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Volume formula for a Z,-symmetric spherical
tetrahedron through its edge lengths

Alexander Kolpakov, Alexander Mednykh and Marina Pashkevich

Abstract. The present paper considers volume formulae, as well as trigonometric identities,
that hold for a tetrahedron in 3-dimensional spherical space of constant sectional curvature +1.
The tetrahedron possesses a certain symmetry: namely rotation of angle 7 in the middle points
of a certain pair of its skew edges.

1. Introduction

The volume calculation problem stated for a three-dimensional polyhedra is
one of the most hard and old problems in the field of geometry. The first results
belonging to the field are due to N. Fontana Tartaglia (1499-1557), who found
a formula for the volume of a Euclidean tetrahedron better know in the present
time as the Cayley—Menger determinant. Due to the paper [17] the volume of
every Euclidean polyhedron is a root of an algebraic equation depending on its
combinatorial type and metric parameters.

In case of hyperbolic and spherical spaces the task becomes harder. The for-
mulae for volumes of orthoschemes are known since the work of N. Lobachevsky and
L. Schlafli. The volumes of hyperbolic polyhedra with at least one ideal vertex and
the hyperbolic Lambert cube are given in the papers [2], [8] and [11].

The general formula for the volume of a non-Euclidean tetrahedron were given
in [3] and [15] as a linear combination of dilogarithmic functions depending on the
dihedral angles. Afterwards, the elementary integral formula was suggested in [4].

In case the given polyhedron possesses certain symmetries, the volume formulae
become facile. First, this fact was noted by Lobachevsky for ideal hyperbolic tetra-
hedra: the vertices of such tetrahedra belong to the ideal boundary of hyperbolic
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space and dihedral angles along every pair of skew edges are equal. Later, J. Milnor
presented the respective result in a very elegant form [12]. The general case of a
tetrahedron with the same kind of symmetry is considered in [6]. For the more com-
plicated polyhedra one also expects the use of their symmetries to be an effective
tool. The volumes of octahedra enjoying certain symmetries were computed in [1].

The volume formula for a hyperbolic tetrahedron in terms of its edge lengths
instead of dihedral angles was suggested first by [14] in view of the volume conjecture
due to R. Kashaev [7]. Further investigation on this subject was carried out in [10].

The paper [15] suggests a volume formula for a spherical tetrahedron as an
analytic continuation of the given volume function for a hyperbolic one. The cor-
responding analytical strata has to be chosen in the unique proper manner.

The present paper provides volume formula for a spherical tetrahedron that
is invariant up to isometry under rotation of angle 7 in the middle points of a
certain pair of its skew edges. The formula itself depends on the edge lengths of
given tetrahedra as well as on its dihedral angles and specify the actual analytic
strata of the volume function. Volumes of the spherical Lambert cube and spher-
ical octahedra with various kinds of symmetry were obtained in [1] and [5]. The
analytic formulae for these polyhedra are of simpler form in contrast to their more
complicated combinatorial structure.

During the preparation of the present paper, the work [13] by J. Murakami
treating the volume of general spherical tetrahedron appeared. The volume formula
proposed is close in spirit to the one for hyperbolic tetrahedron from [15] and holds
modulo 2m2 because of complicated ramification locus.

The authors are grateful to the referee for valuable remarks and suggestions.
The research of the first author was supported by the Swiss National Science Foun-
dation. The second author thanks University of Fribourg and especially Professor
Ruth Kellerhals for hospitality during his visit in December 2009.

2. Preliminary results

Let R" "' ={x=(z0, ..., z»):7;€R,i=1, ...,n} be Euclidean space equipped with
the standard inner product (x,y)=>"", z;y; and norm ||x||=+/(x,x). Let po, ..., pn
be vectors in R®*!. Define a cone over a collection of vectors py, ..., pn, as

cone{pg, ...,Pn = {Z Aipi i A >0,i=1, ,n}
i=0

A spherical n-simplex S is the intersection of the cone over the collection
Po; ---, Pn Of linearly independent unitary vectors and the n-dimensional sphere S™ =
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{veR™:(v,v)=1}. Thus
S =cone{pg, ..., pn }NS".

The vectors po, ..., pn are the vertices of a simplex S. Notice that {po, ..., pn } CS™.
A (k—1)-dimensional face of S is the intersection of the cone over a k-element
sub-collection of linearly independent vectors

{pi17 7p2k} - {p07 7pn}

with {i;<...<ix}C{0,...,n}, 0<k<n, and the sphere S™.

The matrix G*={(ps, p;)}] j—o i the edge matriz of a simplex S.

Let M={m;;}};_, be a matrix. Let M(i,j) denote the matrix obtained from
M by deletion of the ith row and jth column for ¢, j=0,...,n. Put

M;j = (=1)"" det M (i, ).
The quantity M;; is the (i, j)-cofactor of M. Then, cof M ={M;;}}';_, is the cofactor
matriz of the matrix M.

The unit (outer) normal vector v;, i=0,...,n, to an (n—1)-dimensional face
Si={pirs--» Di, } 2{pi} of the simplex S is defined as (cf. [9])

n
_ Zk:o,k;ﬁi Giibr

VT G det G

The matrix G={(v;,v;)}}';_o is the Gram matriz of the simplex S.

Given a simplex SCS™ with vertices {p1,...,pn} and unit (outer) normal vec-
tors {vi,..., v, } define its edge lengths as cosl;;=(p;, p;) and (inner) dihedral angles
as cos a;j=—(v;,v;) with 0<l;;, o <7, i, j=0,...,n. Then the Gram matriz of S
is G={—cosa;;}};_o and the edge matriz of S is G*={cosl;;}1';_,.

The sphere S™ is endowed with the natural metric of constant sectional curva-
ture +1. Call the given metric space the spherical space S™. The isometry group
of the spherical space S™ is the orthogonal group O(n+1). Orientation-preserving
isometries of S™ compose the subgroup of index two in O(n+1), called SO(n+1).

The following theorems tackle existence of a spherical simplex with given Gram
matrix or edge matrix [9].

Theorem 2.1. The Gram matriz {— cos aij}Zj:O of a spherical n-simplex is
symmetric, positive definite with diagonal entries equal to 1. Conversely, every
positive definite symmetric matriz with diagonal entries equal to 1 is the Gram
matriz of a spherical n-simplex that is unique up to an isometry.
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Theorem 2.2. The edge matriz {cos lij}?,j:o of a spherical n-simplex is sym-
metric, positive definite with diagonal entries equal to 1. Conversely, every positive
definite symmetric matriz with diagonal entries equal to 1 is the edge matriz of a

spherical n-simplex that is unique up to an isometry.

The following theorem due to Ludwig Schlifli relates the volume of a given
simplex in the spherical space S™ with volumes of its apices and dihedral angles
between its faces [12] and [18].

Theorem 2.3. (The Schlafli formula) Let a simplex S in the space S™, n>2,
of constant sectional curvature +1 have dihedral angles o;;=2/8;S;, 0<i<j<n,
formed by the (n—1)-dimensional faces S; and S; of S which intersect in the (n—2)-
dimensional apex S;;=5;NS;.

Then the differential of the volume function Vol,, on the set of all simplices in
S™ satisfies the equality

(n—1)dVol, S= Y Vol,_»S;; da;
i,j=0
1<g
where Vol,_1 S;; is the (n—2)-dimensional volume function on the set of all (n—2)-
dimensional apices S;;, Volg S;j=1, 0<i<j<n, and a;; is the dihedral angle between
Si and S; along Sy;.

The Schlifli formula for the spherical space S* can be reduced to

3
1
VoIS =2 | lij daj,

i,j=0

i<j
where Vol=Volj is the volume function, /;; represents the length of the ¢jth edge
and a;; represents the dihedral angle along it. So the volume of a simplex in S? is
related to its edge lengths and dihedral angles.

Given a simplex SCS"™ with vertices {pi,...,pn} and unit normal vectors
{v1,...,vn} define its dual S* CS™ as the simplex with vertices {v1, ..., v, } and unit
normal vectors {p1,...,Pn}-

In case of the spherical space S® every edge p;p;, 0<i<j<3, of S corresponds
to the edge vs_;vs_; of its dual S*. The theorem below was originally discovered
by the Italian mathematician Duke Gaetano Sforza and can be found in [12].

Theorem 2.4. Let S be a simplex in the spherical space S® and let S* be its
dual. Then
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b2

Figure 1. A spherical tetrahedron.

V013 S+V013 S*+% Z VOll EVOll E* = 7'(‘2,
ECS
where the sum is taken over all edges E of S and E* denotes the edge of S* corre-
sponding to E.

In what follows we call a 3-dimensional simplex a tetrahedron for the sake of

brevity.

3. Trigonometric identities for a spherical tetrahedron

Let T be a tetrahedron in the spherical space S® with vertices pg, pi, p2
and ps, dihedral angles A, B, C, D, E and F and edge lengths l4, Ig, lc, Ip,
lg and [ (see Figure 1). In the sequel we have that 0<A, B,C,D,E, F<7 and

OSlA,lB,ZC,lD,lE,lFS?T.

Let
1 cosly coslp cosle
cosly 1 coslp coslg
G*= {g:j ?,j:O =
coslp coslp 1 coslp
coslc coslg coslp 1
denote the edge matriz of T and
1 —cosD —cosE —cosF
—cosD 1 —cosC —cosB
G= {gij}g},j:o =
—cosE  —cosC 1 —cos A

—cosF —cosB —cosA 1

denote its Gram matrix.
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Let ¢;; and ¢j; denote the cofactors of the matrices G and G* for ¢, j=0,1,2,3.
Further, we mention several important trigonometric relations (see, e.g. [6]) to
be used below.

Theorem 3.1. (The sine rule) Given a spherical tetrahedron T with Gram
matrix G and edge matrix G* let A=det G and A*=det G*. Let p=cgpc11¢22C33
and p*=c§,ci1C59¢55. Then

sinlasinlp sinlpsinlp sinlgsinlp A RV
sinAsinD = sinBsinE  sinCsinF \/}_7_ A*

Theorem 3.2. (The cosine rule) For the respective pairs of skew edges of a
spherical tetrahedron T the following equalities hold:

coslgcoslp—coslpcosly _ coslpcoslp—coslc coslp
cos Acos D—cos BcosE~ cos Bcos E—cosC cos F
coslgcoslp—coslycoslp A \/p*
cos C cos F—cos A cos D _%_ Ax

We also need the following theorem due to Jacobi (see [16, Théoréme 2.5.2]).

Theorem 3.3. Let M={m;}}';_, be a matriz, cof M={M;;}};_, be its co-
factor matriz, 0<k<n and
19 ... ip
O-: . .
Jo - In

be an arbitrary permutation. Then

det{Miqu I;,Q=0 = (_l)sgna(det M)k det{miqu }Z,Q=k'

4. Trigonometric identities for a Zs-symmetric spherical tetrahedron

Consider a spherical tetrahedron T which is symmetric under rotation of angle
m about the axis that passes through the middle points of the edges pop1 and paps.
We call such a tetrahedron Zs-symmetric (see Figure 2). Note, that in this case
ZBZZE, ZCZZF, B=F and C=F.

Lemma 4.1. For a Zo-symmetric spherical tetrahedron with dihedral angles
A, B=E, C=F and D, and edge lengths la, lp=Ig, lc=Ilp and lp the following
statements hold:

(i) la=lp if and only if A=D;

(ii) la>Ip if and only if A<D.
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Figure 2. Zg-symmetric spherical tetrahedron.
Proof. As applied to the edge matrix G*, Theorem 3.3 gives the equality
C00Ch3— Ch1C32 = A" (951~ 953)-

Recall that

ch c
gor=—cosD=—2—  gy=—cosA=——2_,

o Cr C55Ch

00€11 V/ €22€33
951 =cosla, 953 =coslp.

For a spherical Zs-symmetric tetrahedron we have cj,=ci; >0 and c5,=c33>0.
Thus,

choC
cosly—coslp = —%(COSA—COS D).

As 0<l4,lp<w and 0<A, D<m, the assertions of the lemma follow. [
The trigonometric identities in Theorems 3.1 and 3.2 imply the following result.

Proposition 4.2. Let T be a Zo-symmetric spherical tetrahedron with dihedral
angles A, B=E, C=F and D, and edge lengths l 4, Ig=lg, lc=Ilr and lp. Then
the following equalities hold:

B sin 5 (la+Ip) B sin 3 (la—Ip) _sinlp  sinlg 1

~ sini(A+D) sini(D-A) sinB  sinC v’

where

are the principal and the dual parameters of the tetrahedron T.
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Proof. Recall the common property of ratios

a ¢ a—c a+tc

b d b—d b+d

By use of the equalities above and the trigonometric identities
cos(p+1) = cos p cos P —sin psiny,
cos(p—1)) = cos ¢ cos Y—+sin @ sin

we deduce from Theorems 3.1 and 3.2 the relations

A 1—cos(la+lp) l—cos(la—Ip) sin’lp sin’lc  cfycs,
coocaz  1—cos(A+D)  1—cos(D—A) sin®B  sin?C  A*

The quantities u and v are positive real numbers satisfying uv=1. Using the identity
1—cos p=2sin*(p/2) it follows that

2 sin® —(ZA—HD) sin® —(lA—lD) sin213_51112lc_1

~ sin? 1(A+D)  sin’1(D-A4)  sin®B sin®C 0 0?

Taking square roots in accordance with Lemma 4.1 finishes the proof. O

5. Volume formula for a Zs-symmetric spherical tetrahedron

5.1. Further trigonometric identities for a Z,-symmetric spherical tetra-
hedron

Let T be a Zs-symmetric spherical tetrahedron with dihedral angles A, B=F,
C=F and D, and edge lengths l4, Ip=Ig, lc=Ir and lp. The following notation
will be of use below:

la+ip la—Ip

a+:cosT, a_ =cos 7 b=coslg and c=coslg,

and

AJr:czosA_;D7 A_:COSD;A, B=cosB and C=cosC.

The lemma below gives a useful identity that follows from the definition of the
principal parameter u for the tetrahedron T.
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Lemma 5.1. The principal parameter u of the tetrahedron T is the positive
root of the quadratic equation
5 4(aya_—be)(arb—a_c)(arc—a_b)

=1
u” 4+ A ,

where
A*=(ay+a_+b+c)(ay+a_—b—c)(ar—a_—b+c)(ay—a_+b—c).

Proof. Substitute u from Proposition 4.2, then express the product of cfj, and
C55 as a polynomial in the new variables a, a_, b and ¢, and proceed with straight-
forward computations. [

As for the dual parameter of T, the following lemma holds.

Lemma 5.2. The dual parameter u of the tetrahedron T is the positive root
of the quadratic equation

2 A(AA+BC)(AB+A C)(A.C+AB)
A

:1’

where
A=A -A,—B-C)(A_-—-A,+B+C)(A_4+ A, —B+C)(A_+ A, +B-C).

In what follows we call a spherical tetrahedron T with dihedral angles «, 3,
v, 6, € and ¢, and edge lengths [, I, Iy, I5, Ic and l,, symmetric if lo=ls, l3=I
and [, =l,, or equivalently a=4, 3=¢ and d=¢.

Let

a=cosly, b=coslg, c=cosl,,

A=cosa, E:cosﬂ, C' =cos~.
The following trigonometric identities were proven in [6].

Proposition 5.3. Let Ty be a symmetric spherical tetrahedron with dihedral
angles a=0, B=¢c and y=¢, and edge lengths lo,=ls5, lg=I. and l,=l,. Then the
following equalities hold:

sinl, sinlg sinl,

Us,

sina  sinf  sinvy
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where ug s the positive root of the quadratic equation

4(a—bé)(b—ac)(é—ab)

=1
5*

uz-i—
with
0 =(a+b+c+1)(a—b—c+1)(b—a—cé+1)(é—a—b+1)
representing the principal parameter ug of the tetrahedron T.
Meanwhile, the dual parameter of T is the positive root of the equation
, 4(A+BC)(B+AC)(C+AB)

v, — =

s 0

with
§=(1-A-B-C)(1-A+B+C)(1+A-B+C)(1+A+B-C).
The following lemma shows the correspondence between Zo-symmetric and
symmetric spherical tetrahedra.

Lemma 5.4. Let T be a Zo-symmetric spherical tetrahedron with dihedral
angles A, B=E, C=F and D, and edge lengths l4, Ipg=Ig, lc=lr and lp. Then
there exists an associated symmetric tetrahedron Ts with Gram matriz

A A A
1 —cosa —cosf —cosy A, C B
—cosa 1 —cosy —cosf3 A 1 A A
Gs= _
—cosf3 —cosvy 1 —cos B C 1 AL
—cosy —cosfl —cosa 1 A A A
C B Ay 1
A A A
and edge matrix
1 =2 C
a_ a. a.
1 cosly, coslg cosl, a, c b
or - | oo la 1 cosl, coslg _ a_ 1 a  a-
® coslg cosl, 1 cosl, b ;o
cosl, coslg cosl, 1 a-  a- a-
c b a, 1
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Proof. Let s};, i=0,1,2,3, denote the principal cofactors of G;. To prove
existence of T, it suffices, by Theorem 2.2, to show that det G}>0 and s};>0,
1=0,1,2,3. We have that

det G*
det Gy =—5—>0
a?
and

e 2 . —lp .
Spo— 5 = ——(ara_—bc) sin A0 sinly,

a? a’

5 2 . la—lp .
$h0— —2 = —(ara_—be) sin AP sinlp.

a*  a?

From the former two equalities we deduce that depending on the sign of their right-
hand parts either s&,>cp,/a? or s&,>chy/a?. As far as the tetrahedron T exists
then ¢, >0 and ¢35, >0. It follows that si,=s]; =859 =535 >0. Thus, the tetrahedron
T, exists.

For the edge lengths of the symmetric spherical tetrahedron Ts one has

o b c
coslqy=—, coslg=-— and cosly=—.
a a a

We need to prove that

cosa—ﬁ cosﬁ—E and cosy=—
A A T A
We refer to Proposition 4.2 together with Lemma 5.1 and note that the follow-
ing relation holds between the principal parameters v and us of the tetrahedra T
and Ty, respectively:

1—u?=a? (1—u?).

Substituting
_ sin %(ZA—HD)
sin $(A+D)
from Proposition 4.2 and
_ sinl,
" sina

from Proposition 5.3 to the relation above one obtains

) cos? 2(A+D) cos? L(A+D) A2
cos® = = ==

1—(sin® 2(la—Ip))/u? cos2i(D—A) A?

Thus,
cos 5 (A+D) Ay

sqg=4+—%——~ = .
cosa (D-4) A

(¢0)]

IR SIS
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We should choose the proper sign in the equality above. Note, that if T is sym-
metric, i.e. l4=Ip, then Gf=G*. That means that T has an isometric associated
symmetric tetrahedron Tg. Thus, the Gram matrices for the tetrahedra T and T
mentioned in the assertions of the lemma coincide. In order for the equality Gs=G
to hold if T is symmetric, we put

cos 3(A+D) A,
cosq=—=——-="",

cosi(D-A) A

The rest of the proof follows by analogy. [

Define the auxiliary parameters of the tetrahedron T:

4(ara_—be)(arb—a_c)(ayc—a_b)

2 _ 2 _
t“=1—u"= A

and
_ 4ALA_+BC)(A.B+A C)(A,.C+A_B)
h A

By Lemma 5.1 the quantity ¢ could be either real or pure imaginary. We choose
t to be non-negative or to have non-negative imaginary part. Under the same rule
the quantity 7 is chosen. From Proposition 4.2 it follows that 7=t/u.

The quantity ¢ is related to the parameters a,, a_, b and ¢ of the tetrahedron
T in the following way.

2 =v?-1

Lemma 5.5. Let T be a Zo-symmetric spherical tetrahedron with dihedral
angles A, B=E, C=F and D, and edge lengths la, Ip=Ig, lc=lp and lp. Then
(i) a2 —#2=a (s5p)?/A";
(i) a2 —2=a® (s5)?/A%;
(i) b2 —12=a® (s)2/A";
(iv) ¢ —t2=a8 (s5y)?/A";
*

where s3;, 1,7=0,1,2,3, are the cofactors of the matriz

p  boe
a_ a_ a_
@ 4 < b
G*’: a_ a_ a_
S I
a_ a_ a_

b
e boa oy
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Proof. Substitute the expression for 2 from above and proceed with straight-
forward computations. [

The following proposition is used to determine the signs of the cofactors ¢;; and
c;; for i,j=0,1,2,3 of the matrices G={g;}} ;_, and G*={g};}} ;_, depending on
the signs of their entries.

Proposition 5.6. The following inequalities hold between entries and cofac-
tors of Gram and edge matrices for a spherical tetrahedron T:

(i) 9ij¢;; = 0;

(i) g5;ci;=>0;
where i,7=0,1,2,3.

Proof. By [2, Chapter 1, Section 4.2] we have
Cij cij

*
9i5 = % gzj = )
V CiC4 v CiiCij

for 4,j=0,1,2,3. Thus

c; >0 and ¢;>0

it

*)? 2.
(] * _ 13
—— >0 and gjc5= >0

*
gijer = —
v V CiiC55 VCiiCjj
for i,7=0,1,2,3. O

The following lemma provides some useful identities that are used below.

Lemma 5.7. The following equalities hold:

(i) Rearsinh z+Rearsinhy=Rearsinh(z\/y?—1+yva2—1), where
z,y€iR, Imz,Imy>0,

(ii) Rearsinhz—Rearsinh y=Rearsinh(—z+/y?—1+yva2—1), where
z,y€iR, Imz,Imy>0,

(iii) Rearsinhz-+Rearsinhy=Rearsinh(z+/y?+1+yvz2+1), where
z,yeR, z,y>0,

(iv) Rearsinhz—Rearsinh y=Re arsinh(z+/y2+1—yva?+1), where
z,yeR, z,y>0.

Proof. Using the logarithmic representation for the function arsinh and prop-
erties of the complex logarithm log one derives the statement of the lemma for the
real parts of the corresponding expressions. [
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We need the relations below to derive the volume formule for a Z,-symmetric
spherical tetrahedron.

Proposition 5.8. Let T be a Zy-symmetric spherical tetrahedron with dihedral
angles A, B=E, C=F and D, and edge lengths la, Ig=Ig, [c=lr and lp. Without
loss of generality, assume that lx>1p or, equivalently, D> A and, furthermore, that
B<C.

Then the following cases are possible:

() if A+D>m, B>w/2, C>m/2 and t2<0, then
Re (arsinh aTJr +arsinh g ~+arsinh %—Farsinh GT) =0,
(i) if A+D>n, B<7/2 and C>m/2, then t*>0 and
Re (— arsinh s ~+arsinh 9— arsinh ‘ arsinh a_> =0,
t t t t
(iii) if A+D>7, B<w/2, C<m/2 and t2<0, then
Re (— arsinh a% ~+arsinh %—I—arsinh % —arsinh %) =0,
(iv) if A+D<m, B>n/2 and C>7/2, then t>>0 and
Re (arsinh G arsinh 9 —arsinh ¢ —arsinh a_) =0,
t t t t
(v) if A+D<m, B<7/2, C>m/2 and t><0, then
Re (arsinh s +arsinh 9 —arsinh ¢ —arsinh a_) =0.
t t t t
(vi) if A+D<m, B<n/2 and C<7/2, then t>>0 and

b -
Re (arsinh a% +arsinh B +arsinh % —arsinh GT) =0,

Proof. Consider case (i). For the edge matrix G% of the associated symmetric

tetrahedron we have the equality
C b * a+ *
—Spo+—5801+—502+503 =0.
g C00T 801 5027503

Proposition 5.6 and Lemma 5.4 imply that

50020, s51 AL <0, s5,B<0 and s55C <0,
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where all the quantities

AJrzcosAJ;D7 B=cosB and C=cosC

are non-positive under the assumptions of case (i).
Meanwhile A_=cos 1 (D— A) is non-negative. Therefore

$50>0, $51>0, s52>0 and s53>0

and, by Lemma 5.5,

S¢ s
Va2 —t2=a 9 \a2—t2=a? oL
VA
* *

s s
V2—t2 =322 \[e2—2 =43 28

A

a Vb2 —124by/a? —t2=—cy/a® —t2—a_+/c2—12.

Suppose that t£0. Then an equivalent form of the equality above is

a e ¥ e fa e fE
t2 t t2 tV t2 t t2

Applying arsinh to both sides of the equality above and making use of relation
(i) from Lemma 5.7, one obtains the equality (i) of the present proposition. If ¢=0,
then the statement holds in the limiting case t—0. The proof for cases (iii) and (v)
follows by analogy.

Consider now the cases (ii), (iv) and (vi). Note that a consequence of the
assumptions imposed on the parameters A, B, C and D is that the quantity 7 is
purely imaginary and Im7>0. Then ¢ is also purely imaginary and Im¢>0. The
rest of the proof follows by analogy with cases (i), (iii) and (v), making use of
Lemma 5.7. 0O

5

>

Hence

Proposition 5.9. Let T be a Zo-symmetric spherical tetrahedron with dihedral
angles A, B=FE, C=F and D, and edge lengths l4, lp=lg, lc=IlF andlp. Without
loss of generality, assume that A>D or, equivalently, 4 <lp and, furthermore, that
Ig>lo.

Then in the cases

(i) A+D>m, B>7/2, C>7/2 and t*>0;
(ii)* A+D>m, B<w/2, C<m/2 and t>>0;

(iii)* A+D<m, B<7/2, C>7/2 and t*>0;

Proposition 5.8 holds for the tetrahedron T* which is dual to the given one.
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Proof. By means of the equality

4(ara_—bc)(arb—a_c)(ayc—a_b)

t? = X ,

with a, =cos %(ZA—HD), b=coslp, c=coslc and a_=cos %(ZD—ZA), the parameter
t can be real only if not all of the quantities a,, b and ¢ are negative.
Without loss of generality, assume that the following cases are possible:
() la+ip<m, Ip<w/2 and lc <7/2;
(i)™ la+ip<m, lp>n/2 and lc >7/2;

(ii))*™* la+lp>m, Ip>7/2 and lo<m/2.

Each case above implies that the dihedral angles of the dual tetrahedron T™* fall
under conditions (i), (iii) or (v) of Proposition 5.8. Parameter 7* of the tetrahedron
T* computed from its dihedral angles is subject to the equality (7%)2=—t2<0. It
implies that the parameter t* for the dual tetrahedron T* computed from its edge
lengths also satisfies the condition (t*)?<0.

Thus, the tetrahedron T*, which is dual to the given one, falls under one of
the cases (i), (iii) and (v) of Proposition 5.8. [

5.2. Volume of a Zs-symmetric spherical tetrahedron

Let T be a Zs-symmetric spherical tetrahedron with dihedral angles A, B=F,
C=F and D, and edge lengths I 4, Ig=Ig, lc=Ir and lp. Let

la+lp _ la—Ip A+D D—-A

+ = — l = A = — A,:—

A 2 9 A 2 9 + 2 9 2 ’

ay =cosly, a_=cosly, b=coslp, c=coslc.

Recall that the principal parameter u of the tetrahedron T is the positive root of
the quadratic equation
5 4(aya_—be)(arb—a_c)(arc—a_b)

=1
uc+ A ,

with
A*=(ay+a_+b+c)(ay+a_—b—c)(ar—a_—b+c)(ay—a_+b—c).

The auxiliary parameter ¢ from Proposition 5.8 satisfies the equality

4(ara_—be)(arb—a_c)(ayc—a_b)

t=1-u’=
u A~

Without loss of generality, distinguish the following cases:
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) A,>7/2, B>7/2, C>7/2 and t2<0;
Y A, >7/2, B>7/2, C>7/2 and 2 >0;
) A.>w/2, B<7/2 and C>n/2;
) A,>7/2, B<7/2, C<7/2 and t*<0;
(iii)* A, >7/2, B<7/2, C<7/2 and t?>>0;
) A <7w/2, B>w/2 and C>7/2;
) A,<7/2, B<7/2, C>7/2 and t?><0;
) A, <7/2, B<7/2, C>7/2 and t?>0;
(vi) A,<w/2, B<7/2 and C<m/2.
Define the auxiliary function

1 [7/2? 1—iy/u?/sin® o —1
V({,u)= 3 / Imlog d
£ 14iy/u2/sin® o —1

for all (¢,u) €R2. The branch cut of log runs from —oc to 0. The detailed properties
of the function V will be specified in the next section.

S
(G (s (5 (G- )i

g

and
I:sgn(%—A+>V(l£7u)—i—sgn(g—B)V(l&u)—i—sgn(g—C)V(lc,u)—V(l;l,u),

where sgn denotes the sign function.
The following theorem holds.

Theorem 5.10. Let T be a Zo-symmetric spherical tetrahedron with dihedral
angles A, B=E, C=F and D, and edge lengths la, Ig=Ig, [c=lp andlp. Without
loss of generality, assume that A<D or, equivalently, lo>lp and, furthermore, that
B<C. Ift?<0, then

VolT=7Z—-H.

Proof. To prove the theorem we need to show that

(a) the function Vol T satisfies the Schlafli formula from Theorem 2.3;

(b) the function Vol T for the tetrahedron T with edge lengths l4=lp=Ilc=
Ip=m/2 equals 72/8.

Subject to the condition of the theorem, the possible cases from above are
(i)—(vi). Consider case (i): 7/2<A,<m, 7/2<B<m and 7/2<C<m. By the as-
sumption of the theorem one has 0<A_<w/2. Thus,

IT=-V({},u)=V(g,u)—V(c,u)—V(l4,u)
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and

(52 (s (5o (54 )

Note that if ©v>0 and 0</<m then

sin

ua d0+g (6—%),

w/2
V(l,u)= / Re arcsin
¢

where the branch cut of arcsin is (—oo, —1)U(1, 00).
It follows that the considered function equals

Vol T=1+H+n2,

where
/2 . sinco /2 . sino
I=-— Rearcsin do— Re arcsin do
ﬁA' u s u
/2 . sinco /2 . sinco .
— Re arcsin do— Re arcsin do—7wly—mlg—7lc,
lo u I u
and

H=A"l}+Blp+Clc— A"l = 3Ala+Blg+Clc+iDlp.
Once we prove that
dI:—%AdlA—BdlB—Cdlc—%DdlD

it follows that
dVolT = %ZA dA+IgdB+lc dC—l—%lp dD

and condition (a) is fulfilled.
Compute the partial derivative

ol 1 sinl} 1 sinl; 7 10u
— = in —£& 4+— i ——+——F%,lp,lc, 1,
Bl 2arcsm " +2arcsm " 2+u81A (A, B,tC, Aau)7
where
F(l Lp. o 15 1) = Ro( arsinh <234 inh <051
(I5,1B,lc, 14, u) = Re| arsin e “+arsin —

l 315
+arsinh C?S c +arsinh Ccl)b A )

) — 42
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Proposition 5.8 implies that F(I},lr,lc,l;,u)=0. Then, by Proposition 4.2, the
following equality hold:
01 1 _osinlh, 1 sinly, =«

= —— arcsin A + — arcsin

Ola 2 u 2 u 2

1 s
arcsinsin A, + 5 arcsinsin A_— 5

1
2

1/ A+D\ 1D-A 7 A
EG; 2 ) 2 2 2 2

taking into account that

L x, if 0<z<m/2,
arcsin sin z =
rm—z, ifr/2<z<m7.
Analogously,

o _ o, 0l D
Olp

Thus, condition (a) is satisfied.

Compute the function Vol T with If,=lp=lc=7/2, 1,=0, A,=B=C=n/2
and A_ =0, setting u=1 as follows from Proposition 4.2. Then one has Vol T=7?2/8
and condition (b) holds. Thus the theorem has been proven for case (i).

The proof for cases (ii), (iii), (iv), (v) and (vi) follows by analogy. O

In the cases (i)*, (iii)* and (v)* the following theorem holds.

Theorem 5.11. Let T be a spherical Zo-symmetric tetrahedron with dihedral
angles A, B=FE, C=F and D, and edge lengths l4, lp=lg, lc=IlF andlp. Without
loss of generality, assume that A>D or, equivalently, 4 <lp and, furthermore, that
Ig>lc. Then, in case the tetrahedron T satisfies the condition t2>0, the statement
of Theorem 5.10 holds for the tetrahedron T* which is dual to the given one.

Proof. The proof follows by analogy with Theorem 5.10 using Proposition 5.9
instead of Proposition 5.8. [

To find the volume of a tetrahedron T that respects the conditions of Theo-
rem 5.11 one may apply Theorem 5.10 to the dual tetrahedron T* and then make
use of the Sforza formula from Theorem 2.4.
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5.3. Computation of certain volumes

It follows from Lemma 5.14 of the next section that in case u=1 the function
V(¢,u) has a rather elementary form. Thus, the volume of a tetrahedron with
the principal parameter u=1 can be represented by the elementary functions. The
equality u=1 means the same as t=0, because of the relation t?=u?—1 and the
non-negativity of u.

Consider the associated symmetric tetrahedron T with its auxiliary parameter
ts=0 because of the relation t=a_t, between t and t; from the proof of Lemma 5.4.

By Lemma 5.4 one has

. 4(a—bé)(b—ac)(¢—ab)
s A* I

where A*=det G is the determinant of the edge matrix G of the tetrahedron T,.
Also the following equalities hold:

a z b c
a=cosly=—, b=coslg=— and é=cosl,=—
a

The equality t;=0 gives three cases: a—bé=0, or b—ac=0, or ¢—ab=0. To-
gether, these equalities imply either d=b=¢==1 in which case the tetrahedron is
T degenerate, or a=b=¢=0 in which case both tetrahedra T and T, are isometric
to an equilateral tetrahedron with edge length /2.

Without loss of generality, suppose that only two of the equalities above hold:
b—aé=0 and ¢—ab=0. If the tetrahedron T, is not degenerate, then one obtains
b=c=0. Therefore, the tetrahedra T provide a one-parametric family of tetrahedra
with 0<lo<m and lg=I[,=7/2. The associated tetrahedron T has edge lengths
0<la, lp<m and Ip=lc=7/2.

Suppose now that only one equality, namely a—>bé=0, holds. By Lemma 5.4
and formulae of spherical geometry from [2, Chapter 1, Section 4.2] one obtains

cos o= —a, cosﬁ:l; and cosy=¢.
Thus, for T the following inequalities hold:
cosl}cos A" <0, coslgcosB>0 and coslccosC >0.

Apply Theorem 4.2 to the tetrahedron T with principal parameter u=1 and
obtain that

sinl, =sin A", sinlg=sinB, sinlc=sinC and sinl,;=sinA".
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From the above one derives the equalities
At =r-1f}, B=lg, C=lc and A =l
or, equivalently,
A=n—lsp, B=lg, C=lc and D=w—Ip.

The cases of equalities b—aé=0 and é—ab=0 are analogous. Moreover, they
are the same up to a permutation of the parameters g and ¢ of the tetrahedron T.
Thus, the other possible equalities are

A=Ilp, B=n—-lg, C=lc and D=ly
or
A=Ilp, B=lg, C=wn—lg and D=ly4.

Note, that the last three considered cases cover all the occasions mentioned
above, namely an equilateral tetrahedron with edge length 7/2 or a family of tetra-
hedra with edge lengths 0<l4,lp <7 and Ig=Ilc=m/2.

The following statement holds.

Proposition 5.12. Let T be a Zs-symmetric spherical tetrahedron. Suppose
either

cosl} cosly—coslpcoslc =0,

or

coslp cosly—coslf coslc =0,

or

coslc cosly—cosl} coslp =0.

Then the volume of T is given by the corresponding formula: either

LB o b
VOIT:_ __+ZB+ZC__7

2 2 2
or
72 g2
VolT:lAlD lB+lO7
2
or
2 g2
VolT:M,

2
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Proof. Let us consider the case cosl}; cosl; —coslpcoslc=0. From the con-
sideration above one obtains that A=n—1[4, B=Ilg, C=Ilc and D=n—Ip. The
principal parameter v of T satisfies the equality u=1. Apply Theorem 5.10 and
Lemma 5.14 to compute the volume of T using elementary functions. Simplifying
the corresponding equation one arrives at the statement of the proposition. The
proof for the other cases follows by analogy. [

Note that the claims of Proposition 5.12 on the tetrahedron T imply that its
associated symmetric tetrahedron T has at least one face which is a right triangle.
The tetrahedron T itself might not have such a one.

5.4. Properties of the auxiliary function V (£, u)

The list of basic properties which the function

1 [7/2 1—i\/u2/sin20—1
V({l,u)= 5/ Imlog d
¢ 1+i\/u2/sin20—1

a

with (£, u)€R? enjoys is given below.

Lemma 5.13. The function V defined above satisfies the following properties,

for all (¢,u)€R?:
(i) V is continuous and a.e. differentiable in R?;

(i) V(£ u)=V(l, —u);
(iii) V(r—£,u)= —V(E w);
(iv) V(£ u)+V(=€,u)=2V(0, u);

(v) Vl+km,u)=V (E, u)—2kV(0,u) for all kEZ, i.e. V(¢,u) is linear periodic
with respect to £.

Proof. The properties (i)—(iii) follow immediately from the definition of the
function V.

To prove (iv) notice that the equality holds if /=0. In accordance with the
definition of V, the derivatives of both sides of (iv) with respect to £ vanish. Thus,
the equality holds.

The derivatives of both sides of (v) with respect to ¢ are equal. Verification of
the equality for £=0 results in the complete proof of (v). Indeed, by (iii) and (iv)
it follows that

V(r+kn,u)=-V(=kmr,u) and —V(—knr,u)=V(kr,u)—2V(0,u),
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with k€Z. Hence
V(r+km,u)=V(km,u)—2V(0,u)=...=V(0,u)—2(k+1)V(0, u)
and equality (v) holds. O

For the special value of u=1 the function V(¢,1) can be expressed by elemen-
tary functions.

Lemma 5.14. The function V(¢,u) with u=1, 0<€<m, can be expressed as

ven=3(-Hp-3)

Proof. Notice, that if ©>0 and 0</<7 then

/2 . sinco T T
V(E,u):/e Rearcsin ” da+—<€—§).

Put u=1 and use the equality

L T if 0<z<m/2,
arcsin sin z = ]
rm—z, ifr/2<z<m.

It follows that

T 2
(6—5 L if0<e<m/2,
vien=¢ 2 2
“(e=Z ' <l(<m.
2<€ 2) , ifr/2<l<nm

O
If u>1 then we have the following result.

Lemma 5.15. The function V(€,u) with u>1 has the series representation

. - o0 u—2k—1
V(l,u)=— (67—) —
tw=35{~3 +kz_%p’“ (2k+1)2

with pkzl—B(sin& k+1, %)/B(k—l—L %), where B(-,-) is the beta-function and
B(-;-,-) is the incomplete beta-function.
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Proof. Use the following series representation of the integrand in the expression

for V(¢,u) with respect to the variable u at the point u=o0:

1—i\/u2/sin20—1_ﬂ- = (2k+1)1 (sina)%Jr1

5 Imlog =— "

19k 2
1+iy/u?/sin® 0 —1 2 Sk (2k+1)

The representation above holds for all u€[l,00) and c€R. Integrating the series
above with respect to o from ¢ to m/2 with £€0, 7] finishes the proof. O

If u<1 then the function V(¢,u) has discontinuous second partial derivatives.

Their points of discontinuity in the set [0,7]x (0,1) are (w/2+(7/2—arcsinu), u).

10.
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