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Global integral gradient bounds for quasilinear
equations below or near the natural exponent

Nguyen Cong Phuc

Abstract. We obtain sharp integral potential bounds for gradients of solutions to a wide
class of quasilinear elliptic equations with measure data. Our estimates are global over bounded
domains that satisfy a mild exterior capacitary density condition. They are obtained in Lorentz
spaces whose degrees of integrability lie below or near the natural exponent of the operator in-
volved. As a consequence, nonlinear Calderén—Zygmund type estimates below the natural ex-
ponent are also obtained for A-superharmonic functions in the whole space R™. This answers a
question raised in our earlier work (On Calderén—-Zygmund theory for p- and .A-superharmonic
functions, to appear in Calc. Var. Partial Differential Equations, DOI 10.1007/s00526-011-0478-8)
and thus greatly improves the result there.

1. Introduction

The main goal of this paper is to obtain maximal global regularity for gradients
of weak solutions to nonhomogeneous quasilinear equations with measure data of
the form

—div A(z, Vu)=p in €,

1.1
(L) u=0 on 0f,

for a given finite measure p on a bounded domain QCR", n>2.

In (1.1) the nonlinearity A: R™ x R" —R" is a Carathédory vector-valued func-
tion, i.e., A(x, ) is measurable in z for every £ and continuous in £ for a.e. x. We
assume that A satisfies the following growth and monotonicity conditions: for some
1<p<n there holds

(1.2) (A, &) < plel"~,
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(1.3) (A, &)= Alw,n),E=n) > a(|Ef*+|n|*)P~2/2|g—nf?

for every (&,m)€R"xR™\{(0,0)} and a.e. z€R™. Here o and (3 are positive con-
stants.

Under a capacitary density condition on Q, for 2—1/n<p<n we show in this
paper the following integral gradient bound

(1.4) /|Vu|qu§0/ M (xolu)®Y da,
Q R™

where ¢ lies below or near the natural exponent p, i.e., 0<g<p+e for some small
>0 depending only on n, p, a, 3, and Q. In (1.4), xq is the characteristic function
of 2 and M is the fractional maximal function defined for each nonnegative locally
finite measure v in R™ by

M (v)(z) =sup rv(Br(z))

TADAT)) - e R
>0 |BT(I)|

By a capacitary density condition on €2 we mean in this paper that the com-
plement R™\Q is uniformly p-thick, i.e. there exist constants cg, r9>0 such that for
all 0<t<rg and all zeR™\Q it holds that

(1.5) cap,, (B (z)N(R™\2), Bat(x)) > co cap, (Bi(), Bat(z)).

Here for a compact set K C By;(x) we define its p-capacity by

cap,, (K, Bat()) _inf{/ [VlP dy : p € C5°(Bat(z)) and cszK}.
B

2¢ ()

It is easy to see that domains satisfying (1.5) include those with Lipschitz
boundaries or even those that satisfy a uniform exterior corkscrew condition, where
the latter means that there exist constants cg, 7o >0 such that for all 0<t<ry and
all z€R™\Q, there is y€ By(x) such that By /., (y) CR™\ .

The restriction g<p+e for a small >0 is a natural one in order to obtain (1.4).
For one reason by now it is well known that, in general, the structural assump-
tions (1.2) and (1.3) on the nonlinearity A(z,£) are not enough to ensure higher
integrability even locally for gradients of solutions to (1.1) (see, e.g., [21]). For
another reason our condition on the domain 2 allows all domains with Lipschitz
boundaries, whereas an example given in [15] (see also [20]) makes it clear that
global W14 regularity, ¢>2, fails in general even for solutions to Laplace equations
(p=2) over polygonal domains.

We should mention that, at least in the case 2<p<n, a local version of inequal-
ity (1.4) has already been obtained by G. Mingione for the first time in [24] and
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the possibility of extending such local results to global ones was also mentioned in
the same paper. Some of the key ideas in [24] are borrowed in this work in order
to obtain (1.4), but technically our presentation is somewhat different from that of
[24].

A solution u to the boundary value problem (1.1) is understood in the following
sense. For each integer k>0 the truncation

Tk (u) := max{—k, min{k,u}}
belongs to W, *(2) and satisfies
—div A(z, VI (u)) = ux

in the sense of distributions in € for a finite measure pj in Q. Moreover, if we
extend both p and py, by zero to R™\Q then p; and p converge respectively to
pt and p~ weakly as measures in R™. Here for a (signed) measure v, vt and v~
stand for its positive and negative parts respectively, i.e., v=vt —v~. The existence
of such solutions to the measure datum problem (1.1) is now well known (see, e.g.,
[7]). Alternatively, one can also adopt the notion of solutions obtained by limit of
approzimations (SOLA) (see [3], [4], and [8]) as having been employed, e.g., in [11]
and [25].

It is not hard to see that for a nonnegative locally finite measure v in R we

dv(y)

z—ylrt

have
reR".

My(0)(a) < el ) )=o) |

Thus inequality (1.4) can be viewed as an integral potential bound for gradients
of solutions to (1.1). In fact, by a well-known result of Muckenhoupt and Whee-
den [26] it is equivalent to use the first order Riesz potential Iy in place of M; on
the right-hand side of (1.4).

Inequality (1.4) holds also in the setting of Lorentz spaces. Recall that the
Lorentz space L*!(Q), with 0<s<oo and 0<t <00, is the set of measurable functions
g on () such that

o dOé 1/t
o= (s [ (o eilgtol>ab)’> 2) 7 <o

when t#00; for t=oc0 the space L**°(Q) is the weak L® or Marcinkiewicz space
with quasinorm

gl L5200 () = su%od{x €Q:g(z)| > a}|1/5.
a>

It is easy to see that when t=s the Lorentz space L**(2) is nothing but the Lebesgue
space L°(2).
We are now ready to state the main result of the paper.
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Theorem 1.1. Let 2—1/n<p<n and suppose that QCR"™ is a bounded do-
main whose complement R™\Q is uniformly p-thick with constants cg,m9>0. Then
there exists e=e(n,p, a, 5,¢9)>0 such that for any 0<g<p+e and 0<t<oo, and
for any solution u to (1.1) with a finite measure p it holds that

(1.6) IVl a0y < ClIIMi Ol )Y O~ L eny.-

Here the constant C' depends only on n, p, q, t, cg, and diam($2)/rg.

Remark 1.2. The space L%'(R™) appearing on the right-hand side of (1.6)
can be replaced by L%%(By) for any ball By of radius, say, Ro<2diam(Q) that
contains Q. Moreover, it can also be replaced by the space L%*(Q) provided the
domain §2 satisfies an additional interior density condition: there exist constants
c1,71>0 such that for all 0<t<r; and all z€ it holds that

| B ()N > ¢1|By()]-

In particular, (1.6) with L%*(Q) in place of L%*(R™) holds on any Lipschitz do-
main .

By the boundedness property of the first order fractional maximal function on
Lorentz spaces we obtain the following corollary.

Corollary 1.3. Let 2—1/n<p<n and 0<t<oco, and suppose that  is a
bounded domain in R™ whose complement R™\Q is uniformly p-thick with constants
co,70>0. Assume that 1<y<n(p+e)/(n(p—1)+p+e), where e=e(n,p,, 3,¢o) >0
is as in Theorem 1.1. Then for any solution u to (1.1) with u=fe€L"*(Q) it holds
that

H |[VulP~! Hmw/(n—w)m(g) <C ||fHLw(Q) .

Here the constant C' depends only on n, p, q, t, cg, and diam(£2)/rg.

Remark 1.4. For p=feL"7(Q)=L"(Q) with 1<y<np/(n(p—1)+p), Boccar-
do and Gallouét obtained in [4] the solvability of equation (1.1) with a (unique)
solution ue W(}’M(pfl)/(nfv)(ﬂ) only under the assumption that 2 is bounded. For
1<y<np/(n(p—1)+p), see also the papers [1], [9], and [16]. On the other hand, the
Lorentz space borderline case y=np/(n(p—1)+p), with p<n, was first obtained by
Mingione [24] in the local setting. The possibility of extending such local results to
global ones was also mentioned without proof in the same paper. Note that since
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€>0 we have

np n(p+e)
< .
n(p—1)+p n(p—1)+p+e

We next take this opportunity to discuss a Calderén—Zygmund type estimate
below the natural exponent p for A-superharmonic functions in the whole space R™.
For the notion of A4-superharmonicity see [13], [17], and [18]. Suppose now that u
is an A-superharmonic solution to the equation

(1.7) div A(z,Vu)=divF in D'(R").

In a recent paper [27] we show that, for 2—1/n<p<n and max{l,p—1}<g<p, and
under a BMO type smallness condition on the nonlinearity A4, it holds that

1 1)
(1.8) 1Vl oy < C IS gy

provided that [[Vul|;,g.)<oo. The following theorem shows that the norm

V|7 qmny is in fact finite as long as VucL'(R™,R™). This answers a question
La(R") g

raised by the author in [27, Remark 3.3].

Theorem 1.5. Let 2—1/n<p<n, max{l,p—1}<g<p and 0<t<oo, and sup-
pose that F' is a vector field in Lq/(p’l)’t/(p’l)(R”, R™). Assume that u is an entire
A-superharmonic solution of (1.7) such that Vu€L'(R™,R™). Then one has the
estimate

1 1
(19) IVl ey < IVl oy +C TENEE ) 010y

where C=C(n,p,q,t,a, 3).

It is worth mentioning that estimate (1.8), with max{l,p—1} <g<p, was con-
jectured by T. Iwaniec in [14] to hold for all distributional solutions to (1.7). Thus
Theorem 1.5 provides a solution to this conjecture when the solution u belongs to
the class of A-superharmonic functions. Here the assumption ¢>1 is essential in
our approach to (1.9). As mentioned above the first term in the right-hand side
of (1.9) can be dropped if A satisfies an additional smallness condition of BMO
type. In general, we have the following existence result where the exponent g may
go below 1.
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Theorem 1.6. Let 2—1/n<p<n, p—1<q<p, and 0<t<oco. Suppose that
Ferd/e=04e=1(R" R") with —div F>0 in D'(R"™). Then there exists an entire
nonnegative A-superharmonic solution of (1.7) such that

1/(p—1
HuHan/(nfw-,t(Rn)+||Vu||Lq,t(]Rn) <cC HFHL/Q(/IZp—l)),t/(p—l)(Rn) ’

where C=C(n,p,q,t, o, ().

Remark 1.7. If p—1<qg<n(p—1)/(n—1) then by [28, Theorem 3.1] we have
div F=0. Thus in this case the solution u obtained in Theorem 1.6 is identically
zero. This also implies that Theorem 1.6 holds as well in the case p=n, with u=0
being a valid nonnegative solution.

The proofs of Theorems 1.1, 1.5, and 1.6 will be presented in Section 4.

2. Interior and boundary comparison estimates

Following Mingione [24], in order to prove Theorem 1.1 we need to obtain
certain local interior and boundary comparison estimates. First let us consider
the interior ones. With u€WLP(Q), for each ball Bop=DBar(¢)€Q we defined
weu+WyP(Byg) as the unique solution to the Dirichlet problem

(2.1)

div A(z, Vw)=0 in Bag,
w=1u on 3323.

Then a well-known version of Gehring’s lemma applied to the function w de-
fined above yields the following result (see [12, Theorem 6.7] and [12, Remark 6.12]).
Lemma 2.1. With u€ W P(Q), let w be as in (2.1). Then there exists a

constant 0p=0q(n,p, o, B)>1 such that for any t€(0,p] the reverse Hélder type in-
equality

1 . 1/60p 1 . 1/t
—_— Vuwl|"oP da;) <C <7 Vw dx)
(Bp/2<z>| /Bm(z) [Vl B, Jo, 0"

holds for all balls B,(z)C Bar(xo) with a constant C' depending only on n, p, o, (3,
and t.
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It is worth mentioning that the approach of using this kind of reverse Holder’s
inequalities with arbitrarily small exponents in the context of measure datum prob-
lems has been first implemented by Mingione in the paper [23].

The following important comparison lemma involving an estimate “below the
natural growth exponent” was also established in [23] (see also [11, Lemma 3.3])
for the degenerate case p>2. This lemma was later obtained in [10, Lemma 4.2] for
the singular case 2—1/n<p<2.

Lemma 2.2. With p>2—1/n, let UGWI})’C”(Q) be a solution of (1.1) and let w
be as in (2.1). Then there is a constant C=C(n,p,a,3) such that

1

|Bar| JB, s,

|Vu—Vw|dx

1/(p—1) 2—p
co( B B (L[ (00)"
|Bar| JB,,

Rn—l Rn—l
Moreover, when p>2 the second term on the right-hand side can be dropped.

Next we consider the counterparts of Lemmas 2.1 and 2.2 up to the bound-
ary. As R™\Q is uniformly p-thick with constants cg,ro>0, there exists 1<py=
po(n, p,co)<p such that R™\Q is uniformly po-thick with constants c.=c(n,p, c)
and ro. This is by now a classical result due to Lewis [19] (see also [22]). Moreover,
po can be chosen near p so that pg€(np/(n+p),p). Thus, since pg<n, we have

(22) capy, (Bi(@N(R™\Q), Bay(2)) > c. cap,,, (Bo(@), Bar(x)) > Cln, p, co)t" 7

for all 0<t<rg and all zeR"\Q.

Now let 2o €99 be a boundary point and for 0<2R<rq we set Qop=r ()=
Bar(z0)NQ. For ueWy?(Q) we consider the unique solution weu+W, *(Qa2r) to
the equation

(2.3) {divA(a:,Vw)zO in Qog,

w=u on 8(223.

In what follows we extend p and u by zero to R™\ and then extend w by u
to Rn\QQR.
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Lemma 2.3. With ueW,?(Q), let w be as in (2.3). Then there ezists a
constant 8o=0o(n, p, o, B, co)>1 such that the reverse Holder type inequality

1 1/00 C
1 Volrde) <—Y IVl da
1Bpr2(2)| JB,,s(2) |Bi1p/a(2)| JByy, ,4(2)

holds for all balls B11,/4(2) C Bar(z0) with a constant C' depending only on n, p, a,
B, and cg.

Proof. By Gehring’s lemma it is enough to show that there exists e€(0, 1) such
that

1 : C
(2.4) (— / |Vwl|P dx) < e |Vwl|®? dz
|Bpj2(2)] JB, u(2) |Bi1p/a(2)| JByy, ,4(2)

for all balls By,/4(2) C Bar(o).

Inequality (2.4) obviously holds when B,(z) CR™\f. Next we suppose that
B,(2)CQ. Let pcCg°(B,(2)) be such that 0<p<1, p=1in B,/5(z) and |Vy|<c/p.
Then using

_ S 1
¢: (wfpr(z))@pa with WB,(z) = m B, )’LUdyv

as a test function for (2.3) we find that
/ [Vw|PeP deC’/ |Vw|p71\V<p|g0p71|w—me(z)\dx.
By (z) By(z)

Thus by Holder’s inequality we get that

C
/ [VwP de < — / |w—p, )" dv.
B2 (2) PP JB,(2)

This yields

1 1/p 1 1/mp
—_— [Vwl|P dx> < C’( |[Vw|™P dx)
<Bp/2(z) /Bm(z) |Bo(2)| JB, ()

by the Poincaré—Sobolev inequality, where

:{n/(nﬂ?), if np/(n+p)>1,
1/p, if np/(n+p)<1.

Hence, we obtain (2.4) with e=m.
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Finally, we consider the case B,(z)N0Q#@. In this case we choose zo€0f
such that |z—zp|=dist(z,0€). Then |z—zp|<p and thus

BP/Q(Z) C B3p/2(20) C B7p/4(2'0) C Bllp/4(z) C BQR(I’()).

Let o€ Cg°(Br,/4(20)) be such that 0<¢ <1, p=11in Bs,/2(20) and [Vp|<c/p.
Using ¢p=wep? as a test function for (2.3) we find that

C
/ |Vw|pda:§—p/ |w|? dz.
Bs,/2(20) P" JBz,,4(20)

Recall now that R™\ € is uniformly po-thick for some pg € (np/(n+p),p). Thus
p<pon/(n—po) and by Holder’s inequality we get

1 1/p
—_— |[Vwl|P dx)
<|Bp/2(2)| /BP/Q(Z)

1 1/p
O )

p \|Brp/a(20)l JB,, 4 (20)

<< (71 jw|"Po/ (=Po) iy

(n—po)/npo
0 \|Br,4(20)] Brp/a(z0) ) '

On the other hand, with K={z€B7,,4(20):w(z)=0}, by a Sobolev type in-
equality (see Lemma 8.11 and Remark 8.14 in [22])

< 1 |w|npo/(n7po) dr

(n—po)/npo
|B7p/4(20)‘ Bz, /4(%0) )

1 1/po
< C’( / |Vw|Po dm)
Cappo (K’ B7p/2<20)) B7p/4(20)

<C<ppo; |Vw|Po dir)l/po
B ‘B7p/4(ZO)| B7,/4(20) ,

where we used (2.2) in the last inequality which is valid since 7p/4<11p/4<2R<ry.
These inequalities yield

1 1/p 1 1/po
- |Vw|”da:> < c<7 V[P0 dx) ,
(pr/2(2)| /Bp/g(z) ‘Bllp/4<z)| Bi1p/a(2)

and thus we get (2.4) with e=po/pe(0,1). O

On the other hand, arguing as in [12, Remark 6.12] (see also [10, Lemma 3.2])
we have following lemma.
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Lemma 2.4. Let ACR" be an open set and let f: A—R be an integrable
function such that

1/90
B |f|°dx) < |f| dze
(|Bp B, [Bi1p/2l /1,

for all concentric balls B,CBy1,/2CA, where 09>1 and C>0. Then for every
t€(0,1] and 0€(0, 6] there exists a constant Co=Cy(n,C,t) such that

1 1/6 1 1/t
— f"dx> 00< ftdx)
(|Bp /Bp' | Boyl Sy,

for all concentric balls B,C Bg, CA.

Thus combining the last two lemmas we obtain the following reverse Holder
type inequality, a version of Lemma 2.1 up to the boundary.

Lemma 2.5. With ueW,?(Q), let w be as in (2.3). Then there exists a
constant 8g="0o(n, p, o, B, ¢co)>1 such that for every t€ (0, p| the reverse Hélder type
inequality

1 p 1/90[) 1 .
—_— Vuwl|’P dx) <C’( Vw dx)
(|Bp/2<z>| /Bm(z) | By )] Sy "

holds for all balls Bs,(z) C Bag(xo) with a constant C=C(n,p,t,a, 5, ¢o).

1/t

We also have a counterpart of Lemma 2.2 up to the boundary.

Lemma 2.6. With p>2—1/n, let ucW,"*(2) be a solution of (1.1) and let w
be as in (2.3). Then there is a constant C=C(n,p,a, 3) such that

1

—_ Vu—Vw|dzx
Borl Jons |

|u<BzR>)”"’” |u|<BzR>< 1 )
<(C| —=~ +(C——= Vuldz .
<o ot (e [

Moreover, when p>2 the second term on the right-hand side can be dropped.

Proof. A proof of this lemma can be obtained by the method of [23], [11], [10],
and [25] that was implemented for the interior situation, i.e., Lemma 2.2. Here, to
avoid a scaling argument, we choose to present a slightly different approach based
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on a technique in [2]. Note that u,w, and g are all zero outside Q. Since both w
and w are solutions we find that

(2.5) /Q (A(z, Vu)— Az, Vi), V) dar = / oy

Qar

for every weW&’p(QgR). Thus choosing =T (u—w), k>0, in (2.5) we have

(2.6) 9(u, w)(z) dv < ck|p|(Q2r),

/{xeSlzR:IU(m)w(r)<k}

where we set
g(u, w) = (|Vul*+|Vw[*) P2V (u—w) .
For k, A>0 we now put

D(k,\)={x €Qaopr:|ulx)—w(z)| >k and g(u,w)(x) > A}

As the map A\—®(k, A) is nonincreasing we find that
I I
D0, < X/ ®(0,5)ds < (k, 0)+X/ [@(0,5)—D(k,s)]ds.
0 0
Thus
(0,)) < [{z € Do fu(w)—w(z)| > b}

1
+X/0 {z € Qop: |u(z)—w(z)| <k and g(u,w)(x) > s}|ds

1
< |{x€QgR:|u(x)—w(x)|>k‘}\—|——/ g(u,w) dx
A S eQari u@)—w(@)| <k}

1
<Hz€Qr:lu(z)—w(z)| > k}‘+XCk|N|(Q2R)7

where (2.6) was used in the last inequality. Using the Sobolev inequality this gives
that

n/(n 1
D(0,) < ek~ | Vu—Vul {5 B+ S oklal(2n)

which holds for all £>0. Choosing

Ll(QZR
2n—1

M IVu= Vi, ) /1 (2m) Y

in the above inequality we arrive at

A E0G(0, 3) < el (Qar)™ 2D [Vu— V| For
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Letting A=sP this yields
g (u, w)"/7|

1
Lnp/(2n=1),00(QyR) < Cl“'(QQR)l/p Hvu_vaL/lZzQzR) ’

and by Holder’s inequality
27) g, w) P 11 () < el (Q2r) /P |Q0p [ =D/ | Tu—Vuwl /0,
where we used the fact that p>2—1/n.

We next consider separately the case p>2 and the case 2—1/n<p<2. For p>2
using the pointwise bound

|Vu—Vw Sg(u,w)l/p

coupled with inequality (2.7) we easily obtain the desired result. For 2—1/n<p<2
we write

[Vu—Vu| = g(u,w)?(|Vu|* +|[Vw[*) 2P/
< cg(u, w)Y?(|Vu— V|2 4|y 2-P)/2)
< eg(u, w) P+ L |Vu—Vw|+cg(u, w) /2| Vu| 3P/
and thus
|Vu—Vw| < cg(u, w)/P+cg(u, w)'/?|Vu|2P)/2,
Using this and Hoélder’s inequality we get that
2 2-p)/2
V=Vl 1 g, < ellget, )Pl gy +ellgloe, w) P ITg, o) IVull 80

By (2.7) this yields

n 1
V= Vwl| 23 (@) < clial (Qar) 7 Qar]=Cr D/ |[Tu— V| Vi,
+ | p|(Qag) /2| Q|1 Gn—1)/mp)p/2

1/2 2— 2
X[ Vu=Vuwl g, IVull 55

L' (Qsr) "’
or
n—1)/n 1/p—1/2
V=Vl 2, < clul(Qar) P IQ0p] = Cr 0/ [ Vu— V| 113
n—1)/n 2— 2
|l (Q2r) 2 |Qap| =GR/ | gy | D2
Thus using Young’s inequality for the first term on the right-hand side we get
that
||Vu—VwHL1(Q o < C|M|(Q2R)1/2(p 1)|Q2 ‘(1 (2n—1)/np)p/2(p—1)

+e|p|(Qap) Y2 |Qop |1 Gr=D/mP/2 |17y ”(21(5)/;)

The desired result is easily seen to follow from the last inequality. [
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3. Applications of comparison estimates

Our approach to Theorem 1.1 is based on the following technical lemma which
allows one to work with balls instead of cubes. A version of this lemma appeared
for the first time in [31]. It can be viewed as a version of the Calderén—Zygmund—
Krylov-Safonov decomposition that has been used in [6] and [24]. A proof of this
lemma, which uses Lebesgue’s differentiation theorem and the standard Vitali cov-
ering lemma, can be found in [5] with obvious modifications to fit the setting here.

Lemma 3.1. Assume that ACR™ is a measurable set for which there exist
c1,71>0 such that

(3.1) |B.(€)NA| > 1| By(a)|

holds for all x€ A and 0<t<ri. Fiz 0<r<ri and let CCDCA be measurable sets
for which there exists 0<e<1 such that

(1) [Cl<er™|Bil;

(2) for all z€ A and pe(0,r], if |CNB,(x)|>¢|By(x)|, then B,(x)NACD.
Then we have the estimate

] <—|D|.
C1

We now recall that for a function f€Ll (R") the Hardy-Littlewood maximal
function of f is defined by

M) =sup g [ ISl

In order to apply Lemma 3.1 we need the follovvlng proposition, whose proof
relies essentially on the comparison estimates obtained in the previous section.

Proposition 3.2. There exist constants A, 0y>1, depending only on n, p, «,
B, and cg, so that the following holds for any T>1 and any A\>0. Suppose that
ueW,P(Q) is a weak solution of (1.1) with A satisfying (1.2) and (1.3). Assume
that for some ball B,(y) with 16p<r¢ we have

{w€By(y): M(xa|Vul)(x) A and Mi(xalul)(@)V P~ <e(T)A} # 2,
where (T is defined by

T—Plotl if p>2,
o(T) _{ f p=

(3.2) T(-p00+1)/(=1) | if 21 /p<p<2.

Then
(3.3) [{z € By(y) : M(xa|Vul)(z) > ATA} < T7"|B,(y)|.
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Proof. By hypothesis, there exists zo€ B,(y) such that for any >0,
(3.4)

1 T
xao|Vuldz<A and ——— xa dlp| < [e(T)NPL.
Bl Ji o) B0l S o
We first claim that for z€B,(y) we have
(3.5) M(xe|Vul|)(z) < max{M(X5,,y)nalVul)(x), 3" A}.

Indeed, for r<p we have B, (z)NQCBs,(y)NQ and thus

1 1
1 1 d
B0 o T By g oIVl

whereas for r>p we have B, (x)C Bs,(xg) from which by (3.4) yields

1 1
xa|Vu|dz <3"

—_ xa|Vuldz <3"A.
1B.(2)] /. () |Bsr(70)| J By, (x0)

In view of (3.5) we see that (3.3) trivially holds provided that A>3" and
By,(y) CR™\Q. Thus it is enough to consider the case Bi,(y)C{ and the case
Bu,(y)N0Q#2.

First we consider the case when By, (y)CQ. Let weu+W,y " (By,(y)) be the
unique solution to the Dirichlet problem
{div Az, Vw)=0 in By,(y),

(3.6) w=u on 0By, (y).

By weak type (1,1) estimates for the maximal function we have

{a € By(y) : M(XBa, ) [Vul)(z) > ATA}|
< Hz € Bp(y) : M(x,, ()| Vwl) () > ATA/2} |
+{z € By(y) : M(X By, ()| Vu—Vw|)(z) > ATA/2}|

< C(AT )P / |Vw|[P% dz+C(ATN) ! / |Vu—Vuw|dz.
B B

20(Y) 20(Y)

Note that by Lemma 2.1 we have

1 ) 1“"9” C
Vuol? de) V| dr
<|B2p( )N J Bap) |B4p( NS Bay )
¢ |Vu| dz
1By Jb.,w)
C

|Vu—Vw|dx
|B4p( )N S Bay )
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and thus

(3.7) Hz € By(y) : M(XBa, () | Vul) (2) > ATA}|

_ 1 pbo
<car) Bl s [ ( |Vu|dx)
P 4py
P 1 po
+C(ATN)™P 0Bp(y)|(|B4 O )|Vqu|dx)
P 4p Y

1

+C(ATN) Y B,(y )||B4p( ) JBayw)

|Vu—Vwl|dz.

On the other hand, by Lemma 2.2 we have that

(3.8) |[Vu—Vuwl|dx

[Bap W)l Ja)

B 1/(p-1) B 1 2—p
<o Bz} "l [ o)
p P |Bsp(z0)| JBs, (20)

where the last term should be dropped when p>2. Thus by (3.4) and the definition
of e(T) we get that

1
|Vu—Vuw|de < CT PPt
[Bio)] /54, 0)

if p>2, and
! |Vu—Vw|de < CT D/ =1\ op=plotl)
|B4,,( ) Bap(y) B
if 2—1/n<p<2. In any case, since T'>1, we have

1

|Vu—Vuw|de < CTPPFL),
[Ba,)l /b, )

(3.9)

At this point combining (3.7), (3.9) and using that 7'>1 we find that
{2 € Bo(y) : M(Xp,, () [Vul) (@) > ATAY < (CATP +CA™HT 7| B, (y)].

We now choose A so that A>3" and 2C0A~1<1 5, i.e., A>max{3",4C}. Then we
have that

{2 € Bu(y) : M(X5s, () [Vul) (@) > ATAY < 5T77%| B, (y)],

which in view of (3.5) yields (3.3).
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Finally, we consider the case when By, (y)N0Q#@. Let yo €0 be a boundary
point such that |y—yo|=dist(y,dQ). Define weu+Wy?(Que,(yo)) as the unique
solution to the Dirichlet problem

div A(z, Vw)=0 in Q46,(yo),
w=u on 8916p(y0)~

Here we also extend u by zero to R™\§ and then extend w by u to R™\Qyg,(y0)-
As in (3.7) in this case we have

(3.10)  {z € By(y) : M(Xay, (| Vul)(z) > AT A}

0 1 pbo
< C(ATA) °|B,,<y>|(|312(y)| » )wdx)
14 12p Y
1 pbo
+C(AT/\)p00|BP(y)|(|Bn Wl s ()|Vu—Vw|dx)
P 12p (Y

1

FCATNTIB Wl L
o 12p (Y

|Vu—Vw|dz,

where Lemma 2.5 is used in stead of Lemma 2.1. Since

Bi2y(y) C Bisp(yo) € B2op(y) C Baip(o)
by Lemma 2.6, as in (3.9), we find that

1

(3.11)
|312p( )| Bi2,(y)

|Vu—Vuw|de < CTPlFL),

Inequalities (3.10) and (3.11) and the fact that 7'>1 now yield
{2 € By (y) : M(xa, ) | Vul) (&) > ATA} < (CA™P - CA™ YT |B,(y)],
and thus we arrive at
[{ € By(y) : M(xan, )| Vl) () > ATA}| < 3770 B, ()]

provided A>max{3",4C}. The last bound and (3.5) yield (3.3) as desired. O

Remark 3.3. By approximation Proposition 3.2 continues to hold without as-
suming that ueWy?(€). To this end, let up=T}(u) for each integer k>0. Then
by our notion of solutions u;, €W, *(Q) solves

(3.12) —div A(z, Vug) = pig
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for a finite measure py, in Q. Moreover, if we extend both p and py by zero to R™\Q
then ;) and p,, converge respectively to u* and p~ weakly as measures in R™. This
implies in particular that

(3.13) fim sup k| (Br(2)) < |ul(Br(2))

for any ball B,.(2) CR™. To show (3.3) it is enough to consider the case By, (y)C
as the case By, (y)NON#D is just similar. By working with (3.12) then instead of
(3.8) we have

1
- Vg — V| de
|Bap (W) J B4, ()
B 1/(p—1) B 1 2—p
SC(|/~Lk|( n5_pl($o))) JrC|/~Lk|( n5_pl($o)) ( V| dx) ’
p P |Bsp(20)| J s, (20)

where the last term should be dropped when p>2. Here wy, is the solution of (3.6)
with ug in place of u. Thus using (3.4) and (3.13) we have the following analogue
of (3.9)

1
limsup ——— |Vug — Vg | de < CT PPy,
k—oo | Bap(W) Sy, ()

from which we obtain, for large enough A, that

(3.14) limsup [{z € B,(y) : M(xa|Vug|)(z) > ATA}| < %T‘p9°|Bp(y)\.

k—oo

In equality (3.3) (with 2A in place of A) follows from (3.14) by writing

{z € By(y) : M(xalVul)(z) > 2ATA}|
<z € By(y) : M(xa|Vuk|)(z) > AT A}
+{z € B,(y) : M(xa|Vu—Vug|)(x) > AT}
and using the weak type (1,1) bound of the maximal function.
We remark that the above argument works equally well for solutions obtained by

limit of approximations (SOLA) as property (3.13) holds also for the approximating
measures in that case (see, e.g., [11, Section 5]).

Proposition 3.2 can be restated as follows.
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Proposition 3.4. There exist constants A, 0y>1, depending only on n, p, «,
B, and cg, so that the following holds for any T'>1 and any A>0. Let u be a solution
of (1.1) with A satisfying (1.2) and (1.3). Suppose that for some ball B,(y) with
16p<ry we have

[{z € B, (y) : M(xal Vaul)(x) > AT} > TP | B, (y)|.

Then
B,(y) € {z € R": M(xalVul)(z) > A or Mi(xalul) (@)@~ > &(T)A},

where (T') is as defined in (3.2).

We can now apply Lemma 3.1 and the last proposition to get the following
result.

Lemma 3.5. There exist constants A,0y>1, depending only on n, p, «, 3,
and cg, so that the following holds for any T>1. Let u be a solution of (1.1) with
A satisfying (1.2) and (1.3). Let By be a ball of radius Ry. Fix a real number
0<r<min{rg,2Ro}/16 and suppose that there exists N>0 such that

(3.15) {z € R™: M(xa|Vu|)(z)> N} < T Phrm|By|.
Then for any integer k>0 it holds that
4l{x € Bo: M(xa|Vul)(x) > N(AT)* 1}
<e(n) T~ |{z € By : M(xa|Vul)(z) > N(AT)"}|
+e(n)|{z € Bo: Ma(xalul) (@)~ > e(T)N(AT)*},

where €(T') is as defined in (3.2).

Proof. Let A and 6p>1 be as in Proposition 3.4 and set
C ={x € By: M(xa|Vul|)(z) > N(AT) 1},
and
D= {xz € By: M(xa|Vul(x)) > N(AT)* or My (xolul)(@)/ ™D > e(T)N(AT)"}.

Since AT>1 the assumption (3.15) implies that |C|<T~P%7"|B;|. Moreover,
if z€By and pe(0,r] are such that |CNB,(x)|>TP%|B,(z)|, then 16p<r; and
thus by using Proposition 3.4 with A=N(AT)* we have

Bp(a:)ﬂBO CcD.



Global integral gradient bounds for quasilinear equations 347

Hence the hypotheses of Lemma 3.1 are satisfied with A=B, and e=7"7%
(note that condition (3.1) holds for all 0<t<2Ry). Since T'>1, this yields

|C| < e(n)T~?%|D| < e(n)TP%|{z € By: M(xa|Vul|)(z) > N(AT)*}|
+e(n)|{z € Bo: My (xalul) (@)~ > e(T)N(AT)"}|.

The proof of the lemma is then complete. [

Remark 3.6. From its proof we see that Lemma 3.5 also holds if By is replaced
by €2 provided that A=) satisfies (3.1) with some constants c1,71>0. Of course,
in this case r should be chosen so that 0<r<min{rg,r1}/16.

4. Global Lorentz estimates

We are now ready to prove the main theorem of the paper.

Proof of Theorem 1.1. Let By be a ball of radius Rgp<2diam(Q)) that con-
tains 2. Note then that diam(2)<2R,. As usual we set u and p to be zero in
R™\ Q. We are planning to show that

(4.1) IVull o @)y < CIM ()Y PVl o (o).

where 0<g<p+¢c and 0<t<oo. Here £>0 is a small number depending only on n,
p, a, B, and cg. In what follows we consider only the case t£oo as for t=o0c the
proof is similar. Moreover, to prove (4.1) we may assume that

|Vl r1q) #0.

Let r=min{ro, diam(2)}/16. For T>1 to be determined, we claim that there
exists N >0 such that

{z € R™: M(|Vul)(z) > N} < TP By|.

To see this, we first use the weak type (1,1) estimate for the maximal function
to get that

H{z eR"™: M(|Vu|)(z) >N} < % /Q |Vu| dz.

Then we choose N >0 so that
C(n)

(4.2) ¥

/ \Vu| dz=T"P%r"|B,|.
Q
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Let A,600>1 be as in Lemma 3.5 and let £(T") be as in (3.2). For 0<t<oo we
now consider the sum

S=Y [(AT)™|{x € By : M(|Vul)(x) > N(AT)*}[]"/.
k=1
Note that we have
(4.3) CLS < [MVu/N| e () < C(|Bol 7+ S).
By Lemma 3.5 we find that

S < Ci[(AT)qkT_peﬂ |{z € By: M(|Vu|)(z) > N(AT)k1}]t/4
k=1

+C i[(AT)qk\{x € Bo: Mu(|ul) (@)=Y > e(T)N(AT)* 1} ]/
k=1

< CUAT)IT 7] 4(S 4| Bo| /) +Cul| Ma (|l /NP~HY Pk, -
Thus for ¢<pfy, i.e., g<p+e with e=p(6y—1), and T sufficiently large we have
S <O(|Bol" 1+ [ My (|l /NP D 5,))-
By (4.3) this yields
IVu/Nl| L) < C(Bol 94+ | Ma (|l /NP Y PV Lo (),
and thus
(4.4) IVl ey < CUBol Y IN + (M (|u)) Y O™ L 55))-
On the other hand, by (4.2) and the condition p>2—1/n we get
N < Cr"||Vull 1
< Cminfro, diam(Q)}"|Q ==/ E=D (@) V=D

1/(p—1)
< C'min{ry,diam(Q)}~" diam ()" (%) ’
iam

where the second inequality follows from standard estimates for equations with
measure data (see, e.g., [2] and [7]). Thus for any z€ B, we have

N < C(n,p,diam(Q) /ro) My (|p|) (z)Y/ P,

which holds since Ryp<2diam(2). Combining the last inequality with (4.4) we
obtain (4.1) as desired. O
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Next, we present the proof of Theorem 1.5.

Proof of Theorem 1.5. Since u is A-superharmonic there is a nonnegative mea-
sure ufu] such that

(4.5) —div A(z, Vu) = —div F = ufu]

in the sense of distributions in R™. Moreover, for each integer k>0 the function
uk:Tk(u)GI/Vli’f(R”) is also A-superharmonic and satisfies pfug]—p[u] weakly
as measures in R™. Here pufug] is the nonnegative measure generated by the
A-superharmonic function uy.

Thus it is easily seen that Lemma 3.5 holds also for solutions of (4.5) with
Q=By=R" and, say, with r=1. More precisely, there exist constants A,6#y>1,
depending only on n, p, «, and 3, such that the following holds for any 7'>1.
Suppose that u is an A-superharmonic solution of (4.5) such that

(4.6) {z e R™: M(|Vul)(z) > N} < T7?%|B|
for some N >0. Then for any integer k>0, and with (7)) as in (3.2),

(4.7) [{z €R™: M(|Vul|)(z) > N(AT)* 1}
<c(n)T7PP{z e R™: M(|Vul|)(z) > N(AT)"}|
Feml{z €R™ : My (ufu) () /0D > (T)N(AT).

To continue, for T>1 to be chosen later, we now take

C(n)

4. N=—_—Y7
) 0B,

||Vu||L1(Rn) > 0
with C'(n) large enough so that condition (4.6) holds true.
For 0<t<oo (the case t=00 is similar) we next consider the sums

§*= [(AT)*|{z €R™ : M(|Vul)(2) > N(AT)*}[]"/4
k=1

and
0

S™= > [(AT)™|{z eR": M(|Vul|)(z) > N(AT)*}[]"/1.

k=—o00
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By (4.7) we find that

5% < O3 [ATYRT 0|z € BY: M(Vul)(z) > N(AT)* [
k=1

+C ) [(AT) ™ {z € R™ : My (u[u]) () P~V > e(T)N(AT)* ]/
k=1

< C[(AT)' T P]/4(S* +|[{z € R™: M(|Vul)(z) > N}|/7)
O Ml NP YOI
Thus for g<pby, i.e., g<p+e with e=p(6y—1), and T sufficiently large we have
St < CHa e R": M(|Vu])(x) > N} 14 C M (ulu] /NP P, oy
< O(S™ + [ Ma(puful /NPT DN )

On the other hand, by the weak type (1,1) bound for the maximal function
and (4.8) we get

- 0 . C(n) t/q
(4.9) S < k;m ((AT) ST /Q IVl da:)

0
= Y [(AT)Ma=DT B[]V < C(q,t,p, 00, A, T),

k=—o0

where the last inequality follows since ¢>1. Note that we have
CH (S +57) < [M(IVu/N ) (amy S C(ST+57),
and thus by (4.9) and (4.9) this yields
[V0/ N sqamy < OO+ Ml /NP~ YD ).
We therefore have that
IVul| Lo () < CON+ M (ufu)) OV Lo )
< C(IVull g oy + 1Mo () VD e )
< C(IVull r ey + 1T (ful) =D Lo )

Notice that, by the second equality in (4.5), the equality

(4.10) L (plul) = ¢(n) Z R;f;
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holds a.e. in R™, where F'=(fi, fo, ..., fn) and R, f; denotes the jth Riesz transform
of the function f; (see [28], p. 1580). Since ¢>p—1 this yields

_ 1 —1 1 —1
Hll(ﬂ[u])l/(p 1)||qut(R") = ||11(H[UD||L/q(/lzp—1)>,t/<p71>(Rn) < OHF”L/LI(/Iprl)),t/(P*l)(]Rn)7

and the desired estimate follows. O
Finally, we prove Theorem 1.6.

Proof of Theorem 1.6. Since —div F'>0 in D/(R"™) there is a nonnegative mea-
sure p in R™ such that

—div F' = p.

For each integer m>0 let B, denote the ball of radius m centered at the origin
of R™. Also, let up,, be the restriction of p to the ball B,,. Then there exists a
nonnegative A-superharmonic function u,, in B, such that

(4.11) { —div A(z, Vuy,)=pp,, in Bp

Uy, =0 on 0B,,.
By Theorem 1.1 we have that
(4.12) ||Vum|\Lq,t(Bm) < C||,/\/11(Iu)1/(p71) ot @ny < C”L(H)l/(pfl) | Lot nys

where C' is independent of m. Thus for ¢>1 the Sobolev inequality on Lorentz
spaces (see [32, Theorem 2.10.2]) yields

1/(p—1)

(4.13) ([t Lna/(n=a)t(B,,) < C”Il(M)HLq/(pfl),t/(Pfl)(Rn)'

Inequality (4.13) holds also for p—1<¢<1. To see this first note that by [29,
Theorem 2.1] (see also [18], [22], and [30]) we have a pointwise bound

(4.14) U (2) KCWq ,(p)(z), zeR",

where C=C(n, p, a, 3) and

Wiy = [ (ML)

is the Wolff potential of p. Since 1/(p—1)>1 we find that
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Wi, (p)(z) < C(/OOo w(Bi(x)) @)1/(1)1)

tn—p t
= C[Ip(u)(x)]l/(pfl) — C(Ip_l[Il(u)](x))l/(pﬂ).

Here for 0<a<n and a nonnegative measure v, I,(v) is the (unnormalized) Riesz
potential of v defined by

Ia(u)(x)::/R _dvly) e

n z—y|nme

Thus by (4.14) and the Sobolev inequality [32, Theorem 2.10.2] we have that

1/ 1)
el prarcn-ave i,y < ClTpt T EE 0 000000 g

1 1
< IG5 ooy

as claimed.
At this point we use [17, Theorem 1.17] to find a subsequence {um;}32; of
{um}$°_; and an A-superharmonic function v in R™ such that
u(r) = lim ()
j—o0

a.e. in R” and that Vu,,, —»Vu a.e. in the set {x€R™:u(r)<oo}. Note that by
(4.13) and Fatou’s lemma, u is finite a.e. and

1/(p—1)
[ T ol | (Y1 Ay p—
Likewise, it follows from (4.10), (4.12) and Fatou’s lemma that

1/(p—1) 1/(p—1
||vu||Lq’f(R") <C HII( )”L/q/IZp 1.t/ (p=1)(R") <C||F||L/q/€p 1)> t/(p=1) (Rn)"
Finally, (4.11) and the weak continuity result of [30] imply that u is a solution
of (L.7). O

References

1. AwviNo, A., FERONE, V. and TROMBETTI, G., Estimates for the gradient of solutions
of nonlinear elliptic equations with L'-data, Ann. Mat. Pura Appl. 178 (2000),
129-142.

2. BENILAN, P., BOCCARDO, L., GALLOUET, T., GARIEPY, R., PIERRE, M. and VAZQUEZ,
J. L., An L' theory of existence and uniqueness of solutions of nonlinear elliptic
equations, Ann. Sc. Norm. Super. Pisa Cl. Sci. 22 (1995), 241-273.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Global integral gradient bounds for quasilinear equations 353

BoccARDO, L. and GALLOUET, T., Nonlinear elliptic and parabolic equations involv-
ing measure data, J. Funct. Anal. 87 (1989), 149-169.

. BoccaArDO, L. and GALLOUET, T., Nonlinear elliptic equations with right-hand side

measures, Comm. Partial Differential Equations 17 (1992), 641-655.

BYUN, S. and WANG, L., Elliptic equations with BMO coefficients in Reifenberg do-
mains, Comm. Pure Appl. Math. 57 (2004), 1283-1310.

CAFFARELLL L. and PERAL, 1., On WP estimates for elliptic equations in divergence
form, Comm. Pure Appl. Math. 51 (1998), 1-21.

DAL MAso, G., MURAT, F., ORSINA, A. and PRIGNET, A., Renormalized solutions of
elliptic equations with general measure data, Ann. Sc. Norm. Super. Pisa CL
Sci. 28 (1999), 741-808.

DALL’AGLIO, A., Approximated solutions of equations with L' data. Applications to
the H-convergence of quasilinear parabolic equations, Ann. Mat. Pura Appl.
170 (1996), 207-240.

DEeL VEccHIO, T., Nonlinear elliptic equations with measure data, Potential Anal. 4
(1995), 185-203.

DuzaARr, F. and MINGIONE, G., Gradient estimates via linear nonlinear potentials,
J. Funct. Anal. 259 (2010), 2961-2998.

DuzaARr, F. and MINGIONE, G., Gradient estimates via non-linear potentials, Amer.
J. Math. 133 (2011), 1093-1149.

G1usTl, E., Direct Methods in the Calculus of Variations, World Scientific, River Edge,
NJ, 2003.

HEINONEN, J., KILPELAINEN, T. and MARTIO, O., Nonlinear Potential Theory of De-
generate Elliptic Equations, Oxford University Press, Oxford, 1993.

IwaNIEC, T., Projections onto gradient fields and LP-estimates for degenerated elliptic
operators, Studia Math. 75 (1983), 293-312.

JERISON, D. and KENIG, C., The inhomogeneous Dirichlet problem in Lipschitz do-
mains, J. Funct. Anal. 130 (1995), 161-219.

KILPELAINEN, T. and LI, G., Estimates for p-Poisson equations, Differential Integral
Equations 13 (2000), 791-800.

KILPELAINEN, T. and MALY, J., Degenerate elliptic equations with measure data and
nonlinear potentials, Ann. Sc. Norm. Super. Pisa Cl. Sci. 19 (1992), 591-613.

KILPELAINEN, T. and MALY, J., The Wiener test and potential estimates for quasi-
linear elliptic equations, Acta Math. 172 (1994), 137-161.

Lewis, J. L., Uniformly fat sets, Trans. Amer. Math. Soc. 308 (1988), 177-196.

MENGESHA, T. and Pauc, N. C., Weighted and regularity estimates for nonlinear
equations on Reifenberg flat domains, J. Differential Equations 250 (2011),
2485-2507.

MEYERS, N. G., An LP-estimate for the gradient of solutions of second order elliptic
divergence equations, Ann. Sc. Norm. Super. Pisa Cl. Sci. 17 (1963), 189-206.

MIKKONEN, P.; On the Wolff potential and quasilinear elliptic equations involving
measures, Ann. Acad. Sci. Fenn. Math. Diss. 104 (1996), 71.

MINGIONE, G., The Calderén—Zygmund theory for elliptic problems with measure
data, Ann. Sc. Norm. Super. Pisa Cl. Sci. 6 (2007), 195-261.

MINGIONE, G., Gradient estimates below the duality exponent, Math. Ann. 346 (2010),
571-627.



354

25.
26.

27.

28.

29.

30.

31.

32.

Nguyen Cong Phuc: Global integral gradient bounds for quasilinear equations

MINGIONE, G., Nonlinear measure data problems, Milan J. Math. 79 (2011), 429-496.

MUCKENHOUPT, B. and WHEEDEN, R., Weighted norm inequalities for fractional in-
tegrals, Trans. Amer. Math. Soc. 192 (1974), 261-274.

Puauc, N. C., On Calderén—Zygmund theory for p- and A-superharmonic functions,
Calc. Var. Partial Differential Equations 46 (2013), 165-181.

Puuc, N. C. and ToORRES, M., Characterizations of the existence and removable singu-
larities of divergence measure vector fields, Indiana Univ. Math. J. 57 (2008),
1573-1597.

Puuc, N. C. and VERBITSKY, 1. E., Quasilinear and Hessian equations of Lane-Emden
type, Ann. of Math. 168 (2008), 859-914.

TRUDINGER, N. S. and WANG, X.-J., On the weak continuity of elliptic operators and
applications to potential theory, Amer. J. Math. 124 (2002), 369-410.

WaNG, L., A geometric approach to the Calderén-Zygmund estimates, Acta Math.
Sin. (Engl. Ser.) 19 (2003), 381-396.

ZIEMER, W. P., Weakly Differentiable Functions, Grad. Texts in Math. 120, Springer,
New York, 1989.

Nguyen Cong Phuc
Department of Mathematics
Louisiana State University
303 Lockett Hall

Baton Rouge, LA 70803
U.S.A.
penguyen@math.lsu.edu

Received June 28, 2012
published online February 1, 2013


mailto:pcnguyen@math.lsu.edu

	Global integral gradient bounds for quasilinear equations below or near the natural exponent
	Abstract
	Introduction
	Interior and boundary comparison estimates
	Applications of comparison estimates
	Global Lorentz estimates
	References


