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We investigate the existence of analytic solutions of a class of second-order differential equations
involving iterates of the unknown function x"(z) + cx'(z) = x(az + bx(z)) in the complex
field C. By reducing the equation with the Schroder transformation to the another functional

differential equation without iteration of the unknown function A2¢"(\z)¢'(z) — Ag'(Az)¢"(z) +
c(g (2))? (Ag'(Az)-ag'(z)) = (g’(z))3 (g(A\*z) —ag(\z)), we get its local invertible analytic solutions.
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1. Introduction

Functional differential equations with state dependent delay have attracted the attentions of
many authors in the last years because of their extensive applications (e.g., [1-4] ). However,
there are only a few papers dealing with functional differential equation with state derivative
dependent delay. In [5] Eder studied the functional differential equation x'(t) = x(x(¢)). V.R.
Petahov [6] proved the existence of solutions of equation

x"(t) = ax(x(t)). (1.1)

In [7-9], the authors studied the existence of analytic solutions of the following second-order
iterative functional differential equations:

x"(z) = x(az + bx'(z)),
x" <xm (z)) = coz+ a1 x(2) + - + cpx™(2), (1.2)

x"(z) = x(az + bx(z)),
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respectively. Since such equations are quite different from the usual differential equations,
the standard existence and uniqueness theorems cannot be applied directly. It is therefore
of interest to find some or all of their solutions. In this paper, we will discuss the existence
of analytic solutions for another second-order functional differential equation with a state
derivative dependent delay:

x"(z) + cx'(z) = x(az + bx(z)), (1.3)

where a, b, and ¢ are complex numbers. When ¢ = 0, (1.3) change into functional differential
equation x"(z) = x(az + bx(z)), it has been studied in [9]. For the general equation (1.3)
the same idea, however, cannot be applied. Therefore, in Section 3 we first reduce (1.3) to
an iterative functional differential equation. Then, as in [9], the author reduces again this
iterative functional differential equation with the Shchroder transformation, that is, x(z) =
(1/b)(g(Ag™'(z)) — az) to a functional differential equation with proportional delay (which is
called the auxiliary equation). Lastly, according to the position of an indeterminate constant A
in complex plane, we discuss the existence of analytic solutions.

In the next section, we will seek explicit analytic solutions of (1.3) in the form of power
functions, in the case b = 0.

2. Explicit Analytic Solutions

In case b = 0, (1.3) changes into functional differential equation
x"(z) + cx'(z) = x(az). (2.1)

For the above equation we have the following proposition.

Proposition 2.1. Suppose 0 < |a| < 1. Then (2.1) has an analytic solution x(z) in a neighborhood of
the origin, satisfying x(0) = p and x'(0) = € C.

Proof. Let
x(z) = Zanz", (2.2)
n=0

be the expansion of formal solution x(z) of (2.1). Substituting (2.2) into (2.1), we get

0 0

Z(n +2)(n+1)apnz" = Z(a"an —c(n+1)ap)z". (2.3)
n=0 n=0

By comparing the coefficients, we have

2ay =a,—cay =p—cm,
i o . (2.4)
2 = i)+ ) it 2)
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In view of |a| < 1 and ¢ is complex number, thus there exists a positive number m, so that

rTory B (e @5
Thus if we define recursively a sequence {B, },-, by By = |u|, Bi = |1],
Buo = m(Bp+Bu1), n=0,1,2,..., (2.6)
then one can show that by induction
la,| <B,, n=0,12,.... (2.7)
Now if we define
M(z) = ian", (2.8)
n=0
then
M(z) =By + Bz + zziBmzz”
n=1
= By+Biz+ mi(Bn + Bpay) 2" (2.9)
n=1
= <mz2 + mz)M(z) + (|| = m|pu|)z + |ul,
that is,
(mzz+mz—1>M(z)+(|11|—m|y|)z+|y| = 0. (2.10)
Let
Q(z,w)=<m22+mz—1>w+(|q|—m|‘u|)z+|y| (2.11)

for (z,w) from a neighborhood of (0, |¢|). Since Q(O0, |¢|) = 0, Q, (0, |u|) = =1#0, there exists
a unique function w(z), analytic on a neighborhood of zero, such that w(0) = |u|, w'(0) = |7|
and satisfying the equality Q(z, w(z)) = 0. According to (2.8) and (2.10), we have M(z) =
w(z). It follows that the power series (2.8) converges on a neighborhood of the origin, which
implies that the power series (2.2) also converges in a neighborhood of the origin. The proof
is complete.
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Thus, the desired solution of (2.1) is

p-cn_, (a+c)n-cp ,
a 2 3l z

x(z) =p+nz+ +oee (2.12)

3. Analytic Solutions of the Auxiliary Equation

A distinctive feature of the (1.3) when b #0 is that the argument of the unknown function is
dependent on the state x(z), and this is the case we will emphasize in this paper. We now
discuss the existence of analytic solution of (1.3) by locally reducing the equation to another
functional differential equation with proportional delays. Let

y(z) = az + bx(z). (3.1)

Then for any number z, we have
1
x(z) = E(y(z) -az), (3.2)

and so x(y(z)) = (1/b)(y(y(z)) — ay(z)). Therefore, in view of (1.3) and x"(z) = (1/b)y"(z),
we have

y'(2)+cy(2) —a=y(y(z) - ay(2). (3.3)

To find analytic solution of (3.3), we first seek an analytic solution g(z) of the auxiliary
equation

28" (12)g (2) - Ag (12)8" () + c(g (2))* (Ag (A2) - ag'(2)) = (8'(2)" (8(A?2) - ag(12))
(3.4)

satisfying the initial value conditions
g0) = g0)=n#0, (35)

where y and 71 are complex numbers, and A satisfies one of the following conditions:

(HD) O0< A <1;

(H2) A = ™, where 6 € R \ Q is a Brjuno number, that is, B(0) = 3.2, 10g gk+1/ gk < o,
where {pi/qr} denotes the sequence of partial fraction of the continued fraction
expansion of 6;

(H3) \ = e*™/? for some integers p € N with p >2and g € Z \ {0}, and a # e>"/* for all
l<k<p-landleZ\ (0}.
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We observe that A is inside the unit circle S! in case (H1) but on S! in the rest cases.
More difficulties are encountered for A on S' since the small divisor A"*? — A is involved in
the latter (3.10). Under Diophantine condition: “A = e2™, where 0 € R \ Q and there exist
constants { > 0 and & > 0 such that |\" — 1| > {'n® for all n > 1,” the number A € S! is “far”
from all roots of the unity and was considered in different settings [7-12]. Since then, we
have been striving to give a result of analytic solutions for those A “near” a root of the unity,
that is, neither being roots of the unity nor satisfying the Diophantine condition. The Brjuno
condition in (H2) provides such a chance for us. Moreover, we also discuss the so-called the
resonance case, that is, the case of (H3).

Theorem 3.1. If (H1) holds. Then, for the initial value conditions (3.5), (3.4) has an analytic solution
of the form

g(z)=p+nz+ ibnz” (3.6)

n=2

in a neighborhood of the origin.

Proof. Rewrite (3.4) in the form

12g"(Az)8(z) - \g'(Az)g" (2)
(g'(2))*

+c(Ag'(Az) —ag'(z)) = §'(2) <g</\zz> - ag(lz)) (3.7)

or

A(gg',(()‘zz)) ) = 8'(2)(8(X22) - ag(12)) - c(Ag'(12) - ag'(2)). (3.8)

Therefore, in view of g'(0) = 77 #0, we obtain
/ / 1 - ! 2 ! !
g0z =g@(1+ 8 (s)<g<J\ s> - ag()ns)) —cAg'(As) + acg'(s)ds ). (39)

We now seek a solution of (3.4) in the form of a power series (3.6). By defining by = y and
b1 = 17 and then substituting (3.6) into (3.9), we see that the sequence {b,},_, is successively
determined by the condition

(A"+2—A>(n+2)bn+2=§) s

bj1bks1bu-jk

Lk (G4 1) (k + 1) (AR - gpynoitk
<Z< ) (k+ 1)( )

=0
(3.10)

+e(k +1) <a - A”*lk>bk+1bn+1_k>, n=0,1,2,...
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in a unique manner. Now we show that the resulting power series (3.6) converges in a

neighborhood of the origin. First of all, we have lim,_,|1/(A"*% — 1)| = 1/|A|, thus there
exists a positive number M, such that

(j +1) (k +1) (A20778) — gar-ik)

<M,
(n-k+1)(n+2)(A2-)) -
(3.11)
_ \n+l-k
c(k +1)(a—A"1F) M
(n+2)(A2-1) |~
If we define a sequence {D,},., by Dy = |u|, D1 = || and
n n-k
Dyo =MD > DjiDcaDyj + DiaaDpik ), n=0,1,2,..., (3.12)
k=0 \ j=0
then in view of (3.10), we can show by induction that
byl <D,, n=0,12,.... (3.13)
Now if we define
G(z) = D Dyz", (3.14)
n=0
then
G (z) = <| |+ ZDn+1z”+1> <ZDnz">
n=0 n=0
= |‘u|ZDnz" + ZZDkHDn_kZ"”
n=0 n=0k=0
= |,ll|2 + 2|[4|ZDn+1zn+1 + ZZDk+1Dn+1—kzn+2/ (3.15)
n=0 n=0k=0

G(z) = <|,u| + ZDHHZ"”) <|y|ZDnz" + ZZDkHanz’”l)
n=0 n=0

n=0k=0

o n n-k

0 c n
= 17200z +2{u] 3, 3 Dka D™ + 33,3 Da Dyt D2
n=0

n=0k=0 n=0k=0j=0
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We get immediately

G*(2) + GX(2) = 2|u|GX(2) + (2| - [1*) G(=) - | + %ZDMW
n=0
(3.16)

1
=2[u|G*(2) + (2[u] - |u]*) G(z) - |ul* + 57 (G(=) = || = [n]2).
That is,
3 2 1 2 1 2
G'(2) - 2|l -1)G (Z)—(M+2|#|—I#| )G(z)+ﬁ(|nlz+|#|)+|#| =0.  (317)
Let
1 1
R(z,w) = w’ = (2|u| - D)’ - <ﬂ +2|u] - |#|2>w+ iz )+ lul” 318)

for (z, w) from a neighborhood of (0, |y|). Since R(0, |u|) = 0 and R}, (0, |#|) = -1/M #0, and
the implicit function theorem, there exists a unique function w(z), analytic in a neighborhood
of zero, such that w(0) = |u|, w'(0) = |5 and R(z,w) = 0. According to (3.14) and (3.17), we
have G(z) = w(z). It follows that the power series (3.14) converges in a neighborhood of the
origin. So does (3.6). The proof is complete. O

Now, we discuss local invertible analytic solutions of auxiliary equation (3.4) in cases
(H2). In order to study the existence of analytic solutions of (3.6) under the Brjuno condition,
we first recall briefly the definition of Brjuno numbers and some basic facts. As stated in [13],
for a real number 6, we let [0] denote its integer part and {6} = 6 — [0] its fractional part.
Then every irrational number 6 has a unique expression of the Gauss’ continued fraction

1

9=d0+60=d0+d1+61:...,

(3.19)

denoted simply by 6 = [do, d,...,d,,...], where d;’s and 0;’s are calculated by the algorithm:
(a) dO = [9]/ 90 = {9} and (b) dn = [1/611—1]/ Gn = {1/911—1} for all n 2 1 Define the Sequences
{Pn}en and {gn } e as follows:

g2 = 1, q-1= 0, qn = dnqn—l + qn-2,
(3.20)
p-—2 = 0, p-1= 1, Pn = dnpn—l + Pn-2.

It is easy to show that p,/q, = [do, d1,...,d,]. Thus, for every 8 € R \ Q we associate, using
its convergence, an arithmetical function B(0) = 3;,.,10g gn+1/g,. We say that 0 is a Brjuno
number or that it satisfies Brjuno condition if B(8) < +oo. The Brjuno condition is weaker than
the Diophantine condition. For example, if d,,1 < ce for all m > 0, where ¢ > 0 is a constant,
then 0 = [dy, dy, ..., d,, .. ] is a Brjuno number but is not a Diophantine number. So, the case
(H2) contains both Diophantine condition and a part of & “near” resonance. Let 6 € R\ Q
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and {qgyn},cy be the sequence of partial denominators of the Gauss’s continued fraction for 6.
Asin [13], let

_ 1 _ Jk+1 _ 4k
Ay = {n >0 [[n0]| < s_qk}’ Ex = max{qk, T}’ M= (3.21)

Let A} be the set of integers j > 0 such that either j € Ax or for some j; and j, in Ag, with
ja— j1 < Ex, one has j; < j < j, and gi divides j — j;. For any integer n > 0, define

Ix(n) = max{ (1+ ﬂk)% -2, (muny + n)% - 1}, (3.22)

where m,, = max{j | 0 <j <n, j € A;}. We then define function hy : N — R, as follows:

G (3.23)

h() M_lr ifmn.l,.qkeA*,
K(n) =
I (n), if m, + qx £ A}

Let gx(n) := max{hy(n), [n/qk]}, and define k(n) by the condition giy < 1 < Gi(ny+1. Clearly,
k(n) is nondecreasing. Now we are able to state the following result.

Lemma 3.2 (Davie’s lemma [14]). Let K(n) = nlog2 + Z:(%)gk(n) log(2qk+1)- Then

(a) there is a universal constant y > 0 (independent of n and ) such that

K(n) <n(B(O) +y); (3.24)

(b) K(n1) + K(np) < K(ni + ny) for all ny and ny;
(c) —logla™ —1| < K(n) - K(n-1).

Theorem 3.3. Suppose (H2) holds. Then (3.4) has an analytic solution of the form (3.6) in a
neighborhood of the origin such that g(0) = u, ¢'(0) = 1.

Proof. As in the proof of Theorem 3.1, we seek a power series solution of the form (3.6). Set
bo = pand by = 17, (3.10) holds again. From (3.10) we get

n

M n-k
|bria| < mz <§é|bj+1||bk+1||bn—j—k| + |bk+1||bn+1—k|>/ n=0,12,.... (3.25)
k=0 \ =

To construct a governing series of (3.6), we consider the implicit functional equation
R(z,¢) = R(z,9,4,1,M) =0, (3.26)

where R is defined in (3.18). Similarly to the proof of Theorem 3.1, using the implicit
function theorem we can prove that (3.26) has a unique analytic solution ¢(z, y, 77, M) in
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a neighborhood of the origin such that ¢(0,u, 7, M) = |u| and ¢.(0,u, 17, M) = ||. Thus
¢(z, p, 1, M) in (3.26) can be expanded into a convergent series

¢o(z,pu,n,M) = Zan" (3.27)
n=0

in a neighborhood of the origin. Replacing (3.27) into (3.26) and comparing coefficients, we
obtain that Cy = |p|, C; =] and

n n-k
Cus2 = MZ <ch+1ck+1Cn—j—k + Ck+1Cn+1—k> , n=0,1,2,.... (3.28)
k=0 \ j=0

Note the power series (3.27) converges in a neighborhood of zero. Hence there is a
positive constant T such that

Co<T", n=12,.... (3.29)

Now by induction, we prove that

|bul < Cue®™ ™, n=1,2,..., (3.30)

where K : N — Ris defined in Lemma 3.2. In fact, |b;| = C;. For inductive proof, we assume
that |b,,| < C,,eXD_ From (3.10) and Lemma 3.2 ,we know

M m-1 m—l—k
b < ml(z()( Zo |bjs | bl |brmo1—jok | + |bk+1||bm—k|>
=| j=

M m-1 / m-1-k ) )
< Z Cj+1 Ck+1 Cmflfj,keK(])+K(k)+K(m_2_]_k) + Ck+1 Cm,keK(k)+K(m_1_k) )

|Am =1 k=0 \ j=0
(3.31)
Note that
K(j) +K(k) +K(m-2-j—-k) <K(m-2) <K(m-1) <log|\" - 1| + K(m),
(3.32)
K(k)+K(m-1-k) <K(m-1) <log|A™ - 1| + K(m).
Hence
m-1 f/ m-1-k
b1 | < K0 MZ Z Cin1Cr41Cm1-jk + Cis1Crmk
k=0 \ j=0 (3.33)

= CypeX™
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as desired. In view of (3.29) and Lemma 3.2, we know that K(n) < n(B(0) + y) for some
universal constant y > 0. Then

|bu| < Te" PO, (3.34)

That is,

1/n

lim sup(|bn|)1/" < lim sup(T"e"BOM) 7" < TeBO+, (3.35)

This implies that the convergence radius of (3.6) is at least (TeP©+1)™", This concludes the
proof. O

In case (H3), the constant . is not only the unit circle in C, but also a root of unity.
In such a case, the resonant case, both the Diophantine and the Brjuno conditions are not
satisfied. Let {D, },-, be a sequence define by Dy = |u|, D; = || and

n n-k
Dy = FMZ <ZDj+1Dk+an—j—k + Dk+1Dn+1—k> , n=0,12,..., (3.36)
k=0 \ 7=0

where I' = max{1, |\ — 1|_1 :i=1,2,...,p—1} and M is defined in Theorem 3.1.

Theorem 3.4. Suppose that (H3) holds, let {b, };—, be determined by by = p, by = nand

</\"*2 - A) (n+2)bpr =0(n,)), n=12,..., (3.37)

where

O(n, ) = Z p——] bjs1bri1bnjk

k=0

Lk (G4 1) (k + 1) (AR — g pnoitk
<Z( ) (k +1)( )

i=0
(3.38)

+c(k+1) <a - A"*1k>bk+lbn+1_]~> .

IfO(wp-1,1) =0,v =1,2,..., then (3.4) has an analytic solution g(z) in a neighborhood of
the origin such that g(0) = u, §'(0) = n, and g@P~D(0) = (vp — 1)!1ep-1, where all 1,,1's are
arbitrary constants satisfying the inequality |1y, 1| < Dyp-1, and sequence {Dy},., is defined in
(3.36). Otherwise, if ©(vp —1,1) #0, v =1,2,..., then (3.4) has no any analytic solution g(z) in a
neighborhood of the origin.

Proof. We seek a power series solution of (3.4) of the form (3.6), as in the proof of Theorem 3.1,
where the equality in (3.10) or (3.29) is indispensable. If @(vp-1,1) #0, v =1,2,.. ., then the
equality in (3.37) does not hold for n = vp — 1, since A\’ — 1 = 0. In such a circumstance (3.4)
has no formal solutions.
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If ©(vp - 1,1) = 0 for all natural numbers v, the corresponding by,1 in (3.29) has

infinitely many choices in C; this is, the formal series solution (3.6) defines a family of
solutions with infinitely many parameters. Choose by,_1 = 17,1 arbitrarily such that

|1’lvp,1| < Dvpflr U= 1, 2, ooy (339)

where D, is defined by (3.36). In what follows, we prove that the formal series solution

(3.6) converges in a neighborhood of the origin. Observe that |A"*! — 1|71 <I'forn#ovp-1.1t
follows from (3.29) that

n n-k
|bn+2| < FMZ <Z ij+1 | |bk+1| |bn—j—k| + |bk+1||bn+l—k|> , h= O/ 1/ 2/ T (340)

k=0 \ j=0

forn#vp-1,v=1,2,.... Further, we can prove that

lbo| <D,, n=12,.... (3.41)
Set
¢ (z,u,m,TM) = > D, Z". (3.42)
n=0

It is easy to check that (3.42) satisfies the implicit functional equation

R(z,¢,u,n,TM) =0, (3.43)

where R is defined in (3.18). Moreover, similarly to the proof of Theorem 3.1, we can prove
that (3.43) has a unique analytic solution ¢(z, s, 77, M) in a neighborhood of the origin such
that ¢ (0, 4, 17,TM) = ||, and ¢ (0, , 7, TM) = ||. Thus (3.42) converges in a neighborhood
of the origin. Therefore, the series (3.6) converges in a neighborhood of the origin. The proof
is complete. O

Theorem 3.5. Suppose the conditions of Theorem 3.1 or Theorem 3.3 or Theorem 3.4 are satisfied.
Then (1.3) has an analytic solution x(z) = (1/b)(g( g™ (z)) — az) in a neighborhood of the number
u, where g(z) is an analytic solution of (3.4).
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Proof. In view of Theorem 3.1 or Theorem 3.3 or Theorem 3.4, we may find a sequence {b, },-,
such that the function g(z) of the form (3.6) is an analytic solution of (3.4) in a neighborhood
of the origin. Since ¢’(0) = n1#0, the function ¢~!(z) is analytic in a neighborhood of g(0) = p.
If we now define x(z) = (1/b)(g(Ag~(z)) — az) then

o 1/Ag (Mg ()
"o (5w )
_M8"(Ug71(2))8'(871(2) ~ A8’ (Ag71(2))8" (87 (2))
blg' (g ()] ’

(3.44)
P (Z)

then
(2 4 ox(z) = H8 87 (2)8'(87(2) - Ag’ (2&8’1 (2))8"(87'(2))
blg'(g7'(2))]
g3 @) () - ag' (57 (2)]
blg' (g7 () (3.45)
_fE @[ (2) - ag(ig™ (2)]
blg' (g7 ()]

=x(az + bx(z))

as required. O

4. Analytic Solution of (1.3)

In the previous section, we have shown that under the conditions of Theorem 3.1 or
Theorem 3.3 or Theorem 3.4, (3.3) has an analytic solution y(z) = g(lg™'(z)) in a
neighborhood of the number y, where g(z) is an solution of (3.4). Since the function y(z) =
g(1g7'(z)) can be determined by (3.10), it is possible to calculate, at last in theory, the explicit
form of y(z), an analytic solution of (1.3), in a neighborhood of the fixed point y of y(z) by
means of (3.2). However, knowing that an analytic solution of (1.3) exists, we can take an
alternative route as follows. Assume that x(z) is of the form

x(z)=x(ﬂ)+x'(#)(z—ﬂ)+x2(fl) (z=p+---, (4.1)




International Journal of Differential Equations 13

we need to determine the derivatives x(® (), n=0,1,2,.... First of all, in view of (1.3) and

(3.2), we have
_ Lol _ 1-
() = y(ﬂ)b a _g(Ag (:)) ap_ ( ba)#,
’ _ )Lgl()‘gil(z)) a
O e v “
A -
x,([/l) _ . a’

respectively. Furthermore,

x"(z) = x(az + bx(z)) — cx'(z),

() = A-ap (A-a)c {A-ap-(L-a)c (4.3)
a b b b ‘
Next by calculating the derivatives of both sides of (1.3), we obtain successively
x"(z) = x'(az + bx(z))(a +bx'(z)) - cx"(2), (4.4)
so that
” AA=a)-c(l-a)u+(A-a)c?
x"(p) = - K . (4.5)
Recall the formula for the higher derivatives of composition. Namely, for n > 1,
x®2(z) = xB (h(z)) - cx® D (2)
k . , (4.6)
= > P (K@), H'(2),... . h(2))xO (h(z)) - ex*D(z),
i=1
where h(z) = az + bx(z), and P, is a polynomial with nonnegative coefficients.
We have
(4.7)

22 () = ;kll’i,k (P (), 1 ) 1O () ) () = ex D () =2 Ao

Thus the desired solutions is

GAZD QD Sy )
n=3 '°*

1- -
(1-a)u a<z_#) -

x(z) = 5 + b
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