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In this paper, by means of adequate variational techniques and the theory of the variable exponent
Sobolev spaces, we show the existence of nontrivial solution for a transmission problem given
by a system of two nonlinear elliptic equations of p(x)-Kirchhoff type with nonstandard growth
condition.

1. Introduction

Let Q be smooth bounded domain of R”,n > 2, and let Q; € Q be a subdomain with smooth
boundary X satisfying Q, c Q. Writing I' = 0Q and €, = Q \ Q; we have Q = Q, UQ, and
0Q, = 2 UT (Figure 1).

We are concerned with the existence of positive solutions to the following system of
nonlinear elliptic equations:

1
-M I ——\VulWdx ) div(|VulPY?Vu) = f(x,u), in Q,
(Ql T (Ival ) = flxw) ;

: - (P)
- —— Vo™ i P2y, = _
N<sz p(X) |VU| dx) d1V<|VU| VU> g(x/ v)l in Qp,

v=0, onT,
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Figure 1

with the transmission conditions

M j |Vl ™ dx 6_u:N I |Vv|”(x)dx>a—v, on X
o on o on (1.1)

u=v, onbzx,

where M and N are positive continuous functions, 7 is outward normal to €, and is
inward to Q;, and p(x) € C(Q). By means of adequate variational techniques and the
theory of the variable exponent Sobolev spaces, we show the existence of nontrivial solution
for a transmission problem given by a system of two nonlinear elliptic equations of p(x)-
Kirchhoff type with nonstandard growth condition. We investigate the problem (P) when
Flx,u) = M|l 2y, g(x,v) = Aa|v]7™ 20, where A1, 1, > 0 and p(x), g(x) € C(Q) such that
1 < g(x) < p*(x) for all x € Q, where p*(x) = np(x)/n - p(x) if p(x) < nor p*(x) = +oo if
p(x) 2 n.

The operator —div(qulp(x)szu) is called the p(x)-Laplacian which is a natural
generalization of the p-Laplacian when p(x) = p > 1 (a constant). The p(x)-Laplacian
possesses more complicated nonlinearities than the p-Laplacian; for example, it is inho-
mogeneous. The study of various mathematical problems with variable exponent growth
condition has received considerable attention in recent years. These problems are interesting
in applications and raise many difficult mathematical problems. One of the most studied
models leading to problem of this type is the model of motion of electrorheological fluids,
which are characterized by their ability to drastically change the mechanical properties
under the influence of an exterior electromagnetic field [1, 2]. Problems with variable
exponent growth conditions also appear in the mathematical modeling of stationary thermo-
rheological viscous flows of non-Newtonian fluids and in the mathematical description of the
processes filtration of an ideal barotropic gas through a porous medium [3].

Transmission problems arise in several applications in physics and biology. For
instance, one of the important problems of the electrodynamics of solid media is the
electromagnetic process research in ferromagnetic media with different dielectric constants.
These problems appear as well as in solid mechanics if a body consists of composite
materials. The existence and regularity results for linear transmission problems are well
known, and a complete study can be found in [4]. We refer the reader to [5] for nonlinear
elliptic transmission problems, to [6] for a nonlinear nonlocal elliptic transmission problem.
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Furthermore, uniqueness and regularity of the solutions to the thermoelastic transmission
problem were investigated in [7].

We note that problem (P) with the transmission condition is a generalization of the
stationary problem of two wave equations of Kirchhoff type,

Uy — M(I |Vu|2dx> Aou = f(x,u) in Q,
(O}
(1.2)

Uy — N<f |VU|2dx> Ay = g(x,0) in £,
Q

which models the transverse vibrations of the membrane composed by two different
materials in ©Q; and Q,. Controllability and stabilization of transmission problems for the
wave equations can be found in [8, 9]. We refer the reader to [10] for the stationary problems
of Kirchhoff type, to [11] for elliptic equation p-Kirchhoff type, and to [12, 13] for p(x)-
Kirchhoff type equation.

2. Auxiliary Results

We recall in what follows some definitions and basic properties of variable exponent

Lebesgue and Sobolev spaces LP™(Q), W#®)(Q), and W;’p(x) (Q). In that context we refer
to [14, 15] for the fundamental properties of these spaces.
By Q we always denote a nonempty open subset of R”. Set

c(ﬁ) - {h;hec(ﬁ),h(x) >1 Vxeﬁ}. 2.1)

Forany h € C, (Q) we define

hi=infh(x),  hy:= sup h(x). (2.2)

We define the variable exponent Lebesgue space LP)(Q) to consist of all measurable functions
u : Q — R for which the modular

ol = | uGorax 23)
is finite. We define the Luxemburg norm on this space by the formula

. u
”u”p(x),Q = mf{(‘i >0: pp(x),g<8> < 1}. (2.4)
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Equipped with this norm, LP0)(Q) is a separable and reflexive Banach space. Define the
variable exponent Sobolev space W™ (Q) by

WIP@(Q) = {u € IP™(Q); |Vu| € LFP(Q) } (2.5)

and the norm

Iy = Nl + Vil 0 Vi € WHHEI(Q) (2.6)

makes W1P®) (Q) a separable and reflexive Banach space. The space Wg’p(x) (Q) is denoted by
the closure of C°(2) in WP (Q). WS’P(X) (Q) is a separable and reflexive Banach space.

Proposition 2.1 (see [14, 15]). Let p € C,(Q). Then conjugate space of LF®(Q) is L1 (Q), where
1/p(x) +1/q(x) = 1. For any u € LP™(Q) and v € L1¥)(Q), one has

‘ f uvdx
Q

The next proposition illuminates the close relation between the || - ||
convex modular py(x) o

< 2||u||p(x),9 ”U“q(x),Q' (27)

p(x),o and the

Proposition 2.2 (see [14, 15]). Ifu € LP™)(Q), then one has

@) lullyne <1=L>1) © ppw o) <1 (=1>1),
(ii) [full,n,o>1= ”u”p(x)g < ppyau) < lull’; P,
(iii) [lullyx o <1= ||u||p(x) o < Ppau) < ”u”p(x),gf
(i) [[ull .0 = a >0 pp,a(u/a) =1.

Proposition 2.3 (see [14, 15]). If u,u, € LPY(Q), n=1,2,..., then the following statements are
equivalent to each other:

(i) limy— oo [t = tll ()0 = 0;
(il) 1imn~>oopp(x),9(u7l - u) = 0’

(iii) up — uin measure in Q and limy, . o Pp(x),0(Un) = Pp(x),o(1).

Proposition 2.4 (see [14]). In Wg’p(x) (Q) the Poincaré inequality holds, that is, there exists a
positive constant C such that

ltllp0 < ClIVUl o Yue W, "™ (Q). (2.8)

p(x),

Consequently, |[ully ) o = I1VUlll,x),q are equivalent norms on Wl’P(x) (Q). In what follows,

p(x),
(Q), with p € C,(Q), will be considered as endowed with the norm 2]l p(x)- We will use
Lp(x)

1 p(x)

||u||1p(x) o = IVu]| (), o for u e Wy (Q) in the following discussions.
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Proposition 2.5 (see [14, 16]). Assume that Q is bounded, the boundary of € possesses the cone
property and p € C,(Q). If ¢ € C.(Q) and q(x) < p*(x) for all x € Q then the embedding
WL P (Q) — LIX(Q) is the compact and continuous.

Lemma 2.6 (see [17]). Assume that Q is bounded and has a Lipschitz boundary with the cone

property and p € C,(Q). Then there is a continuous boundary trace embedding W'»0(Q) —
LPO(0Q).

Lemma 2.7 (see [17]). For any u € W*®(Q), let

leally == VUl + 1l 00 (2.9)

Then, ||ul|, is a norm on W™ (Q), equivalent to the standard norm of W) (Q).

Our analysis is based on the Sobolev space
E= {(u,v) e W@ Q) x WP (Q,) :u=v on z}, (2.10)

where

WP (Q,) = {v e W@ (Qy) :v=0on r}. 2.11)

Then, we have following lemma that will permit the variational setting of the problem (P).

Lemma 2.8. E is a closed subspace of W'*®)(Q;) x WP™)(Q,), and
G, 0)llg = IVl .0, + VOl ),0, (2.12)

defines a norm in E, equivalent to the standard norm of W'P™) (Qq) x WPX) ().

Proof. 1t is clear that (2.12) defines a seminorm. Then suppose that ||(u,v)||p = 0. Since
IV l,,(x) 0, defines a norm on W'#()(Q,) and Poincaré inequality holds in W'7()(Q,), thus

v = 0. From transmission condition, # = v on X, and therefore u € Wé’p () (€21). This shows
that (u,v) = 0, and hence (2.12) defines a norm in E. Now, applying the trace theorem in

WP (Q,), there exists ¢ > 0 such that for all v € er’p ) (€27)

0lly,s < CIVOllL )0, (2.13)

But it is known that ||Vu||p(xm1 + ”u”p(x),Z defines an equivalent norm in W?)(Q;) from
Lemma 2.7. Then combining these two remarks the result follows. O
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3. Main Results

Let us precisely describe our assumptions in order to establish the main result. The energy
functional corresponding to problem (P) is defined as | : E — R,

= |Vu|p(x) . |VU|P(X)
At <fg p() d"> N <Lz )

- L} F(x,u)dx — J G(x,v)dx,

Q

(3.1)

where M(t) = fé M(¢)d¢, and F(x,u) = [ f(x,&)dé. It is not difficult to show that | €
C!(E,R), and as a matter of fact, | is of class C! and weakly lower semicontinuous. In
particular we have, for all (u,v), (¢, ¢) € E,

(J'(w,0), (¢, ¢))

p(x)
=M f [Vl dx f |VulPO2VuVpdx
Q p(x) Q

p(x)
+NJ' |Vl dx ’[ |Vv|’”(x)‘2VuV¢pdx—’[ f(x,u)(pdx—’[ g(x,v)pdx.
o PX) Q Q o))
(3.2)

We assume the following hypotheses for M and N.
There are positive constants My, M>, N1, N, and a such that

(E1): Myt ' < M(t) < Mpt*
(E2): N1s*' < N(s) < Nps*!

forallt,s>0and a > 1.
Now we state our main result.

Theorem 3.1. Let us assume that (E1) and (Ep) hold. If g» < ap1, then the problem (P) with the
transmission condition has at least one nonnegative solution.

Lemma 3.2. There exists \* > 0 such that for any A1 + X, € (0, X*) there exist p > 0 and r > 0 such
that

Ji(u,v) >r, V(u,v)€E, with ||(u,0)||g = p- (3.3)

Proof. Since g(x) < p*(x) forall x € Q it follows that (Proposition 2.5)

lullye,00 < Cillull p 0 YU € WPO(Qy), )
Vll0,0, < Callvll py,. YU E WP (Qy).
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By Lemma 2.8 we have

||u||q(x),91 + ||U||q(x),gz2 < C1||u||1,p(x),£21 + C2||U||1,p(x),gz2 < Gsll(u, v)|[E-

We fix p € (0,1) such that p < 1/C5 . Then the above relation implies

”u”q(x),Ql + ”U”q(x),Qz <1, V(ur U) €E.

By Proposition 2.2(ii) and 2.5 and Lemma 2.8, we deduce that

q(x) q(x) ¢ ¢
J| s | o <l g, + ol

< Nullgy,e0 + 191400,

< C4<||u||1,p(x),£21 + ”Ulll,p(x),Qz)

< sl (w, 0)[g-

(3.5)

(3.6)

(3.7)

(3.8)

Using (E1), (Ez), Proposition 2.2(iii), and (3.8), we obtain that for any (u#,v) € E with

[I(u, v)||g < 1 the following inequalities hold true:

(x) (x)
Ji(w,0) = M f Vel ™ ) o N I Vol™ I Vo™ dx
o, pX) o pX) (o

q(x) q(x)
N f T -, f O™
& q(x) o q(x)

(1/p2)pp(x,0, (Vi) (1/p2)pp(x),0, (V12)
> M; f tldt + Ny j n*tdn
0 0

_h f |u|7™ dx - QJ’ 0|7 dx
qJo, qJg,

M, [ 1 YN /1 *
>—1 <— f IVuI”(x)dx> +— <—f |Vv|p(x)dx>
a \p2J)qo a \p2J)gq,

A A
2 ™ @dx -2 | i @dx
ql Q] ql QZ
min{M;, N1} aps ap Cs(h1 + A2)
>—————(||Vu +||[Vo -
L (Ivull?s) o + 190157 o) o
21-aP2 min{ M, N1}
> (178,00 + 10l a1,

a(p2)”
_ 217 min{ My, Ny
- a(p2)”

[[(2t, 0)[[-

a Cs(A + 4p)
P> 5(A1 + A2

u,v -
| (e, 0) I s

)“PZ G+ A)
71

(3.9)
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By the above inequality if we define

21=ap2 paP2~1 g min{ My, Ny}

A = i
Csa(p2)

, (3.10)

then for any A; + A, € (0,1*) and (u, v) € E there exists r > 0 such that J)(u,v) > r > 0.
The proof of Lemma 3.2 is complete. O

Lemma 3.3. There exists ¢, ¢ € E such that ¢, ¢ > 0and ¢, #0 and ], (tp, tp) <0 for t > 0 small
enough.

Proof. Let [Qq] > 0 and [Q;| > 0. Moreover, let choose ¢, ¢ € CF(Q2) and 0 < ¢(x) < 1in
Q, 0 < P(x) £1in Q,. Then, for any t € (0,1), by (E1) and (E,) it follows

. tv p(x) . tv p(x)
i (te, td) = M<J‘Q |p+3|c)dx> + N(J‘Q %dx)

q(x ¢ q(x)
_ AIJ‘ | ()0| dx )LZJ‘ | d)l dx
o, qx) o 49(x)

(1/p1)pp 0 (EVY) 1/P1)Pp).0, (VD)
<M, I s ds + N f n*tdy
0 0 (3.11)

RTC) )
—)qf It dx—)LzJ‘ L .
o, q(x) o, q(x)
Mt
< — P (V) + apxz( )
zx(p) p(x),Q ( ) p(x),£2

A 32
7 Pq(x), ((P) q_PQ(X A2 (4))
Let
R“ = MZPa x),Q (V(P) + szﬂl x),82 (Vd))/
v pe (3.12)
Sz = MPg(x) .01 (9) + X2pg(x) .22 (9)-
Then
P 192
I (t(P’ t¢) < aRa S)Ll,)Lz' (3.13)
a(pr) q2

Therefore, we conclude

Ja(ty,tg) <0, (3.14)
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for 0 < t < ¢/%1~% providing that

1 M} (3.15)

O0<o<min{l,
{ qZRa

The proof of Lemma 3.3 is complete. O

Proof of Theorem 3.1. From Lemma 3.3, we infer that there exists a ball centered at the origin
B,(0) C E, such that

Jnf Ja > 0. (3.16)

Furthermore, by Lemma 3.3, we know that there exists (¢, w) € E such that ], (tp, tw) < 0 for
t > 0 small enough. Therefore, considering also inequality (3.14), we obtain that

- = inf .
< cC BI‘,IEO)L\ <0 (3.17)

Let us choose £ > 0. Then, it follows that

O<e< inf J, — inf J,.
aBP(O)h m])‘ (3.18)

Now, if we apply the Ekeland’s variational principle [18] to the functional J, : B,(0) — R, it
follows that there exists (u,, v) € B,(0) such that

Ji(ug,ve) < inf ]y +¢,
B,(0)

(3.19)
Ja(ue,ve) < Ja(u,0) +€||(u—ue, 0—0e)||p,  Ue#U,VF V.
By the fact that
U, V)< inf [y +e< inf J) +e < inf J,
Ja(ue, ve) infjives< ffives< b (3.20)

we can infer that (u, ve) € B,(0).

Now, let us define @, : B,(0) — R by ®)(u,v) = Jy(u,v) +¢l|(u — u,, v — v;)||. It is not
difficult to see that (u,, v.) is a minimum point of @,, and thus

D) (ue +t- 1,0, +t-0) — Dy (1, v;)
t

>0, (3.21)
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for t > 0 small enough and any (7, o) € B;(0). By the above expression, we have

Ja(ue +t-T,0.+t-0) = Ji(ue, ve)

7 +é|(z,0)||g 2 0. (3:22)

Letting t — 0, we have
<]:1(u£/U£)/ (t,0)) +E”(TIO.)”E >0, (3.23)

and this implies that || ]| (u, v;)|| < €. So, we infer that there exists a sequence {w,,, v} C B,(0)
such that

J(wn, ) — € = ;L(Of) Ja<0, ]y (wn,va) — 0. (3.24)
P

It is obvious that {w;,v,} is bounded in E. Therefore, there exists (w,v) € E such
that, up to a subsequence, {w,, v,} converges weakly to (w, v) in E and converges strongly to
wy — win L1%(Q) and v, — v in L1™(Qy) (Proposition 2.5). Thus ( J} (i, Un), (1tn — 1, 0y —
v)) — O0and

(]i(wn; V), (Wn — w, vy —V))

p(x)
= M<f de) f |Vw, [P 2V w, (Vw, — Vw)dx
Ql Ql

p(x)
3.25)
Vo, [P (
+N I %dx f |V, P2V, (Vv, — Vv)dx
o pX) Q
-A f Iwnlq(x)—an (wy —w)dx = )y f |vn|q(x)_2vn(vn -v)dx — 0.
Q1 QZ
By Proposition 2.1, it follows that
q(x)-2 _ < q(x)-1 _
UQl onl nleon = w)dx < “|wn| 'q’(x),szl”w" Wl
(3.26)
q(0-2 _ < 9(x0)-1 _
UQ [l v (o = w)tx| < [l = Vg

Since {w,} converges strongly to w in LI%) (Qy), that is, ||w, — w|| g, — 0asn — oo, we
get

f || 20, (wy — w)dx — 0 (3.27)
Q
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and similarly
’[ |Un|q(X)_2vn (vn - V)dx — 0. (3.28)
Q

Hence,

Vo, [PX)
M<’[ %dx> j |an|p(x)_2an(an - Vw)dx — 0,
91 Q‘l

p(x)
" (3.29)
p(x
N J‘ de f |an|p(x)_2an(an - Vv)dx — 0.
o pX) Q
From (E;) and (E;), it follows that
f |Vw, POV w, (Vw, - Vw)dx — 0,
Q

' (3.30)

f |V, P2V, (Vv, — Vv)dx — 0.
9]

Eventually, by [19, Theorem 3.1], we get that {w,, v, } converges strongly to (w, v) in E, so we
conclude that (w, v) is a nontrivial weak solution for problem (P). The proof of Theorem 3.1
is complete. O
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