is nonempty if
C is bounded; for more detail see [2].

Definition 1.3. A one-parameter family S = {T(t) : t € R*} from C of X into itself is said to be
a nonexpansive semigroup on C if it satisfies the following conditions:

(i) TO)x =xforall x € C,
(ii) T(s+t) =T(s) o T(t) forall s,t € R*,

(iii) for each x € C the mapping t — T (t)x is continuous,

)
)
)
@iv) [THx-THy|l < |lx -yl forall x,y € C and t € R*.

Remark 1.4. We denote by F(S) the set of all common fixed points of S, that is F(S) :=
MNier- F(T(t)) = {x € C : T(t)x = x}. We know that F(S) is nonempty if C is bounded,
see [3].

Let C be a nonempty closed convex subset of a smooth Banach space X. Recall the
following definitions of a nonlinear mapping B : C — X, the following are mentioned.

Definition 1.5. Given a mapping B: C — X,

(i) B is said to be accretive

(Bx-By,J(x-y)) >0, Vx,yeC, (1.9)

(ii) B is said to be a-strongly accretive if there exists a constant a > 0 such that

(Bx-By,J(x-y)) > a||x - y||2, Vx,y €C, (1.10)
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(iii) B is said to be a-inverse-strongly accretive or a-cocoercive if there exists a constant
a > 0 such that

(Bx - By, J(x-y)) > a||Bx - By|>, Vx,yeC (1.11)

(iv) B is said to be a-relaxed cocoercive if there exists a constant a > 0 such that

(Bx-By,J(x-y)) > -a||Bx-Byl|]>, Vx,yeC, (1.12)

(v) Bissaid to be (a, p)-relaxed cocoercive if there exist positive constants « > 0 and > 0
such that

(Bx-By,J(x-y)) > -a||Bx - By”2 +Pllx-y 2 Vx,y € C. (1.13)

Remark 1.6. (1) Every a-strongly accretive mapping is an accretive mapping.

(2) Every a-strongly accretive mapping is a (f, a)-relaxed cocoercive mapping for any
positive constant f but the converse is not true in general. Then, the class of relaxed cocoercive
operators is more general than the class of strongly accretive operators.

(3) Evidently, the definition of the inverse-strongly accretive operator is based on that
of the inverse-strongly monotone operator in real Hilbert spaces (see, e.g., [4]).

(4) The notion of the cocoercivity is applied in several directions, especially for solving
variational inequality problems using the auxiliary problem principle and projection methods
[5]. Several classes of relaxed cocoercive variational inequalities have been studied in [6, 7].

The resolvent operator technique for solving variational inequalities and variational
inclusions is interesting and important. The resolvent equation technique is used to develop
powerful and efficient numerical techniques for solving various classes of variational
inequalities, inclusions, and related optimization problems.

Definition 1.7. Let M : X — 2% be a multivalued maximal accretive mapping. The single-
valued mapping J(m,p) : X — X, defined by

Jompy () = (I +pM)71(u), YueX, (1.14)

is called resolvent operator associated with M, where p is any positive number and I is the
identity mapping.

In 2010, Qin et al. [8] introduced a system of quasivariational inclusions as follows. Find
(x*,y*) € X x X such that

0ex* -y +p1(Biy* + Mix*),
(1.15)
0€y* —x" + po(Box™ + May*),

where B; : X — X and M; : X — 2% are nonlinear mappings for all i = 1,2. As special cases
of problem (1.15), we have the following.
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(1) If By = B, = Band M; = M, = M, then problem (1.15) is reduced to the following.
Find (x*, y*) € X x X such that

0€x*—y" +p1(By" + Mx*),
(1.16)
0€y*—x"+po(Bx* + My™).

(2) Further, if x* = y* in problem (1.16), then problem (1.16) is reduced to the
following. Find x* € X such that
0 € Bx" + Mx". (1.17)
The problem (1.17) is called variational inclusion problem denoted by V (X, B, M).

Here we have examples of the variational inclusion (1.17). If M = 06¢, where C is a
nonempty closed convex subset of X, and 6¢ : X — [0, o0)

0, x €C,
6c(x) = (1.18)
+00, x¢C,

then the variational inclusion problem (1.17) is equivalent (see [9]) to finding u € C such that

(Bu,v-u) >0, VYxeC. (1.19)

This problem is called Hartman-Stampacchia variational inequality problem denoted by VI(C, B).
Let D be a subset of C, and let P be a mapping of C into D. Then, P is said to be sunny

if
P(Px + t(x — Px)) = Px, (1.20)
whenever Px +t(x — Px) € C for x € C and t > 0. A mapping P of C into itself is called a
retraction if P> = P. If a mapping P of C into itself is a retraction, then Pz = z for all z € R(P),
where R(P) is the range of P. A subset D of C is called a sunny nonexpansive retract of C if

there exists a sunny nonexpansive retraction from C onto D.
In 2006, Aoyama et al. [10] considered the following problem: find u € C such that

(Au, J(v-u)) >0, VYveC. (1.21)

They proved that the variational inequality (1.21) is equivalent to a fixed point problem. The
element u € C is a solution of the variational inequality (1.21) if and only if u € C satisfies the
following equation:

u=Pc(u—-1Au), (1.22)

where A > 0 is a constant and P is a sunny nonexpansive retraction from X onto C.
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The following results describe a characterization of sunny nonexpansive retractions
on a smooth Banach space.

Proposition 1.8 (see [11]). Let X be a smooth Banach space and C a nonempty subset of X. Let
P : X — C be a retraction and ] the normalized duality mapping on X. Then the following are
equivalent:

(1) P is sunny and nonexpansive,
(2) (x=Px,J(y - Px)) <0, forall x € X,y € C.

Proposition 1.9 (see [12]). Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E and T a nonexpansive mapping of C into itself with F(T) # 0. Then
the set F(T) is a sunny nonexpansive retract of C.

For the class of nonexpansive mappings, one classical way to study nonexpansive
mappings is to use contractions to approximate a nonexpansive mapping [13, 14]. More
precisely, take t € (0, 1), and define a contraction T; : C — C by

Tix=tu+(1-t)Ti1x, VYxeC, (1.23)

where u € C is a fixed point. Banachs contraction mapping principle guarantees that T; has a
unique fixed point x; € C, that is,

x¢ =tu+ (1 —£)Tix. (1.24)

It is unclear, in general, what the behavior of x; is as t — 0, even if T has a fixed point.
However, in the case of T having a fixed point, Ceng et al. [15] proved that, if X is a Hilbert
space, then x; converges strongly to a fixed point of T. Reich [14] extended Browders result
to the setting of Banach spaces and proved that, if X is a uniformly smooth Banach space,
then x; converges strongly to a fixed point of T, and the limit defines the (unique) sunny
nonexpansive retraction from C onto F(T).

Reich [14] showed that, if X is uniformly smooth and D is the fixed point set of
a nonexpansive mapping from C into itself, then there is a unique sunny nonexpansive
retraction from C onto D and it can be constructed as follows.

Proposition 1.10 (see [14]). Let X be a uniformly smooth Banach space and T : C — Ca
nonexpansive mapping such that F(T) #@. For each fixed u € C and every t € (0,1), the unique
fixed point x; € C of the contraction C 3 x + tu + (1 — t)Tx converges strongly ast — 0 to a fixed
point of T. Define P : C — D by Pu = s — lim;_,ox;. Then P is the unique sunny nonexpansive
retract from C onto D; that is, P satisfies the property,

(x-Px,J(y-Px))<0, VxeC, yeD. (1.25)

Many authors have studied the problems of finding a common element of the set of
fixed points of a nonexpansive mapping and one of the sets of solutions to the variational
inclusion and variational inequalities (1.15)—(1.17) and (1.21) by using different iterative
methods (see, e.g., [10, 16-27]).
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Recently, Qin et al. [8] considered the problem of finding the solutions of a general
system of variational inclusion (1.15) with a-inverse strongly accretive mappings. To be more
precise, they obtained the following results.

Lemma 1.11. For any (x*,y*) € X x X, where y* = J(m, p,) (X* — p2Box™), (x*,y*) is a solution of
the problem (1.15) if and only if x* is a fixed point of the mapping Q defined by

Qx = Jovtup) vz po) (% = p2B2X) = p1B1] My ) (X = p2Bax) ] (1.26)

Theorem QCCK 1.12 (see [8]). Let X be a uniformly convex and 2-uniformly smooth Banach space
with the smoothness constant K. Let M; : X — 2% be a maximal monotone mapping and B; : X —
X be a pi-inverse-strongly accretive mapping, respectively, foralli=1,2. Let T : X — X be a e-strict
pseudocontraction such that F(T) # . Define a mapping S by Sx = (1-€/K?)x + (e¢/K?)Tx, for all
x € X. Assume that Q = F(T) N F(Q), where Q is defined as in Lemma 1.11. Let x; = u € C and let
{xn} be a sequence defined by

Zn = ](Mzrpz)(xn - P2Bzxn),
yn = ](Ml,p1) (ZTl _PlBlle)/ (127)
Xn+1 = ApU + ﬂnxn + (1 - ﬂn - an) [/,lsxn + (1 — ‘u)yn], Vn 2 1,

where p € (0,1), p1 € (0,y1/K?], p2 € (0,72/K?], and {a,}, {Bn} are sequences in (0,1). If the
control consequences {a,} and {B,} satisfy the following restrictions:

(C1) 0 < lim inf, , B, < limsup, ,_Bn <1,
(C2) limy—, oty = 0and >,77 1 ay = oo,

then {x,} converges strongly to x* = Pqu, where Pqg is the sunny nonexpansive retraction from X
onto Q and (x*,y*) is a solution of the problem (1.15), where y* = J(at, p,) (X* — p2Bax™).

Iterative methods for nonexpansive mappings have recently been applied to solve
minimization problems; see, for example, [28-32]. Let H be a real Hilbert space, whose inner

product and norm are denoted by ||-,-|| and (-), respectively. Let A be a strongly positive
bounded linear operator on H: that is, there is a constant y > 0 with property

(Ax,x) >¥||lx|>, VYxe€H. (1.28)

A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H

min 1(Ax,x) —(x,u), (1.29)
xeF 2

where F is the fixed point set of a nonexpansive mapping T on H and u is a given point in H.
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In [33], Moudafi introduced the viscosity approximation method and proved that if H
is a real Hilbert space, the sequence {x,} generated by the following algorithm:

Xo = u € H chosen arbitrarily,
(1.30)
Xne1 = Anf(xn) + 1 —an)Tx,, VYN 20,

where f : C — C is a contraction mapping with a constant « € (0,1) and {a,} C (0,1)
satisfies certain conditions, converges strongly to a fixed point of T in C which is the unique
solution of the following variational inequality:

((f-Ix*,x-x*) <0, VxeF(T). (1.31)
In 2006, Marino and Xu [34] introduced the following general iterative method:

Xo = u € H chosen arbitrarily,
(1.32)
Xn+1 = oY f(x0) + (I — 2y A)Tx,, Vn2>0,

where A is a strongly positive bounded linear operator on a Hilbert space H. They proved
that, if the sequence {a,} of parameters satisfies appropriate conditions, then the sequence
{xn} generated by (1.32) converges strongly to the unique solution of the variational
inequality:

((yf-A)x",x—x*) <0, VYxeF(T), (1.33)
which is the optimality condition for the minimization problem:

min 1(Ax,x) — h(x), (1.34)
xeC 2

where C is the fixed point set of a nonexpansive mapping T and h is a potential function for
yf (e, W(x)=yf(x)forall x € H).

In a smooth Banach space, we always assume that A is strongly positive (see [35]), that
is, a constant y > 0 with the property

(Ax,J(x)) 2¥llx|?,  llal =bA|| = sup|((al ~bA)x,J(x))|, a€[0,1], be[-1,1], (1.35)

llxll<1

where [ is the identity mapping and ] is the normalized duality mapping.
Recently, Sunthrayuth and Kumam [36] introduced the following iterative method for
nonexpansive semigroup .S = {T(t) : t € R*} in Banach spaces,

xo = u € C chosen arbitrarily,

1 ty (136)
Xpe1 = AnY f (Xn) + Prxn + (1= Pu)] - [an)t— fo T(s)x,ds, VYn>0.
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They proved strong convergence theorem of the iterative scheme {x,} defined by (1.36)
converges strongly to the common fixed point of x* € F(S) solving the variational inequality

((yf-A)x*, J(x-x*)) <0, VxeF(S). (1.37)

In 2010, Kamraksa and Wangkeeree [37] introduced a general iterative approximation
method for finding common elements of the set of solutions to a general system of variational
inclusions with Lipschitzian and relaxed cocoercive mappings and the set common fixed
points of a countable family of strict pseudocontractions. They proved the strong convergence
theorems of such iterative scheme for finding a common element of such two sets which is a
unique solution of some variational inequality and is also the optimality condition for some
minimization problems in a strictly convex and 2-uniformly smooth Banach space.

In this paper, we are motivated and inspire by idea of Qin et al. [8] and Sunthrayuth
and Kumam [36].

First, we introduce a new general system of variational inclusions in Banach spaces as
follows.

Let X be Banach spaces. We consider a system of quasivariational inclusions as follows.
Finding (x*, y*, z*) € X x X x X such that

0€x* —y* +p1(Biy* + Mix™),
0€y* —z"+ pr(Boz" + May"), (1.38)
0€z"—x"+ p3(Bsx™ + M3z"),

which is called a new general system of variational inclusions in Banach spaces, B; : X — X and
M; : X — 2% are nonlinear mappings for all i = 1,2, 3. As special cases of problem (1.38), we
have the following.

(1) If By = B, = B3 = Band M; = M; = M3 = M, then problem (1.38) is reduced to the
following. Finding (x*, y*,z*) € X x X x X such that

0€x*-y* +p1(By* + Mx"),
0€y*—z"+py(Bz" + My"), (1.39)

0€z"—x"+ p3(Bx* + Mz").

(2) Further, if B = M3 =0, z* = x*, then problem (1.38) is reduced to problem (1.15).

Second, we study a general iterative approximation method (3.1) below, for finding
common elements of the set of solutions of a new general system of variational inclusions
(1.38) with set-valued maximal monotone mapping and Lipschitzian relaxed cocoercive
mappings and the set common fixed points of nonexpansive semigroup in the framework
of Banach spaces. Moreover, we prove the strong convergence of the proposed iterative
method under some certain control conditions. The results presented in this paper extend and
improve the results of Qin et al. [8] and Sunthrayuth and Kumam [36], and many authors.
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2. Preliminaries
This section collects some results that will be used in the proofs of our main results.

Lemma 2.1 (see [38]). The resolvent operator Jp) associated with M is single valued and
nonexpansive for all p > 0.

Lemma 2.2 (see [39]). Let X be a real 2-uniformly smooth Banach space with the best smoothness
constant K. Then, the following inequality holds:

[l + y|* < x| +2(y, Jx) +2||Ky|>, ¥x,yeX. @2.1)

Lemma 2.3 (see [40]). In a real Banach space X, the following inequality holds:

||x+y||2 < ||x||2+2<y,](x+y)>, Vx,y € X. (2.2)

Now, we present the concept of a uniformly asymptotically regular semigroup (see
[41-43]).

Definition 2.4. Let C be a nonempty closed convex subset of a Banach space X, S = {T(f) : t €
R*} be a continuous operator semigroup on C. Then S is said to be uniformly asymptotically
regular (in short, u.a.r.) on C if for all & > 0 and any bounded subset B of C such that

}E{; sup||T(h)T (t)x = T(t)x|| = 0. (2.3)

x€B

Lemma 2.5 (see [44]). Let C be a nonempty closed convex subset of a uniformly Banach space X, B
be a bounded closed convex subset of C. If we denote S = {T'(t) : t € R*} a nonexpansive semigroup
on C such that F(8) := (\eg+ F(T(t)) #0. For all h > 0, the set o(x) = (1/t) fé T(s)xds, then

tliqngo sup||ot(x) = T(h)oi(x)|| = 0. (2.4)
x€B

Remark 2.6. It is easy to check that the set {o; : t € R*} defined by Lemma 2.5 is a u.a.r.
nonexpansive semigroup on C (see [45] for more detail).

Lemma 2.7 (see [46]). Let C be a nonempty closed convex subset of X and let S = {T(t) : t € R*} be
a w.a.r. nonexpansive semigroup on C such F(S) = (\ep- F(T(t)) #0 and at least there exists a T (t)
which is demicompact. Then, for each x € C, there exists a sequence {T(t,) : t, € R*,n € N} C T(f),
such that {T (t,)x} converges strongly to some point in F(S), where lim,,_, ,»t, = co.

Remark 2.8. By Lemma 2.7, we can see that, for each x € C, there is a corresponding unique
point y € F(S), thus we can define a mapping T such that Tx = y and it is easy to see that
F(T) =F(8).

Remark 2.9. From the definition of T, we can see that T is a nonexpansive mapping.
Actually, by Lemma 2.7, let x; € C; then there exists a sequence {T(t,)} of {T(h)} such that
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Txq =lim,_, T (ty)x1 = y1 € F(S). Further, for any other point x, € C, by the definition of a
u.a.r., we can get a subsequence {T'(t,,)} of {T(t,)} such that T'(t,,) — y» € F(S), then

ITx1 = Txaf| = lim [T (tn )1 = T (tn ) 22| < [loe1 = 2. (2.5)

Lemma 2.10 (see [35]). Let C be a nonempty closed convex subset of a reflexive, smooth Banach
space X which admits a weakly sequentially continuous duality mapping J from X into X*, T be a
nonexpansive mapping such that F(T)#@, f : C — C be a contraction mapping with a coefficient
a € (0,1) and A be a strongly positive bounded linear operator with a coefficient y > 0. Let t € (0,1)
such that t < ||A||™ and 0 < y < ¥/ a which satisfies t — 0. Then the sequence {x;} defined by

xp=tyf(x) + (I —tA)Tx, (2.6)

converges strongly to the common fixed point x* ast — 0, where x* is a unique solution in F(S) of
the variational inequality

((yf-A)x", J(z-x")) <0, VzeF(S). (2.7)

Lemma 2.11 (see [47]). Let C be a closed convex subset of a strictly convex Banach space X. Let
{T, : n € N} be a sequence of nonexpansive mappings on C. Suppose (\;=1 F(T,,) is nonempty.
Let {py} be a sequence of positive numbers with > 51 pn = 1. Then a mapping S on C defined by
Sx = 321 nTnx for all x € C is well defined, nonexpansive and F(S) = ;- F(T,) holds.

Lemma 2.12 (see [48]). Let {x,} and {v,} be bounded sequences in a Banach space X and let {B,,} be
a sequence in [0,1] with 0 < lim inf,_, B, <limsup, B, < 1. Suppose xps1 = (1= Pn) 0+ PnXn

forallintegers n > 0 and limsup,, _, (051 = Onll = [|Xns1 = xnl]) < 0. Then, limy, 5 [lo = x4 = 0.

Lemma 2.13 (see [35]). Assume that A is a strongly positive linear bounded operator on a smooth
Banach space X with coefficient y > 0 and 0 < p < ||A||™Y. Then ||I — pAl| < 1 - py.

If a Banach space X admits a sequentially continuous duality mapping J from weak
topology to weak star topology, then by Lemma 1 of [49], we have that duality mapping J is a
single value. In this case, the duality mapping J is said to be a weakly sequentially continuous
duality mapping, that is, for each {x,} C X with x, — x, we have J(x,)—*J(x) (see [49-51]
for more details).

A Banach space X is said to be satisfying Opial’s condition if for any sequence x, — x
for all x € X implies

limsup||x, — x| < limsup||x, -y

n—oo n—oo

, YyeX, withx#y. (2.8)

By Theorem 1 in [49], it is well known that if X admits a weakly sequentially
continuous duality mapping, then X satisfies Opial’s condition, and X is smooth.

Lemma 2.14 (see [50], Demiclosed principle). Let C be a nonempty closed convex subset of a
reflexive Banach space X which satisfies Opial’s condition and suppose T : C — X is nonexpansive.
Then the mapping I — T is demiclosed at zero, that is, x,, — x and x, — Tx, — 0implies x = Tx.
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Lemma 2.15 (see [30]). Assume that {a,} is a sequence of nonnegative real numbers such that

Ap+1 S (1 - Tn)an + On, (29)

where {t,} is a sequence in (0,1) and {0y} is a sequence in R such that
(i) X0 Tn = o,
(ii) imsup, ., _ (0n/Ts) <00r 302y |[0n| < c0.

Then, lim,, _. ,a, = 0.

Let X be a real 2-uniformly smooth Banach space X with the smoothness constant K.
Let B : X — X be an Lp-Lipschitzian and relaxed (c, d)-cocoercive mapping, we defined a
function p : (0, +00) — (—o0, +o0) by

p(p) :=1+2pcL3 —2pd + 2p°K*L%, Vp € (0, +o0). (2.10)

Consequence, we put

\plp), ifp(p) >0,

0=1 (2.11)
1+K’ lfp(p)go

In order to prove our main result, the following lemmas are needed.

Lemma 2.16. Let X be a real 2-uniformly smooth Banach space X with the smoothness constant K.
Let B: X — X be an Lp-Lipschitzian and relaxed (c, d)-cocoercive mapping. Then

1T = pB)x — (I - pB)y||* < 6} |x - y|* (212)

In particular, if 0 < p < (d — cL3) /K?L3, then I — pB is nonexpansive.
Proof. For all x,y € X, from Lemma 2.2 and by the cocoercivity of the mapping B, we have
1T~ pB)x = (I = pB)y|I* = || (x = y) = (pBx = pBy) ||
< |lx = ylI* - 20(Bx - By, ] (x - y)) + 20°K*|| Bx - By||’
< |lx = y|I* - 20| ~cl|Bx - By|* + dl|x - y||*] +20°K?|| Bx ~ By]|
= |lx = yI* - 2pdl|x - y|I* + 2pc|| Bx - By||* + 20°K* || Bx - By’
< (1+2pcL} - 2pd + 20*K2L3 ) |1 - o’

2
= &l -yl
(2.13)
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It follows that
[(T=pB)x — (I-pB)yl| <6,|lx-y]. (214)

It is clear that, if 0 < p < (d — cL3)/K?L%. Thus, we have I — pB is nonexpansive. O

Lemma 2.17. Let X be a 2-uniformly smooth Banach space X. Let M; : X — 2% be the a maximal
monotone mapping and B; : X — X be an L;-Lipschitzian and relaxed (c;, d;)-cocoercive mapping
fori=1,2,3. Let Q : X — X be a mapping defined by

Qx:= ](M1/P1)(](M2,P2) (](Ms,ps) (x - P3B3x) - P2Bz](M3'F’3) (x h p3ng)

~P1B1] (M p) J (M p3) (X = p3BaX) = p2BaJ(my p5) (X = p3B3x))), Vx € X.
(2.15)

If0 < p;i < (di — ¢L7)/K2L? and 6, = max{6,,} for all i = 1,2,3, then the mapping Q is
nonexpansive.

Proof. For all x,y € X, we have

1Qx = Qull < | Jem o) o) Jts ) (x = p3Bsx) = p2BaJ s pu) (X = p3Bsx))
~p1B1) (s p2) (J (M p5) (X = p3B3x) = p2B2J (s o) (X = p3Bsx))]
= Juon Utz on) JMsps) (Y = P3B3y) = p2BaJ(msp0) (v — p3B3Yy))
~p1B1T Mz, p0) (M) (¥ = p3Bsy) = p2B2J s p) (v = p3Bsy))] |l
< 1z p2) s o) (x = p3Bax) = p2B2Jas o) (x — p3Bsx))
= P1BU Mz p0) (J Mz ) (X = p3Bax) = p2B2J (s pu) (X = p3B3ix))
= Jap) UMa ) (Y = p3Bsy) = p2BaJ My o) (¥ — p3Bsy))
~p1BuI (s ) (J (s p0) (¥ = P3B3Y) = p2B2J (s ) (v = p3B3y) ||
= [[Jivz ) (T = p2B2) Jita ) (I = p3B3) (I = p1B1)x
~J vz p2) (I = p2B2) J s p0) (I = p3B3) (I - p1B1) y |
< [[(T = p2B2) Ja 0 (I = p3B3) (I = p1B1)x

=(I = paB2) J(ms ps) (I = p3B3) (I = p1B1)y||-
(2.16)

From Lemma 2.16 and by the nonexpansiveness of [, for all i = 1,2,3, we have (I -
p2B2) J(Ms p5) (I = p3B3) (I — p1By) is a nonexpansive mapping, which implies that the mapping
Q is nonexpansive. O
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Lemma 2.18. Forall (x*,y*,z*) € XxXxX, where y* = J (M, p,) (2" —p2B2z*) and z* = J(m,,ps) (X"~
p3Bax*), (x*,y*, z*) is a solution of the problem (1.38) if and only if x* is a fixed point of the mapping
Q defined as in Lemma 2.17.

Proof. Let (x*,y*,z*) € X x X x X be a solution of the problem (1.38). Then, we have

y* _PlBly* € (I + lel)x*,
z* = paBoz* € (I + poMo)y*, (2.17)

x* = p3Bsx* € (I +psM3)z",

which implies that

x* = Jimyp) (Y - p1Bry"),
Y" = J(Map) (27 = p2Baz"), (2.18)

z" = J(Myp) (X" = p3Bax”).
We can deduce that (2.18) is equivalent to

x* = ](Ml,Pl) [](MerZ) (](Ma,Ps) (x* - p3B3x*) - p2B2](M3/P3) (x* - p3B3X*)

=P1B1 T (M, p) J (M ) (X7 = 3 B3X™) = paBaJ(ay ps) (X* = p3B3x™))].
(2.19)

This completes the proof. O

3. Main Results

In this section, we prove that the iterative scheme (3.1) below converges strongly to common
element of the set of solutions of the variational inclusion with set-valued maximal monotone
mapping and Lipschitzian relaxed cocoercive mapping and the set of fixed point of a family
of nonexpansive semigroup in a uniformly convex and 2-uniformly smooth Banach space
under some certain control conditions.

Now, we prove the strong convergence theorem of the sequence (3.1) for solving the
problem (1.38).

Theorem 3.1. Let X be a uniformly convex and 2-uniformly smooth Banach space which admits a
weakly continuous duality mapping and has the smoothness constant K. Let M; : X — 2X be a
maximal monotone mapping and B; : X — X be a L;-Lipschitzian and relaxed (c;, d;)-cocoercive
mapping with p; € (0, (d; — ¢;L?)/K?L2] and 6, = max{6,,} for all i = 1,2,3. Let S = {T(t) :
t € R*} be a nonexpansive semigroup from X into itself and at least there exists a T(t) which is
demicompact. Assume that Q := F(S)NF(Q) #0, where Q is defined as in Lemma 2.17. Let f : X —
X be a contraction mapping with a coefficient a € (0,1) and A be a strongly positive linear bounded
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self adjoint operator with a coefficient y € (0,1) such that |Al| < 1and 0 <y <y/a. Let {x,} be a
sequence defined by
x1 € X chosen arbitrarily,
Zn = ](M3,p3) (xn - P3B3xn)/
Yn = ](Mz,pz) (Zn - PZBZZn)/

Un = ](Ml,pl) (yn - plBlyn)/

X1 = Y f (%) + Py + (1= Bn)I — a, A) [ﬂ% J? T(s)xpds + (1 - ,u)vn], Vn>1,
3.1)

(o)
n=1

where p € (0,1), {ay )y, {Pn}oeq are the sequences in (0, 1) which satisfies a, + B, < 1 and {t,}
is a positive real divergent sequence satisfy the following restrictions:

(C1) limy,—, o, = 0and 377, a = 00,

(C2) 0 < lim inf, , ,,f, < limsup, | pn <1,

(C?’) li1'nn—>c>o|tn+1 - tn|/tn+1 =0.
Then the sequence {x,} defined by (3.1) converges strongly to x*, which x* solves the variational
inequality

((yf-A)x"J(z-x")) <0, VzeQ, (3.2)

and (x*,y*,z*) is a solution of general system of variational inequality problem (1.38), where y* =
JMz o) (2° = p2B22") and z* = Js po) (X7 = p3Bx”).

Proof. First, we show {x,} is bounded. By the condition (C1), we may assume, with no loss
of generality, that a, < (1 — ,)||A[|"!. Since A is a linear bounded operator on X, by (1.35),

we have [|A|| = sup{[{Au, J(u))| : u € X, ||u]| = 1}. Observe that

(A=) —anA)u, J(u)) =1 - B, — an(Au, J (1))
> 1= fu—anl|All (3.3)

>0,
thatis, (1 - ,)I — a, A is positive. It follows that

|(1-Bu)I - ayA| =sup{(((1-Pn)] - anA)u,J(u)) :ueX, |ul| =1}
=sup{l - —an(Au, J(w)) :ueX, |lu| =1} (3.4)

Sl_ﬂn_an?~
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Taking x € €, it follows from Lemma 2.17 that

X = ](MLPI) [](Mz,pz) (](Msrps) (E - p3B3f) - p2B2](M31P3) (E - p3B3f) (3.5)

~P1B1] My 2) (M p) (X = p3B3X) = paBaJ(ms ps) (X — p3B3X))].

Putting ¥ = Jm, p0) (Z — p2B22) and Z = Jium, p) (X — p3BsX). Then X = Jim, ) (¥ — p1B1Y). It
follows from Lemmas 2.1 and 2.16 that

100 =1 = || Tvts p0) (n = P1B1yn) = Joaion) (¥ = p1B17) |
< || yn = p1Biyn) = (v - p1B1Y) ||
< lyn -9l
= VM2 (20 = p2B221) = J o o) (Z = p2B2Z) ||

< || (zn = p2Baza) - (= p2Bo7) || (3.6)
< llzn - =l
= || JMa,p0) (30 = p3Bsxn) = Tz p0) (X = p3Bsx) ||
< || (xn = p3Baxn) = (X = p3BsX) ||
<l = x|l
and setting €, = p(1/t,) fé“ T(s)xuds + (1 — p)v,. From (3.6), we obtain
1 ("
llen —x|| = H‘u<t— f T(s)x,ds —§> +(1-p)(v,—Xx)
nJo
1 ("
<uli | Tmads 7| + (1= ) o3I (37)
nJo

< plln = 7| + (1= ) s — |

= [|xn — x]|.
It follows from (3.7) that

%41 = Xl = [lan (y £ (xn) = AX) + P (otw = %) + ((1 = fu) T = 2 A) (€0 = D)
< au|ly f(xn) = AZ|| + Bulltn = Xl + (1= u = @aT) llen — X]|
< any || f(en) = FCO| + |y £ (%) = AX|| + Bullxn = Xl + (1 = Pu = @) 120 = x|
< (1 - a) 120w = X + awyallx, — Xl| + & ||y f (%) - A]|
= (1= an (¥ = ya))lIxn = %) + au|ly f (&) - AX||
2, @ - Ax] }

< max{ |l — —
Y-ya
(3.8)
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By induction, we have

x|, M} Vn> 1. (3.9)

[, — || < max] ||x1 —
Yy-—ya

Hence, {x,} is bounded, so are {z,}, {y,}, and {v,}. On the other hand, by nonexpansiveness
of Jim,p) and I — p;B; foralli = 1,2,3, we have

101 = 0ull = | Ty p0) (Yt = p1B1Ymar) = Joaypr) (Y = p1Buy) |
<N (Y1 = prBiynsa1) = (Yn — p1Biya) ||
< |yme = wall
= || JMa,p0) (Zns1 = p2Bazns1) = J (Mo pn) (Zn = p2Baza) || (3.10)
<Nz = zall
= || JiMaps) (X1 = P3B3xna1) = J(Ms ) (X0 — p3Baxa) ||

<l = x|

Now, we estimate

1 tns1 1 tn
I T(s)xy41ds — o f T(s)x,ds

tn+1 0 nJo

1 tns1 1 tns1 1 tn
= f [T(5)xps1 —T(s)xy]ds + J T(s)x,ds — — J‘ T(s)x,ds
tn+1 0 tn+1 0 tn 0

1 [ )
-1 1[ [T(s)%ne1 — T(s)xn]ds
n+ 0

+

ty 1 tni1 1 tn
f T(s)x,ds + ; f T(s)x,ds — t_J T(s)x,ds

0 n+l Jt, nJo

tn+1

7

1 J‘tm [T(s)xns1 — T(s)xn]ds + ( L l) Itn T(s)xnds + tl J‘:m T(s)xnds

tn+1 0 tn+1 tn 0 n+1

(3.11)
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for x € Q, it follows that

1 tni1 1 ty
f T(s)xy41ds — o J‘ T(s)x,ds

tn+1 0 nJo

1 tns1
J [T(s)xps1 —T(s)xy]ds
tn+1 0

1 1 t, 1 tni1
+< - _> f [T(s)x, —x]ds + j [T(s)x, —x]ds
tha1 tn 0 tns1 ty

1 1 (3.12)

tn+1 tn

1 tns1
< f IT(s)xpn1 — T(S)xy||ds +
tn+1 0

ty
U IT($)50 - Flds
0

tn+1
+ J IT(s)x, —x||ds
tn+1 tn
1 1 1 —

< ||xn+1 - xn” + -7 tn + _ltn+1 - tn| ||xn - x”

tn+1 tn tn+1

2|t —t _
<l =l + (220 Y o, - 3,

n+1

It follows from (3.10) and (3.12) that

1 tpi1 1 ty
lleni — enll = “ <# f T(s)xprds + (1 - #)Un+1> - <#t— J‘ T(s)xuds + (1 - u)vn>

the1 Jo nJo

1 Ens1 1 tn
<p f T(s)xps1ds — — f T(s)xnds|| + (1 = p)||vns1 — vl
tn+1 0 tn 0
2|t —t _
< e =l + (22 o, =54 (1= ) -
n+1
2|ty —t
R M G L
tn+1

(3.13)

where M; > 0 is an appropriate constant such that My = sup, . {[|x» — x|}
Setting 1, = (xp+1 — Puxn)/ (1 = ), for all n € N. Then x,,11 = Puxn + (1 — By)l,, for all
n € N, we have

_ Xn+2 — ﬁn+1xn+1 Xn+l — ﬁnxn

ln+1 - ln - 1_ ﬂn+1 1= ﬂn
ey f () + (L= Bu) ] - awnA)ennt anyf(xn) + (1= Pu)] - anA)en
- 1- ﬁn+1 1- ﬁn
_ 10_["—‘[;“(yf(xn+1) — Aey) + 1L_t—"ﬁn(Aen “YF(xn) + €nst — €n

(3.14)
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and, hence,

||ln+1 In ” < anﬂ ”Yf(an) A€"+1” L 1— ﬂ |

which, combined with (3.13) yields that

“n+1

”ln+l Z ” < ”Yf(xn+1) A€n+1” +

2lt41 =t
+ || Xp1 — a0 + <M>M1

tn+1

5, 14en =y fGanl

It follows that

e = Lll = st = Xall € [y £ (nar) = Aean |

S ﬂ
2tn+ _tn
—Yf(xn)” i <|t1—1|)M1

By conditions (C1)-(C3), we have

lim sup(||lps1 = Lall = %041 — x4]]) < 0.

Then, from Lemma 2.12, we obtain
lim |1, = x|l = 0,
observing that
X1 =% = (1= ) (In = xn),
and, hence,
Jim [|x41 = 2] = 0.
Since xXpi1 = ay Y f(xn) + Pnxn + ((1 = Bn)I — a, A)ey, then we have
X1 — Xn = A (Y f(xn) = Axy) + (1= )] — @A) (€, — x,).
It follows that

(1= B = an)llen = xull < llxn = Xnarll + anlly f (xn) = A |-

| Aen =y f(xa)|| + llenst — €nll,

19

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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From (3.21) and by the conditions (C1), (C2), we obtain that
nh_{r(}o”en = xp|| = 0. (3.24)
Define the mapping G, by

tn
Gux = ‘utl .[0 T(s)xds+ (1-pu)Qx, VxeX, (3.25)

where Q is defined as in Lemma 2.17. By Lemma 2.11, we see that G,, is nonexpansive such
that

F(G,) = F(S)NF(Q). (3.26)
From (3.24), it follows that
Jijr;o||ann — x| =0. (3.27)

Since {T(t) : t € R*} is a u.a.r. nonexpansive semigroup by Remark 2.6, and at least there
exists a T(t) which is demicompact, then by Lemma 2.7, we can define the mapping T : X —
X such that Ty = lim,, . (1/t,) [ T(s)yds for all y € X. Furthermore, let G : X — X be the
mapping define by Gy = lim,,_, ,G,y, for all y € X. It follows from the nonexpansivity of G
and

Gy:=uTy+(1-p)Qy, VyeX, (3.28)
such that
F(G) = F(T)nF(Q) = F(3) N F(Q) = F(Gn). (3.29)
On the other hand, we observe that for any bounded subset C of X containing {x,},

llxn = Gxull < [l2xn = Guxull + [|Groxn — G|

< 1% = G| + sup||Gpw - Gu||. (3.30)
weC
By Lemma 2.7 and (3.27), we obtain that
A, I = G| =0 (3.31)

Since X is a uniformly convex, hence it is reflexive and {x,} is bounded, then there exists a
subsequence {xy, } of {x,} which converges weakly to some z € X as j — co. Again, since
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Banach space X has a weakly sequentially continuous duality mapping satisfying Opial’s
condition, then by (3.32), we have by Lemma 2.14, that z € F(G) = Q.

Next, we show that limsup, _,_ (yf(x*) — Ax*, J(x, — x*)) < 0, where x* = lim;_,ox;
with x; be the fixed point of the contraction x +— ty f (x)+(I-tA)Gx. Since G is a nonexpansive
mapping, it follows from Lemma 2.10 that x* € F(G) = Q, which solves the variational
inequality

((yf-A)x*, J(z—x")) <0, VzeF(G) (3.32)

and (x*, y*, z*) is a solution of general system of variational inequality problem (1.38) such
that y* = J(a, p,) (2" — p2Baz*) and z* = [, ps) (X* — p3Ba3x™).
Let {xy, } be a subsequence of {x,} such that

limsup(y f(x*) = Ax*, J (x, — x*)) = jllrg<yf(x*) - Ax*,](xn]. - x*) > (3.33)

n— oo

Since the duality mapping J is single-valued and weakly sequentially continuous from X to
X*, we obtain that

lirnlls;}p(yf(x*) - Ax*, J(xy — x¥)) = len;o<yf(x*) - Ax*,](xnj - x*) >

(3.34)
= (yf(x") = Ax*, J(z - x")) <0,

as required.
Finally, we show that lim,, _, .- ||x, — x*|| = 0. Now, from Lemma 2.3, we have

st = x* 12 = |an(y f (o) = Ax*) + Bu(xn = x*) + (1= )] — anA) (e — x|
<11 = )T = @A) (e = x°) + B (acn = ) ||
+ 20, (y f (xn) = AX", J (X1 — X7))
< (1= P = ) llen = 1 + Ballxa = x711) + 20y f () = AX", ] (1 = x7))
< (1= @) llxn = 7 + 2y f () = £(x"), T (21 = X))
+ 20, (y f(x*) = Ax", ] (xtps1 — X¥))

< (1= )l = 2| + 2y alotn = 2 lltns = |
+ 20, (y f (x*) = Ax*, ] (%ps1 — x¥))
=\2 *|2 *|2 *|2
< (1= ) ot = 21+ aya (oo = "I+ [ = ")

+ 20, (Y f(x") = AX", [ (2ts1 — 7)),
(3.35)
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which implies that

(1- an?)z +azya

v = 1P € g B P 4 R () - A — )
1-2a,y + a,ya . “%_2 .
=——T—1——l¥nn—xn2+T—l—4un—xn2
- ayya - ayya
L w(Yf(x) AX", ] (1 = X7)) (3.36)
20, (Y — ya .
< [1 — #] [l — x ||2
- ayya
2an (Y —ya) [ 1 . . Y
+ 1‘“11)’“ ?_th<Yf(x)_Axr](xn+l x)>+2(_ )M2 ’

where M» > 0 is an appropriate constant such that M, = sup, ., {[|x, — x*||}. Put 7, = 2a,,(y -

ya)/ (1= anya) and 6, = (1/ (¥ - ya))(y f (x*) = Ax*, ] (xns1 - x*)) + (" /2(F - ya)) M. Then
(3.32) reduces to formula

%051 = X*[1* < (1 = Tu) |0 = X*|* + TG (3.37)

By the condition (C1) and (3.31), it easy to see that

limt, =0, ZTn = oo, limsup 6, <0. (3.38)

n— oo

Applying Lemma 2.15 to (3.37), we obtain x, — x* asn — oo, that is lim, _, ,o||x, — x*|| = 0
This completes the proof. O

Remark 3.2. Theorem 3.1 mainly improves Theorem 2.1 of Qin et al. [8], in the following
respects:

(1) from a system variational inclusion to a general system of variational inclusions,

(2) from the class of inverse-strongly accretive mappings to the class of Lipchitzian and
relaxed cocoercive mappings.

Taking A =1 and y = 1 in Theorem 3.1, we can obtain the following result.

Corollary 3.3. Let X be a uniformly convex and 2-uniformly smooth Banach space which admits a
weakly continuous duality mapping and has the smoothness constant K. Let M; : X — 2% be a maxi-
mal monotone mapping and B; : X — X be a L;-Lipschitzian and relaxed (c;, d;)-cocoercive mapping
with p; € (0,(d; — ¢iL?)/K*L?] and 6, = max{6,,} forall i = 1,2,3. Let S = {T(t) : t € R*}
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be a nonexpansive semigroup from X into itself and at least there exists a T (t) which is demicompact.
Assume that Q := F(S) N F(Q) #0, where Q is defined as in Lemma 2.17. Let f : X — X bea
contraction mapping with a coefficient a € (0,1). Let {x,} be a sequence defined by

x1 € X chosen arbitrarily,
Zn = ](M3/P3) (xn - PSBan),

n = 20\ Zn — anr
Yn = J(My,p2) (Zn = p2B2zn) (3:39)

On = JMyp1) (Yn = P1B1Yn),

Xust = @ f () + uen + (1= B — 1) [#tl ﬂ T(s)xnds + (1 - #)Un], Vn>1,

where p € (0,1), {an}oeq, { P}y are the sequences in (0, 1) which satisfies o, + B < 1 and {t, )74

n=1
is a positive real divergent sequence satisfy the following restrictions:

(C1) limy—, oty =0and >,77 1 ay = oo,
(C2) 0 <lim inf, ., f, < limsup, , pn <1,
(C3) limy,—, o (|tns1 — tn|/tns1) = 0.

Then the sequence {x,} defined by (3.39) converges strongly to x*, which x* solves the variational
inequality

((f-D)x*,J(z-x")) <0, VzeQ, (3.40)

and (x*,y*,z*) is a solution of general system of variational inequality problem (1.38), where y* =
](Mz,ﬂz)(Z* - PZBZZ*) ﬂnd Z* = ](M3,p3) ('X* - p3B3X*)'

Taking f(x) = u in Corollary 3.3, we can obtain the following result.

Corollary 3.4. Let X be a uniformly convex and 2-uniformly smooth Banach space which admits a
weakly continuous duality mapping and has the smoothness constant K. Let M; : X — 2X be a
maximal monotone mapping and B; : X — X be a L;-Lipschitzian and relaxed (c;, d;)-cocoercive
mapping with p; € (0, (d; — ¢;L?)/K?L2] and 6, = max{6,,} for all i = 1,2,3. Let S = {T(t) :
t € R*} be a nonexpansive semigroup from X into itself and at least there exists a T(t) which is
demicompact. Assume that Q := F(S) N F(Q) #0, where Q is defined as in Lemma 2.17. Let {x,} be
a sequence defined by

x1 € X chosen arbitrarily,
Zn = J(Mps) (Xn — p3Baxn),
Yn = Jpn) (Zn = p2Bazn), (3.41)
U = Jimp)) (Yn — p1B1Ya),

tn
Xnil = Onlh + Py + (1= — ) [‘utl f T(s)xpds + (1 - y)vn], Yn>1,
nJo
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where p € (0,1), {ay )y, {Pn}oey are the sequences in (0, 1) which satisfies ay + B, < 1 and {t,} ;2

is a positive real divergent sequence satisfy the following restrictions:
(C1) limy—, oty =0and >77 1 ay = oo,
(C2) 0 <lim inf, _, ,,f, < limsup, ,_pn <1,
(C3) limy, . oo ([tns1 = Enl/tns1) = 0.

Then the sequence {x,} defined by (3.41) converges strongly to x*, which x* solves the variational
inequality

(u—x",J(z-x%)) <0, VzeQ, (3.42)

and (x*,y*,z*) is a solution of general system of variational inequality problem (1.38), where y* =
J(Map2) (Z° = p2B2z®) and z* = J(m; ps) (X* = p3B3x™).

4. Some Applications
As some applications of Theorem 3.1, we obtain the following results.

Lemma 4.1. Forall (x*,y*,z*) € X x X x X, where y* = J(mp,) (2" — p2Bz") and z* = J ) (x* =
p3Bx*), (x*,y*, z*) is a solution of the problem (1.39) if and only if x* is a fixed point of the mapping
Q' defined by

Q'x 2 = Jomp) (Jvpn) Jmps) (X = p3Bx) = p2BJ(m,ps) (X — p3Bx)

~P1BJ v pn) J (M) (X = p3BxX) = p2BJ(mpy) (X — p3Bx))), Vx €X.
4.1)

Corollary 4.2. Let X be a uniformly convex and 2-uniformly smooth Banach space which admits
a weakly continuous duality mapping and has the smoothness constant K. Let M : X — 2X be
a maximal monotone mapping and B : X — X be a L-Lipschitzian and relaxed (c,d)-cocoercive
mapping with p; € (0, (d—cL?)/K*L*] and 6, = max{6,,} foralli=1,2,3. Let S = {T(t) : t € R*}
be a nonexpansive semigroup from X into itself and at least there exists a T (t) which is demicompact.
Assume that Q := F(S) N F(Q') #0, where Q' is defined as in Lemma 4.1. Let f : X — X bea
contraction mapping with a coefficient a € (0,1) and A be a strongly positive linear bounded self
adjoint operator with a coefficient y € (0,1) such that ||A|| < 1and 0 < y < y/a. Let {x,} be a
sequence defined by

x1 € X chosen arbitrarily,
Zn = J(Mps) (Xn — p3Bxy),
Yn = J(Mpo) (20 — p2Bza),
On = Jopy) (Yn = P1BYn),

(4.2)

X1 = A f (%) + Puxn + (1= o) I — a, A) I:‘u% I: T(s)xpds + (1 - y)vn], Vn>1,
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where p € (0,1), {an}peq, {Pn ey are the sequences in (0,1) which satisfies a, + P < 1 and {t,};-;

is a positive real divergent sequence satisfy the following restrictions:

(C1) limy—, oty = 0and >77 1 ay = oo,
(C2) 0 <lim inf, , B, < limsup, ,_pBn <1,
(C3) limy, oo (tns1 — tnl/tus1) = 0.

Then the sequence {x,} defined by (4.2) converges strongly to x*, which x* solves the variational
inequality

((yf - A)x*, J(z-x")) <0, VzeQ, (4.3)

and (x*,y*, z*) is a solution of system of variational inequality problem (1.39), where y* = J(a1,p,) (2"~
p2Bz*) and z* = Jpp,) (X* — p3Bx™).

Lemma 4.3 (see [8]). For all (x*,y*) € X x X, where y* = J(p, py) (X" — p2Bax*), (x*,y*) is a
solution of the problem (1.15) if and only if x* is a fixed point of the mapping Q' defined by

Q'x 1= Jivty p0) [JMape) (X = p2B2x) = p1B1 (Mo p0) (X = p2Bax) . (44)

Corollary 4.4. Let X be a uniformly convex and 2-uniformly smooth Banach space which admits a
weakly continuous duality mapping and has the smoothness constant K. Let M; : X — 2X be a
maximal monotone mapping and B; : X — X be a L;-Lipschitzian and relaxed (c;, d;)-cocoercive
mapping with p; € (0, (d; — ¢;L?)/K2L?] and 6, = max{6,,} foralli=1,2. Let S = {T(t) : t € R*}
be a nonexpansive semigroup from X into itself and at least there exists a T (t) which is demicompact.
Assume that Q := F(S) N F(Q') #0, where Q' is defined as in Lemma 4.3. Let f : X — X bea
contraction mapping with a coefficient a € (0,1) and A be a strongly positive linear bounded self
adjoint operator with a coefficient y € (0,1) such that ||A|| < 1and 0 < y < y/a. Let {x,} be a
sequence defined by

x1 € X chosen arbitrarily,

Yn = ](M,pz) (xn - PZBZXn)r
Up = ](M,pl)(yn - plBlyn)r (45)

X1 = Y f (Xn) + Py + (1= Bu)I — a, A) I:‘u% f: T(s)xnds + (1 - /,L)vn], Yn>1,

[o2]

where p € (0,1), {an oy, { P} ey are the sequences in (0, 1) which satisfies a, + B, < 1 and {t,};74

n=1
is a positive real divergent sequence satisfy the following restrictions:

(C1) lim, o, = 0and X771 ay = 00,
(C2) 0 <lim inf, , o, f, < limsup, , pn <1,
(C3) hmneoo(ltn-#l - tn|/tn+1) =0.
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Then the sequence {x,} defined by (4.5) converges strongly to x*, which x* solves the variational
inequality

((yf-A)x",J(z-x")) <0, VzeQ, (4.6)

and (x*,y*) is a solution of system of variational inequality problem (1.15), where y* = J(nt, py) (x* =
szzx*).

If we set By = B, = Band M; = M, = M, we obtain the following result.

Lemma 4.5 (see [8]). Forall (x*,y*) € XxX, where y* = J(m,p,) (x* —p2Bx*), (x*, y*) is a solution
of the problem (1.16) if and only if x* is a fixed point of the mapping Q" defined by

Q"x = Jompn [Jmpn) (X = p2Bx) = p1BJ(m,pn) (x = p2Bx)]. (47)

Corollary 4.6. Let X be a uniformly convex and 2-uniformly smooth Banach space which admits
a weakly continuous duality mapping and has the smoothness constant K. Let M : X — 2% be
a maximal monotone mapping and B : X — X be a L-Lipschitzian and relaxed (c,d)-cocoercive
mapping with p; € (0, (d — cL?)/K?L?] and 6, = max{6,,} forall i =1,2. Let S = {T(t) : t € R*}
be a nonexpansive semigroup from X into itself and at least there exists a T (t) which is demicompact.
Assume that Q = F(S) N F(Q') #0, where Q" is defined as in Lemma 4.5. Let f : X — X bea
contraction mapping with a coefficient a € (0,1) and A be a strongly positive linear bounded self
adjoint operator with a coefficient y € (0,1) such that ||A|| < 1and 0 < y < y/a. Let {x,} be a
sequence defined by

x1 € X chosen arbitrarily,
Yn = ](M,pz) (xn - P2an)r
Op = ](M,pl) (yn - PlByn)/ (48)

X1 = A f (%) + Py + (1= Bn)I — a, A) I:‘ué I: T(s)xnds + (1 - y)vn], Yn>1,

where p € (0,1), {an )21, {Pn}oey are the sequences in (0, 1) which satisfies a, + B, < 1 and {t,};-;
is a positive real divergent sequence satisfy the following restrictions:

(C1) limy,—, o, = 0and 3774 ay = 00,
(C2) 0 <lim inf, _, B, < limsup, , pn <1,
(C3) limy, _, o (|tns1 — tal /1) = 0.

Then the sequence {x,} defined by (4.8) converges strongly to x*, which x* solves the variational
inequality

((rf-A)x",J(z-x")) <0, VzeQ, (4.9)

and (x*,y*) is a solution of system of variational inequality problem (1.16), where y* = J(n1,p,) (x* —
p2Bx*).
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