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1. Introduction

In this work we consider the following initial boundary value problem:

t
W' - M<||Vu||2> Au + I h(t =) Au(t)dr — Ad' + [uff 2u+p0=f inQ,
0

0-A0+pu'=¢g inQ, (1.1)
u=0=0 on?2,
u(x,0) = up(x), u'(x,0)=ui(x), 6(x,0)=06(x), x€Q,

where Q :=Qx[0,T], X :=0Qx[0,T], p >2,Qis abounded domain in R"” with C? boundary,
w = du/dt, u" = d*u/dt*, M(s) is C' class function like 1 + s¥, y > 1 and f, f; are positive
constants:

2 n
dx, Au = Z Fu

ou
e —
i1 0]

o, %)

(1.2)

n
IVl = Zj
=17 Q
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f, g is a known function and the function h(t) is positive and satisfies some conditions to be
specified later.

However, (1.1) consists of a dynamical equation coupling a heat equation, which
can be used to describe some physical process of thermoelastic material. Also, u(x,t) and
0(x,t) represent the displacement and temperature, respectively, at position x and time f.
The coupling of the heat equation in the model of vibrations presents important aspects
because it represents better than the reality, that is, allowing to influence the vibrations in
a more adequate way. M(s) appearing in the dynamical part of system (1.1) is a nonlinear
perturbation of Moeover, Kirchhoff-Carrier’s model which describes small vibrations of
a stretched string (dimension n = 1) when tension is assumed to have only a vertical
component at each point of the string. Many researchers have investigated several types
of problems involving the Kirchhoff equation among which we can cite the work in [1, 2].
Clark and Lima [3] studied the local existence for 0 < Ty < T of solutions to the mixed
problem:

u' - M(f |Vu|2dx> Au+|uffu+0=f inQ,
Q (1.3)

0'—A6+u' =g inQ.

In this paper, we prove the global existence and uniqueness of weak solutions of
(1.1) based on different definition of weak solution and estimate techniques from [3],
we consider the Kirchhoff equation with the strong damping term Au’ and so-called
“memory” term jgh(t — 7)Au(t)dr. Here we consider the memory effect in (1.1) because
physically some materials could produce the viscosity of memory type [4]. Hence under
appropriate assumptions on h(t), p, f, and g, and making use of Galerkin’s approximations
and compactness argument, we establish global existence and uniqueness. Meanwhile, by
some suitable estimate techniques, we deal with the memory term and another nonlinear
term appearing in the mixed problem of viscoelastic wave equation. In order to obtain the
exponential decay of the energy, we make use of the perturbed energy method, see Komornik
and Zuazua [5].

The rest of this paper is organized as follows: In Section 2 we give out assumptions
and state the main result. In Section 3 we exploit Faedo-Galerkin’s approximation, priori
estimates, and compactness arguments to obtain the existence of solutions of a penalty
problem. In Section 4, uniqueness is proved. In Section 5, the exponential decay of solution is
obtained by using the perturbed energy method.

2. Assumptions and Main Results

Throughout this paper, we use the following notation:
(u,0) =I u(x)o(x) dx, |lul* = f ju(x)* dox. (2.1)
Q Q

Now we state the main hypotheses in this paper.
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(A.1) Assumption on Kernel h

Let h : R* — R" be a nonnegative and bounded C? function and suppose that there exist
positive constants ¢;, ¢, é3 such that

& h(t) <H(t) <-&h(t) VE>0, (2.2)
0 <H'(t) < &h(t) Vt>0. (2.3)

Moreover, h verifies [ := 1 — jg’h(s)ds > 0.
(A.2) Assumption on p, p
Let p satisfies that

2n - ifn>3,
n-2 (2.4)

2<p<ow ifn=1,2;

2<p<

u is given by the Sobolev embedding inequality |[u]|, < p||Vu|| for u € H& (Q), in the general
case, we denote [|ul|, < C|[Vul|.

(A.3) Assumption on Initial Condition, fand g

Assume that ug, 1,00 € Hj(Q) N H*(Q), and f, g € C._(0,00; L*(Q)). Next we define the
energy E(t) with

1
y+1

E® = 5 (Iw @I + 100 + Va1 + —IVu@FT™ + 2Julf). @5

The main result is as follow.

Theorem 2.1. If assumptions (1)—(3) hold, then there exists a unique weak solution {u,0} with u €
L*(0,T; H}(Q)), W' € L*(0,T; HY(Q)), u" € L*(0,T;L*(Q)), 6 € L*(0,T; H}(RQ)), and 6 €
L*(0,T; L>(Q)) such that

(W', w) + (Vu, Vw) + || Vul? (Vu, Vw) - jt h(t — ) (Vu(r), Vw)dr
0 (2.6)

+ (Vu', Vw) + (6, w) + <|u|’7_2u, w) - (f,w) =0,
(0", w) +(VO,Vw) + (i, w) - (g w) =0 Ywe H}(Q),

(2.7)
u(0) = up, u'(0) = uy, 0(0) = O.
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Furthermore, if f = g = 0, p1, P, satisfy that 2/p* > P1 + P and Py small enough, we have the
following decay estimate:

E(t) < Cexp(=¢t), Vt=t, (2.8)
where C and ¢ are positive constants.

3. Existence of Solutions

Proof of Theorem 2.1. We use Galerkin’s approximation. Let w;, ..., w,, be a basis in H&(Q)
which is orthonormal in L?(Q), and V,, the subspace of Hé(Q) generated by the first m of
{wj}. For each m € N, we seek the approximate solution:

U (t, x) = ng(t)w](x)/ Om (t, x) = ng(t)wj(x)r (3.1)

j=1 j=1
of the following Cauchy problem:

(u,, w) + (Vuy,, Vw) + ||Vum||2Y(Vum, Vw) - fgh(t - 7)(Vu, (1), Vw)dr

(3.2)
+(Vi, Vw) + 1 (0, w) + <|um|”_2um,w> -(ffw)=0 YweV,,
(0, w) + (VO,, Vw) + o (), w) — (g w) =0 Yw €V, (3.3)
satisfying the initial conditions
U (0) = Uy, = Z(uo,wj)w]- —s ug strongly in Hj (Q) N HX(Q),
i
1, (0) = Uy = Z(ul,w]-)wj — uy strongly in Hy(Q) N H*(Q), (3.4)

j=1

0,,(0) = Oy, = 2(90, wj)wj — 6 strongly in Hy(Q) N H*(Q).
71

According to the ODE theory, we can solve the system (3.2)-(3.3) by Picard’s iteration. Hence,
this system has unique solution on interval [0, T},] for each m. The following estimates allow
us to extend the solution to the closed interval [0, T].

In the following proof, we will use ¢;, i = 0,1, 2, .. ., to denote various positive constants
which may be different in different places and may be dependent on T in some cases.
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The First Estimate

Taking w = u),(t) in (3.2) and w = 0,,(t) in (3.3), respectively, then adding the results and
using assumption (1), we have

N —

d ) 2 2 2 1 2p+1) |, 2 p)
5<||um<t>|| 10O +1VunOIF + — [Vun O + Zlun O
+ |V, (D] + V6 ()|

t
= %Uoh(t - T)(Vum(T),Vum(t))dT] = (b1 + B2) (1, Om) + (f,11,,,(1))

‘ (3.5)
+(3,6m) - f (= 7) (Tt (7), Vit ()T — h(0) [ Vit (1)
M [t || + 110l + = U h(t - 7)(Vum(T), V”m(t))dT]
t
U S+ cllunIF + 2 [V (r) Pt
Now integrating (3.5) over (0,¢) for t < T, we have
1 2
%(Ilu;na)IlZ O OIF + [VunOIF + I Vun (O + ;num(ﬂnﬁ)
t t
+ f | Vid, (7)||*dr + f V6, (7)|*dT
0 0
s t (3.6)
< %I ||, (7) || dr +f h(t = 7) (Vi (T), Vit (£))dT
0 0
+ f 16, () |12 dT + c3f | Vit (7)||PdT + 4.
0 0
Moreover, from assumption (1), we have
t t
foh(t = T) (Ve (7), Vi () )dr < cS(n)fOIIVum () [Pdr + 71| Ve (1)1, (3.7)

where 7 > 0 is arbitrary.
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Hence letting 77 small enough and using Gronwall’s inequality we obtain the first
estimate:

)| + 1€ (D)1 + |Vt (B2 + |V 2t (B) PV + (1t (815
¢ f (3.8)
+ f | Vidl,, () || *dr + J‘ V6, (7)|2dT < L1,
0 0

where L, is independent of m.

The Second Estimate

First we estimate the initial data ), (0) in the L?>-norm. Taking t = 0 and w = u),(0) in (3.2)
we have

1 )1 < (1+ V20l ) [ (Ao, 45, (0)) | + B (8o, " (0)) + (Aur, u"(0))

(3.9)
T "
+ lluolly s o O | + [ £ |24, O]
Hence, noticing the assumption on uy, #1, and 8y, we deduce
14, (0] < Lo, (3.10)
where L, is independent of m.
Similarly, taking t = 0 and w = 6,,(0) in (3.3), we also deduce
165, (0)]| < Ls, (3.11)

where L3 is independent of m.
Differentiating (3.2) and (3.3), replacing w by u},(t) and 6;,(t) respectively, and then
adding the results, we get

1 d " ! !
5 2 [l @1 + 16 @1 + [V, 0]
+ |V, O] + || VO, D] + hO) || Vi, )]
< 27|V (Vi (), Vidly () (Vi (£), Vil (1)
= (Vilyy(8), Vit () IVum DI = ((p = Dl (OF 15, (8),15,(8))

+ (1 + P2)[ (6 (1), sy (D) | + (f 1 (1) + (8, 6, (8))

(3.12)

L4 Ut H(t =) (Vi (), Vu'm(t))dr] — 1 (0) (Vi (t), Vil (1))
),

- Ith”(t = 7) (Vi (T), Vi, (t))dr + h(O)% (Vum(t), Vi, ().
0
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From the first estimate and Young’s inequality, we have

2y ||Vt ()P (Yt (1), Vit () (Vi (£), Vit (£))

+ (Ve (1), Vit ()| Vit (8) [P (3.13)

2
7

< 1 () || Vit O || + 7| Vi (8)

where 1 > 0 is arbitrary.
Noticing 1/n+ (n—-2)/2n+1/2 =1, assumption (2), and the first estimate, we have

((p = V)um(®F 214, (5), 1, (1))

< (0= Dl Oy 4B 0 1 O

(3.14)
< ol Veem (O P2 || Vit () || ||, (D |
<& ||V, O + sl 01,
, , 1 (0)? Ty,
W) (Vatn(8), Vil () < 190, 0017 + 52, 0] (3.15)
and by assumption (1), we have

t t
I h'(t = 1) (Vi (), Vi, (1)) dT < C4f |Vt (7) |2 dT + %”Vu’m(t) ||2 (3.16)

0 0

Therefore, combining (3.14)—(3.16), (3.10), (3.11) and integrating (3.12) over (0, t) we have
1 " ! !
sl ®IF + 16, @1 + [V, 0]
¢ t ¢
v (1- q)J |V, ()| + f 176,,(z)[Pdr + h(0) f 1V, ()|
0 0 0
t +6)2+1
<(ci(n) +c3+ 1)'[ | Vi, () || dr + %J‘ 6., (7)||*dr (3.17)
0 0

t t
+(c3+1) I |z, (2) || dr + c5f | Vit (7) |2 dT
0 0

+ J‘ th'(t = T) (Vm(T), Vi, () dr + h(0) (Vi (t), Vi, (t)) + co.
0
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Moreover, consider that

2
7

f W (t = 7) (Vuy(T), Vi, (t))dr < C7(1”l)J’ Vit (T)|PdT + 17]| Vi, (£)
0 0 (3.18)

R(0) (Vi (), Vidly (£)) < cs () IVt (8) ]2 + 1]| Vit (8) ||

Hence, from (3.17), (3.18), the first estimate, letting # small enough and using
Gronwall’s inequality, we get the second estimate:

T T
1O + 00O + |V, O + fo 172, (z) |2 + f 190 Pdr < L,

(3.19)
VO<t<T,
where L, is independent of m.
The Third Estimate
Taking w = 6,,(t) in (3.3), we have
b2, 1 d 2 ] ' /
||9m|| + Eﬁ”vem” < ,ﬁzl(um(t)/ em(t))l + | (g(t), em(t)) | (320)

Hence we easily get | VO||?> < Ls, Y0 <t < T, and L5 is independent of m.

The Fourth Estimate

Let m; > my be two natural numbers and consider vy, := Uy, — Um,, Zm := Om, — O,. From the
system (3.2), we have

Y ©) + (T, V20) + (V1 [PV, Vo0 )

+ <<||Vum1 12 - ||Vum2||zr>vum2, Vw)

t (3.21)
- f h(t = 1) (Vym(T), Vw)dr + p1 (zm, w) + (Vy,,, Vw)
0

+ ([t OF Pty (8) = 1t (D Pty (8),0) = 0,
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Taking w = y,, in (3.21), we have
1d
S 1O + 9y @I + 190, O [Ty O] + 195 O
< (I8t DIPT = V14, DI ) Vit (1), V(1))
= (11t (O 2ty (8) = 1t (O 0, (), Y ()
1 d
+ S IV YOI 21Vt O + B (2 (), Y (1)
+ Ioh(t = 7)(Vym (1), Vy,,(t))dT.
Noticing that
t
[ =) (Oyur), Ty
5 t
= RO Tym®| - foh'u = ) (VY (T), V(1))
d t
+ T <J‘Oh(t = 7)(Vym(T), Vym(t))dT>,
hence, using assumption (2.2) and integrating (3.22) over (0, ¢), we get
1
5[ @1 + 1V ym® I + 1910, O [Ty O[]
! 2 ! 2
<O [ |9y Pdr+ | [Tyl ar
< f 0|||\7um] @I = Va4, ()P |1V 14, ()| T (7) |
t
+ j 10, (E) P4, (7) = 1t (O 10 () | [0 (7) |
0
t , 1(! d
| 1) e ar + 5 [ Vs I IV )P r
t
+ clfoha = 1) (Vy(x), Vym(®) |dr + & ([yaml* + [| Tyom]|).
Notice that

t t
1| 1= (T (), V) ar < ) [ 19O+ 1T @

(3.22)

(3.23)

(3.24)

(3.25)
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where 7 > 0 is arbitrary:

190, (DI = 17, (DI | < 5 (W, (27 4 [Vt (0P ) [ Vi (),

4 (3.26)
3 1V, (O < sl Vit (D) 77| Vil e, (7) |-
Moreover, by mean value theorem and assumption (2), we have
10, ()P 211, (7) =ty (2)F 211, ()|
(3.27)

< oIVt (D + 1Vt (1)) [y (7).

Therefore, by (3.25)-(3.27), letting # > 0 small enough, by the first estimate, and using the
Gronwall’s lemma of integral form (see [6]) in (3.24) we obtain that

T
I ®IF + 19501 + [ 170l
(3.28)

T
< C7<T><||y1m||2 + | Vyom|” + f 0||zm<r>||2dr>-

Passage to the Limit

From above estimates, we deduce that there exist functions u, 6 and subsequences of {1},
{0, } which we still denote by {u,,}, {0,,} satisfying

Uy, —u in L® (O, T; Hé (Q)) weaksx,

W, —su inL*® (o, T; H} (Q)) weaks,
W —s " in L® (o, T; LZ(Q)> weaksx,
W —s " in L2 (0, T; Hg(gz)) weakly, (3.29)
O — 0 in L® (o, T; H} (Q)) weaks,
0, — 60 inL? (O, T; H&(Q)) weakly,

0,, — 0 inL*® (O, T; LZ(Q)> weak* .
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Moreover, according to the compactness of Aubin-Lions, we have

u, — u strongly in L?(0,T; L*(Q)), (3.30)

6,, — 6 strongly in L2 <o, T;L? (Q)). (3.31)
Hence combing (3.31) and the fourth estimate (3.28), we deduce that

U, — u strongly in Co (O, T, Hé(Q)). (3.32)

Thus we can pass the limit in system (3.2)-(3.3). Let m — oo, we prove that {u, 0} is
a weak solution of the system (1.1). O

4. Uniqueness of the Solution

The proof of uniqueness of solution is similar to the fourth estimate, but for integrity, we still
give the detailed proof.

Let (u1,61) and (u2,0;) be two solutions of couple system (1.1) under the conditions
of Theorem 2.1, then we have (1, 0) := (11 — up, 01 — 0,) verifying

(', w) + (Vu, Vw) + <||Vu1||2YVu,Vw) + <<||Vu1||2Y - ||Vu2||2Y>Vu2,Vw>
- It h(t - 7)(Vu(t), Vw)drt + p1 (6, w) + (Vu', Vw) (4.1)
0
+ (lm OF 2w (t) - lua ()P ua(8), w) =0,
(0, w) +(V0,Vw) + (', w) =0 Yw € Hy(Q),

(4.2)
u(0) = 1/ (0) = 6(0) = 0.

Taking w = 1’ in (4.1) and w = 6 in (4.2), respectively, and adding the results, we have

%[llu'<t>||2 + 0O+ 1Vu®IP + |V P IVu®) ] + || Ve @) + V0|

N —

< (Va1 = 1V ()17 ) Vua ), Vil (1)
2 2 1 2 d 2 (43)
- <|u1(t)|P_ ur(t) = [ua (8| uz(t),u'(t)> + §||Vu(t)|| Ellvm(t)ll '

¢
+ (B +Bo)| (1), ' (1)) | + foh(t - 7)(Vu(r), Vi/'(t))dr.
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Noticing that

Jt h(t - 7)(Vu(r), Vi'(t))dr
0

t t
= -h(0) ||Vu(t)||2 - joh'(t —1)(Vu(t), Vu(t))dr + % <J‘Oh(t - 1)(Vu(r), Vu(t))d7'>,

(4.4)
hence, using assumption (2.2) and integrating (4.3) over (0,t), we get
2 [I @I + 18I + 1Vu@) P + 19 O V() ]
t t t
+ h(O)I |Vu(r)||*dr + J‘ | Vi () ||*dr + J' IVO(r)||*dr
0 0 0
t
< f0|IIVu1(T)II2Y - ||Vu2(T)||2Y'||Vu2(T)||||V”'(T)||dT
t (4.5)
+ fowul(rw-zul (7) = ()P (r) | | () || b
' ! 1 ' 2 d 2
+ fo(ﬂl +B2)|(6(7),u' (7)) |dT + Efollvu(r)ll Vi (0T dr
t
+ c1J‘ h(t —7)|(Vu(r), Vu(t))|dr.
0
Notice that
t t
clfoh(t —1)|(Vu(r), Vu(t))|dr < C2(ﬂ)f0||Vu(T)||2dT + || Vu)|?, (4.6)
where 71 > 0 is arbitrary:
V2 ()P = Vi (@)Y | < e (I (@IP + [ Vua(x) |7 IVu(@)l,
(4.7)

d -
d—TIIVul(T)IIZY < eal| Vi () 77|V (7) |-

Moreover, by mean value theorem and assumption (2), we have

[l @P 2101 () = ()P P23 | < s (IVa (@2 + Vi@ P2 IVu(r) . (48)
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Therefore, by (4.6)—(4.8), Cauchy inequality, Young's inequality, and using Gronwall’s lemma
in (4.5), we get

T T
&) ||” + 18| + |V ue(t) || + fo | Vi () ||*dr + fo VO(T)|*dT = 0. (4.9)

Thus, we have proved the uniqueness consequence.

5. Asymptotic Behavior of the Solution

In this section, we follow the additional assumptions appeared in Theorem 2.1. We introduce
the energy

e(t) := %(IIu’(t)llz +HOWI” + <1 - f0h<s>ds> IVu()]?

(5.1)
SOV (1) + 7 IVuOP ) + 2 @) )
where we define
! 2
(hOy)(t) = foh(t - 1)y (t) - y(7)||5d7. (5.2)

Remark 5.1. Taking w = u/(t) in (2.6) and w = O(t) in (2.7), respectively, then adding the
results we have

| =

(h @I+ 10@I + ITu@IF + 1@ + 2 )1}
H[[VE O + [IVOWIF + (B + f2) (), ' (1) (53)

1
2

IN%

t

_ j 't = 7 (Va(r), Vil () dr.
0
Noticing
It h(t —7)(Vu(r), Vu'(t))dr
0

, (5.4)
- Lovovuy @) - Loovay @y + 1 fth(smsnw(t)nz - h v
~2 2 2\J, 2 '
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and combining the assumptions on f;, f, appeared in Theorem 2.1, we deduce

¢ (t) < -Mi[|V ()] = Mil VO + 2 (OV&) (6) ~ 2 bV P

&
2

(5.5)

<My ||V (1) || = M| VO > - 2 (hOVu) (t)

<0,
where we denote My = 1 - (1 + f2)(#%/2) > 0. Thus, we have the energy e(t) is uniformly
bounded (by ¢(0)) and is decreasing in t.

Remark 5.2. Furthermore, from the assumption (1), we have

E(t) < 1<||”'(f) I* + o) + 1<1 - Jth(s)d5> IVu()]? + L”Vu(t)ﬂz(ym + g||u(i‘)||P>
-2 l 0 y+1 p P

<Ie(t).
(5.6)
For every ¢ > 0, we define the perturbed energy by setting
e:(t) =e(t) +ep(t), where ¢(t) = (1 (t), u(t)). (5.7)
Lemma 5.3. There exists My > 0 such that
le<(t) —e(t)| < eMae(t), Vt>0. (5.8)
Proof. From (5.7), we obtain
lg®| < pllw OIVu®
< gllu’(t)ll2 + gIIVu(t)II2 (5.9)
< %e(t),
hence we have
lec(t) —e(t)] < eMae(t), Vt>0, (5.10)

where M, = pu/l. O
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Lemma 5.4. There exists M3 > 0 and € such that for € € (0,¢],

e'e(t) < —eMsze(t).
Proof. By using the problem (1.1), we obtain

' (1) = || @)||* + (" (t), u(t))

t
O - V@I - [Tu)r? + joha — 7)(Vu(r), Vu(t) dr
— (Vi (B, V() = pr(O®), u(®) - (julPu,u).
Notice that
t
I h(t —7)(Vu(r), Vu(t))dr
0
t t
= J‘ h(t - 7)(Vu(t) — Vu(t), Vu(t))dr + ||Vu(t)||2f h(t-T1)drt
0 0
< ifh(t - 7)||Vu(r) - Vu)|dr + (1 + q)||Vu(t)||2fh(t —7)dr
“4dn), 0
- L ovuyiy + (1+ )||Vu(t)||2fth(t— T)dr
4n 1 0

< V0O + (L) (L= DU,

ﬂlﬂ ﬂlﬂ

prO(t), u(t) < =~V + ——

IVu(®),

(V' (1), Vu(t)) < 7l Vut)| + Envw(t)n%

where 7 > 0 is arbitrary.
Hence, from (5.12)—(5.15), we have

g'(t) < ||u'(t)||2+< L+m(2- 1)+ﬁ1# >||Vu(f)|| = [Vu(t)|r

2
+ 3 (BT 0+ VO + P 1TO0IR - o)l

15

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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Therefore, from (5.5) and (5.16), we get
ee(t) =€'(t) +ey'(t)

&

<=My Vi () |]* = Mill VOO - Z (HOVa) 1)

+s/f||Vu'<t>||2+s< I+nQ2-1)+ LS >||v (B~ el Vue(t) |2

4y POV + L[|V + ﬁ”‘ 1Vt - ellut)ll; (5.17)

—<M1—5ﬂ2—4%>||vu'(f)||2_< - ﬁ“‘ >||ve<t>||

(5—2 - i)(hDVu)(t) —s<l —n2-1)- ﬂl—”)nv @2
— el Va(t) [P = ellu(t) |5

Taking f1 and 7 small enough, we have I — (2 — 1) — 1 /2 > 0. Moreover if we denote

- M,  2M;
=minf 0 2 a0 ), (518)

and choosing ¢ € (0, €], we obtain
e (t) < —eMse(t) (5.19)
for some constant M3 > 0. O

Proof of Decay

Let us define £ = min{1/2Mj3, £} and consider ¢ € (0,£ ]. From Lemma 5.3, we have
(1= Mje)e(t) <e.(t) < (1 + Mje)e(t), (5.20)
and so
1 3
= < < Ze(b). 5.21
Se(®) <eq(t) < Se(®) (5.21)
From (5.21), we get

—eMze(t) < —ggMgeg(t). (5.22)
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Hence from (5.22) and Lemma 5.4, we obtain
2
e.(t) < —£§M365(t). (5.23)
that is,
d 2¢
T (eg(t) exp{ §M3t}> <0. (5.24)
Integrating last inequality over [0,t], we get
2¢
e:(t) <e.(0) exp{—FMgt}. (5.25)
From (5.21) and (5.25), we have
2¢
e(t) <3e(0) exp{—?Mgt}. (5.26)
Hence, from (5.6) and (5.26), we obtain
2
E(t) < Ile(t) < 3e(0)I" exp{—§M3t}, t>to, Ve € (0,], (5.27)
that is,

E(t) <C exp(=¢t), Vit>t, (5.28)

where C = 3e(0)I"! and ¢ = (2¢/3) M.
Therefore, we have proved the exponential decay of solution.
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