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Decomposition of D-modules over a hyperplane
arrangement in the plane

Tilahun Abebaw and Rikard Bøgvad

Abstract. Let α1, α2, ..., αm be linear forms defined on Cn and X =Cn \
⋃m

i=1
V (αi), where

V (αi)={p∈Cn : αi(p)=0}. The coordinate ring OX of X is a holonomic An-module, where An is

the nth Weyl algebra and since holonomic An-modules have finite length, OX has finite length.

We consider a “twisted” variant of this An-module which is also holonomic. Define Mβ
α to be

the free rank-1 C[x]α-module on the generator αβ (thought of as a multivalued function), where

αβ =αβ1
1 , ..., αβm

m and the multi-index β=(β1, ..., βm)∈Cm. Our main result is the computation

of the number of decomposition factors of Mβ
α and their description when n=2.

1. Introduction

1.1. Definition of the module Mβ
α

Let αi : Cn→C, i=1, 2, ..., m, be linear forms and Hi={P ∈Cn : αi(P )=0} be
the corresponding hyperplanes. If we let X=C

n \
⋃m

i=1 Hi be the complement of the
central hyperplane arrangement that Hi, i=1, ..., m, define, then the coordinate ring
of X is the localization C[x1, ..., xn]α, where α=

∏m
i=1 αi. This is a module over the

Weyl algebra An. Consider now, for varying values of the complex parameters
β=(β1, ..., βm)∈Cm, the multivalued function

αβ =αβ1
1 ...αβm

m .

(We will throughout this paper use the above multi-index notation. We will also
write C[x]=C[x1, ..., xn].) The An-module generated by αβ as a C[x]α-module can
be abstractly described in the following obvious way as a twisted version of C[x]α.
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contributions. The first author gratefully acknowledges the support by ISP, Uppsala University.
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Definition 1.1. The module Mβ
α, where β=(β1, ..., βm)∈C

m is (as a C[x]-modu-
le) the free rank-1 C[x]α-module on the generator αβ . It is furthermore an
An-module if we define

∂jα
β =

m∑

i=1

βi∂j(αi)
αi

αβ

for j=1, 2, ..., n and extend this to an action of the whole An on Mβ
α.

We may think of this as the fibres of a flat family of An[β1, ..., βn]-modules,
where now βi is a free scalar variable (i.e. commuting with the derivations). The
problem which we consider in this paper, and solve in the plane case, is to find the
decomposition factors DF(Mβ

α) of Mβ
α, and the number c(Mβ

α) of them. A starting
point for us was the intriguing fact—see [5] and [6]—that c(Mβ

α) is easily expressible
in terms of combinatorial data of the hyperplane arrangement when β=0.

1.2. Motivating example

The case where m=n=1, and the A1-module Mβ
α=C[x]xxβ is easy to analyze.

Proposition 1.2. (i) If β ∈Z, then c(Mβ
α)=2.

(ii) If β ∈C\Z, then Mβ
α is a simple A1-module, so c(Mβ

α)=1.

Proof. By definition Mβ
α=C[x]xxβ ∼=

⊕
i∈Z

Cxβ+i. For the proof of (i), note
that if β ∈Z, then clearly Mβ

α
∼=C[x]x. It is an easy exercise to see that

C[x] ↪−→C[x]x −→−→C[x]x/C[x]

is exact and that C[x] and C[x]x/C[x] are simple C〈x, ∂x〉-modules. For the proof
of (ii), suppose β ∈C\Z. We have first that

(x∂x −(β+i))xβ+j =(j −i)xβ+j .

If f=
∑k

i=0 αix
β+i ∈Mβ

α, where αk �=0, then

k−1∏

i=0

(x∂x −(β+i))f =αkk!xβ+k.

So some monomial xβ+k ∈A1f . Now use the formulas

(1) ∂i
xxβ+k =(β+k)...(β+k −i)xβ+k−i �=0
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by assumption, and

(2) xixβ+k =xβ+k+i,

to show that all monomials xβ+i ∈A1f for all i∈Z, and so Mβ
α ⊂A1f . Since f was

an arbitrary element, this means that Mβ
α is simple. �

1.3. Main result

The goal of this paper is the following theorem that gives the number of decom-
position factors when n=2. Note that the different possibilities are distinguished
by linear conditions on β.

Theorem 1.3. Assume that n=2. Let β=(β1, ..., βm)∈C
m and k be the num-

ber of βi ∈Z.
(i) If k=m, then c(Mβ

α)=2m.
(ii) (a) If k<m and

∑m
i=1 βi ∈Z, then c(Mβ

α)=m+k −1.
(b) If k<m and

∑m
i=1 βi ∈C\Z, then c(Mβ

α)=k+1.

As a corollary, Mβ
α is simple in exactly the following two cases: When m≤2

and k=0, or if m≥3 and k=0 and
∑m

i=1 βi ∈C\Z.
To enlarge the list of examples of explicit calculations with D-modules has

partly motivated this note. In addition D-modules on hyperplane configurations has
been of interest to several authors, e.g. [11], [8] and [12], not to mention many works
on the corresponding equivalent category of sheaves. Khoroshkin and Varchenko
(see [8]) study a subcategory of holonomic D-modules with regular singularities
along the stratification given by the intersections of the hyperplanes, and describe
it in terms of quivers. This category however does not include our modules. By
the Riemann–Hilbert correspondence and the known description of D-modules in
terms of quivers, the problem studied in this note corresponds both to an assertion
in a certain category of perverse sheaves and to an assertion on the number of de-
composition factors of a quiver (see [2] and [1]), over a certain path algebra, and
it would be illuminating to see a proof of our theorem using these tools. Another
technique that we do not explicitly use are Bernstein–Sato polynomials. They have
been calculated for hyperplane configurations in e.g. [12]. What we indirectly con-
struct, corresponds to a multi-dimensional version (see [10]); it would be interesting
to make this relation explicit.

The organization of the paper is as follows. In Section 2 we prove that Mβ
α

is holonomic and give a lemma on external products that we will need and some
preliminary results. In the next section we consider the easy normal crossings case
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when m≤n and also the case—our starting point—when all βi ∈Z, which corre-
sponds to Mβ

α
∼=C[x]α. In the last case there is a combinatorial description of the

number of decomposition factors. Then follows in Section 4 the main part of the
proof of Theorem 1.3. The main idea of the argument is to study the annihilator
of αβ ∈Mβ

α. In Section 5 we conclude the proof of Theorem 1.3, and also describe
the support of the decomposition factors.

2. Preliminaries

2.1. Some easy properties of Mβ
α

It is immediate that Mβ
α is holonomic, since it is the direct image of a connection

on X . This is also easy to see directly, by copying the proof for the localization
(which corresponds to the case β=0). The latter argument also provides an estimate
of the multiplicity of the module, so we sketch it here.

Proposition 2.1. (i) Mβ
α

∼=Mγ
α, if β ≡γ (mod Zm).

(ii) Mβ
α

∼=C[x]α, if β ∈Z
m.

(iii) Mβ
α is holonomic with multiplicity less than (m+1)n.

Proof. (ii) is a special case of (i). Suppose that β=γ+τ , τ ∈Z
m. Define

θ : Mβ
α→Mγ

α by

θ
( p

αr
αβ

)
=

p

αr
αταγ .

Clearly this is a one-to-one, onto map and it is an easy exercise to show that it is
an An-module homomorphism. This proves (ii).

To prove holonomicity, recall that m is the degree of α and for k ≥0 set

Γi =
{ q

αk
αβ : q ∈ C[x] and deg q ≤ (m+1)i

}
.

It is straightforward to prove that this filtration has the following properties:
(i) Γi ⊂Γj if i≤j;
(ii)

⋃
i≥0 Γi=Mβ

α;
(iii) xiΓj ⊂Γj+1 and ∂xiΓj ⊂Γj+1.

Hence for every fixed i the submodule AnΓi is holonomic. The dimension of Γj

cannot exceed the dimension of the vector space of polynomials of degree (m+1)j
and so

dimC(AnΓi)∩Γj ≤
(

(m+1)j+n

n

)

≤ (m+1)njn

n!
+cjn−1
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for large enough values of j and some constant c. By [3, Chapter 10, Lemma 3.1],
AnΓi is a holonomic module of multiplicity less than or equal to (m+1)n. By this
fixed upper bound on the multiplicity, and the additivity of the multiplicity, also
Mβ

α has to be holonomic (and the filtration is a good one, by the way). �

2.2. External product of modules

Let A and B be C-algebras. Suppose that M is a left A-module and N is a
left B-module. Then the C-vector space M ⊗CN is an A⊗CB-module denoted by
M ⊗̂N and called the external product of M and N . The action of a⊗b∈A⊗̂B on
u⊗v ∈M ⊗K N is given by the formula (a⊗b)(u⊗v)=au⊗bv. If A=An and B=Am,
then M ⊗̂N is in this way an An+m-module (for this see [3]). We will use that the
external product of two simple Weyl algebra modules is simple and include a proof
for convenience, shown to us by Rolf Källström. We need the following well-known
result [7, Theorem 2.6].

Lemma 2.2. If M is a simple An-module then EndAnM=C.

Lemma 2.3. Let M be a simple An-module and N be a simple Am-module.
Then M ⊗̂N is a simple Am+n-module.

Proof. Let 0 �=f=
∑k

i=1 mi ⊗ni ∈M ⊗̂N be an arbitrary element. We want to
show that Am+nf=M ⊗̂N . We will make an induction on k.

Step 1. Let f=m1 ⊗n1, m1 �=0 and n1 �=0. Let g=
∑k

i=1 ri ⊗si ∈M ⊗̂N be an
arbitrary element. We know that Anm1=M and Amn1=N and hence there are
ai ∈An and bi ∈Am such that ri=aim1 and si=bin1, for i=1, ..., k. Then

g =
( k∑

i=1

ai ⊗bi

)

(m1 ⊗n1),

and hence Am+nf=M ⊗̂N .

Step 2. Now let f=
∑k

i=1 mi ⊗ni, mi ∈M and ni ∈N , where k ≥2 and ni,
i=1, ..., k, are linearly independent (over C). Let Ji :=Ann(mi). Assume first that
there are 1≤i, j ≤k and a such that a∈Ji \Jj . Then h:=(a⊗1)f=

∑k
i=1 mi ⊗ni �=0,

is a sum of fewer terms than f and by induction Am+nh=M ⊗̂N . This implies that
Am+nf=M ⊗̂N . Otherwise Ji=Jj for all i and j. Then we have an isomorphism
φ1 : An/J1→M defined by a+J1 
→am1 and a similar isomorphism φ2 : An/J2→M .
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By Lemma 2.2, η(m):=φ2¨φ
−1
1 (m)=αm for some α∈C and all m∈M . This implies

that η(m1)=αm1=m2 and hence

f =m1 ⊗(n1+αn2)+m3 ⊗n3+...+mk ⊗nk.

Thus, again by induction Am+nf=M ⊗̂N . This finishes the proof. �

2.3. Decomposition factors

Let R be a ring and M be an R-module. If 0=M0 ⊂M1 ⊂...⊂Mr=M is a
composition series of M , then define the set of decomposition factors as

DF(M) := {Mi/Mi−1}r
i=1,

and let c(M) be the number of decomposition factors. We will use the following
lemma on the decomposition factors of R-modules.

Lemma 2.4. Let M be an R-module, and let N be a submodule of M . Then
(i) DF(M)=DF(N)∪DF(M/N),
(ii) c(M)=c(N)+c(M/N).

Corollary 2.5. Let 0=M0 ⊂M1 ⊂...⊂Mk=M be a composition series of an
An-module M and 0=N0 ⊂N1 ⊂...⊂Nl=N be a composition series of an Am-modu-
le N . Then

DF(M ⊗̂N) = {Mi/Mi−1⊗̂Nj/Nj−1}k,l
i=1,j=1

and hence c(M ⊗̂N)=c(M)c(N).

Proof. It suffices to note that Mi/Mi−1⊗̂Nj/Nj is simple by Lemma 2.3 and
that taking exterior tensor product is a flat functor. �

3. Examples

3.1. Normal crossings

Consider first the case when m≤n and recall that we have a general assumption
that α1, ..., αm are linearly independent. After a base change the linear forms may
be taken to be α1=x1, ..., αm=xm. Recall that, in the introduction, we considered
the case m=n=1. Now using that, we are going to treat the general case.
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Proposition 3.1. Let Mβ
α=C[x]ααβ , α=x1...xm and m≤n. Assume that we

have β1, ..., βk ∈Z and βk+1, ..., βm ∈C\Z. Then c(Mβ
α)=2k. In particular Mβ

α is
simple if and only if β1, ..., βm ∈C\Z.

Proof. The multiplication map induces an isomorphism:

C[x]x1...xmxβ1
1 ...xβm

m
∼=

( m
⊗̂

i=1

C[xi]xix
βi

i

)

⊗̂
( n

⊗̂

i=m+1

C[xi]
)

.

Now c(C[xi]xix
βi

i ) is 2 or 1 depending on if βi is an integer or not. The result then
follows by Corollary 2.5. �

3.2. The case of C[x]α

By Proposition 2.1 this corresponds to β ∈Z
m. In this case there is a known

combinatorial description of c(Mβ
α) in terms of certain linearly independent subsets

of Θ:={α1, ..., αm}. We will give a short description (for details see [6]).
Recall first that to each closed embedding i : Y →X between smooth varieties,

such that Y has codimension d, there is, by Kashiwara’s theorem, associated a sim-
ple DY -module LY/X =i∗ OY =Hd

Y (OX). When X=C
n and 0=Y =V (x1, x2, ..., xn)

is a point, L0/X may be described as

L0/X =
C[x1, ..., xn]x1...xn∑n

i=1 C[x1, ..., xn]x1...x̂i...xn

∼=
⊕

β∈Z
n
−

Cxβ ,

where x̂i signifies that the corresponding variable is not present in the expres-
sion, and Z− is the set of strictly negative integers. More generally, when Y =
V (x1, x2, ..., xm), LY/X may be described as the exterior tensor product of an Am-
module and an An−m-module:

LY/X
∼= L0/Cm ⊗̂C[xm+1, ..., xn] ∼=

⊕

β1≤ −1
...

βm ≤ −1

Cxβ .

Note that this corresponds to choosing a vector space splitting C
n=Y ×Z, and

describing LY/X
∼=L0/Z ⊗̂LY/Y , where C[xm+1, ..., xn]=OY =LY/Y . We will now fix

the terminology associated wtih a hyperplane arrangement.

Definition 3.2. Let R:=C[x1, ..., xn]. Furthermore let Θ={α1, ..., αm} be forms,
and if S ⊂Θ let αS =

∏
α∈S α and RS :=RαS

. The subset S ⊂Θ defines the linear
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subspace HS where all the forms in S vanish, i.e. the flat HS =V (α∈S). Further-
more let iS : HS→C

n be the inclusion and LS =iS ∗ OHS
be the corresponding simple

An-module as above.

The LS are the modules that occur in a decomposition series of C[x]α. Note
that LS1 and LS2 are isomorphic exactly when HS1 =HS2 . First we need the polar
filtration.

Definition 3.3. Define

Ri :=
∑

|S|=i

RS ⊂ C[x]α

(and R−1 :=0). Clearly RS is an An-submodule of C[x]α, and C[x]=R0 ⊂R1 ⊂...

gives an An-module filtration of C[x]α.

Theorem 3.4. ([6]) (i) dim supp Ri/Ri−1=n−i, for i=0, ..., n.
(ii) Ri/Ri−1 is a semi-simple An-module.
(iii) Ri/Ri−1

∼=
⊕

S LS , where the sum is taken over a certain set, of all so-
called no-broken (see [6]) linearly independent subsets of Θ of cardinality i. The
image of LS in Ri/Ri−1 is generated by α−1

S .

Remark 3.5. The polar filtration is the ordinary dimension filtration of a mod-
ule over a Noetherian commutative ring, only that the commutative ring in this
case is the subalgebra C[∂] of constant differential operators. Since the module is
holonomic, its characteristic varieties have dimension n over the symbol algebra.
Hence this filtration by increasing dimension induces a filtration over C[x] where
the graded pieces have decreasing dimension.

If n=2 we have the following sequence of A2-modules

0 −→R0(= C[x, y]) ⊂ R1 ⊂ R2 = C[x]α.

If the forms are Θ={α1, ..., αm}, then the set of no-broken linearly independent
subsets is

{∅, {α1}, ..., {αm}, {α1, α2}, ..., {α1, αm}}.

So in the plane case C[x]α decomposes in the following way.

Corollary 3.6. (Plane case) (i) There is one unique simple factor C[x, y] with
support equal to C

2.



Decomposition of D-modules over a hyperplane arrangement in the plane 219

(ii) The simple factors with support on lines are given by the m non-isomorphic
modules in the direct sum decomposition

R1/R0 =
m⊕

i=1

Lαi .

(iii) There are m−1 isomorphic simple decomposition factors with support at
the origin:

(3) R2/R1 =
m⊕

i=2

L{α1,αi }.

(iv) c(C[x]α)=2m.

For example, the image of the decomposition factor LS corresponding to S=
{α1, α2} in R2/R1 is just

ImL{α1,α2} =
⊕

β1≤ −1
β2≤ −1

Cαβ1
1 αβ2

2 .

We will need to know the image of Lαi . It may be described as follows. Choose
for each αi either αc

i =x or αc
i =y, so that αi and αc

i are linearly independent. Then
the image of Lαi in R1/R0 is the vector space

(4) ImLαi =
⊕

k≥0
l≤ −1

C(αc
i )

k
αl

i.

4. Proof of Theorem 1.3 when all βi∈C\Z

This section consists of the proof of a special case of Theorem 1.3, to which
the general case may be reduced. By a change of coordinates, assume in the sequel
that

Mβ
α = C[x, y]ααβ ,

where α=xy
∏m

i=3(cix+y), and ci �=cj �=0 for i �=j. We will continue to call the forms
α1=x, α2=y, ..., and extend the definition of ci=∂x(αi) (so c0=1 and c1=0). Note
that the case when m≤2 was treated in Proposition 3.1. With no βi integers, it
turns out that whether |β|:=

∑m
i=1 βi is an integer or not, determines whether the

module is simple.
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Theorem 4.1. Assume that βi ∈C\Z, i=1, ..., m.
(i) If |β|:=

∑m
i=1 βi ∈Z, then c(Mβ

α)=m−1.
(ii) If |β| ∈C\Z, then c(Mβ

α)=1 and Mβ
α is simple.

Studying the annihilator of αβ is the crucial ingredient of the proof.

4.1. Normal form algorithm

The Euler derivation P =P (β)=x∂x+y∂y − |β| belongs to the annihilator of αβ .
Another annihilator is found by considering the action of ∂y :

(

∂y −
m∑

i=2

βi

αi

)

αβ =0

and clearing denominators. This gives

Q =Q(β) :=
( m∏

j=2

αj

)

∂y −
m∑

i=2

βi

m∏

j=2
j �=i

αj

(the similarly constructed annihilator involving ∂x is contained in the ideal gener-
ated by P and Q). We will next describe a normal form for elements modulo P

and Q. For this use the graded reverse lexicographic order, ordering the variables
by y>x>∂x>∂y , and letting

yi1xj1∂k1
x ∂l1

y >yi2xj2∂k2
x ∂l2

y

if
i1+j1+k1+l1 >i2+j2+k2+l2

or
i1+j1+k1+l1 = i2+j2+k2+l2

and the last non-zero coordinate of (i1 −i2, j1 −j2, k1 −k2, l1 −l2) is negative. The
normal form algorithm, see [11, Chapter 1] and [4, Chapter 2], with respect to
{P, Q}, inputs an element F of the Weyl algebra and outputs an element R such
that there exist S1 and S2 in the Weyl algebra with F =S1P +S2Q+R and where
the initial term of R is not divisible by the initial terms of P and Q. Since the
initial term of P is x∂x and the initial term of Q is ym−1∂y , it follows that

A2 =A2P +A2Q+N,



Decomposition of D-modules over a hyperplane arrangement in the plane 221

where

N =
⊕

(i,j,k,l)∈M

Cyixj∂k
x∂l

y

and M ⊂Z
4
≥0, is the set

(5) M = {(i, j, k, l) : jk =0, and i ≤ m−2 if l �=0}.

We will use this in a slightly different form. Give the variables x, y ∈A2 weight 1,
and the derivations ∂x and ∂y weight −1. Then both P and Q are homogeneous
elements. Denote by (A2)0 ⊂A2 the space of homogeneous differential operators of
weight 0.

Lemma 4.2.

(A2)0 ⊂ N0+A2P +A2Q,

where N0 is the vector space

(6) L =
⊕

k≥1

C(y∂x)k ⊕
⊕

k,l≥1
k+l≤m−2

C(y∂x)k(y∂y)l ⊕
⊕

k≥0
l≤m−2

C(y∂y)l(x∂y)k.

Proof. Since P and Q are homogeneous elements

(A2)0 =(A2P )0+(A2Q)0+N0,

where N0=N ∩(A2)0 differs from N , by the added condition that i+j −k −l=0
in (5). Using that (A2)0 is generated by monomials in x∂y, x∂x, y∂y and y∂x,
and changing the presentation of the monomials in N0 gives the description of the
monomials in the lemma. �

4.2. The annihilator of αβ

Now we can get some information on the annihilator of αβ .

Lemma 4.3. Assume that βi ∈C\Z, i=1, ..., m. Let Ann=AnnA2α
β . Then

(i) A2P +A2Q⊂Ann;
(ii) the homogeneous part Ann0 of Ann satisfies

Ann0 ⊂ A2P +A2Q.
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Proof. Note that (i) does not need the hypothesis and is a routine verification.
We will have use for the valuation with respect to the form L=αi, i=1, 2, ..., m. If
m∈Mβ

α, define OL(m) to be the greatest k ∈Z such that

m= r(x, y)Lkαβ ,

where r(x, y)∈C(x, y) is a quotient of two polynomials that are not divisible by L

(using that the ring of polynomials is a unique factorization domain). Furthermore
define

VL,k = {m ∈ Mβ
α : OL(m) ≥ k}.

Clearly ...⊃VL,−1 ⊃VL,0 ⊃VL,1 ⊃... . To avoid confusion, we emphasize that when we
below speak of the order of a differential operator in A2 and the order filtration
of A2, it will be in the ordinary sense of differential operators. Note that if S ∈A2

has order s, then

(7) SVL,k ⊂ VL,k−s,

and that

(8) ∂yVx,k ⊂ Vx,k and ∂xVy,k ⊂ Vy,k.

After these preliminaries, suppose now that B ∈Ann is homogeneous. Using the
previous Lemma 4.2, B=U+S1P +S2Q, where U ∈L and Si ∈A2, i=1, 2. Hence,
by (1), U ∈Ann. We will show that U must be 0.

Let r be the order of U . If r ≥m−1, then the leading term, with respect to the
order filtration, of U will look like

γ(y∂x)r+
∑

l≤m−2
n=r−l

αl,n(y∂y)l(x∂y)n = γyr∂r
x+R(x, y)xr−(m−2)∂r

y ,

where the degree of R(x, y) is equal to m−2. Consider first valuation with respect
to x. Evaluate modulo Vx,−r+1, using (8), gives

0 =Uαβ =β1(β1 −1)...(β1 −r+1)γ
yr

xr
,

and hence γ=0 (since β1 /∈Z). Next let L=αi, i=2, ..., m. Evaluate again modulo
VL,−r+1, using (7), gives

0 =Uαβ =R(x, y)βi(βi −1)...(βi −r+1)xr−(m−2)L−r+VL,−r+1.

Since βi /∈Z, L divides R(x, y). Repeating this for all αi, i=2, ..., m, implies that
α2Lα3...αm divides R(x, y). This contradicts that degyR(x, y)≤m−2. Hence
R(x, y)=0, and so we are reduced to the second case, when r ≤m−2. Clearly
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we may assume that r>0, since otherwise U would be a constant annihilating αβ

and so U=0. Then the leading term of U will look like
r∑

k=0

αk(y∂y)k(y∂x)r−k.

Consider now again the different valuations. With respect to L=x, and in view
of (8), we have that

0 =Uαβ =
α0β1(β1 −1)...(β1 −r+1)yr

xr
(mod Vx,−r+1).

This implies that α0=0. Now if L=αi=cix+y, i=3, ..., m,

Uαβ =
( r∑

k=0

αkcr−k
i

)
βi(βi −1)...(βi −r+1)yr

Lr
+VL,−r+1.

This gives m−2 equations p(ci)=
∑r

k=1 αkcr−k
i =0, where p(x)=

∑r
k=1 αkxr−k, and

since the degree of p is r −1≤m−3, we have p(x)=0. This finally implies that U=0,
and finishes the proof of the lemma. �

4.3. The structure of A2/(A2P +A2Q)

We have a surjective map

A2/(A2P +A2Q) −→−→A2/Ann ⊂ Mβ
α,

and we will find the decomposition factors of Mβ
α by analyzing the first module.

Lemma 4.4. Let β̃=β+N , where N ∈Z
m, and αβ̃ =αNαβ ∈Mβ

α. Then

J =J(β̃) :=A2x+A2P (β̃)+A2Q(β̃) =A2x+A2(y∂y −(|β̃|+1))+A2(ym−2).

Proof. Recall that P (β̃)=x∂x+y∂y − |β̃|=∂xx+y∂y −(|β̃|+1). This shows that
y∂y −(|β̃|+1)∈J . Secondly,

Q(β̃) =
( m∏

j=2

αj

)

∂y −
m∑

i=2

β̃i

m∏

j=2
j �=i

αj =Gx+
(

ym−1∂y −
m∑

i=2

β̃iy
m−2

)

for some G∈A2. Hence

J =A2x+A2(y∂y −(|β̃|+1))+A2

(

ym−1∂y −
m∑

i=2

β̃iy
m−2

)

.
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But ym−1∂y −
∑m

i=2 β̃iy
m−2 −ym−2(y∂y −(|β̃|+1))=(β̃1+1)ym−2 ∈J . Since β̃1+1 �=0,

by assumption, ym−2 ∈J , and

J =A2x+A2(y∂y −(|β̃|+1))+A2(ym−2). �

Lemma 4.5. Let A1=C〈y, ∂y 〉. Let J=A1(y∂y −γ)+A1y
k for k ≥0. Then the

following are true.
(i) If γ /∈ { −1, ..., −k}, then J=A1.
(ii) If −k ≤γ ≤ −1, then J=A1(y∂y −γ)+A1y

|γ|. Furthermore,

A1/J ∼= C[y]y/C[y]

and is hence simple.

Proof. (i) If γ /∈ { −1, ..., −k}, then j+γ �=0, for j ∈ {1, ..., k}. Now,

∂yyk −yk−1(y∂y −γ)= (k+γ)yk−1 ∈ J.

Since k+γ �=0, yk−1 ∈J. Iterating we find that 1∈J , as by assumption k+γ �=0,
k −1+γ �=0, ..., 1+γ �=0, and hence J=A1.

(ii) If −k ≤γ ≤ −1, the same argument still gives that J=A1(y∂y −γ)+A1y
|γ|.

Let θ : A1→C[y]y/C[y] be the map defined by θ(P )=P (ȳγ). Clearly J ⊂Ker θ and
θ is surjective. Now,

A1 =J+
⊕

i≥0

C∂i
y ⊕

|γ|−1⊕

j=1

Cyj ,

so J=Ker θ. This concludes the proof. �

Lemma 4.6.

A2/(A2x+A2P (β̃)+A2Q(β̃)) ∼= A2/(A2x+Ann(β̃)) ∼= A2α
β̃/A2xαβ̃

is a non-trivial simple A2-module if and only if −(m−2)≤ |β̃|+1≤ −1 and zero
otherwise.

Proof. The last isomorphism is obvious. By Lemma 4.4,

A2/(A2x+A2P (β̃)+A2Q(β̃)) ∼= A2/(A2x+A2(y∂y −(|β̃|+1))+A2(ym−2)).

So this module is the external product

(C〈x, ∂x〉/C〈x, ∂x〉x)⊗̂(C〈y, ∂y 〉/C〈y, ∂y 〉 〈y∂y −(|β̃|+1), ym−2〉).
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Hence the result on simplicity follows by Lemma 4.5(ii) and Lemma 2.3. It remains
to prove the first isomorphism. There is a canonical surjection

θ : A2/(A2x+A2P (β̃)+A2Q(β̃)) −→A2/A2x+Ann(β̃).

If the second module is zero, then there are B ∈A2 and C ∈Ann(β̃) such that 1=
Bx+C if and only if C=1−Bx∈Ann(β̃). Take the homogeneous weight 0 part: 1=
B−1x+C0. Now, by Lemma 4.2, C0 ∈A2P (β̃)+A2Q(β̃) and so 1∈A2x+A2P (β̃)+
A2Q(β̃). Hence the first module is zero. Since it is always simple, this proves that
the surjection θ is always an isomorphism and finishes the proof of the lemma. �

Lemma 4.7. (i) There exists N1 ∈N
m such that αβ−N1 generates Mβ

α.
(ii) There is N2 ∈Nm such that A2α

β+N3 is a simple submodule if N3 ∈N2+Nm.

Proof. (i) follows directly from the fact that M=Mβ
α is a holonomic module and

hence Noetherian, see [3]. Let e=(1, ..., 1)∈N
m. By the Noetherian property the

ascending sequence of submodules A2α
β−ne, n=1, 2, ..., stabilizes at some n=n1.

But, for large enough n any element in M is contained in A2α
β−ne. This holds in

particular for a finite set of generators of M , and so M is generated by αβ−n1e.
For (ii), note similarly that the descending sequence of submodules A2α

β+ne,
n=1, 2, ..., stabilizes if n is larger than some n2. As a further consequence of
holonomicity, M contains a simple submodule M1. If f is a generator of M1, then
also αnef , n≥0, is a generator, and if we then choose n big enough we may assume
that f ∈A2α

β+n2e. Hence M1 ⊂A2α
β+n2e. Furthermore, all decomposition factors

of M have support on hyperplane intersections, and M has rank 1 as a C(x, y)-
module, so any element in A2α

β+n2e/M1 is annihilated by a large enough power
of α. In particular, there is n4 ≥n2 such that αβ+n4e ∈M1, and it follows that
A2α

β+n2e=A2α
β+n4e=M1. �

4.4. Proof of Theorem 4.1

We are now in a position to prove Theorem 4.1. Assume first that |β̃| ∈C\Z.
By Lemma 4.6, A2α

β̃/A2xαβ̃ =0 and hence A2α
β̃=A2xαβ̃=...=A2x

rαβ̃1 for any
r ∈Z and this is true exchanging x for any of the other linear forms. Then by
Lemma 4.7, A2α

β+N3 =A2α
β+N1=Mβ

α. Therefore Mβ
α is simple.

Assume then that |β̃| ∈Z. Again using the notation of the preceding lemma,
put β̃=β+N1, and consider A2α

β+N1 . Since if αβ+N generates Mβ
α also x−nαβ+N

generates Mβ
α if n≥0, we may assume that |β̃| ≤ −(m−1). By Lemma 4.6, if |β̃|

is not one of −(m−1), ..., −2, we have that A2β̃/A2xβ̃=0. Hence A2α
β̃ =A2xαβ̃ =
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...=A2α
β̃1 , where αβ̃1 =xrαβ̃ such that |β̃1|=−(m−1). Then by Lemma 4.6

A2α
β̃1 ⊃ A2xαβ̃1 ⊃ ... ⊃ A2x

m−2αβ̃1 ,

is a chain of strict submodules such that each quotient is simple and has support
at (0, 0). The last submodule, A2x

m−2αβ̃1 , has the property (by again applying
Lemma 4.6 to each αi) that it equals A2α

Nxm−2αβ for all N ∈N
m, and hence by

Lemma 4.7 is simple.
Hence Mβ

α has m−2 decomposition factors with support at the origin, and one
with support on C

2. This concludes the proof.

5. The general plane case

In this section, we are going to consider the remaining case when 1≤k<m

of the β’s are in Z and the rest are in C\Z. Let then β1, ..., βk ∈Z, so they may
be taken to be 0, by Lemma 2.1. Define β̃ :=(βk+1, ..., βm)∈(C\Z)m−k, and set
α̃=αk+1...αm. We then want to study the module

Mβ
α = C[x, y]αα̃β̃ .

First, by Section 3.2 the module C[x, y]α1...αr has a filtration:

R0 = C[x, y] ⊂ R1 ⊂ R2 = C[x, y]α1...αk
.

(If k=1, then R1=R2.) By localization and multiplication by α̃β̃ this induces a
filtration by A2-modules

(9) C[x, y]α̃α̃β̃ ⊂ (R1)α̃α̃β̃ =(R2)α̃α̃β̃ = C[x, y]αα̃β̃ ,

where the equality is a consequence of the fact that R2/R1 has support in the
complement of α̃ �=0, and so vanishes when localized. By (3) the quotient

C[x, y]αα̃β̃/C[x, y]α̃α̃β̃ =
k⊕

i=1

(Lαi)α̃α̃β̃ ,

as A2-modules. We can describe the factors Ki :=(Lαi)α̃α̃β̃ more precisely. Denote
by iHi the inclusion Hi=V (αi)→C

2. Since Ki has support on Hi, it is equal to
iHi ∗(KerKi αi), by Kashiwara’s theorem. Note that αc is a parameter on Hi. The
restriction of a form αj , j=k+1, ..., m, to Hi is a non-zero multiple of αc, and hence
intuitively the restriction of α̃β̃ is a multiple of (αc)βk+1+...+βm .
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Lemma 5.1. Let iH : H=V (αi)⊂C
2, put t=αc

i , and let βH =βk+1+...+βm.
Then

(i) KerKiαi
∼=C[t]ttβH =MβH

t as C〈t, ∂t〉-modules.
(ii) Ki=iH∗ MβH

t , where iH is the inclusion C∼=H ⊂C
2.

Proof. It suffices to prove (i). We may without loss of generality assume that a
basis is chosen so that αi=x and t=αc

i =y, where the decomposition αs=bsx+csy,
s=k+1, ..., m, has the property that cs �=0, s=k+1, ..., m. (If some cs=0, then x

and αs are linearly dependent.) Since kernels localize well, KerKi =(KerLix)α̃α̃β̃ .
Hence, by the description of ImLαi in (4), vector space generators of KerKix are
given by

KerKix=
⊕

j≥0

C
yj

x
α̃β̃ +

∑

j∈Z

s=k+1,...,m

C
1

xαj
s

α̃β̃ .

We may eliminate some generators, letting αs=bsx+csy, and using that

cs

xαs
− cr

xαr
=0,

(in Ki) and by an inductive argument getting

cs

xαj
s

− cr

xαj
r

=0.

This gives

(10) KerKix=
⊕

j≥0

C
yj

x
α̃β̃ ⊕

⊕

j∈Z

C
1

xαj
k+1

α̃β̃ .

Let θ : C[x, y]→C[y] be the surjection corresponding to the injection iH : H=
V (αi)⊂C

2. Since αs=bsx+csy we have that θ(αs)=csy, cs ∈C. Choose a branch
of the logarithm, so that c=

∏m
s=k cβs

s is defined. Define the C[y]-homomorphism

θ : KerKx −→C[y]yyβH =MβH
y ,

by

θ
(yj

x
α̃β̃

)
= cyjyβH and θ

(
1

xαj
s

α̃β̃

)

= c(csy)−jyβH .

The identity
y

xαj
s

=
1
cs

bsx+csy

xαj
s

=
1
cs

1
xαj−1

s

,
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in Ki, implies that θ(y/xαj
s)=yθ(1/xαj

s). Furthermore the identity

θ

(

∂y

(
1
x

α̃β̃

))

= θ

(
1
x

m∑

s=k+1

βscs

αs
α̃β̃

)

= c

( m∑

s=k+1

βscs

csy
yβ

H

)

= ∂y

(

θ

(
1
x

α̃β̃

))

,

shows part of the fact that θ commutes with the action of ∂y and the rest follows
similarly. Clearly θ is onto, and injective by the description (10). This finishes the
proof. �

This finally enables us to complete the proof of a more precise version of The-
orem 1.3.

Theorem 5.2. Assume that β1, ..., βk ∈Z and βk+1, ..., βm ∈C\Z.
(i) If

∑m
i=1 βi ∈C\Z, then c(Mβ

α)=k+1. There is one decomposition factor
with support on the whole space, one with support on each Hs, s=1, ..., k, and none
with support at the origin.

(ii) If
∑m

i=1 βi ∈Z, then m−k ≥2 and c(Mβ
α)=m+k −1. There is one decom-

position factor with support on the whole space, one with support on each Hs,
s=1, ..., k, and m−k −2 with support at the origin.

Proof. By (9) and Lemma 2.4,

(Mβ
α) = c(C[x, y]α̃α̃β̃)+c(Mβ

α/C[x, y]α̃α̃β̃) = c(C[x, y]α̃α̃β̃)+
k∑

s=1

c(C[y]yyβH ).

Clearly βH ∈Z if and only if |β|=
∑m

i=1 βi ∈Z, so c(C[y]yyβH ) is 2 or 1, depend-
ing on if

∑m
i=1 βi ∈Z, or not, by the example in the introduction. Hence the contri-

bution of the last part of the sum is that there is always exactly one decomposition
factor with support on each Hi, i=1, ..., k. An additional k decomposition factors
with support at the origin exist if |β| ∈Z, while if |β| ∈C\Z there are none.

On the other hand, by the previous section, c(C[x, y]α̃α̃β̃) is m−k −1 or 1,
depending on if

∑m
s=k βs ∈Z, which is equivalent to

∑m
i=1 βi ∈Z, or not. There is

always one decomposition factor with support on C2, and m−k −2 with support
at the origin if

∑m
i=1 βi ∈Z. Combining these descriptions, if |β| ∈Z there are 2k+

(m−k −1)=m+k −1 decomposition factors, and if
∑m

i=1 βi ∈C\Z, there are k+1
decomposition factors. �
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metric Differential Equations, Springer, Berlin, 2000.

12. Walther, U., Bernstein–Sato polynomial versus cohomology of the Milnor fiber for
generic hyperplane arrangements, Compositio Math. 141 (2005), 121–145.

Tilahun Abebaw
Department of Mathematics
Addis Ababa University
Addis Ababa
Ethiopia
tabebaw@math.aau.edu.et
and
Department of Mathematics
Stockholm University
SE-106 91 Stockholm
Sweden
abebaw@math.su.se

Rikard Bøgvad
Department of Mathematics
Stockholm University
SE-106 91 Stockholm
Sweden
rikard@math.su.se

Received November 26, 2008
published online June 23, 2009

mailto:tabebaw@math.aau.edu.et
mailto:abebaw@math.su.se
mailto:rikard@math.su.se

	Decomposition of D-modules over a hyperplane arrangement in the plane
	Abstract
	Introduction
	Definition of the module Malphabeta
	Motivating example
	Main result

	Preliminaries
	Some easy properties of Malphabeta
	External product of modules
	Decomposition factors

	Examples
	Normal crossings
	The case of C[x]alpha

	Proof of Theorem 1.3 when all betaiC\Z
	Normal form algorithm
	The annihilator of alphabeta
	The structure of A2/(A2P+A2Q)
	Proof of Theorem 4.1

	The general plane case
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


