Ark. Mat., 52 (2014), 383-414
DOI: 10.1007/s11512-013-0191-2
(© 2013 by Institut Mittag-Leffler. All rights reserved

An improved Combes—Thomas estimate
of magnetic Schrodinger operators

Zhongwei Shen

Abstract. In the present paper, we prove an improved Combes—Thomas estimate, viz. the
Combes—Thomas estimate in trace-class norms, for magnetic Schrodinger operators under general
assumptions. In particular, we allow for unbounded potentials. We also show that for any function
in the Schwartz space on the reals the operator kernel decays, in trace-class norms, faster than
any polynomial.

1. Introduction

The present paper is concerned with the so-called Combes—Thomas estimate
of the following Schrodinger operator with magnetic field

(1.1) HA(A,V)=3(-iV—A(2))>+V(z) on A,

where ¢ is the imaginary unit, V=(9,,, Oz,, ..., Oz, ) is the gradient, A is the vector
potential giving rise to the magnetic field V x A, V is the electric potential and AC
R? is the configuration space with dimension d. This operator is used to characterize
a spinless particle subject to a scalar potential and a magnetic field in nonrelativistic
quantum physics (see [21], [22] and [46]).

As is known, the Combes—Thomas estimate plays an important role in the
theory of Schrodinger operators, magnetic Schrodinger operators, classical wave op-
erators, etc. in random media. It was invented by Combes and Thomas [11] to study
the asymptotic behavior of eigenfunctions for multiparticle Schrodinger operators.
Later, Frohlich and Spencer [20] used it to study the localization for the multidi-
mensional discrete Anderson model. Meanwhile, the Combes—Thomas estimate, as
well as Wegner estimate [48] and Lifshitz tail [37], became important ingredients in
multiscale analysis. Specifically, the initial scale estimate in multiscale analysis for
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localization near the bottom of the spectrum is successful because of the Combes—
Thomas estimate. See [1], [5], [9], [15], [17], [18], [23], [24], [25], [29], [31], [32],
[33], [41], [44] and references therein for further applications. Moreover, a stronger
version of the Combes—Thomas estimate, viz. the estimate in trace-class norms, is
also very useful. In [10] and [30], such estimates have been applied to study the
regularity of the integrated density of states, a concept of great physical significance
[38]. There are also applications in quantum statistical mechanics (see, e.g., [12]).
See [3] and [34] for other applications.

Since the pioneering work of Combes and Thomas [11], the Combes—Thomas
estimate in operator norm has been well studied (see [1], [17], [18], [32], [41], [44]
and references therein). We point out the work of Germinet and Klein [24]. They
proved a Combes-Thomas estimate, in operator norm, with explicit bounds for
general Schrodinger operators including the Schrodinger operator, the magnetic
Schrédinger operator, the acoustic operator, the Maxwell operator and so on. For
the Combes—Thomas estimate in trace-class norms, existing results are scattered
throughout the literature (see e.g. [6], [9], [10] and [34]) and most of them were
proven (for special purposes), more or less, under additional assumptions. For
instance, Klopp proved in [34] the estimate for Schrédinger operators with bounded
potentials. There are also related work in [35] and [36]. Barbaroux, Combes and
Hislop’s result, proven in [3] with an open spectrum gap assumption, works for a
broad class of magnetic Schrédinger operators, but was only proven for infinite-
volume operators. Therefore, it is expected that one can obtain unified results
for both finite-volume and infinite-volume magnetic Schrodinger operators under
general assumptions.

The main goal of the current paper is to obtain the Combes—Thomas estimate
of (1.1) and the associated operator kernel estimate in trace-class norms under gen-
eral assumptions, which allow for unbounded potentials. We first prove an improved
Combes—Thomas estimate, viz. the Combes—Thomas estimate in trace-class norms,
for the magnetic Schrodinger operator (1.1) under general assumptions. Based on
the improved Combes—Thomas estimate, we then show that for any function in the
Schwartz space on the reals the operator kernel decays, in trace-class norms, faster
than any polynomial.

To be more specific, we assume that the magnetic vector potential A& Hj,.(R%)
is Rd—valued, the electric potential Ve, (Rd) is real-valued and the dimension d>2.
The notation Hioe (R?) and K. (R?) for spaces are explained in Section 2. Let ACR?
be an open set. We assume that A is bounded with sufficiently smooth boundary
if it is not the whole space. The self-adjoint realization of Hx(A,V) on L?(A) is
still denoted by Ha(A,V). If A#R?, then Hx(A,V) is nothing but the localized
operator with homogeneous Dirichlet boundary on dA. These self-adjoint operators
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are constructed via sesquilinear forms. In Section 3, we will recall the constructions
done in [7].

Our first purpose is to study the Combes—Thomas estimate in trace class norms,
i.e., the trace ideal estimate of the operators

Xs(HA(A,V)=2)""x,, B,7€ERY,

where X is the characteristic function of the unit cube centered at B€R? and
z€p(HA(A,V)), the resolvent set of Hy(A, V). More precisely, we want to obtain
the exponential decay of ||xg(Ha(A,V)—=2)""X4||7, in terms of |3—~| for suitable
n and p, where || - || 7, is the pth von Neumann-Schatten norm reviewed in Section 2.
Following the definition in [24], the family of operators

{Xﬁ (HA (Aa V) 72)771)("/},3,76]1@

is also called the operator kernel of the bounded operator (Hp(A,V)—z)~™. In gen-
eral, if f is a bounded Borel function on o(Hx(A,V)), the spectrum of Hx(A,V),
then the family {xsf(Ha(A,V))x}s,ycra is called the operator kernel of the
bounded linear operator f(Ha(A,V)). Our first main result regarding the Combes—
Thomas estimate is roughly stated as follows (see Theorems 4.6 and 4.7 for details).

Theorem 1.1. Let A€Hc(RY), VEKL(RY) and ACR? be open. Suppose
that p>d/2n with n€N and n>1. For any z€p(Hp(A,V)), the resolvent set of
Hp(A,V), there exist constants C=C(p, z,n)>0 and ag=ao(z)>0 such that

Ixs(HA(A,V)=2)""xy|l7, <Ce= B for all B,y €R?.

In this paper, we also study operator kernel estimates in trace-class norms.
That is, we prove the polynomial decay of the operators

xsf(HA(A,V)xy, B,yeERY,

in trace-class norms in terms of |f—-|, where f belongs to the Schwartz space
S(R) reviewed in Section 2. The main result related to operator kernel estimates is
roughly stated as follows (see Theorem 5.2 for details).

Theorem 1.2. Let A€Hc(RY), VEKL(RY) and ACR? be open. Suppose
that p>d/2. Then, for any f€S(R) and any k€N, there exists a constant C'=
C(p,k, f)>0 such that

(1.2) Ixgf(HA(A V)Xo llz, SCIB—~7F  for all B,y R
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Estimates like (1.2), with A being Z%-periodic, V being bounded and f being
a smooth function with compact support, have been used, as a technical tool, to
study the regularity of integrated density of states. For instance, Combes, Hislop
and Klopp [10, equation (2.30)] utilize the polynomial decay of any order to prove
the convergence of some series, which leads to an expected estimate. It should be
pointed out that Germinet and Klein proved in [24], for slowly decreasing smooth
functions (see Appendix B for the definition), that the operator kernels, for gen-
eral Schrodinger operators, decay, in the operator norm, faster than any polyno-
mial. Their result was then used as a crucial ingredient in their following paper
[25]. Later, sub-exponential decay for functions in Gevrey classes and exponential
decay for real-analytic functions were obtained in [4] by Bouclet, Germinet and
Klein.

The rest of the paper is organized as follows. In Section 2, we collect the
notation used in this paper. In Section 3, we study trace ideal estimates of operators
of the form gf(Ha(A,V)) for suitable f and g. Such estimates, with g being
characteristic functions of unit cubes and f being integer powers of the resolvent
of Hy(A,V), are used as technical tools in the proof of Theorem 1.1. Section 4 is
devoted to the study of the Combes-Thomas estimate in trace-class norms. That
is, we prove Theorem 1.1. In Section 5, we study the operator kernel estimates in
trace-class norms and prove Theorem 1.2.

2. Standing notation

In this section, we collect the notation which will be used in the sequel.

The configuration space A is an open set of R?. We assume that A is bounded
with sufficiently smooth boundary unless it is the whole space. We also assume
that the dimension d>2 since, by gauge transform, vector potentials in one spatial
dimension are of no physical interest.

We denote by x s the characteristic function of the unit cube centered at 8 €eR?.
If the configuration space in question is A (#R?), then x4 should be understood
as xgXxa, where xa is the characteristic function of A. Generally speaking, if a
function is defined on A, then we consider it as a function defined on R? by zero
extension on R4\A.

The Banach space of pth Lebesgue integrable functions on A is

LP(A) = {¢ measurable on Al ||¢]|, < oo},
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where ||¢ll,=([, |#(x)[P dz)'/P, if pe[l,00), and ||¢]|oc=esssup,e,|d(x)|. When
p=2, L?*(A) is a Hilbert space with inner product

(6.9) = /A (@) (z) d.

Moreover, ||¢|l2=+/(®, ¢). As a convention, we simply write || - ||z as || - ||
If L: LP(A)— L9(A) is a bounded linear operator, the operator norm is defined
by
[Lllp.g:= sup [[Lollg-
o=
If p=q=2, we simply write || - |22 as || - ||.

Although we use the same notation ||-|| for both the norm of a function in
L?(A) and the norm of an operator on L?(A), it should not give rise to any confusion.
Similarly, we do not distinguish the notation for norms corresponding to different
configuration spaces.

For any pe(l, c0), the Banach space 7, (also an operator ideal) is defined by

Jp={C: L*(A) = L*(A) linear and bounded|||C|| 7, < oo},

where ||C|| 7, =(Tr |C|P)}/? <0 is the pth von Neumann-Schatten norm of C. See
[39] and [42] for more details. We here single out the space J» (also called the
space of Hilbert—Schmidt operators) for the following important property (see [40,
Theorem VI1.23]): A bounded linear operator K on L?(A) belongs to Js if and only
if it is an integral operator with some integral kernel k(z,y) in L?(AxA). In this
case, |K||z, =y, p [k(z,y)|? dz dy)'/?. We will use this property in Section 3.

Let g(z)=—log|z| if d=2 and g(z)=|z|>~? if d>3. We say that a function
V eK(R?) is in the Kato class if

imsup [ ge-p)V()ldy=0.
€l0 z€R J|z—y|<e

A function V is said to be in the local Kato class Kioe(R?) if Vxx €C(RY) for all

compact sets K CRY, where yx is the characteristic function of K. We refer to [45]

for equivalent definitions from the viewpoint of probability theory.

Let V defined on R? be real-valued. We say that V is Kato decomposable, in
symbols V€. (R9), if the positive part V, is in Kjo.(R?) and the negative part V_
is in KC(RY).

A C%valued function A is said to be in the class H(R9) if its squared norm
A-A and its divergence V- A, considered as a distribution on C§°(R%), are both in
the Kato class IC(R?). Tt is said to be in the class Hjoc(R?) if both A-A and V-A
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are in the local Kato class Kioc(R?). We refer the reader to [2], [7], [8] and [13] for
further remarks about these spaces.

The Schwartz space S(R) consists of those C°°(R) functions which, together
with all their derivatives, vanish at infinity faster than any power of |z|. More
precisely, for any N€Z, N>0, and any r€Z, r>0, we define for feC>(R)

£ 1l xvr = sup(L+]a )V £ ().
z€eR
Then
SR)={feC°R)|||fllnr<oo for all N and r}.

See Folland [19] for more discussions about the Schwartz space.

3. Semigroup and trace ideal estimates

In this section, as a preparation for proving Theorems 1.1 and 1.2, we study
estimates of operators of the form gf(Hx(A4,V)) in trace-class norms for suitable f
and g.

The self-adjoint realization of Ha(A,V) on L2(A), still denoted by Hy(A,V),
is defined via sesquilinear forms as follows (see [7]): the sesquilinear form

hiVr s O (M) x Cg°(A) — C,
(1, 6) — by (1, 0),

where
d

D A(=i0;—Aj), (—id;— A7) ),

j=1

W (1, 8) = (VVi, Vi) +

N =

is densely defined in L?(A), nonnegative and closable, where (-, - ) denotes the usual
inner product on L?(A). Its closure is still denoted by hZ"%’ with form domain
Q(hf’w), which is the completion of C§°(A) with respect to the norm

191,05 =/ lol2+h3* (9, 0),

where ||-||=]|-||2 is the norm on L?(A) associated with (-,-) as mentioned in
Section 2. We denote by Hx(A,V,) the associated self-adjoint operator. Since
V_eK(R?) is infinitesimally form-bounded with respect to Hy (A, 0) (<H(A,V,)),
i.e., there exist ©1€(0,1) (which can be taken to be arbitrarily small) and ©2>0
depending on ©; so that

(3.1) (6, V_0) <0111 "(6,0)+Oal[8]2,  p€Qhy”).
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The KLMN (Kato-Lax—Lions—Milgram—Nelson) theorem (see [40, Theorem X.17])
yields that, with Q(hf’v):Q(hf’w), the sesquilinear form
652) Y Ry Y)x Q) — ¢,

(%, 9) — " (¥, 0),

where
WAV (1, 0) = WtV (4, 6) —(V/V_, /V_6),

is closed and bounded from below and has C§°(A) as a form core. The associated
semibounded selfadjoint operator is denoted by Hx (A, V).
The main result of this section is stated as follows. Let

(3.3) Ep = the infimum of the L?*(R%)-spectrum of Hya(0, V).

Theorem 3.1. Let A€Hc(RY), VEKL(RY) and ACR? be open. Suppose
p>2. Let f be a Borel function satisfying

(3-4) IFNI<CA+[AN™, Aea(Ha(A, V),
for a>d/2p. Then gf(Ha(A,V)) isin J, with
19 (HA(A, V)7, < Caprollgllp | (HA(A, V) =A0)" F(HA(A, V)|

whenever g€ LP(A), where \g<Ey and Cqp 1, >0 depends only on «, p and Ao.

To prove the above theorem, we first present some lemmas. We begin with
the celebrated Feynman-Kac—It6 formula proven by Broderix, Hundertmark and
Leschke (see [28], [43], [45] and references therein for earlier versions).

Lemma 3.2. ([7]) Let A€Hoe(RY), VEKL(R?Y) and ACR? be open. For any
¢€L?(N) and t>0, we have
(e_tHA(A’V)cﬁ)(m) :Egc{e_S:)(A’V)EA t(W)p(w(t)} for a.e. z €A,

)

where
Sf(A,V):i/O A(w(s))dw(s)—&—%/o (V~A)(w(s))ds+/o V(w(s))ds,

E.{-} denotes the expectation for the Brownian motion starting at x and Za, is
the characteristic function of the set {w|w(s)€A for all s€[0,¢]}.
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As consequences of Lemma 3.2, we get the so-called diamagnetic inequality
‘e—tHA(A7V)¢| < e~ tHA(0,V) lp|, t>0,

the monotonicity of the semigroup for vanishing magnetic field in the sense that for
AcCA,
eftHA(O,V)XA(bSeftHA/(O,V)gb’ ¢20 and tZO,

and then the LP-smoothing of semigroups: For 1<p<q<oo, there exist a constant
C>0 and FE such that

(3.5) ||e_tHA(A’V) llp.q < ||e_tHA(O’V) llp.q < ||€_tHRd(O’V) Ip.q < Cte,

where y=1d(1/p—1/q). We remark that E can be chosen such that —E<Ej (see,
e.g., [7] and [41]).
We extend [41, Theorem B.2.1] to the magnetic case.

Lemma 3.3. Let A€H)oc(RY), VEKL(RY) and ACR? be open. Let a>0 and
1<p<g<oo satisfy

1 1 2«
3.6 —_—— < —.
(3.6) PR

Then (HA(A,V)—2)"% is bounded from LP(A) to LI(A) whenever Re z< Ey.
Proof. This follows from the formula

(HA (A7 V) _Z)—a =c, / e—tHA(A,V)etztoz—l dt
0

and (3.5), where the assumption (3.6) is applied to ensure the convergence of the
above integral. [

As a consequence of Lemma 3.3, we have the following result.

Lemma 3.4. Let A€Hoc(R?), VEK.(RY) and ACRY be open. Let a>0 and
1<p<2<g<oo satisfy (3.6). For any Borel function f satisfying (3.4), the operator
F(HA(A, V) is bounded from LP(A) to LY(A) with

1 (HACA, V) p.g < Cpg.ane [ (HA(A, V) =X0)" F(HA(A, V),

where \o<Eq and Cp 44,7, >0 depends only on p, q, a and Ao.
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Proof. This follows from the arguments in [41, Theorem B.2.3]. O

We next discuss the trace ideal estimate of operators of the form gf(Hx(A,V))
for suitable f and g. We start with recalling a result of Dunford and Pettis (see
[13], [41] and [47] for abstract versions).

Lemma 3.5. Let (M,p) be a separable measurable space. If L is a bounded

linear operator from LP(M) to L>=(M) with 1<p<oo, then there is a measurable
function k(-,-) on M XM such that L is an integral operator with integral kernel

k(-,-) and
, 1/p’
sup ( | ke du(y)) L
xeEM M

where p'=p/(p—1) is the conjugate exponent of p.

|p,00 < 00,

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. By complex interpolation (see [42, Theorem 2.9]), it
suffices to prove the result in the case p=2, which we show now. For p=2 and
g=00, we have %d(l/p—l/q):%d<a by assumption, i.e., (3.6) is satisfied, and
thus, Lemma 3.4 implies that f(Hx(A,V)) is bounded from L2(A) to L*°(A). By
Lemma 3.5, f(HA(A,V)) is an integral operator with kernel k‘f\"v(m, y) satisfying

sup [ 1 (o 9) P dy= £ (HA(A, V) o < 0.
TzeEANJA

Thus, gf(Ha(A,V)) is an integral operator on L2(A) with kernel g(z)ky"" (z,y).

Moreover,

// 2k (@ y>|2dxdy<||g|\2sup/ Y ()2 dy
AXxA

=gl f(HAA, V)3 o

which implies that gf(Ha(A,V)) is a Hilbert—Schmidt operator as mentioned in
Section 2, i.e., in Jo, with Jo-norm bounded by ||gl2|| f(HA(A, V))||2,00. The ex-
pected bound is given by Lemma 3.4. This completes the proof. O

We remark that results obtained in this section are well known for Schrodinger
operators without magnetic fields. See [2], [41] and references therein. It should
be pointed out that the result of Theorem 3.1 in the case Hga(0,V) was proven
in [41, Theorem B.9.3] for any p>1. To prove the result for p€|l,2), it was first
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shown that gf(Hga(0,V))€J; for gef*(L*(R?)), the Birman-Solomyak space, and
then complex interpolation was used. The proof relies on the translation invariance
of the free Laplacian (see [41, Theorem B.9.2] and [42, Theorem 4.5] for instance),
which, however, is not true for magnetic Schrodinger operators. This prevents us
from obtaining the result for p€[1, 2).

4. The Combes—Thomas estimate in trace ideals

In this section, we study the improved Combes—Thomas estimate, i.e., the trace
ideal estimate of the operators

Xg(HA(A,V)—2)""xy for 8, ERd,

where xg is the characteristic function of the unit cube centered at 3. More pre-
cisely, we want to obtain the exponential decay of ||xs(Ha(A,V)—2)" x4z, in
terms of |f—=|. The main result is stated in Theorem 1.1. Since we also consider
localized operator, xg should be understood as xgxa if the operator is restricted
to A as is mentioned in Section 2, where xa is the characteristic function of the
domain A. The basic tools we use here are sectorial forms and m-sectorial opera-
tors, which are reviewed in Appendix A. We also employ the classical argument of
Combes and Thomas developed in [11].

First of all, we establish some results by applying the theory of sectorial forms
and m-sectorial operators. For this purpose, we first define auxiliary sesquilinear
forms with associated operators formally given by

(4.1) HY(A,V)=e*"H\(A,V)e ™, acR?,

a-xr

where e®® and e~ ** are multiplicative operators. Note that the operator H§ (A, V)
is not self-adjoint unless a=0. First, we denote by D4 A the closure of the operator
1V2(—iV—A) on C§°(A), so Hy(A, 0)=D} pDa,a. This can be seen by sesquilin-
ear forms. Moreover, the domain of D4 4, denoted by D(D 4,4 ), is the form domain,
denoted by Q(hg"o), of the sesquilinear form associated with the lower bounded self-

adjoint operator Hj(A,0). For a€A, we define
Danla)=e*Dyae” " and D} p(a)=e""Djy ye” 7.

It is easy to see that

2
DA,A(CL) ZDA7A—|-7:\/7—G on 'D(DA’A),
(4.2)

2
DE,A(a) :DQ’A—I—iga on D(DZ’A)
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and that they are closed, densely defined operators. Note (Da a(a))*# D% ,(a) for
a#0. Next, we define the sesquilinear form hg"o(a) on D(DA)A):Q(h/'?’O) by

(4.3) 0 (a) (¥, ¢) = (DA (a)) 9, Daa(a)e).

We obviously have h3*°(0)=h4"°. Finally, we define the sesquilinear form h"" (a)
A,V+
on Q(h"") by

@4 heY (@)@, 8) =y (@), 0)+(V Vi, VVig) —(VV 1, V).

For ag>0, let

_ 2s _ 250, 1 s
(4.5) Ei(s)= —e, and  Ea(s,ag)= 1—@1+<Z+Z>a3’

where ©1 and ©5 are given in (3.1). We will write Z;(s) and Za(s,ag) as Z; and
=9, respectively, in the sequel.

We next prove several lemmas related to H{ (A, V). Our first lemma is about
the relation between hf’v(a) and HY(A,V).

Lemma 4.1. Let A€H)o.(RY), VEKL(R?) and ACR? be open. The sesquilin-
ear form h/’:"v(a) defined in (4.4) is a closed sectorial form associated with the
unique m-sectorial operator HY (A, V) given by (4.1).

Proof. By (3.2), (4.2), (4.3) and (4.4), we have for any ¢€ Q(hﬁ’v),

Y (@)(@,0) =iV (6, 9)| = 0} *(a) (@, 0) — i *(9, )]
<V2[Re(¢,a-Daad)|+Lla?||o|?

so that

By (@) (@, @) =k (6,0)F < dlal?|$ |71 Da.adl+5lal ],

which implies that for any s>0,
B 1 1/2
AV v
WY () (6, 8)— b <¢,¢>|s|a|||¢||(4||DA,A¢||2+§|a|2|¢>||2)
< L 1aPl1o1P+ 2 (41D andl2+ L laPlI6]?
- 2s 2 ? 2

1
(1.6) —20 6.0+ 35+ P61,
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since hy (¢, ¢)=|Daa¢|?. Due to (3.1) and (3.2),
Wyt > (1=01)hy " =05 on Q(hy"")(C Q(hy™")).
This, together with (4.6), implies that
@7 Y (@), 0)—hy Y (6,0) <Eihy Y (6, 0)+Eallgl%, o€ QhyY),

where 1 and E; are given in (4.5) with ag replaced by |al.

To apply Theorem A.1, we choose s€ (0, 3(1—©1)) so that Z;=2s/(1-61)<1.
Since hf’v is symmetric, closed and bounded from below, Theorem A.1 says that
hﬁ’v(a) is a closed sectorial form defined on Q(hﬁ’v). Theorem A.2 then guarantees

that there exists a unique m-sectorial operator, denoted by H%(A, V), associated
. AV
with hy*" (a). O

The next lemma gives an operator equality connecting Hy (4, V) and Hy (A, V).

Lemma 4.2. Let ACHo(R?), VEKL(RY) and ACR? be open. Suppose that
5€(0,2(1-61)) so that E1<1. Set

(4.8) Hx(A,V)=Hx(A,V)+E]'Es,
where Zy and Sy are given in (4.5) with ag replaced by |a|. Then Ha(A,V) is

nonnegative and there exists a bounded linear operator B from L?(A) to itself with
| B|| <2Z; such that

(4.9) HE(A,V) = Ho(4, V) +\ B (4, V) By HA(A,V),
where HY (A, V) is the m-sectorial operator in Lemma 4.1.

Proof. Set
@10) Py (@) = bV (@) =hy" on Q(hyY),
YV =htV4ErE, on QY.

Then (4.7) can be rewritten as

Y (@) (6, 0)| <EahyY (6,0), 6€Q(hyY),

which implies that ﬁf’v is a densely defined, symmetric, nonnegative, closed ses-
quilinear form with the associated nonnegative self-adjoint operator H (A, V) de-
fined in (4.8).



An improved Combes—Thomas estimate of magnetic Schrédinger operators 395

Theorem A.3 then ensures that there exists a bounded linear operator B from
L2(A) to itself with || B||<2Z; so that

(411) Y (@), 0) = (\VEA (A V)0 By (4, V)0)
for w,¢eQ(hf’V):D( ﬁA(A,V)). Let

(4.12) hyY(a)=hyV (@) +E7'E2 on Q(hyY).

Since h}'V(a) is a densely defined closed sectorial form, so is h}'" (a) and the
associated m-sectorial operator is given by

(4.13) HS% (A, V)=H{(A,V)+E715,.
Considering (4.10) and (4.11), we also have
(4.14) hyY (@), 0) =hyY (v, 0) +hyY (a)(4, 0)

= (VEAA. Vo Er(AV)0)

+(VANA V), By HA (A, V)6)

= (VA V)Y, (+B) HA(AV)9), v,0€QmyY).
We claim that

(4.15) H3 (A, V) =1/ Ho(A, V)(14+B)\/HA(A, V).
Let ¢eD(HY(A, V) Q(hy (a))=Q(hi""). We have

Y (@) (¥, 6) = (v, HY (A, V)g) for all € Q(hy"Y (a)) = Q(hy"").
Comparing this with (4.14) and recalling the definition of the adjoint of an opera-

tor, we see that \/ H (A, V)(1+B)y/Ha(A, V)¢ exists and is equal to H% (A, V)¢,
which implies that

H%(A, V) Ha(A, V)YA+B)\/ Ha(A, V),

i.e., \/ HA(A,V)(1+B)y/Ha(A, V) extends H%(A, V). To show (4.15), it now suf-

fices to show that \/H(A,V)(1+B)y/Ha(A, V) is accretive since H%(A,V) is
m-sectorial, and thus has no proper accretive extension. For any

¢€D( HA(A,V)(1+B) ITIA(A,V))CQ(hf’V),
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(4.14) and (4.12) give

(o Ha(A V) A+ B Ha(A V) =Y (@)@, v)
= hitV (@) (0, ) +E7 |02
=heV (@) (W, ) —hyY (v, 4)

+hY (v, ) +ETE 912

It then follows from

Re(hiyY (a) (v, ) —hiyV (0, 9))| < [hY (@) (0, 9) —hy Y (1, 9)]
and (4.7) that
Re (1, \/ Ha(A, V) (14 B)\ HA(A, V)i0)
Re(hyY (a) (¥, ) —hy Y (4, 9)) +hiY (1, 4) +E7 L Ea 0|2
> —(E1hy Y (1, ) +E W )|D) +hiy Y (8, 9) + 27 0] 2
—2) (WY (9, ) +ET a0 ]1?)

(
07

Y%

since Z; is taken to be less than 1 and h/‘?’v—l—EflEg is nonnegative by (4.7). This

shows that \/ H (A, V)(14+B)1/Ha(A, V) is accretive and, thus, (4.15) holds. Ob-
viously, (4.9) is equivalent to (4.15) due to (4.8) and (4.13). This completes the
proof. O

The last lemma bridges the resolvent set of Hj (A, V) and that of HY(A, V).
Before stating the result, we make following assumptions.

Pick and fix Ag<min{—03, Ey}, where Ey was defined in (3.3). This number is
picked to be of technical use. The main advantage is that Hy (A, V)— X\ is strictly
positive so that (Ha(A,V)—Xg)'/? is well defined and boundedly invertible, as
opposed to the ill-posedness of the fractional power of Hy(A,V)—z, which may
cause some troubles.

Let
. H A—Xo
Z,A0 — .
A2 o (aavy)
Suppose that s>0 and ag>0 satisfy
1-6, 9 28()\0-‘1-@2) 1 s -

4.1 d < ——Z | —+-
(4.16) s< Toon and af < 0, 1 23-1-4
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or

25(\o+©2) sS\™" 5 [(6—=DXo 25(6X+O2)\ /1 s\
4.1 _— < — 42
(41D —g =3 <2s+4> S0\ e, TTe 1 2 ta) o
where §=06(\g)€(0,1) is such that dA\g€ (Ao, min{—0Os, Ep}). We will show the

derivation for the above two classes for conditions in Lemma 4.5 below. We point
out that

28()\0-‘1-@2) < ((5—1)>\0 28(5)\04‘@2)
@1 —1 2627)\0 @1 -1

is nothing but s<(1—01)/4c; »,-

Remark 4.3. Note that assumptions (4.16) and (4.17) can be considered to-
gether to form a more general one, but we consider them separately anyway for the
following two reasons.

(i) The first reason is about the conditions giving rise to (4.16) and the first
inequality in (4.17). In the proof of Lemma 4.4 below, we need conditions on s and
ag to ensure
MET'E,

|
P <b

L>(o(Ha(A,V)))

2516%)\0

i.e., (4.21), where the quantity [[(A+Z7"Z2)/(A—Xo)|| 1o (o(#x(A,v))) aPPears. It is
easy to see that
1, if 2712, <— Ao,

inf o(Hy(A, V))Jr_l E
info(HA(A,V))— ’

A—=Xo

—_1
H A+E] B

L>(o(Ha(A,V)))

Moreover, the second inequality in (4.16) and the first inequality in (4.17) corre-
spond to E;lﬁgg—)\o and 5;1522_)\0, respectively.

(ii) The second reason is that (4.17) provides a nonzero lower bound for ag,
and in turn, an upper bound for e~%!3=71 which is important in Section 5 because
we need such an upper bound (of course after being simplified) to estimate some
integrals there.

Lemma 4.4. Let A€Hoo(R?), VEKL(RY) and let ACR?Y be open. Let z€
p(HA(A,V)), the resolvent set of HA(A,V). Suppose that s>0 and a€R? sat-
isfying lal=ao>0 obey (4.16) or (4.17). Then H{(A,V)—z is invertible, i.e.,
z€p(HY(A,V)), the resolvent set of HY(A,V). In other words, p(Hx(A,V))C
p(HS(A,V)).
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Proof. By (4.9), we have

(418)  HE(AV)—z = Ho(A, V) =244/ HA(A, V) B\ (4, V)
= (HA(A, V)=o) 2 (U+V)(HA(A, V)= 20)"?,

where
U= (Hr(A, V)=o) Y2 (HA(A,V)—2)(Hx(A, V)=o) /2
= (HA(A,V)=2)(HA(A,V)=X0) !
and
V =(H\(A,V)— 1/2\/HA AV B\/HA A V) (HA(A, V)=No) V2,

Since (Hx(A,V)—Xo)/? is invertible, invertibility of H{(A,V)—z is equivalent to
that of U+ V.
We claim that U+V is invertible under the assumptions of the lemma with

CZ,)\O (1761)
1—@1 _430,3,)\0 ’
((5—1)/\ocz,)\0
((5—1))\0—2(6)\051 +EQ)CZ,)\0 ’

if ag satisfies (4.16),
(419)  (U+V)™H <

if ag satisfies (4.17).

Obviously, U is bounded and invertible with
U= (HA(A,V)=Xo)(HA(A,V)—2)""

Recall that Ha(A,V)=Ha(A,V)+E; 220, Since \/(A+5,'E2)/(A-X0) (as a
function of A) is bounded on o(Hx(A,V)), both

(Ho(A, V)=o) YV2\/HA(A, V) and \/Ha(A V)(HA(A,V)=Xo)" /2

are bounded, which implies that V is bounded. Then, by stability of bounded
invertibility (see [27, Theorem IV.1.16]), it suffices to require that ||V ||U | <1.
In this case, U4V is invertible with

- o
(4.20) NU+V)H < s
1=V U1
Since || U™ <c,,5, and
AMETIE, _ |IM+ETE,
i<y 43 <oz, [ME = ,
Lo (a(Hp(A,V))) 0 Lo (a(Hp(A,V)))
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it suffices to require that
ME[E,

4.21 2=1c,
( ) ]_C 7)\0 >\7>\0

<1
L>(o(Ha(A,V)))

It is justified in Lemma 4.5 below that if s and a are as in the assumptions of
the current lemma, then (4.21) holds, which then implies that U+V, and hence
H{(A,V)—z, is invertible. Finally, (4.19) follows from (4.20) and Lemma 4.5 be-
low. O

To finish the proof of Lemma 4.4, we show the following lemma.

Lemma 4.5. Let z€p(Hp(A,V)). If s>0 and ap>0 satisfy (4.16) or (4.17),
then (4.21) holds. Moreover, if (4.16) is satisfied, then

:]_7

H METIE,
Lo (o (HA(A,V)))

A—Xo

and if (4.17) is satisfied, then
SAo+E] 12y

H ME'S,
Le(o(Hr(Av))  (0=1)Ao

2o

for some 6=0(Xg)€(0,1) satisfying dAo€ (Mo, min{—0O3, Ep}).

Proof. Instead of proving (4.21) directly, we show how to derive (4.16) or (4.17)
so that (4.21) holds. Recall that A\g<min{—©a, Fy},

2s 250, (1 s

A=A
= = %—l——)ag and CZ7/\O:H 0

A—2z

" Sie ZTi-e

4 Lo (o (HA(AV)))

We here discuss two classes of conditions separated by Z; ' Za=—\¢.
(i) Due to the fact that o(Ha(A,V)) contains a sequence tending to infinity,
it is true that

>1.

H A+E7 'S,
L (o (HA (A1)

A—Xo

So the best choice is )
H)\—i—El =
AT=1 =2 =1,
A=A L= (o(a(avy)
which holds if and only if E;lE2§—)\O since inf o(Hy (A, V))—i—EflEQ >0. By mak-
ing ag small enough, the condition 2] 'Z,< )¢ is readily satisfied. Thus (4.21)
reduces to

(4.22) 251¢, ., < 1.
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Note limy 00 [(A—=X0)/(A—2)|=1 pointwise for z€p(Hx(A,V)) and A\g<min{—0Oa,
Ep}, which implies that ¢, ,>1. Hence, if (4.22) holds, then automatically,
1< % <1.

For any fixed z€p(HA(A,V)) and A\g<min{—0Oa, Fy}, there exists s such that
(4.22) is satisfied. Moreover, s cannot be chosen to be independent of z or Ag
because of the facts that

z€p(I}IiAH(1A,V)) €z, =00 pointwise when \g < min{—0s, Ey}.
dist(z,0(Hp(a,v)))—0
or
lim ¢, ), =00 pointwise when z € p(Hp(A,V)),

)\04)—00
respectively.
Explicitly, we can choose s to be any number satisfying

1-0, 1-0,
4.2 _— _
(4.23) se <0, 4027%) - (0, 5 )

so that (4.22) is satisfied, and thus Z; <1 holds. Then, by requiring ag to satisfy

28()\0+@2) (i"_ 3) *17

4.24 2 < -
( ) ap > @1_1

2s 4
the condition Z7'Z3<—\g holds. Consequently, any pair (s,ag) satisfying (4.23)
and (4.24) guarantees (4.21).

(ii) Now, we require 27 'Z5>—X\g. Then, (\+Z;'Z2)/(A— o), as a function
of )\, is decreasing on (Ag, 00), which implies that

AA+ETIE
< * 1 2

HA+E;152
T AN

A—=Xo

for all A\, € (A\g, min{—0s, Ey}).
Le=(o(HA(AV)))

In particular, we can take A,=0Ao for some d=08(\g)€(0, 1) and obtain

HA+51152 Sho+E71E,
A=0 (o(maayy) (=1
Then,
SXo+ET B, , (6—1)Xo
2Z1Cong e <1, e, By <22 —6NE,
=20 (5—1))\0 20%)\0

will ensure (4.21). Moreover, considering the assumption 27 'Z5>—\g, we deduce
that 2Z;¢; 5, <1, which leads to El<% since ¢, »,>1. In conclusion, to ensure
(4.21), we only need to require that

(6—1)Xo

CZ,)\O

—d=1 <E9< —0XoE1.
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Explicitly, if s>0 and ag>0 satisfy

25(Mo4+02) (1 s\ ', [(6=DXo  25(6A4+O02)\ [/ 1 s\
e Mt 24 i <
0.1 + =00 < 2¢2 2 + 0,1 +

25 ' 4 2s ' 4

for some d=0(Ag, O2, Ep)€(0,1) such that dAg€ (Mg, min{—Os, Ep}), then =;<1
and (4.21) holds. O

We proceed to prove Theorem 1.1. Since the proof in the case n>2 is based
on the proof in the case n=1, we divide Theorem 1.1 into two parts according to
n=1 and n>2. Moreover, we restate the theorem in the cases n=1 and n>2 as
Theorems 4.6 and 4.7 below, respectively. For notational simplicity, we set

CZ;)\O(l_@l)
1-01—4sc; », ’

((5— 1))\0627)\0
(5— 1))\0 —2(5/\051 +Eg)cz7/\0 '

if ag satisfies (4.16),
(4.25) C.=

it ag satisfies (4.17).

Then, [[(U+V) 7! <C..

Theorem 4.6. Let A€Hc(RY), VEKL(RY) and ACR? be open. Suppose
that p>d/2. Let z€p(Hx(A,V)), the resolvent set of Hx(A, V). Suppose that s>0
and ay>0 satisfy (4.16) or (4.17). Then, for any (3,yERY,

(4.26) s (A (A, V) =2) " x5 L, < Cpag Cue¥ 00171,

where Cp, 5, >0 depends only on p and Ag.

Proof. By Lemma 4.4 and the operator equality (4.18), we have
Xs(H{(A, V) =2) " = Xa(HA(A, V) =20) VAU V) THHA(A, V)=o) ™2,

Since the function (A—Xg) /2 satisfies (3.4) with a=2, £>d/(2-2p) and 2p>d>2,
Theorem 3.1 ensures that both x5(Ha(A,V)—X) "2 and (Ha(A,V)—Xo)"2x,
are in Ja, with Jp-norm only depending on p and Ag. It then follows that
\a(HE (A, V) —2) Ty €, with

Ixs(HA(A, V) =2)""x4 I,
< s (HA(A, V) =20) "2 |, U+ V) THHIHA A, V) =20) 12X [ 2,
< CpaoCs,
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where (4.19) and (4.25) are used and C), »,>0 only depends on p and Ag. Consid-
ering (4.1), we obtain

Ixs (HA(A, V) =2)" x4l
= Ixse™ T (HR(A, V) =2) " e" x4 |7,
=le= P (=D xg) (xa (HR(A, V) =2) "' x3) (e ) g,
<lIxs(HE (A, V) =2) " Iz, lle™ P xs | e &= flem e =)
< Cvp)\oC*e\/aaoefaolﬁfv\7

where we used the fact that both |[e=*(*=# ;|| and |x,e* @7 are bounded by

6\/&“”/2_ By ChOOSng a:ao‘ﬂ—’y‘fl(ﬁ—’}/), we obtain (426) ([

Theorem 4.7. Let A€Ho(RY), VEKL(RY) and ACR? be open. Suppose
that p>d/2n with n€N and n>2. Let z€p(HA(A,V)). Suppose that s>0 and
ao>0 satisfy (4.16) or (4.17). Then, for any 5o€(0,1) and any B, yERY,

”XB(HA(Av V)_Z)inX’)’”Jp < (Cp,n»/\oc%ﬂoC*)nile(nil)\/aaoeiéoaowi’”7
where Cp 2, >0 only depends on p, n and Ao and Cﬁu,aozzaezd e~ (1=do)aole| <
Proof. Write

Xa(HA(A, V) =2)""xy = Z R0, Rayan-LRay g0 Bay 1,7
ajGZd
j=1,...,n—1
where
Rg,a, :XB(HA(Aa V)*Z)71Xa1>
Raj,aj+1 - Xa]' (HA(A7 V)_Z)_lxaj+17 j = 17 AR n_27
Ranfl;"/ = Xan—1 (HA(Aa V)_Z)_lX"/'

Since pn>d/2 by assumption, Theorem 4.6 says that
Xz (HA(A, V) =2)" x|l 7, < C’pwn,AoC*e‘/ane*“O"B*ﬂ for all z,y € RY,

where Cp .2, >0 only depends on p, n and Ag. By Holder’s inequality for trace
ideals (see [42, Theorem 2.8]), the result of the corollary follows from
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(4.27)
2 : e—aolB—ai]—aolar—as| ,—aolan_2—an_1] —aolom 1Bl < Cgbofgoe—&)ao\ﬁ—ﬂ
ajeZd
=101

for any do€(0,1), where cs.q0=> 70 e~ 17000 <00,
To complete the proof, we show (4.27). Pick and fix any §p€(0,1). First, we
have from the triangular inequality and Cauchy’s inequality

E e—a0lB—ai|,—aolar —az|

a1 €74

— E e~ (1=d0)aolB—a1|,—doao(|B—cr|+|or—az|) ;—(1—bd0)ao|ar —az
(XlEZd

§6—50a0|ﬁ—a2| E e—(l—éo)ao\ﬁ—oq\e—(1—60)¢10|a1—042

alezd
1/2 1/2
S 6—60a0|ﬁ—a2|< Z 6—2(1—50)a0|ﬁ—a1> ( Z 6—2(1—50)(10041—012')
aleZd alEZd'

S Céo,aoei&)a[)lﬁiazl bl

where 650410:2(116201 e*(lféo)aolaﬂzzalezd e—2(1=b0)aolaz]| Next, by the above

estimate and the triangular inequality,

E E e~ ®0l|B—a1| —aolar—az| ,—aolae—as

azEZd aq €za

< Cs.a E e~ da0lB—az|—aolaz—as

agGZd
= Cs.a0 § e—%0ao|f—az| ,—doaolaz—as|,—(1-do)aolaz—a3
Q€7
Scé)aoe—%ao\ﬁ—asl E e~ (1=do)aolaz—as
OézEZd
_ 2 —doao|B—as|
—céo,aoe .

By induction, we find (4.27). This completes the proof. O



404 Zhongwei Shen

5. The operator kernel estimate in trace ideals

In this section, we study operator kernel estimates in trace-class norms. More
precisely, we prove polynomial decay, in trace ideals, of operators

xsf(HA(A,V)xy, B,yeR

in terms of |f—~| for f€S(R), the Schwartz space. The main result in this section is
stated in Theorem 1.2, whose proof is based on Theorem 1.1 (in fact on Theorem 4.6)
and the Helffer—Sjostrand formula (see [26]), which is defined for a much larger class
of slowly decreasing smooth functions on R, denoted by A. See Appendix B for the
definition of A and the Helffer—Sjostrand formula.

Before proving Theorem 1.2, we first simplify the second estimate in (4.26) by
adding more conditions so that this estimate can by easily used. Our idea is as
follows: by the Helffer-Sjéstrand formula (B.2), we have for any feS(R),

1 B

X f(HA(A,V))xy=— / afTE(Z)XB(HA(A, V)—2)"'xydudv for all n>1.
RQ

Therefore, by (B.1),

(5:1) s FEAA V),
—Zr,/lf

%m/uww»wwauAm 27, dudo

(HA(A,V)=2)"x, |, dudo

for any n>1. Clearly, in order to estimate the integrals on the right-hand side of
(5.1), we need (4.26). More precisely, we need that

! Cpro (6_1))‘0027)\0 Vidao ,—ao|B—7|
(5:2) I (HA(AV)=2) sl < gy ity 20— Vieealionl
since the conditions ensuring it provide a nonzero lower bound for ag, which in turn
provide an upper bound for the exponential term. However, this estimate is too
rough to deal with since many parameters in the upper bound depend on z. To
simplify it, we put more conditions on s and ag.
For s>0, we assume that

11—@1 1-0
2 4027)\0 2—4

(5.3)
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is such that

28(2/\0—1-@2) ((5—1))\0 28(5/\0—1-@2) (5—1))\0 25((5)\04’@2)

5.4 < <
( ) @171 4627A0 @171 QCz,Ao @171

For ap>0, we require that

25()\0+®2) 1 s -t 9 25(2)\0+@2) 1 s -t
. VTR 240} <2< 20T C 0 )
(5:5) 6.1 <2s+4) ST 7 \2s ' d

The intuitive interpretation of these conditions is that we make 2=;c, », smaller
and bound Z'Z; by —2)g from above. Indeed, (5.3) is equivalent to

- 110
SN S99
and, (5.4) and (5.5) are equivalent to
I—1)A I—1)A
X2 <Ep < 2)gE1 < Q 75)\051 < Q*é)\oEl
402))\0 QCZ))\O

Clearly, (5.3) and (5.5) are stronger than (4.17). Hence, under the assumptions of
(5.3) and (5.5), (5.2) holds. Moreover,

(0—1)Aocz z, _ Cang o
(O=Dh—20NZ1+Z2)ezng | oo Mo tE 15, = 2o
TR
and, therefore, (5.2) can be simplified to
(5.6) xs(HA(A, V) _Z)ilX'yHJp < Cp,AoCz,/\oeﬁaoefa[’lﬁfﬂv

where C), »,>0 depends only on p and Ag. Further, we rewrite (5.5) as

2M4+02) /1 1\ ', 22X460y) /1 1\ !
. A S [ T <2 2T 2 -
(5:7) 0,—1 \22t3) =%="g 1 \2271) ~

which in particular says that ag is bounded from above by a constant independent of
z, which implies that eYda0 ig also bounded from above by a constant independent
of z. Hence, (5.6) is further simplified to

(5:8) s (HA(A, V) =2) " x5 |7, < CpagCapge™ P,

where C) ,>0 only depends on p and Ag.
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Note that the lower bound of ag is not very easy to handle because of the
uncertainty of s and the quantity c, »,. To find a simpler lower bound for ag, we

first fix some s, say
_11-06;1-§

T ddc,, 2-06
and then give an explicit bound for c, ), with z=u-+iv under the assumptions
(u,v)€U and (u,v)€V, respectively. Recall that

A—Xo

A—z
U ={(u,0) eR?|(u) < |v| <2(u)},
V ={(u,v) €R?|0 < |v| < 2(u)}.

L (o(Ha(A,V)))

CZ,)\() = H

Lemma 5.1. Let z€p(Hp(A,V)). Then, with z=u+iv,

Cpon, [0]e™ Dol if (u,v)€U,

(5.9)  Ixa(HA(A,V)=2) "X, g, < ()

P7)\0meic&0|’u‘ |ﬁ*’7|/<u>’ ’Lf (u’v)e‘/’

where Cy,>0 depends only on Ay and Cp, »,>0 depends only on p and Ag.

Proof. For any z€p(Hp(A,V)), we let
1126119
T 4dcia, 2-0
and let ag>0 satisfying (5.5) be such that (5.8) holds. By (5.10) and the first

inequality in (5.7) we have

2()\0+@2) i 1 7177 ()\04’@2)02
@1—1 o C)\OC?)\O"’_CI

(5.10)

2
(5.11) a2 > 5+g
for some C;>0 and Cy>0.
Let (u,v)eU. For any A€o(HA(A,V)), |A—z|>dist(z,0(HA(A,V)))>|v|>
(u)>1, which implies that
‘Z—)\0|
[A—z]

<14zl =Xo <1=Ao+V2[| < Cy, |0

Cz, Mo < H 1+
Leo(o(HA(A,V)))

and then

—00+02)Cs _ s,

5.12 ag > 7
(5:12) "=\ a0 T T

where the fact |v|>1 is used.
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Let (u,v)€V. Then

Cz7AOSH1+|Z Aol P O P )
[A—z] Lo (o (Ha (A, V) [v] |v] |v]
which, together with (5.11), implies that
Kl
(513) aO>C)\0 < >3

where the fact (u)/|v|>1 is used.
By means of (5.8), (5.12) and (5.13), we obtain (5.9). O

We now restate and prove Theorem 1.2.

Theorem 5.2. Let A€Hio(R?), VEKL(R?Y) and ACR? be open. Suppose
that p>d/2. Then, for any f€S(R) and any k€N,

Ixgf(HA(A, V)Xo ll7, € CprokflB—717F  for all B,v €R?,

where Cp xo 1,7 >0 depends only on p, Ao, k and f.

Proof. Fix any k€N and let n=Fk+1 in (5.1). Since the function 8(t)=e~*t*,
t>0, attains its global maximum at t=Fk, we have

(5.14) R

Applying (5.14) to t=Cy,/|v||B—"| and t=C),|v|/{u)|5—"~|, respectively, we ob-
tain

(5 15) 7C)\0|ﬁ ’Yl/lv‘ < eikkk |'U|k
. <
Cx,1B=1*
and
—kpk k
(5.16) o=Crolvl B=yl/(w) o __€ K" (u)"
~CY 1Bk [ulF
respectively.

We now use (5.15) and (5.16) to estimate the integrals in (5.1). By the first
estimate in (5.9) and (5.15), we have for some Cp x, k>0,

k+1

Zrl/ T ‘XB(HA(A V)—2)""xy |l 7, dudv

ek Lk k+1 |r +h+

P:/\o r) |U
< f dudv
Cﬁ“o\ﬁ 7|kz7”'/| Wy (u)
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_ k+1 ,
_ Cpro€ k Lk 12 +k+3 _ / ‘f(,, r+k+1 du
C’jo\ﬂ—y\k = rl r+k+2

< Cp ok flB—7F,

where the fact that f€S(R), and so the integrals are convergent, is used.
Similarly, by the second estimate in (5.9) and (5.16),

1 . n _
s 1 b s (A (A, V) =) s g dude

Cp/\o (k+2) k41

2k 1) 'O§ 5 w/'f ) dudy
_ 4Op>\o —*k (k+2) k42

2(-+ 1)ICE, B w/'f ™

< CpokflB—7F.

Consequently, for any feS(R), there exists Cp z,.x,r>0 so that

Ixaf(HA(A V)X llg, € CprokslB—7F forall B,y R

This proves Theorem 5.2. O

Acknowledgements. The author would like to thank Prof. Wenxian Shen for
her support during the work of this paper. The author is grateful to the referee for
the careful reading of the paper and for pointing out the paper [12]. The author also
would like to thank Prof. Frédéric Klopp for pointing out the papers [35] and [36].

Appendix A. Sectorial form and m-sectorial operators

In this section, we review some results about sectorial form and m-sectorial
operators used in the above sections. The material is chosen from [27]. See also
[16].

Let ‘H be a separable Hilbert space and h(-,-): HxH—C be a sesquilinear
form. The form h is called sectorial if there exist y€R and #€[0,7/2) so that

h(u,u) € {z€C||arg(z—v)| <0} for any u € Q(h) with ||ul| =1,

where Q(h) is the form domain of h. In particular, any symmetric sesquilinear form
bounded from below is sectorial. For relatively bounded perturbations, we have the
following result (see [27, Theorem VI.1.33]).
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Theorem A.l. Let h be a sectorial form and h' be h-bounded, i.e., Q(h)C
Q(h') and there exist nonnegative constants a and b such that

|W (u, u)| < ah(u,u)+b||lul|®  for any uec Q(h).

If a<1, then h+h' is sectorial. Moreover, h+h' is closable or closed if and only if
h is closable or closed, respectively.

Let H: H—H be alinear operator with domain D(H). H is said to be accretive
if Re(u, Hu)>0 for all ueD(H). It is said to be m-accretive if for any z€C with
Re z>0, it is true that

1
H+2)"'elL(H) and |[(H4+2)7'<=—,
(H+2)' e L) and [[(H+2)"'| < £ —
where £(H) denotes the space of all bounded linear operators on H. It is not hard
to see that an m-accretive operator is mazimal accretive in the sense that it is
accretive and has no proper accretive extension. If there are y€R and 6€[0,7/2)
so that

(u, Hu) € {z €C||arg(z—7)| <0} for any u € D(H) with ||ul| =1,

then H is said to be sectorial. H is m-sectorial if it is both m-accretive and sectorial.
If H is sectorial, then the sesquilinear form h(-,-) on Q(h)=D(H) defined by

h(u,v) = (u, Hv), wu,ve Q(h),

is sectorial and closable (see [27, Theorem VI.1.27]). In particular, any symmetric
operator bounded from below defines a closable sectorial form. Conversely, we have
the following result (see [27, Theorems VI.2.1 and V.2.6]).

Theorem A.2. Let h(-,-) be a densely defined and closed sectorial form in
H with form domain Q(h). Then there exists a unique m-sectorial operator H such
that D(H)C Q(h) and

h(u,v) = (u, Hv) for ue Q(h) and ve D(H).

If, in addition, h(-,-) is symmetric and bounded from below, then the associated
m-sectorial operator H is self-adjoint with the same lower bound.

The second part of the above theorem is well known and widely used in the
theory of Schrodinger operators. We have also used the following result (see [27,
Lemma VI.3.1]).
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Theorem A.3. Let h(-,-) be a densely defined, symmetric, nonnegative closed
form with the associated nonnegative self-adjoint operator H. Let q(-,-) be a form
relatively bounded with respect to h so that

lg(u, w)| < Ch(u,u), weQ(h),
for some C>0. Then there is BEL(H) with ||B||<eC such that
q(u,v)= <\/ﬁu, B\/ﬁv>, u,v € Q(h) :D(\/ﬁ),

where e=1 or e=2 according to whether q is symmetric or not.

Appendix B. The Helffer—Sjostrand formula

In this section, we define the class of slowly decreasing smooth functions and
review the Helffer-Sjostrand formula (see [26]), which provides an alternative ap-
proach to the spectral theory of self-adjoint operators. The material below is taken
from [14].

Definition B.1. A function f is said to be in A, the class of slowly decreasing

smooth functions on R, if f€C*°(R) and there exit >0 and a sequence of constants
cp >0, n>1, so that

1F™ ()| <enlu)™* forallueR and n>1,

where (u)=+/1+]|u|?. We define the following norms on A,
=3 [ 15 @l de for feAand nz1
r=0"R

Let 7€C*(R) with 7(u)=1 if |u[<1 and 7(u)=0 if [u[>2. For f€A, the
smooth (nonanalytic) extensions f,,: C—C of f are defined by

fn(z) = (:' Zof(r)(u)(iv)>a(u,v), n>1,

where z=u+iv and o(u,v)=7(v/(u)). Define

25nte) 1 (2e) 20xc))

0z ou ov
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Direct calculation shows that

5 =3 (2 O )t g O G o)

Obviously, o(u,v)=0 if |v|>2(u) and both oy (u,v)=0 and o, (u,v)=0 if |v|<(u)
or [v|>2(u). Thus, by introducing the sets U={(u,v)€R?|(u) <|v|<2(u)} and V=
{(u,v)€R?|0<|v|<2(u)}, we have

@) |2 <o 30 A0 Yxw o) g £ o v (w,0)

r=0 " <

for some C'>0 only depending on 7, where xyy and xy are the characteristic func-
tions of U and V, respectively.

Theorem B.2. ([14]) Let fe A and H be self-adjoint on separable Hilbert
space. Then the integral

/}R2 8fanz(z) (H—z)*1 du dv

converges in operator norm and is independent of n and 7. Moreover,
Ofnlz
‘ / ful )(H—z)_1 du dv
RQ

0z
where ¢>0 is a constant independent of f and n.

<clfllntr, n=1,

It should be pointed out that the fact that the constant ¢ is independent of
n is due to Germinet and Klein [24]. This follows from the fact that 2™ /n!—0 as
n—0o.

We then define, for f€ A,

(B.2) FH) =2 /R 0@ g1 o,

T 0z

which is referred to as the Helffer—Sjostrand formula. By Theorem B.2 we have
If(H)[| <] fllns1 for all n>1.
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