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Decomposition of D-modules over a hyperplane
arrangement in the plane

Tilahun Abebaw and Rikard Bggvad

Abstract. Let aj, a2, ..., am be linear forms defined on C™ and X =C" \UZ’;I V(a;), where
V(a;)={peC™: o;(p)=0}. The coordinate ring Oy of X is a holonomic A,-module, where A, is
the nth Weyl algebra and since holonomic A,-modules have finite length, Oy has finite length.
‘We consider a “twisted” variant of this A,-module which is also holonomic. Define Mg to be

the free rank-1 C[z]o-module on the generator o (thought of as a multivalued function), where
B1 Bm
1 )

af=alt, ... ab™ and the multi-index B=(B1, ..., Bm)€C™. Our main result is the computation

of the number of decomposition factors of Mg and their description when n=2.

1. Introduction

1.1. Definition of the module Mg

Let a;: C"—C, i=1,2,...,m, be linear forms and H;={P€C": «;(P)=0} be
the corresponding hyperplanes. If we let X =C"\|J/; H; be the complement of the
central hyperplane arrangement that H;, i=1, ..., m, define, then the coordinate ring
of X is the localization C[zy, ..., ], where oz:H:il «;. This is a module over the
Weyl algebra A,,. Consider now, for varying values of the complex parameters
B8=(01, ..., Bm) EC™, the multivalued function

o’ :afl...aﬁl’".
(We will throughout this paper use the above multi-index notation. We will also
write C[z]=Clx1, ..., 7,].) The A,-module generated by a” as a C[z],-module can
be abstractly described in the following obvious way as a twisted version of C[x],.
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contributions. The first author gratefully acknowledges the support by ISP, Uppsala University.
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Definition 1.1. The module M?, where 3= (81, ..., B,,) €C™ is (as a C[x]-modu-
le) the free rank-1 C[z],-module on the generator o”. It is furthermore an
A, -module if we define

m
Bi0; ()
9.aP = J B
o Z P
=1
for j=1,2,...,n and extend this to an action of the whole A,, on MZ.

We may think of this as the fibres of a flat family of A,[81, ..., 3x]-modules,
where now 3; is a free scalar variable (i.e. commuting with the derivations). The
problem which we consider in this paper, and solve in the plane case, is to find the
decomposition factors DF(M#Z) of M?, and the number ¢(M?) of them. A starting
point for us was the intriguing fact—see [5] and [6]—that c(M?) is easily expressible
in terms of combinatorial data of the hyperplane arrangement when 5=0.

1.2. Motivating example

The case where m=n=1, and the A;-module M? =C[z],27 is easy to analyze.

Proposition 1.2. (i) If 3€Z, then ¢(M?)=2.
(ii) If BEC\Z, then M¥ is a simple Ay-module, so c(MB)=1.

Proof. By definition M2 =C[z],2°=@,_, Ca"T. For the proof of (i), note
that if B€Z, then clearly M2 =C[z],. It is an easy exercise to see that

Clz] — C[x], —» CJz],/C|x]

is exact and that C[z] and Clz],/C[z] are simple C(x, d,)-modules. For the proof
of (ii), suppose F€C\Z. We have first that

(05— (B+0))2" = (j—i)z"*.
If f:Zfzo a;x? 1 eMP? | where oy, #0, then

k—1

H (20, — (B41)) f = cklzPTF,

i=0

So some monomial z7t*€ A, f. Now use the formulas

(1) DL aPTr = (B4E)...(B+k—i)aPTF1 40
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by assumption, and

(2) pighth = pftk+i

to show that all monomials z°+' € A, f for all i€Z, and so M8 C A; f. Since f was
an arbitrary element, this means that M? is simple. [

1.3. Main result

The goal of this paper is the following theorem that gives the number of decom-
position factors when n=2. Note that the different possibilities are distinguished
by linear conditions on (.

Theorem 1.3. Assume that n=2. Let =(01, ..., Bm)EC™ and k be the num-
ber of B;€Z.

(i) If k=m, then c(M?)=2m.

(ii) (a) If k<m and >_;", B;€Z, then c(ME)=m+k—1.
(b) If k<m and Y_;~, B;EC\Z, then c(MZ)=k+1.

As a corollary, M? is simple in exactly the following two cases: When m<2
and k=0, or if m>3 and k=0 and ) ", 3;€C\Z.

To enlarge the list of examples of explicit calculations with D-modules has
partly motivated this note. In addition D-modules on hyperplane configurations has
been of interest to several authors, e.g. [11], [8] and [12], not to mention many works
on the corresponding equivalent category of sheaves. Khoroshkin and Varchenko
(see [8]) study a subcategory of holonomic D-modules with regular singularities
along the stratification given by the intersections of the hyperplanes, and describe
it in terms of quivers. This category however does not include our modules. By
the Riemann—Hilbert correspondence and the known description of D-modules in
terms of quivers, the problem studied in this note corresponds both to an assertion
in a certain category of perverse sheaves and to an assertion on the number of de-
composition factors of a quiver (see [2] and [1]), over a certain path algebra, and
it would be illuminating to see a proof of our theorem using these tools. Another
technique that we do not explicitly use are Bernstein—Sato polynomials. They have
been calculated for hyperplane configurations in e.g. [12]. What we indirectly con-
struct, corresponds to a multi-dimensional version (see [10]); it would be interesting
to make this relation explicit.

The organization of the paper is as follows. In Section 2 we prove that M2
is holonomic and give a lemma on external products that we will need and some
preliminary results. In the next section we consider the easy normal crossings case
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when m<n and also the case—our starting point—when all §;€Z, which corre-
sponds to M2=C[z],. In the last case there is a combinatorial description of the
number of decomposition factors. Then follows in Section 4 the main part of the
proof of Theorem 1.3. The main idea of the argument is to study the annihilator
of a?€MB. In Section 5 we conclude the proof of Theorem 1.3, and also describe
the support of the decomposition factors.

2. Preliminaries

2.1. Some easy properties of Mg

It is immediate that M? is holonomic, since it is the direct image of a connection
on X. This is also easy to see directly, by copying the proof for the localization
(which corresponds to the case 3=0). The latter argument also provides an estimate
of the multiplicity of the module, so we sketch it here.

Proposition 2.1. (i) M2=M7, if =~ (mod Z™).
(i) ME=Clx]a, if BEZ™.
(iii) M2 is holonomic with multiplicity less than (m+1)".

Proof. (ii) is a special case of (i). Suppose that f=~+7, T7€Z™. Define

6: M2 —M, by
9(%0[6) = %ofoﬂ.
Clearly this is a one-to-one, onto map and it is an easy exercise to show that it is
an A,-module homomorphism. This proves (ii).
To prove holonomicity, recall that m is the degree of a and for k>0 set

;= {%aﬁz q € Clz] and degq < (m—i—l)i}.

It is straightforward to prove that this filtration has the following properties:
(i) I, Ly if i<j;
(i) Ujso Ti=M2;
(111) xiFj CF]'_H and &HFJ-CFJ»H.
Hence for every fixed ¢ the submodule A,I'; is holonomic. The dimension of I';
cannot exceed the dimension of the vector space of polynomials of degree (m+1)j
and so

+Cjn71

dime (A, T)T, < (<m+1)j+n> < (m+1)"5"

n - n!
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for large enough values of j and some constant c. By [3, Chapter 10, Lemma 3.1],
A,T; is a holonomic module of multiplicity less than or equal to (m+1)". By this
fixed upper bound on the multiplicity, and the additivity of the multiplicity, also
M2 has to be holonomic (and the filtration is a good one, by the way). O

2.2. External product of modules

Let A and B be C-algebras. Suppose that M is a left A-module and N is a
left B-module. Then the C-vector space M ®c N is an A®c B-module denoted by
M®N and called the ezternal product of M and N. The action of a@be ARB on
u®VEM @ N is given by the formula (a®b)(u®@v)=au®bv. If A=A,, and B=A,,,
then M®N is in this way an A,y ,,-module (for this see [3]). We will use that the
external product of two simple Weyl algebra modules is simple and include a proof
for convenience, shown to us by Rolf Kallstrom. We need the following well-known
result [7, Theorem 2.6].

Lemma 2.2. If M is a simple A,,-module then End s, M=C.

Lemma 2.3. Let M be a simple A, -module and N be a simple A,,-module.
Then M®N is a simple A pn-module.

Proof. Let Ogéf:Zf:l m;@n;EM®N be an arbitrary element. We want to
show that A, 4, f=M ®@N. We will make an induction on k.

Step 1. Let f=m1®ny, m1#0 and n1#0. Let gzzle ri®s;E MAN be an
arbitrary element. We know that A,m;=M and A,,n;=N and hence there are
a; €A, and b;€ A,, such that r;=a;mq and s;=b;ny, for i=1,..., k. Then

k
g= <Z ai®b,~> (m1 ®’I”L1),
=1

and hence Am+nf:M(§>N.

Step 2. Now let f:Zle m;@n;, m; €M and n;EN, where k>2 and n;,
i=1, ..., k, are linearly independent (over C). Let J;:=Ann(m;). Assume first that
there are 1<4, j<k and a such that a€J;\J;. Then h::(a@)l)f:Z:i;1 m; ®n; 70,
is a sum of fewer terms than f and by induction A,,,h=M ®N. This implies that
Apminf=M®N. Otherwise Ji=J; for all ¢ and j. Then we have an isomorphism
¢1: Ap/J1— M defined by a+J;—am, and a similar isomorphism ¢o: A, /Jo— M.
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By Lemma 2.2, n(m):=¢2047  (m)=am for some a€C and all me M. This implies
that n(mi)=ami;=mqy and hence

f=mi®ni+ang)+mz@nz—+...+mny.

Thus, again by induction A,,,f=M®&N. This finishes the proof. [

2.3. Decomposition factors

Let R be a ring and M be an R-module. If 0=MyCM;C...CM,=M is a
composition series of M, then define the set of decomposition factors as

DF(M):={M;/M;_1};_1,

and let ¢(M) be the number of decomposition factors. We will use the following
lemma on the decomposition factors of R-modules.

Lemma 2.4. Let M be an R-module, and let N be a submodule of M. Then
(i) DF(M)=DF(N)UDF(M/N),
(ii) e(M)=c(N)+c(M/N).

Corollary 2.5. Let 0=MyCM;C...CMp=DM be a composition series of an
Ay -module M and 0=NoCN,C...CN;=N be a composition series of an A, -modu-
le N. Then

DF(M@&N) = {M;/M; 1&N;/N; 1}y
and hence c(M@N)=c(M)c(N).

Proof. Tt suffices to note that MZ-/MZ-,1<§>NJ-/N]- is simple by Lemma 2.3 and
that taking exterior tensor product is a flat functor. [

3. Examples

3.1. Normal crossings

Consider first the case when m <n and recall that we have a general assumption
that ay, ..., o, are linearly independent. After a base change the linear forms may
be taken to be a3y =21, ..., a;=x,,. Recall that, in the introduction, we considered
the case m=n=1. Now using that, we are going to treat the general case.
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Proposition 3.1. Let M? =C[z],0?, a=m...x,, and m<n. Assume that we
have By, ..., €Z and Pri1, ..., B €EC\Z. Then c(MB3)=2F. In particular M? is
simple if and only if B1, ..., Bm €C\Z.

Proof. The multiplication map induces an isomorphism:

Clalay. a2l = <® C[ﬁi]xi”?)@’( 0% CW)'
=1

1=m-+1

Now ¢(Clzi]s, 2" is 2 or 1 depending on if 3; is an integer or not. The result then
follows by Corollary 2.5. O

3.2. The case of C[x],

By Proposition 2.1 this corresponds to S€Z™. In this case there is a known
combinatorial description of ¢(M?) in terms of certain linearly independent subsets
of ©@:={aq, ..., }. We will give a short description (for details see [6]).

Recall first that to each closed embedding i: Y — X between smooth varieties,
such that Y has codimension d, there is, by Kashiwara’s theorem, associated a sim-
ple Dy -module LY/X:i*Oy:Hfﬂ(OX). When X=C" and 0=Y =V (z1, za, ..., )
is a point, Ly,x may be described as

L _ 5 ’ 1..-Tp o~ Cxﬁ,
/X Z;L:l (C[Il, 7xn]x1§:,xn 59

where z; signifies that the corresponding variable is not present in the expres-
sion, and Z_ is the set of strictly negative integers. More generally, when Y=
V(z1,22,...,Zm), Ly;x may be described as the exterior tensor product of an A,,-
module and an A,,_,,-module:

Ly/X = LO/CnL®C[$m+1, ceey (En] = @ (C.’EB
B1<-1
Bm<—1
Note that this corresponds to choosing a vector space splitting C"=Y x Z, and
describing Ly, x ELO/Z@)Ly/y, where C[2,,41, ..., Tn] =0y =Ly/y. We will now fix
the terminology associated wtih a hyperplane arrangement.

Definition 3.2. Let R:=C|[xy, ..., x,]. Furthermore let ©={a1, ..., @, } be forms,
and if SCO let aS:HaeSa and Rg:=R,;. The subset SCO defines the linear
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subspace Hg where all the forms in S vanish, i.e. the flat Hg=V(a€S). Further-
more let ig: Hg—C"™ be the inclusion and Lg=i5,0On, be the corresponding simple
A,,-module as above.

The Lg are the modules that occur in a decomposition series of Clz],. Note
that Lg, and Lg, are isomorphic exactly when Hg, =Hg,. First we need the polar
filtration.

Definition 3.3. Define

R;:= Y RsCCla],
|S|=i

(and R_1:=0). Clearly Rg is an A,-submodule of Clz],, and Clz]=RoCR;C...
gives an A,-module filtration of C[z],.

Theorem 3.4. ([6]) (i) dimsupp R;/R;—1=n—1, for i=0,...,n.

(ii) R;/Ri—1 is a semi-simple A, -module.

(iii) Ri/Ri—1=@g Ls, where the sum is taken over a certain set, of all so-
called no-broken (see [6]) linearly independent subsets of © of cardinality i. The
image of Ls in R;/R;_1 is generated by agl.

Remark 3.5. The polar filtration is the ordinary dimension filtration of a mod-
ule over a Noetherian commutative ring, only that the commutative ring in this
case is the subalgebra C[J] of constant differential operators. Since the module is
holonomic, its characteristic varieties have dimension n over the symbol algebra.
Hence this filtration by increasing dimension induces a filtration over C[x] where
the graded pieces have decreasing dimension.

If n=2 we have the following sequence of As-modules
0— Ro(=Clz,y]) C R1 C Ry =Clz]a.

If the forms are ©={ay,..., ., }, then the set of no-broken linearly independent
subsets is

{9, {a1},.... {am}, {a1, @z}, ..., {1, am}}.

So in the plane case C|z], decomposes in the following way.

Corollary 3.6. (Plane case) (i) There is one unique simple factor Clz,y] with
support equal to C2.
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(ii) The simple factors with support on lines are given by the m non-isomorphic
modules in the direct sum decomposition

Ry/Ry=@P La,.
i=1

(iii) There are m—1 isomorphic simple decomposition factors with support at
the origin:

(3) Ro/Ri =@ Liay.a,}-

=2

(iv) ¢(Clz]q)=2m.

For example, the image of the decomposition factor Lg corresponding to S=
{a1,as} in Ry/Ry is just

Im Lo, a0y = EB (Callozgz.
B1<-1
B2<-1

We will need to know the image of L,,. It may be described as follows. Choose
for each «; either af=x or af=y, so that o; and «f are linearly independent. Then
the image of L, in Ry/Ry is the vector space

(4) Im Lo, = €P C(af)"al.

4. Proof of Theorem 1.3 when all 3;€C\Z

This section consists of the proof of a special case of Theorem 1.3, to which
the general case may be reduced. By a change of coordinates, assume in the sequel
that

Mg :C[‘r; y]aaﬁa

where a=zy [[/~4(c;z+y), and ¢;#c¢;#0 for i#j. We will continue to call the forms
a1 =2z, as=y, ..., and extend the definition of ¢;=0,(«;) (so ¢cop=1 and ¢;=0). Note
that the case when m<2 was treated in Proposition 3.1. With no §; integers, it
turns out that whether |3:=3"." 3; is an integer or not, determines whether the
module is simple.
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Theorem 4.1. Assume that 3;€C\Z, i=1,...,m.
() If |8]:=1", Bi€Z, then c(ME)=m—1.
(ii) If |B|€C\Z, then c(MB)=1 and MZ is simple.

Studying the annihilator of o is the crucial ingredient of the proof.

4.1. Normal form algorithm

The Euler derivation P=P(8)=x0,+yd,—|3| belongs to the annihilator of a/”.
Another annihilator is found by considering the action of 9y:

(@—i%)aﬁzo

i=2 "

and clearing denominators. This gives

Q=) = <1ia)ai 6 ﬁ o

i#i

(the similarly constructed annihilator involving 9, is contained in the ideal gener-
ated by P and Q). We will next describe a normal form for elements modulo P
and ). For this use the graded reverse lexicographic order, ordering the variables
by y>x>0,>0,, and letting

% i1 9k1 9l iz j2 ka2 9l
y 11;J18x18y1 > y ijzajﬁgf

if
i1 +J1+ki L > i+ jot+ kot

or
t1+j1+k1+lh =ia+ja+kae+lo

and the last non-zero coordinate of (i3 —is, j1 —j2, k1 — k2,11 —l2) is negative. The
normal form algorithm, see [11, Chapter 1] and [4, Chapter 2|, with respect to
{P, @}, inputs an element F' of the Weyl algebra and outputs an element R such
that there exist S7 and S5 in the Weyl algebra with F'=51P+5:Q+ R and where
the initial term of R is not divisible by the initial terms of P and . Since the
initial term of P is 29, and the initial term of @ is y™ 18, it follows that

Ay = AP+ AsQ+N,
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where
N = @ (Cyizjﬁﬁaé
(,5,k,1)eM

and M CZ2,, is the set
(5) M={(,j,k,1):jk=0, and i <m—2 if [ #0}.

We will use this in a slightly different form. Give the variables x,y€ As weight 1,
and the derivations 0, and 9, weight —1. Then both P and @) are homogeneous
elements. Denote by (As)oC As the space of homogeneous differential operators of
weight 0.

Lemma 4.2.
(A2)o C No+AxP+A2Q,

where Ny is the vector space

(6) L=PCwo)o P Cwd)wd) o P Cwyo,) (=o,)".
E>1 ki>1 k>0
k+I<m—2 I<m—2

Proof. Since P and @ are homogeneous elements
(A2)o = (A2P)o+(A2Q)o+ No,

where Ny=NN(Asz)o differs from N, by the added condition that i+j—k—1=0
in (5). Using that (As)o is generated by monomials in 0, 20,,y0, and y0s,
and changing the presentation of the monomials in Ny gives the description of the
monomials in the lemma. O

4.2. The annihilator of of

Now we can get some information on the annihilator of /.

Lemma 4.3. Assume that 3;€C\Z, i=1,...,m. Let Ann=Annga,a”. Then
(1) As P+ A>Q CAnn;

(ii) the homogeneous part Anng of Ann satisfies

Anng C A2P+A2Q.
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Proof. Note that (i) does not need the hypothesis and is a routine verification.
We will have use for the valuation with respect to the form L=q;, i=1,2,....,m. If
meM?, define Or(m) to be the greatest k€Z such that

mzr(w,y)Lkozﬁ,

where r(z,y)€C(z,y) is a quotient of two polynomials that are not divisible by L
(using that the ring of polynomials is a unique factorization domain). Furthermore
define

Vg = {me Mg : Op(m)>k}.

Clearly ...DVr, 1DV 0DV 1D.... To avoid confusion, we emphasize that when we
below speak of the order of a differential operator in As and the order filtration
of As, it will be in the ordinary sense of differential operators. Note that if S€ Ay
has order s, then

(7) SV CVik—s,
and that
(8) @VM C V%k and 6$Vy,k cV, k-

After these preliminaries, suppose now that B€ Ann is homogeneous. Using the
previous Lemma 4.2, B=U+51P+52Q, where UcL and S;€ Az, i=1,2. Hence,
by (1), U€Ann. We will show that U must be 0.

Let 7 be the order of U. If r>m—1, then the leading term, with respect to the
order filtration, of U will look like

YY)+ Y un(ydy) (x0,)" =vy 05+ R(w, y)a" "Dy,

I<m—2
n=r—I

where the degree of R(x,y) is equal to m—2. Consider first valuation with respect
to z. Evaluate modulo V, _, 11, using (8), gives
.

0=Ua’ :51(51—1)...(ﬁ1—r—|—1)fy%7

and hence y=0 (since $;¢Z). Next let L=q;, i=2,...,m. Evaluate again modulo
VL, —r41, using (7), gives

0=Ua” =R(z,9)3:(Bi—1)...(8i —r+1)a" " DL 4V, 0.

Since (3;¢7Z, L divides R(x,y). Repeating this for all «y, i=2,...,m, implies that
azLag...ap, divides R(z,y). This contradicts that deg, R(z,y)<m—2. Hence
R(z,y)=0, and so we are reduced to the second case, when r<m—2. Clearly
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we may assume that >0, since otherwise U would be a constant annihilating o”
and so U=0. Then the leading term of U will look like

T
> an(ydy) (yde) ",
k=0
Consider now again the different valuations. With respect to L=x, and in view
of (8), we have that

B _ apf(B1—1)...(B1—r+1)y"

x?"

0=U«

(mod Vg, _y11).

This implies that «g=0. Now if L=a;=c;x+vy, i=3,...,m,

Ul — (Z akc’{k) Bi(Bi—1)...(Bi—r+1)y" Vi

Lr
k=0

This gives m—2 equations p(c;)=>p_, arci *=0, where p(z)=>"r_, apa" ¥, and
since the degree of p is r—1<m—3, we have p(2)=0. This finally implies that U=0,
and finishes the proof of the lemma. [

4.3. The structure of Ay/(A2P+ A2Q)
We have a surjective map
A/ (AsP+A5Q) —» Ay /Ann c M7,
and we will find the decomposition factors of M? by analyzing the first module.
Lemma 4.4. Let Bzﬁ—i—N, where N€Z™, and a@:aNa'BEMg. Then
J=J(B):= Agw+ A P(B) + A2Q(5) = Apart Ay, — (|1B]+1) + A2 (4™ ).

Proof. Recall that P(3)=20,+yd, —|3|=0,x+yd,—(|3|41). This shows that
y0y—(|8|+1)€J. Secondly,

Q(B) = (H aj) 5‘ny Bs H aj=Gr+ <ym13yz Biym2>
=2 =2 =2 i=2
for some G€ A,. Hence

J = Agz+As (ydy —(18]4+1))+ Az <ym18y2 Biy’"2>.
=2
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But y 10, — 37, Biy™ 2~y 2 (ydy, — (|B|+1))=(B1 + 1)y 2€.J. Since B;+17£0,
by assumption, y™2€.J, and

J=Asz+As(yd, — (16| +1)+A2(y™"%). O

Lemma 4.5. Let Ay=C(y,d,). Let J=A;(y0,—~)+A1y* for k>0. Then the
following are true.

(i) If v¢{—1,...,—k}, then J=A;.

(ii) If —k<y<-—1, then J=A,(y0y—v)+ A1y, Furthermore,

A1/J =Clyl, /Cly]

and is hence simple.
Proof. (i) If y¢{—1,...,—k}, then j+~#0, for je{1,...,k}. Now,
Byy* =y Y0y =) = (k+y)y" ' e .

Since k++#0, y*~teJ. Iterating we find that 1€.J, as by assumption k470,
k—1+~#0,...,147v%#0, and hence J=A;.
(ii) If —k<y<-—1, the same argument still gives that J=A4;(yd, —v)+ A1yl
Let 0: Ay —C[y],/Cly] be the map defined by §(P)=P(y"). Clearly JCKer6 and
0 is surjective. Now,
[v[—-1

Ar=J+@cois P cy,
j=1

i>0

so J=Ker 6. This concludes the proof. [
Lemma 4.6.
A/ (Agz+ Ar P(B)+ A2Q(B)) = A/ (Agz+Ann(B)) = Aya® [ Az

is a mon-trivial simple As-module if and only if 7(m72)§\5~|+1§71 and zero
otherwise.

Proof. The last isomorphism is obvious. By Lemma 4.4,
Az /(Asw+As P(B)+A42Q(5)) = Az / (Aswr+Aa(ydy — (15| +1)) + A2(y™2)).

So this module is the external product

(C<JZ, 61>/(C<xa 31>33)@A§((C(y, 8y>/(C<y,6y><yay_(‘g|+1)7ym—2>)
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Hence the result on simplicity follows by Lemma 4.5(ii) and Lemma 2.3. It remains
to prove the first isomorphism. There is a canonical surjection

0: Ay/(Asa+As P(B)+ ArQ(B)) — As/ Asz+ Ann(f).

If the second module is zero, then there are B€ Ay and C'€Ann(f) such that 1=

Bzx+C if and only if C=1—Bxze€Ann(f3). Take the homogeneous weight 0 part: 1=

B,lx:i—Co. Now, by Lemma 4.2, Co€ A3 P(8)+ A2Q(5) and so 1€ Asx+ A3 P(5)+

A2Q(0). Hence the first module is zero. Since it is always simple, this proves that
the surjection 6 is always an isomorphism and finishes the proof of the lemma. [J

Lemma 4.7. (i) There exists Ny EN™ such that o®~™N generates M5.
(ii) There is No€N™ such that Aya® N3 is a simple submodule if N3 € Ny+N".

Proof. (i) follows directly from the fact that M =M? is a holonomic module and
hence Noetherian, see [3]. Let e=(1,...,1)eN™. By the Noetherian property the
ascending sequence of submodules A,a® "¢ n=1,2, ..., stabilizes at some n=n,.
But, for large enough n any element in M is contained in Asa®~"¢. This holds in
particular for a finite set of generators of M, and so M is generated by a”~m1€,

For (ii), note similarly that the descending sequence of submodules Aya”+me,
n=1,2, ..., stabilizes if n is larger than some ns. As a further consequence of
holonomicity, M contains a simple submodule M;. If f is a generator of M7, then
also a™¢f, n>0, is a generator, and if we then choose n big enough we may assume
that f€AyaPtm2¢. Hence M; C Aya®t™2¢. Furthermore, all decomposition factors
of M have support on hyperplane intersections, and M has rank 1 as a C(z,y)-
module, so any element in A,a®t™2¢/M; is annihilated by a large enough power
of a. In particular, there is n4>ns such that aft™+€cM;, and it follows that
Agoua*”?e:AgaB*”‘*e:Ml. O

4.4. Proof of Theorem 4.1

We are now in a position to prove Theorem 4.1. Assume first that JB\ eC\Z.
By Lemma 4.6, Asa®/AsraP=0 and hence Aya®=Asral=...=Ax"aP for any
r€Z and this is true exchanging x for any of the other linear forms. Then by
Lemma 4.7, AyaPtNs = A0+ N1=M?. Therefore M? is simple.

Assume then that |/3)|€Z. Again using the notation of the preceding lemma,
put 3=3+Nj, and consider Aya®+ N1 Since if otV generates M? also 2~ "af+N
generates MZ if n>0, we may assume that |3|<—(m—1). By Lemma 4.6, if ~|/3’|
is not one of —(m—1), ..., —2, we have that Agﬁ/AﬂB:O. Hence AsaP=Aqzal=



226 Tilahun Abebaw and Rikard Bggvad

...=As0P" | where o' =27 such that |31]=—(m—1). Then by Lemma 4.6
Ago/§1 D Agxaél D...D Agxm_zaél,

is a chain of strict submodules such that each quotient is simple and has support
at (0,0). The last submodule, Az™ 21, has the property (by again applying
Lemma 4.6 to each a;) that it equals Asa™ 2™ 2a# for all NEN™, and hence by
Lemma 4.7 is simple.

Hence M? has m—2 decomposition factors with support at the origin, and one
with support on C2. This concludes the proof.

5. The general plane case

In this section, we are going to consider the remaining case when 1<k<m
of the (s are in Z and the rest are in C\Z. Let then fi,..., 5y €Z, so they may
be taken to be 0, by Lemma 2.1. Define 3:=(Bgyi1, -, Bm)€(C\Z)™*, and set
A=Qf4+1..-Qp. We then want to study the module

M? = C[z, y]oa”.
First, by Section 3.2 the module Clx, yla,...q, has a filtration:
Ro= (C[J), y] CRiCRy= (C[l‘, y]a1-~ak'

(If k=1, then Ry=Rs.) By localization and multiplication by a? this induces a
filtration by As-modules

9) Cla, y]ad® C (Ry)ad”® = (Ry)sd” =Clz, ylad”,

where the equality is a consequence of the fact that Ro/R; has support in the
complement of @#0, and so vanishes when localized. By (3) the quotient

k
Cle, ylad” /Clz, ylad” = P)(La,)ad”,
i=1
as As-modules. We can describe the factors Ki::(Lai)&&B more precisely. Denote
by ig, the inclusion H;=V (a;)—C2. Since K; has support on H;, it is equal to
im,,(Kerg, a;), by Kashiwara’s theorem. Note that a° is a parameter on H;. The
restriction of a form o, j=Fk+1,...,m, to H; is a non-zero multiple of o, and hence

intuitively the restriction of &” is a multiple of (a®)Pk+1+-F5m,
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Lemma 5.1. Let ig: H=V(a;)CC?, put t=a§, and let Bg=Lks1+---+Fm-
Then

(i) Kerg,a; =C[t]t?7 =MP" as C(t, d,)-modules.

(ii) K;=ig, M where iy is the inclusion C=H CC2.

Proof. Tt suffices to prove (i). We may without loss of generality assume that a
basis is chosen so that a;=2 and t=a§ =y, where the decomposition ag=bsx+c,y,
s=k+1,...,m, has the property that c¢,#0, s=k+1,...,m. (If some ¢,=0, then x
and ay are linearly dependent.) Since kernels localize well, Kerg, =(Kerr,x)sa".
Hence, by the description of Im L,, in (4), vector space generators of Kerg,x are

given by
KerK.mz@Cy—jNB—i— g (CL,&'B.
‘ , x : rod
ji>0 JEZ S
s=k+1,..., m

We may eliminate some generators, letting a;=bsx+csy, and using that

Cs _ & _ 0,
T T
(in K;) and by an inductive argument getting
c c
s ‘ r _—0.
zad  zad
This gives
10 Kerw.o—@B Y # oo
(10) erKixf@ pulc @@ — a’.
3>0 jez k+1

Let 6: Clz,y]—Cly] be the surjection corresponding to the injection igy: H=
V(a;)CC2. Since ayz=bsz+csy we have that 6(as)=csy, cs€C. Choose a branch
of the logarithm, so that c=]]._, ¢+ is defined. Define the C[y]-homomorphism

0: Kergx —)(C[y]yyﬁH :M’SH,

i , 1 ,
G(y—aﬁ) =cyy?"  and 0<+aﬁ> :c(csy)_]yﬁH.
x xad
The identity

y  lbsztey 1 1

< - ==
rod G zo Cs zark

J
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in K;, implies that 6(y/zal)=y0(1/zad). Furthermore the identity

L) _p(l = Bses 5\ _ (N~ BsCs 5 _ 1.3
o(a(357))=0(; X T =e( 2 Tpuk)=a(o(3¥)).

shows part of the fact that § commutes with the action of 9, and the rest follows
similarly. Clearly 6 is onto, and injective by the description (10). This finishes the
proof. O

This finally enables us to complete the proof of a more precise version of The-
orem 1.3.

Theorem 5.2. Assume that 51, ..., 0. €Z and Bii1, -+, B EC\Z.

(1) If S, Bi€C\Z, then c(MZ)=k+1. There is one decomposition factor
with support on the whole space, one with support on each Hy, s=1, ..., k, and none
with support at the origin.

(ii) If Y0, Bi€Z, then m—k>2 and ¢(MZ)=m+k—1. There is one decom-
position factor with support on the whole space, one with support on each Hj,
s=1,....k, and m—k—2 with support at the origin.

Proof. By (9) and Lemma 2.4,

N 5 5 k
(MZ) = ¢(Clz, yla@”®)+c(MS /Clz, ylad”) = e(Cle, ylad”) +D_ e(Clylyy™).

s=1

Clearly By €Z if and only if |8|=_1", B;€Z, so ¢(C[yl,y*#) is 2 or 1, depend-
ing on if "1, B;€Z, or not, by the example in the introduction. Hence the contri-
bution of the last part of the sum is that there is always exactly one decomposition
factor with support on each H;, i=1,...,k. An additional k¥ decomposition factors
with support at the origin exist if |3|€Z, while if |3|€C\Z there are none.

On the other hand, by the previous section, C(C[x,y]d&ﬁ) is m—k—1 or 1,
depending on if > 7", 3;€Z, which is equivalent to Y .*, 3;EZ, or not. There is
always one decomposition factor with support on C2, and m—k—2 with support
at the origin if /", 3;€Z. Combining these descriptions, if |3|€Z there are 2k+
(m—k—1)=m+k—1 decomposition factors, and if > ., 3;€C\Z, there are k+1
decomposition factors. [
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