Ark. Mat., 54 (2016), 39-54

DOI: 10.1007/s11512-015-0219-x CrossMark
© 2015 by Institut Mittag-Leffler. All rights reserved rosshark

Distribution of random Cantor sets on tubes

Changhao Chen

Abstract. We show that there exist (d—1)-Ahlfors regular compact sets ECR?, d>2 such
that for any t<d—1, we have
HI-Y(ENT)
sup ——————
T w(l)?
where the supremum is over all tubes T with width w(7)>0. This settles a question of T.
Orponen. The sets we construct are random Cantor sets, and the method combines geometric and

probabilistic estimates on the intersections of these random Cantor sets with affine subspaces.

1. Introduction

A set ECRY(d>2) is called tube null if for any >0, there exist countable
many tubes {7;} covering E and Y, w(T;)? ! <e. Here and in what follows, a tube
T with width w=w(T)>0 is the w/2-neighborhood of some line in R?. We always
assume that our tubes have positive width.

This notion comes from the study of the localization problem of the Fourier
transform in dimension d>2 (this problem can be regarded as looking for the ana-
logues of Riemann’s localization principle in higher dimensions). In [2], they proved
that if EC B (here B is the unit ball of R?) is tube null, then E is a Set of Diver-
gence for the Localization Problem (SDLP). It’s an open problem whether every
SDLP is tube null, for more details see [2].

It’s easy to see that a set ECR? with H9"}(E)=0 is tube null. Indeed,
[2, Proposition 7] claims that if ECR? with 0<H?!(E)<oo, then E is tube null.
This implies

HI-YENT
W e

= 0OQ.
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Since if there is a positive constant C' such that H4~H(ENT)<Cw(T)%! for all
tubes T', then for any countable family of tubes {T;} which cover E, we have

S w(@) =Y HETYENT) > CT R (E),
which would contradict the tube nullity of E. Thus (1) holds. In [5], they showed
that the Von Koch curve is tube null. For more tube null examples, see [2].

For the sets which are not tube null, in [2] they showed that for any se€
(d—1/2,d), there exists set E with dimy(E)=s and E is not tube null. The sharp
low bound of above s was obtained in [10], they proved that there exist set with
Hausdorff dimension d—1 which are not tube null (thus answered the question
of [2]).

Motivated by [1, Proposition 1], Carbery asks to determine which pairs (s, )€
[0,d]x[0,d] are admissible in the sense that there exists a set ECR? with 0<
H*(FE)<oo and satisfies

H(ENT)

This problem can be regarded as to concern the distribution of sets on tubes. By
the works of [1], [2], [7] and [10] (different contributions), we know that all the pairs
(s,t) with t<min{d—1, s} except (d—1,d—1) are admissible. In [7], Orponen raised
the following question: is it possible to construct a set £CR? with 0<H4 1 (F)<oo
such that for every t<d—1,

HIYENT)
o Wy

We are able to settle this question.

Theorem 1.1. There exists a (d—1)-Ahlfors reqular compact set ECR?, such
that for every t<d—1,

HIY(ENT)
4 n ==
W (T
Recall that ECR? is called Q-Ahlfors reqular for 0<Q<d, if there exist positive con-

stant C' such that r@/C<HP(ENB(x,7r))<Cr? for all r€ E and 0<r<diam(E),
where diam(FE) denotes the diameter of E.

The paper is organized as follows. The random Cantor sets are introduced
in Section 2 together with the required notations, definitions and results. In Sec-
tion 3 we present some geometric lemmas. Section 4 contains the main probabilistic
argument.
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2. Random Cantor sets and their projections

In this section, we define the random Cantor sets and state our results for
them. Closely related random models have been consider in [3] and [10].

Let (M,,) and (N,,) be sequences of integers with 1< N,, <MZ (M,,>2) for all n.
Denote r,=[T}_, Mk_l, and P,=[]}_, Ni. We decompose the unit cube [0, 1]¢ into
M interior disjoint M;j-adic closed subcubes and randomly choose interior disjoint
Ny §M1d of these closed subcubes such that each of the closed subcubes has the
same probability (i.e. Nij/M{) of being chosen, and denote their union by Ej.
Given E,, a random collection of P, interior disjoint r,-adic closed subcubes of
[0,1]¢, independently inside each of these closed cubes we choose N, interior
disjoint (r,41)-adic closed subcubes such that each of these closed subcubes has
the same probability (i.e. N,41/MZ,,) of being chosen. Let E,41 be the union
of the chosen closed cubes. Denote by w the element in the probability space 2
induced by the construction described above. Let E=FE“ be the random limit set

E= ﬁ E,.
n=1

We also denote the random limit set by E(M,, N,) when we want to stress the
connection to the deterministic sequences M,, and N,,.

Remark 2.1. One natural way to choose subcubes is that we first randomly
choose one such that every subcube has the same probability of being chosen. Then
we choose the second subcube from the remaining subcubes such that every sub-
cubes has the same probability of being chosen, and go on this way. But in fact, the
above model contains more general random Cantor sets. For two specific examples
see Example 2.4.

Important assumption: In this paper, we assume that M, is uniformly bounded
which means that there exists M €N, such that M,, <M for every n€N. Then it’s
easy to see that all the Cantor sets E(M,, N,,) have Hausdorftf dimension s, where
log P,
(5) s =lim inf —&-"_

n—oo —logry,
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Let G(d, m) denote the family of all m-dimensional linear subspaces of R? and
A(d, m) denote the family of all m-dimensional planes of R? that intersect the cube
[0,1]%. For every V € A(d, m), denote by 7y the orthogonal projection onto V and by
dimy F' the Hausdorff dimension of a set F'. Recall the classical Marstand—Mattila
projection theorem (see e.g. [4] and [6]): Let FCR? (d>2) be a Borel set with
Hausdorff dimension s. If s<k, then the orthogonal projection of F' onto almost
all k-planes has Hausdorff dimension s; if s>k, then the orthogonal projection of
F onto almost all k-planes has positive k-dimensional Lebesgue measure.

Recently, there has been a growing interest in showing that for various random
fractals there are a.s. no exceptional directions in the projection theorem. We will
prove the following projection theorem for the above random Cantor sets.

Theorem 2.2. If s<k, then almost surely dimpy my (E)=s for all V€G(d, k).

For other random sets, same kind of results have been recently obtained e.g.
in [3], [8]-[11] and [12]. For V €G(d, k) such that V* is not parallel to any coordinate
hyperplane, the claim of Theorem 2.2 follows from [11, Theorem 10.1]. In this paper,
we give a direct proof for Theorem 2.2 without relying on the theory of general
spatially independent martingales developed in [11]. In particular, we verity in
detail the claim of [11, Remark 10.3(ii)] for the model at hand.

We consider the natural random measure on the random Cantor set. We denote
by D, =D,([0,1]%), n€N all the r,-adic closed subcubes of the unit cube [0, 1]¢.
Let E=(,—, E,, be a realization. For any n and Q€D,,, define

Pl if QCE,,

0 otherwise.

HO(Q)—{

By Kolmogorov’s extension theorem, there is a unique measure p on [0,1]¢ such
that u(Q)=po(Q) for any Q€ D,,,neN.

In the following, tubular neighborhoods of the elements in A(d,m) are called
strips (1<m<d—1). More precisely, a strip .S of width w(S)=9§>0, defined by an
element We A(d, m), is the set

S={zeR?|dist(z, W) </2}

where dist is the Euclidean distance. We also denote this strip by S(WW) when it
was induced by W. Denote by S(d,m) all the strips induced by the element of
A(d,m) as above. Notice that we call the strips in S(d, 1) tubes.

Theorem 2.2 is easily deduced from the following estimate for the projections
of the measure p.
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Lemma 2.3. If s<k, then almost surely for any 0<t<s,

n(ENS)
SeS(d,d—k) w(S)*

(6)

Lemma 2.3 will be proved in Section 4. Next we prove Theorem 2.2 and
Theorem 1.1 assuming that Lemma 2.3 holds.

Proof of Theorem 2.2. Clearly dimgy 7y (E)<dimg(F)<s for all VeG(d, k),
S0 it remains to verify the lower bound.
Using Lemma 2.3 we see that, almost surely, the estimate

(mv)ep(B(, 1)) _ p(ENS") _ sup H(ENS)

(2r) (@2 " ses(dd—k) w(S)!

holds for all VeG(d, k), x€V and r and simultaneously for all t<s, where (my).u
is the image measure of i under the orthogonal projection of 7y and S’ is the strip
with width 2r induced by orthogonal complement of V' at the point x. Thus with
full probability dimg 7y (E)>t holds for all VeG(d, k) (see e.g. [4, Chapter 4]).
Approaching s along a sequence gives, almost surely for all VeG(d, k), the lower
bound dimyg E>s. O

We prove Theorem 1.1 by choosing M,, =2 and N,,=2%"! for all n€N in the
above random construction.

Proof of Theorem 1.1. Let M, =2 and N,,=2%"! for all n€N. Then for every
E€E(2,2971) and for the natural measure 4 on E, we have that

(7) ,u(B(x,r)) =pd=1

for x€ E and 0<r<1 where the symbol < means that the ratio of both sides is
bounded above and below by positive and finite constants which does not depend
on z and r. Thus we have that u<H? !5 (see e.g. [6, Chapter 6]), and so we can
replace i by H?~! in (6). It implies that almost surely for any t<d—1, we have

HIY(ENS
(8) sup  TE(E0S)
ses(d—k) ~ w(S)
Since u is a probability measure, it follows that 0<H?1(E)<oo. By (7) all the
sets F(2,2971) are (d—1)-Ahlfors regular. Thus we complete the proof. [

Now we present two concrete examples of random Cantor sets on R? that fit
into our general frame work.
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Figure 1. The first three steps in the construction of E.

Figure 2. The first three steps in the construction of F'.

Example 2.4. Consider the unit cube [0,1]2. Let N,,=M,, =2 for all n€N. Let
Q1=10,1/2]x[0,1/2], Q2=[1/2,1]x[0,1/2], 93:[1/2, 1]x[1/2, lland Q4=10,1/2] x
[1/2,1]. Let L={Q1,Q4}, R={Q2,Q3}, L={Q1,Qs3}, and D={Q2,Q4} corre-
sponding to ‘left’, ‘right’, ‘bottom left and top right’, and ‘bottom right and top
left” subcubes of the unit cube.

Let E1=L or R with the same probability 1/2. Note that then every subcube
has the same probability 1/2 of being chosen. Given E,, a random collection of
2" interior disjoint 2"-adic closed subcubes of [0,1]%, independently inside each of
these cubes we choose the ‘left’ or ‘right’ column of the subcubes in the same way
as F;C[0, 1]2. Let E,+1 be the union of the chosen cubes. In the end we have the
limit set (for an example see Figure 1)

E= E,.

13

If, on the other hand, we define another random process by changing L and R
in the above construction to L and @, we end up with another random set, denoted
by F(2,2). For an example see Figure 2.

Note that the construction of both random sets E(2,2) and F'(2,2) are special
cases of our random Cantor sets model which we described at the beginning of this
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section. Note that both of these constructions give rise to random sets as used in
the proof of Theorem 1.1.

In the end, we will show that E(2,2) and F(2,2) are “different”. Indeed for
every element E of F(2,2), we have m,(E)={0}x[0,1] and H' (7, (E))<1/2, where
Tz, Ty are projections onto x-axis, y-axis respectively. But m,(F)=[0,1]x{0} and
7y (F)={0}x[0,1] for all FEF(2,2).

3. Geometric part

In this section, we present some geometric lemmas. The following results are
adapted from [10] to our setting. In [10], Corollary 3.2 is proved for lines. Here we
give the detailed proof for general affine subspaces of any dimension.

We are going to define the angle between a plane W e A(d, m) and a hyperplane
HeA(d,d—1). We assume WeG(d,m) and HeG(d,d—1) first. We say that they
have zero angle if W C H. Otherwise we have H+W =R? where

(9) HAW :={h+w:he HweW}.

Applying the basic dimension formula in linear algebra for H and W, we have that
dim(HNW)=m—1. Thus for any x€ HNW, there is unique affine line £, CW, z€/,,
L, L(HNW). We choose an affine unit vector e(z)€¥¢, such that the root of e(x)
is x. Let
O(H,W):=0(H,1,)
for some x€ HNW (there is only one point in HNW when m=1), where §(H, ¢) is
the angle between the line £ and the plane H defined in the usual manner. Since
¢, and ¢, are parallel for any z,ye HNW, the angle §(H,W) doesn’t depend on
the choice of x. For the case that We A(d, m) and He€ A(d,d—1), there are unique
subspaces W/ eG(d, m) and H' €G(d,d—1) parallel to W and H, respectively. We
define O(H,W):=0(H',W').
Let H;={z€R%:x;=0} for 1<i<d. Define

T,.(d,m)= {W € A(d,m): min O(W, H;) > rg}

and T'(d,m)=Upenl'n(d,m). In the following we use C(d) to represent constants
which don’t depend on n. We use #J to denote the cardinality of a set J.

Lemma 3.1. For any neN, there is ', (d,m)CIL(d, m) such that for any W e
T, (d,m), there exists W' eI (d, m) with
H™(WNQ) <H™ (W' NQ)+C(d)rdt™

for all Q€ D,,. Furthermore #I" (d, m)<rgc(d>_
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B(QW,¢)

A

I(QW,¢)

Q

Figure 3. For d=2, m=1.

Proof. Define a metric among I'(d, m) by setting

(VW)= sup |my(z)—mw ()|
z€[0,1]4

Let a=7%, and e=r2¢*+1. Let I (d,m) be an e-dense subset of I'(d,m) in the

p-metric. There is such an T, (d, m) with #T (d, m)<e=¢@.
Let WelY, (d,m), then we choose W’'€A® such that p(W,W’)<e. For any
rp-adic cube @ of D,, with QNW #g, denote by

B(Q,W,e)={z € QnNW :dist(z,0Q) <e}

the “boundary part” of QNW and by I(Q, W, e)=(QNW)\B(Q, W, ¢) the “interior
part” of QN see Figure 3. We have that

(10) QNW =1(Q, W, 25)UB(Q, W, 2¢).

Now we will provide that I(Q, W, 2e)Crw (W'NQ). For every z€I(Q,W,2¢)
there is a unique y€W’ such that 7y (y)=2. Since
dist(w, y) = dist (mw (y), Tw~ (y)) < e
and dist(z,d(Q))>2e, we have yeB(z,35)CQ. It follows that I(Q,W,2e)C
mw (W'NQ) and then
(11) H™(1(Q, W, 2¢)) <H™(QNW").

Now we intend to provide that H™(B(Q,W,2¢))<C(d)rd*t™. TFor any ze€
WNoQ), there exists at least one face of Q which contains xz. Then choose any
such face and denote it by F(z). Let H(z) be the hyperplane which contains F(x).
Then there is a local orthogonal basis at =, {e1(x), e2(x), ..., em(x)} of W, such that
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em(x) LWNH(z)) and we denote by (1,2, ..., Zm) the co-ordinates of x with
respect to this basis. Then

2¢e

B(Q,W,2¢) C {|xm| < in the above local coordinates}.

sin o
Note that once the face is fixed, |z,,| does not depend on the choice of these local
coordinates. Thus

m—1 2E

H™(B(Q, W, 2¢)) < (2v/mirn)

sin a
There exists a constant M €N, such that for n>M imply sin(rn)>%7‘n. Thus we
can choose a large constant C'(d) such that
(12) H™ (B(Q,W,2)) <C(d)r™™
for all neN. Applying the estimates (10), (11) and (12), we have
H™(WNQ) <H™(W'NQ)+C(d)rdt™.

Thus we complete the proof. [

Let m=d—k in Lemma 3.1 and recall that the number of r; !-adic subcubes
of E, is at most r;¢. Let [',,;:=T,,(d,d—k) and I:=I'(d,d—k). Let A, B be two
subset of RY. Define

|ANB|:=H**(ANB).

We have the following easy corollary.

Corollary 3.2. For any n€N, there is I') CT' such that for any W €Ty, there
exists W' e, with
[WNE,| <|W'NE,|+C(d)rd "
for any realization E,. Further more #F’,LST;C(d).

Proof. By Lemma 3.1, we have that for any WeT,, there exist W’ €I, such
that

(13) WNQ| < [W'NQ|+C(d)r2d—*

for each Q€ D,, and #I') <r, @ For any realization F,, we sum the two sides of
(13) over Q€ D,, such that QCE,:

(14) S wnl< Y [WnQ|+C(d)ri k.

QCE, QCE,

By the definition of |IWNE,, |, we arrive at the required estimate. [



48 Changhao Chen

For a strip S€S(d,d—k), denote
Z(S,n)=#{Q is an r,, adic cube: QNE,NS # o}.
For later use in Corollary 4.4, we state the following easy fact as a lemma.

Lemma 3.3. If |WNE,|<h for all WeT,, then for any strip S€S(d,d—k)
with width 0<w(S)<r,, we have

Z(8,n) < C(d)rk=h.

Proof. We assume S(V)€S(d,d—k) with VeI, first. Let V+€G(d, k) be the
orthogonal complement of V and z:=V+NV. Let By 1 (y,r) be the ball of V! with
center y and radius r. Let tn::rn/2+\/3rn. Since

{Q is an 7, adic cube: QNE,NS# @} CV(ty,)
where V (t,) is the t,, neighborhood of V in R?, we have
(15) Z(S,n)rl <HYE,NV(t,)).

Using Fubini’s theorem and the condition |[WNE,|<h for all WeT,,, we obtain
that

(16)  HYE.NV(t)) :/ HEH(E,NP L (2)) dHF (z) < () .
By 1 (z,tn)
By (15) and (16) we have Z(S,n)ré<(t,)*h. Let Cy(d):=(1+2Vd)*. We get that
Z(S,n)<Cy(d)rk=4h.
For a strip S(V) with V e€T'¢ (T'¢ is the complement of T',, that is A(d, d—k)\T'y,)
and w(S)<r,, there is a strip

S= {zx eR*: dist(z, V)< 5rn }
and SCS. Thus
Z(S,n) < Z(8,n) <10C, (d)rk—h.
Let C(d)=10C,. Thus the proof is completed. [
Note that the constant C(d) may be different in different places of this section.

For the convenience in what follows we fix a constant C(d) such that the statements
of all the lemmas and corollaries hold with this constant.



Distribution of random Cantor sets on tubes 49

4. Probabilistic part

We use a similar method as in [3] to estimate the intersections of our sets
with affine planes. The random Cantor sets studied in [3] are different from the
ones considered here. We choose interior disjoint closed subcubes at every step of
our constructions, while in [3] overlaps are allowed. Since we assume that M,, are
uniformly bounded, the proof here will be simpler than that of [3]. On the other
hand, we give here the detailed proof for general d and m while in the main part
of [3], it is assumed that d=2, m=1.

We fix a number t<s<k and let 0<5e<s—t. Recall that by (5), there exists
no €N such that

(17) potie Cpmste < p < e
holds for all m>ng, meN. For this ng, there is a constant Ry such that
(18) W Ey,| < RoPryritd ",
holds for all We A(d, d—k) and any realization E,,,. Let WeT', neN. Define
YW = (Prd) T WNE,|.
Denote by P(-|A) the conditional probability conditioned on the event A.

Lemma 4.1. Let n>ng,ne€N and WeI'. Then for any positive A and Ag with
A2Vdr, 1) F(Pyrd) =1 <\ <1, we have

(19) E(e’\Y"W E,_1) < e(1H20)AY, L,

Proof. Let Q1,Q2, ..., Qi be the cubes in F,,_; hitting W. For each 1<i<K,
consider the random variable

(20) X; = (Por)) T HER(WAE,NQ).

Thus we have Y,¥ =35 | X;. For each 1<i<K, we have that
—1

(21) E(Xi|En—1)=(Poo1rd_1)  [WNQ;|.

Conditional on E,_1, recall that the cubes forming FE,, are chosen independently
inside each @);, 1<i<K. Thus the random variables X;, 1<¢<K are independent.
And so e*¥X¢ are also independent. This gives

K
(22) E(N |Byor) = [ E(M | Eans).
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For all |z|<p<1, we use the fact e*<1+(14+p)x and
AX; S A2Vdr, )4 F(Prd) T <Ao<
for 1<i<K, to obtain
(23) M < T+ (1+X00)AX;
Thus by (21) and the trivial inequality 14z <e®, we have

(24) E(e*|En_1) gexp((1+A0)A(Pn_1r:{_1)’1|Win|).

Combing this with (22) and the definition of Y,V';, we finish the proof. [

Let R>2RyC(ng) be a constant where
(25) C(ng):=(2VaM)= [ (1+r5).
i=no+1

By applying Lemma 4.1 and the total expectation formula, we have the following
estimate.

Lemma 4.2. For any n>ng, n€N and W e, we have the bound
(26) P(Y,V > Rri %) <exp(—r,°).

Proof. Let A=C(ng) ! P,rk*+3¢. We apply Markov’s inequality to the random
variable e\Y«' . This gives

(27) P(Y,W > Rri %) <e M PR ().

Now we are going to estimate E(eﬂﬁf")_ By the choice of A, we have

A2Vdr, )" (Pord) aye,

Applying Lemma 4.1 we have
(28) E(e)\YnW |En71) < 6(1+T2)AYTYK1.

The total expectation formula and estimate (28) imply

(29) ]E(e)‘ynw) :E(E(eAY"W |En1)) S]E(e(l+ri)>\Yn‘fK1).
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By the choice of A,n>ng and estimate (17), we see that

MNeVary )T (s _ Parktend
T,
Pj?“jd- - Pjr,«;_l ="

holds for all ng<j<n. Applying (29) inductively, we have
(30) ]E(e)‘Y"W) < E(eAY"YX ;l:no+1(1+rf)) <exp (Pnrﬁ+36RorfL;k).
The last inequality holds by our choice of A and the condition that
(31) (W Ep,| < RoPprit*"
holds for all WeI'. Combining the estimates (30) and (27), we have

P(Y," > Rri7") < exp(—ARri %+ P,rk 3 Rorl k)

= exp(—Pnr§+3€rffk (C’(no)flR—RorfL;krfft))

(32) <exp(—r,°).

n

The last inequality holds since P,rf>r. 4 and R>2RyC(no) (we also ask that
R0>1). O

Let neN and WeT'. Denoted by G, (W) the (good) event
\WNEy,| < RPriH = F+C(d)yri*.

Let G,, be the event that G, (W) holds for all WeT',,. Applying Corollary 3.2 and
Lemma 4.2, we have the following result.

Corollary 4.3. We have P(U32 N2, Gp)=L1.

Proof. By Corollary 3.2 we know that if the estimate
[W'NEY| < RP,ri
holds for all W/eI",, then the estimate
|[WNEZ| < RPrE +C(d)rd ",

holds for any W eT',,. Thus weqG,,. Let n>Ny,n€N. Then by the above argument
we have

P(GS) <P(|WNEY| > P, R,r5H=F for some W' €I7,)

< r;c(d) exp(—r,f),
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where G¢, is the complement of G,,. The last inequality holds by Lemma 4.2. Note

C(d)

that there are at most r,, elements in I7,.

Since the series Y7, old) exp(—r, ©) converges, the Borel-Cantelli lemma

implies P(N$2, U G¢)=0. O

Now we are going to estimate the distribution of the natural measure p=p*
on strips.

Corollary 4.4. Let weU32 N>, G,. Then

p (E“NS)
33 sup —_—
( ) SeS(d,d—k) w(S)

Proof. Since weUp2 Ny . Gy, there exits n,, such that £ €, for all n>n,,.
It means the estimate

WNE,| < RP,ri 4 C(d)ry ™" <2RPrr

holds for all n>n,, and all WeTI',,. The last inequality holds by choosing large R.
Let S(W)eS(d,d—k) with width w(S). We assume w(S)<r, first. There
exists n>n, such that r,411<w(S)<r,. By Lemma 3.3, we have Z(S,n)<
2C(d)RP,rt,. Thus
w(S) <2C(d)Rrt <20(d)RM" w(S)".

In the case that w(S)>ry,, it’s trivial to see that

ENS
(34) sup  HEDS)
ses(d,d—k) w(S) ¢
w(S)>rn,

since p is a probability measure. Thus we complete the proof. [J

Notice that all the above claims hold for any t<s. Letting t—s through a
countable sequence gives the proof of Lemma 2.3:

Proof of Lemma 2.3. Let 0<t; <ts<...such that ¢ty "s. For every tx, we denote
by € the event

ENS
(35) sup Lt) < 00.
ses(d,d—k) w()%
By Corollary 4.3 and Corollary 4.4, we have P(Q;)=1. So P(N72,Q%)=1 as well.
Let weng? ,Q, then p* satisfies (35) for every ty.
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t

For any t<s, there is tx, such that t<ty<s. We have w(S)!>w(S)"* when
w(S)<1. Thus

(36) sup HEQS) < u pENS)

ses(@d—k) WS T ses@a—r) w(S)™*
w(S)<1 w(S)<1

Again since p is a probability measure we have

FE
(37) sup me) <1.
Ses(d,d—k) w(S)
w(S)>1

Combing this with the estimate (36), the claim follows. O
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