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Universality and fine zero spacing
on general sets

Vilmos Totik

Abstract. A recent approach of D. S. Lubinsky yields universality in random matrix theory
and fine zero spacing of orthogonal polynomials under very mild hypothesis on the weight function,
provided the support of the generating measure p is [—1,1]. This paper provides a method with
which analogous results can be proven on general compact subsets of R. Both universality and
fine zero spacing involves the equilibrium measure of the support of . The method is based on
taking polynomial inverse images, by which results can be transferred from [—1,1] to a system of
intervals, and then to general sets.

1. Introduction

In [12] D. Lubinsky found a stunningly simple approach to universality limits.
His technique has completely reshaped the subject, and its importance is hard to
overestimate. Among the highlights of this new approach is universality under the
sole continuity of the weight [12] (previously analyticity was required!), fine spacing
of zeros of orthogonal polynomials by Levin and Lubinsky in [10], and universality
for exponential weights in [11]. The present work was motivated by these results,
and it would not have been possible without them.

Let v be a positive finite Borel measure with compact support E on the real
line. We assume that E consists of infinitely many points, and then we can form
the orthonormal polynomials p,, (u; €)=, (u)x™+... with respect to p.

We shall denote by cap(E) the logarithmic capacity of E. For the leading
coefficients v, (1) of p,(p; ) it is known ([18, Corollary 1.1.7]) that

1
lim inf o 1/n>7
im inf y,, (1) Z (B
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and the measure p is called regular (from the point of view of orthogonal poly-
nomials) if

. n 1
(1.1) dim yn (1) /n= cap(E)
and the right-hand side is finite. This is a rather mild assumption, and it holds
under fairly general conditions on yu (see [18]). For various properties of orthogonal
polynomials with respect to regular measures see [18]. In particular, if v and p have
the same support, v>p and p is regular, then so is v (since then 7, (v) <v,(u)).
Let xp,1<%pn2<...<Tp,, be the zeros of p,(u; x), and

(1.2) Kn(u;2,y) = ipj (132)p; (13 y)
§=0

be the associated reproducing kernel. It has been known that some universal-
ity questions in random matrix theory can be expressed in terms of orthogonal
polynomials, in particular in the off-diagonal behavior of the reproducing kernel
(see [3], [4], [9] and [13]). When E=[-1,1] and du(z)=w(x)dz, a form of univer-
sality in random matrix theory can be stated as

a b

(1.3) lim o (x—'—w(x)Kn(xvx)’x—"w(@f(ﬂ@»@) _ sinm(a—b)
. n-roo K, (z,x) T(a—b)

(with K, (z,y)=K,(u;z,y)). This had first been proven under strong conditions
on w by various authors (the first rigorous proofs seem to have been given in [4], [3]
and [9]; see [12] for a discussion), and more recently by Lubinsky [12] under conti-
nuity of w. More precisely, Lubinsky proved that (1.3) holds uniformly in z€S and
locally uniformly in a,b€R provided p is a regular measure with support [—1, 1],
Sc(—1,1) is a compact set, u is absolutely continuous in a neighborhood of S
and its density (i.e. Radon—Nikodym derivative) w is positive and continuous on S.
E. Levin and D. Lubinsky [10] used this to prove the following strong asymptotics
for the spacing of zeros: under the previous conditions if dist(x, x, S)=0(n"1),
then

n

lim (zp 11— Tnp) ————==1.
n—00 /1_ 2
T xn,k

See [10] for predecessor results as well as for similar zero spacing at +1 and for
exponential weights on R.

(1.4)
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M. Findley [6] proved a local version of (1.3) and (1.4) under the condition
that logwe€ L' in a neighborhood of z and x is a Lebesgue point for both w and its
local outer function (see below for a precise formulation).

The main objective of this paper is to extend all these results to the case
when the support E of p is an arbitrary compact subset of the real line (of posi-
tive capacity). As we shall see, in this case the role of 1/mv/1—1z? is assumed by
the equilibrium density of E (of course, 1/7v/1—x2 is the equilibrium density for

[_171])'

2. Results

Let E be a compact subset of the real line of positive capacity, and let ug be
its equilibrium measure (see e.g. [18]). In what follows Int(E) denotes the interior
of Ein R.

Let, as before, 1 be a finite Borel measure with compact support ECR. We
shall always assume that p is regular in the sense of (1.1), hence E is of positive
capacity. If p is absolutely continuous with respect to Lebesgue measure on an in-
terval I CInt(E), then we call its Radon-Nikodym derivative du(x)/dz with respect
to Lebesgue measure its density, and we denote it by w(z). We shall denote the
density of the equilibrium measure p of E by wg. It exists (with the choice (2.3))
everywhere on Int(E) (and it is continuous — actually C'*° — there).

Theorem 2.1. Let p be a reqular measure of compact support ECR, SC
Int(E) be a compact subset of the interior of E, and assume that p is absolutely
continuous in a neighborhood of S and its density w(x) is continuous and positive
on S. Then for any L have

(2.1) lim n(Zn kt1—Znx)we(z)=1
n—oo

uniformly in x€S and |z, p—z|<L/n.
Thus, the spacing of zeros is

1+o(1)

Tn k+1 —Tnk = nwg ({E)

in any L/n-neighborhood of x€S, and this spacing is uniform in x. It will also
follow from the proof that for all large n there are zeros x, ; with |z—z, x|<L/n
(as long as L>1/2wg(x)).
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Theorem 2.2. Under the conditions of Theorem 2.1 we have

sinmwg(z)(a—0b)

m(a—bjw(z)

n—oo N

1
(2.2) lim —Kn(u;x—i— m—l—b)

uniformly in x €S and locally uniformly in a,beR.

The last clause means that if L is any number, then the convergence is uniform
inzeS and a,be[-L, L].

Since K, (p;x,x)/n—wg(z)/w(x) as n—oo (see Theorem 3.1), this is equiva-
lent to the universality limit (1.3) (with K, (z,y)=K,(1;z,v)).

Since for E=[~1,1] the equilibrium density is wy_y 1j()=1/7v1—22, in this
case these theorems give back the original theorems of Lubinsky [12] and Levin and
Lubinsky [10] on [—1,1].

The following local result uses even less conditions on p. To formulate it we
introduce the following terminology. It is known that

(2.3) w(zo) :=lim %

exists almost everywhere on R, and it coincides a.e. with the Radon-Nikodym
derivative (with respect to Lebesgue measure) of the absolutely continuous part of
i ([14, Theorem 7.14]). For simplicity we call this w the Radon—Nikodym derivative,
or density of p. We shall also assume that in a neighborhood I of a point this w
satisfies the local Szegd property, i.e. logwe L!(I). Then

Hy,(z —exp( /—logw dt) Imz>0,

differs from the local outer function (see [8, p. 133]) associated with the restriction
wt/? |1 of w'/? to I on the upper half-plane only in a constant multiple of modulus 1,
therefore the nontangential limit H,,(x) of H,(z) exists at almost every x€R as
z—x€R. Furthermore |H,,(z)|?=w(z) for almost every x€I, and almost all points
xg€l are Lebesgue points for H,,:

(2.4) }lllir(l)h/ w(To+t)—Hy(xo)| dt =0.

The function H, is also closely related to the local Szegd function associated
with w|; (see [6]); in particular, they have the same Lebesgue points in I (see [6,
Lemma 12]).
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Theorem 2.3. Let i be a reqular measure of compact support ECR, and let
xo€Int(E) be a Lebesgue point for the Radon—Nikodym derivative w(x)=du(z)/dx
of p. Assume further that w(xo)>0, logw is integrable in a neighborhood I of xg
and (2.4) is satisfied at xg. Then (2.2) holds at x=x¢ locally uniformly in a,beR.
Furthermore, for any L>2wg(xo) and sufficiently large n, there are zeros xp j of
pn(p;2) in [xo—L/n,zo+L/n] and (2.1) holds at x=x¢ uniformly in |z, k—zo| <
L/n.

Implicit among the conditions of this theorem is that the limit (2.3) exists
at xg.

While preparing this work, we learned about a simultaneous parallel paper by
B. Simon [17]. Simon proves Theorem 2.2 for his regular sets (in the terminology
of [17] this means that the essential support has absolutely continuous equilibrium
measure), and as a consequence obtains Theorem 2.1 in this case. Originally he
had also planned a local extension in the spirit of Theorem 2.3, but having learned
about Findley’s manuscript [6] (which is basically Theorem 2.3 for E=[—1,1]), he
generously abandoned that direction. The author is grateful to him for pointing out
a subtle point regarding the local version Theorem 2.3. The method of the present
paper and that of Simon [17] are so vastly different (modulo the background work
of Lubinsky), that it would not have made much sense to unite them. But we
believe that both methods are worth publishing and will produce further results in
the future.

3. Outline of the proof

A crucial role will be played by the Christoffel functions

(3.1) An(u;x)=m= (2@(@2)_1-

It is well known that A, (x) is the minimum value in the following extremal problem:

An(p;x inf du,
(w2 P le)=1 / —1ap
where the infimum is taken over all polynomials P, 1 of degree at most n—1. Thus,
An (15 ) is a monotone function both in g and in n, and this will be our standard
tool below.

Lubinsky’s proof was based on the following result (see [12, (3.5)]).
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Lubinsky’s inequality. If c<o*, then

(3.2)  Am(030)| K (030, 0) — Ko (05 u,v)| < (%)m {1—%}1&.

The point in this inequality is that the Christoffel functions A, (u; ) behave
much more nicely than the orthogonal polynomials or the reproducing kernels be-
cause they are monotonic in the measure p. In particular, they have strong localiza-
tion, which, in turn of Lubinsky’s inequality, yields some kind of localization (in x)
on K, (p;xz+a/n,z+b/n)/n ([12, Theorem 3.1]). This easily allows one to deduce
universality for general measures if one knows it for a single measure, and Lubinsky
used the Legendre weight for this comparison. This approach works on [—1, 1].

When the measure is supported on more general sets, then localization still
holds, but there does not seem to be any easy measure around which could be used
for comparison. But, as we shall see — and this is the essence of our method — there
is no need to have one, for in this case we essentially transform Lubinsky’s theorem
from [—1,1] to general sets. This transformation is done by applying polynomial
mappings, properties of which have been established in the paper [7] by Geronimo
and Van Assche. The polynomial inverse image method has been applied to transfer
polynomial inequalities in [20], but it seems to be quite a bit of luck that it works
in our present case, as well.

The method is the following: start from the result on [—1, 1], and apply it to
a polynomial mapping y=Tn(x) with a polynomial T (of degree N) with some
special properties (see the next section). This results in a statement on the inverse
image F::Tjgl[—l, 1]. In this step the interval splits up into more than one part.
With such polynomial inverse images one can approximate arbitrary sets of finite
intervals (see [19]), and this sometimes allows one to prove the statement for general
subsets of the real line.

In the present case let vy be a measure on [—1,1] and let v be its pull-back
on F:Tﬁl[—l, 1] under the mapping y=Tn(z). This pull-back transformation pre-
serves the equilibrium measure (this was one of the crucial observations of Geronimo
and Van Assche in [7]). Some of the orthogonal polynomials also transform nicely:
PN (Vs 2)=pn(vo; Tn(x)). For other indices, i.e. for p,n4;(v; 2) with j=1,..., N—1,
there is also a relation, but it is rather implicit and it is not possible to use. So
we rely on this relation only for the indices nIN. Note that here v is not our given
measure g (which may not be a pull-back of anything), but we can make p and v
coincide on some small interval by appropriately prescribing vy. Unfortunately, the
reproducing kernels do not seem to transform in a manageable way. Note however,
that if one argument of the mth reproducing kernel is a zero of the mth orthogonal
polynomial, then the formula for the reproducing kernel is greatly simplified, so we
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fix one of the arguments to be a zero. This needs to be done both for the origi-
nal measure p, as well as for the pull-back measure v, so the points that are fixed
are different in these two cases, which necessitates an additional shift. With this
transform technique and with Lubinsky’s localization we obtain something close to
what we want but only for the sequence {nN}22; of indices. To cover the full
sequence, i.e. indices of the form nN+j with some j, we factor out j zeros of the
(nN +7)-th orthogonal polynomial, and note that then the rest is the nNth orthog-
onal polynomial but with respect to a measure that varies with n and that includes
the factored zeroes. Then we shall do the previous transform but for these varying
measures, and we get the result for the full sequence.

Levin and Lubinsky derived zero spacing from universality limits, but we have
found it more convenient to deal first directly with Theorem 2.1 on zero spacing
and then proving Theorem 2.2.

On the other hand, when proving Theorem 2.3 we already have lots of measures
for comparison at our disposition (this is the content of Theorem 2.2), so we can
directly apply Lubinsky’s localization technique in this case.

Just as in [12], the proofs are based on asymptotics for Christoffel functions,
more precisely on the following results.

Theorem 3.1. With the assumptions of Theorem 2.1 we have

wg()

(3.3) lim nA, (M;x+%) =

n—0o0

uniformly in x €S and locally uniformly in a€R.

Theorem 3.2. With the assumptions of Theorem 2.3 we have (3.3) at x=1x¢
locally uniformly in a€R.

4. Preliminaries

It is known that the orthonormal polynomials satisfy a three-term recurrence
relation

2P (145 %) = an ()Pt (15 ) +0n ()P (145 )+ a1 () Pn—1 (115 ),
and with these numbers a, (1) >0 we have the Christoffel-Darboux formula

)pn(u; 2)pn—1 (1Y) —Pn—1(1; 2)pn (15 y)

4.1 Kn YT, = Un
(4.1) (15 2,y) = an(p Ty

for the nth reproducing kernel.
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One of the best ways to think about orthogonal polynomials is the following:
if pn(p;)="n(u)x™+..., then the monic orthogonal polynomials py,(u;x)/vn (1)
uniquely solve the following extremal problem with, 1/7,(x)? being the extremum
value,

w0 [ (S

We shall use the following lemmas several times. To the content of the lemmas
note that if H is a compact subset of the real line, then its equilibrium measure g
is absolutely continuous in Int(H), and its density wy () is continuous there.

Lemma 4.1. If HCH' are compact subsets of R of positive capacity, then
wrr | <pm, and, as a consequence, if ICInt(H) is an interval, then wi () <wp (x)
for all zel.

This is so because py is the balayage of pp out of C\ H, see e.g. [16, The-
orem IV.1.6(e)].

Lemma 4.2. Let H and Hy, k=1,2,..., be compact subsets of the real line
lying in some fixed interval. Let furthermore O be an open set that is contained
in all Hi and H. Assume that cap(Hy)—cap(H), and either H,CH for all k, or
HCHjy, for all k. Then, as k— o0, we have wy, () —wp(z) locally uniformly in O.

Proof. When H C Hy, for all k this is [19, (30)] (local uniformity follows from
the proof and was actually stated on the top of p. 296). When Hy C H the proof is
just the same. [J

We shall use Markov’s inequality

T, k
(43) Z )\m U7 Tm ] / < Z My xm,j

If we apply this with the index £ and the index i, then subtraction gives

k—1 - k
(1.4) > Al < [ > i),
x

j=itl ™t j=i
In particular,
Tm, k+1
(45) )\nz (M7 xm,k) S / d/”’a
Tm, k—1
and
Tm, k
(4'6) / d.u < )\m(lﬁ xm,k—l)‘f'/\m(MQ l‘m,k)-
Tm, k—1
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Lemma 4.3. Suppose that p is a regular measure with compact support E, and
that I and I' are two closed subintervals of Int(E) such that I lies in the interior
of I'. Let us assume that p is absolutely continuous on I’ and for its density w(x)
we have My <w(x)< My on I' with some positive constants My and M. Let further
By and By be positive lower and upper bounds for wg(x) on I'. Then there is an myg
such that for m>my,

(i) no subinterval of I of length <M /2MsBam contains more than two zeros

of pm (5 2);
(ii) any subinterval of I of length >4Ms/M,Bim contains at least one zero of

pm(ﬂ? Z)

Proof. Let I"CInt(I') be another closed interval that contains I in its inte-
rior. Let g1 and uo be the measures that agree with p outside I’, but on I’ they
have densities My and My, respectively. These measures are regular (see the local-
ization theorem of [18, Theorem 5.3.3]), so we can apply Theorem 3.1 (the proof
of which does not use the present lemma) to deduce that mA,, (u1;x) = My /wg(z)
and mAp, (p2; ) = Mowg (), as m— 00, and the convergence is uniform on I”. Since
Am (15 ) lies in between A, (11; ) and A, (p2; ), it follows that there is an m; such
that for m>m; we have

Qéilm <An(p2) < 211\472, xel.
Now suppose that JCI contains at least three zeros, say T k—1, Tm,ks Tm k+1-
Apply (4.5) to them, and notice that the right-hand side is at most |J|Ma, while,
as we have just seen, the left-hand side is at least M;/2Bom. These are compatible
only for |J|>M;/2M;Bym, and this proves (i).

In proving (ii) we note first of all that all parts of the support of p attract
zeros of pp,(p; z) for large m (see e.g. [15]), which implies that for some mg and
m>msy there is at least one-one zero in the two subintervals of I”\I. Thus, if
for m>max{mi, ma} there is no zero in a JCI, and @, ,—1 is the largest zero of
Pm (1 2) lying to the left of J, then zp, g—1,2m x€I”. So (4.6) gives that

2M. Tk
2 2)\m(lff7xm,k71)+)\m(ﬂaxm,k)2/ dMZ/dMZL”Mh

n Tom,k—1 J

which is impossible for |J|>4M3/M;Bin, and this is (ii). O

2

Lemma 4.4. Let L>0 be a fixed number. With the assumptions of The-
orem 2.3 there is an ng such that for n>ng,

(i) no subinterval of [xo—L/n,xzo+L/n] of length <1/3nwg(x¢) contains more
than two zeros of py(p; 2);

(ii) [xo—9/nwE(xo), x0+9/nwEr(xo)] contains at least one zero of py(; 2).
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The content of (ii) in the lemma is to guarantee at least one zero. Then it
follows from Theorem 2.3 that any subinterval of [xo—L/n,z+L/n] of length A/n
with A>1/wg(z¢) contains at least one zero of py,(y; 2).

Proof. The proof is along the same lines as the preceding proof. By Theorem 3.2
we have

(4.7) w(zo) (o %) < _2u(w)

2mwg(xo m/ ~ mwg(xo)

for |a|<L/m and m>mg. Assume now that for some large n there is no zero of
Pn (5 2) in [zo— K/n, xo+K/n]. Let x,, x—1 <xo—I/n be the largest zero to the left
of this interval. Then z, >xo+K/n, and ©,  —2n k—1>2K/n. Let m be selected
so that

—< Tn,k—Tn,k—1 < —.
m m

Then m<n/K, but for large n we have m>my (recall that in any interval which
intersects the support of p in an infinite number of points there is at least one zero
of pn(u; z) for large n). Then

2 2
Tnk—1,Tnk € |To——,To+—|,
m m

and so from (4.6), (4.7) and the monotonicity of Christoffel functions we can infer

Tk
/ d/ig )\n(ﬂ;xn,kfl)'f')\n(,u;xn}k)

Ty k—1

2w(zo)
S Atkem] (5 Tnk—1) + A rom) (15 Tnk) < 27—
S Ausom) (85 -1 )+ Mrcon] (43 ) < 2 w0

But the left-hand side is at least
T k41 Zo zo+1/2m 1
/ w(z) dx > min{/ w(z) d:c,/ w(x) dx} = M,
Tn,k .’L‘o—l/2m xo 2m

where, in the last step, we used that xz is a Lebesgue point for w. The last two
inequalities contradict each other for large m (which is the same as large n) if K is
a fixed number >8/wg(zg), and this proves (ii).

Now suppose that JC[zo—L/n,zo+L/n] contains at least three zeros, say
T k—1s Tm ks Tm,k+1- Apply (4.5) to them. The right-hand side is at most

zo+L/n zo+L/n zo+L/n
[ e [w@aes [ @l [ ) -wleo)
zo—L/n J zo—L/n zo—L/n
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where ps is the singular part of p with respect to Lebesgue measure. By the
existence of the Radon—Nikodym derivative in (2.3) and from the Lebesgue point
property of xg we can conclude

M) < wlao)l+0( 1 ).

Now (4.7) can be applied to the left-hand side of (4.5), and we obtain

o) cueosl+o( 1),

2nwg(xo)
which is impossible for large n if |J|<1/3nwg(zg), and this is (i). O

Next we introduce admissible polynomials that will be our aid to transform
results from [—1,1] to general sets. Let T=Ty be a polynomial of degree N >2
with real and simple zeros X1 < Xo<...<Xpy. Let Y1 <Y5<...<Yn_1 be the zeros
of T, and assume that |T'(Y;)|>1, j=1,..., N—1 (note that T'(Y;) are the local
extrema of T'). Then (see [7, Lemma 1]) there exists a unique sequence of closed
intervals Fi,..., F,, such that for all 1<i<N we have T'(F;)=[-1,1], X;€F;, and
for 1<i<N—1 the set F;NF;; contains at most one point. We call any such
polynomial admissible, and we are interested in the inverse image F=T"1[-1,1]=
U?le F;. We denote by T, ! the branch of T~ that maps [~1,1] into F}.

If vp is a Borel measure on [—1, 1], then we set

v(H):= %I/(T(H)) for HCF;, i=1,...,N.

This generates a Borel measure on F', which we call the pull-back of 1y under the
polynomial mapping y=T(x). For example, if

_dy
my/1—1y2

is the equilibrium measure on [—1, 1], then its pull-back

dvo(y) =

1 |T'(x)]
(4.8) dv(z) = Nr JT=T2()
is the equilibrium measure of F=T"1[—1, 1] (see the first formula on p. 577 of [7]).
Polynomial inverse images of intervals, i.e. sets of the form T~![—1,1] with
admissible T', and pull-back measures on them have many interesting properties,
see the paper [7] by J. Geronimo and W. Van Assche and the paper [19]. What will
be relevant to us is that p,n(v; 2)=pn(vo; T(x)) for all n=0,1,....
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5. Proof of Theorem 2.1 for a subsequence

Below o(1) denotes a quantity that tends to zero together with e. Instead of
01/5(1) we shall simply write the usual o(1).

Select a small e>0 such that dist(S, R\Int(E))>2e and such that p is ab-
solutely continuous in the 2e-neighborhood of S. Hence w(x) exists whenever
dist(z, S)<2e. By the regularity of the logarithmic capacity (see [2]) there is an
open set containing F with capacity arbitrarily close to cap(E), and by compactness
of E we may assume that this open set consists of finitely many intervals. Thus, for
every 71 there is a set B’ :U§=1 [}, B;] consisting of finitely many disjoint intervals
such that ECInt(E"), and cap(E’) <cap(F)-+mn. We may assume that 7, is so small
that

(5.1) wg (z) Swg(z) <wg (x)+e

uniformly for dist(z, S)<e (see Lemmas 4.1 and 4.2).

Let 3n<dist(E, R\Int(E")), n<m. By [20] there is an admissible polynomial
T=Ty of some degree N such that F:=T~1[-1,1] consists of | intervals: F=
U§'=1[04j»5j] such that for each j we have [a;, 8;]C[a;+n, B} —n],

[(+m)—a;|<n and [(B;—n)—08;] <n.

Then for all 0<s<n the translated sets F*:=F —s satisfy ECF*CE’, and hence,
in view of Lemma 4.1 and (5.1),

(5.2) wps(r) Cwg(x) <wp (x)+e <wps(z)+e

uniformly for dist(z, S)<e.
Let also T#(x)=T(z+s). Then

Fr= ()7 -11] and (F) = (T%);"[1,1].

Let Z* €S be a fixed point. Without loss of generality we may assume that for some
1* the point Z* lies in the interior of Fj«. In fact, if this is not the case, then Z*
is an endpoint of some Fj«, and then consider, for some small 0<s<n/2, the set
F*=F—sinstead of F' (and the mapping T instead of T'), and use 7/2 instead of 7
everywhere below. Let ICI'CInt(F;~) be two closed intervals such that ICInt(1")
and Z* lies in the interior of I. Without loss of generality we may assume that Fj«
lies in the e-neighborhood of S. Indeed, let 7, (z)=cos(m arccos z) be the classical
Chebyshev polynomials. Note that together with T the polynomials T (7,,) are
also admissible and for them the inverse image of [—1, 1] is again F'. Now for large
m for this polynomial all the F;’s that intersect S lie in the e-neighborhood of S.
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Using the continuity and positivity of w on S, with the same reasoning we may
assume that there are two constants 0< My < My such that

(5.3) My <w(x)< My forall z€F;-.
Now define a measure v on [—1, 1] by stipulating

(5.4) vo(H) = (T2 (H))N

i*

for all Borel sets HC[—1,1], and then define a measure v on F by setting

(5.5) Z vo(Ti(HNF))

for all Borel subsets H of F' (see [7]). We say that v and v are associated with
through T;«. Clearly, v=pu on F;«. The crucial property that we shall use is that
the orthonormal polynomials p,n(v;x) are just p,(v;T(z)) (see [7], and for more
on this see the discussion below). This is how we transfer information from [—1, 1]
(where vg and p,,(vp; - ) live) to F' (where v and p,n (v; ) live).

But first we prove the following result.

Lemma 5.1. Let 0<s,,<L/m with some fized L. Then

1 b b
lim — (Km (y;x—i— g,x—l——) —Kn (l/;x+£—sm,x—|———5m>) =0
m—o0o M m m m m

uniformly in x€SNI and a and b lying in compact subsets of R.
Proof. First note that
(56) Km(V§u_5m7'U_3m):Km(l/8m§u7v)

where v*® is the translated measure v*(H)=v(H —s) (which is not the measure
associated with p and (7°%);+!).

By Theorem 3.1,
w()

(5.7) lim mA, (1/5”‘;:5—1—3) = lim m\, (V;x—i—ﬁ—sm) =—7r
m m wr(x)

m—0o0 m—0o0
uniformly in x€SNI and bounded a€R.
T\ has N—1 distinct zeros, which implies that T has N —2 distinct zeros in
between them. Hence, at the endpoints 7 of F} that lie in the interior of F', and
where then necessarily T'(7)==1, T'(7)=0, and the second derivative T"(7) does
not vanish. Thus, in this neighborhood, on F} the polynomial T'(¢) is of the form

T(t)=1—c(t—7)*+o(t—7)* or T(t)=—1+c(t—7)*+o(t—T7)%

In particular, this is true when 7 is either of the endpoints of Fj«.
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These easily imply that the mapping hj(t):zﬂ_l(Tj) is continuously differen-
tiable with positive derivative around 7. When 7 is also an endpoint of one of the
subintervals of F' (i.e. 7 is one of the a; or (3;), then the derivative of T at 7 is
not zero, so in this case h;(t)=T;:"(T}) is of the form const +cy/|t—7| and |R%(1)]
is of the form ¢/24/|t—7| for ¢ lying close to 7. Since on F}; the measure v is the
pull-back of w(z)dz on F;» under these mappings h;(t), it follows that if v(z) is

the density of v, then on Fj,

v(t) = w(h; (£))[75(1)]-

Since w has a positive lower bound on Fj«, it follows that the density v has a positive
lower bound, say, m* on F. Of course, v=w in Fj.
With some small >0 consider the function

T— inf V.
[z—0,24+0]NF

It is >m#, and it is close to w on SNI because v=w is continuous on SNI. There-
fore, we can can find a continuous w# on F such that w# >m#,

w? () < inf v(x), x€F,
[z—0,z4+0]NF

and
(5.8) w? (x) =w(z)+09(1) on SNI.

Let now dv#(z)=w?(x)dz, on F@Z:U‘lj-:l[aj+9,ﬂj+9] (recall that F=
ngl[aj,ﬁj]). For large m the sets F*»=F—s,, contain Fy, and, by the con-
struction, v*m >v# on Fy, hence v*» >v#. Theorem 3.1 gives

_wh (@)

B WFy ({E)

(5.9) lim mA,, (Z/#;x—l—g)

m—o0 m
uniformly in z€SNI and bounded a€R. Now we can apply Lubinsky’s inequal-
ity (3.2), to v*m >v#  u,, =z +a/m and v,, =x+b/m to conclude from (5.7) and (5.9)
that

1 # 1/2
lim sup _|Km(l/#; Um, ’Um)—Km(I/Sm;un“ Um)| < =5 (x) (1_ = (x)wF(x)>
m—oo M w#(x) w(x)er (],‘)

uniformly in SN and locally uniformly in a,b€R. This same inequality holds with
v in place of v*m (note that if s,,=0 then v*~=v), and hence

. 1 wr, () w? (x)wp(z) 1/2
1 - Kn s Umy Upy —-K sm; s U <2 o 1— .
e  FCn (3t Om) = K (1775t 0 )| < w# (x) w(z)wr, (z)
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Here, on SN1I, the right-hand side is (recall Lemma 4.2 and (5.8))
wr(x) <1_ (w(z)40p(1))wr(z) >1/2
w(z) w(z)(wr+09(1)) ’
which tends to 0 uniformly on SNI as §—0. Therefore,

2(1+06(1))

3 - . _ Sm . —
"P_I)noo m(Km(Vaum7vm) Km(l/ 7um7’Um)) 07

which, in view of (5.6), is precisely the statement in the lemma. O

Next we prove the following result.

Lemma 5.2.

1 b b
— <Km (u;x+3,x+—) —Kom (u;x+3,x+—)> =o0z(1)+o0(1)
m m m m m

uniformly in x€SNI and a and b in compact subsets of R.

This is basically the localization theorem [12, Theorem 3.1] of Lubinsky, though
here the bound on the right depends also on . Since the proof is short, we include
it here.

Proof. We follow the argument of [12, Theorem 3.1] of Lubinsky that was also
used in the preceding proof. In fact, we can apply Theorem 3.1 to both p and v, and
then use the comparison inequality (3.2). Let p* be equal to py=v on I’ and equal
to p+v on R\I'. By the localization theorem [18, Theorem 5.3.3] (applied to some
K, an Ko, the interiors of which intersect the real line in Int(I") and in Int(F)\ 1)
it follows that u* is regular. Thus, we get from Lubinsky’s inequality (3.2) (applied
to o=p and o*=p*) and from

w()

wr(x)

M\, (u*;x—i—g) — and mAy, (u;x—i—g) —
m m

(see Theorem 3.1) that

1 b b
limsup—‘Km(u*;xng,er—)—Km(u;x+£,x+ )’
m m m

m—00 m m

_wp(@) (1_ wr(z) )”2

— w(@) wp ()

uniformly on SN/ and locally uniformly in a,b€R. We can here replace u by v
and the right-hand side then becomes 0 (the common support of v* and v is F),
hence the statement in Lemma 5.2 follows if we note that 1—wp(z)/wge(z)=0.(1)
uniformly on I. O
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After this let us return to the proof of Theorem 2.1. First we prove the asymp-
totics for the zero spacing only for indices of the form nN.
Lemmas 5.1 and 5.2 give that if 0<s,, <L/m with some fixed L, then

(5.10)

1 b b
— <Km <M,£C+i,.’£+—> _Km <I/;x+i_8m7x+__sm>) :06(1)+0(1)
m m m m m

uniformly in z€SNI and a and b in compact subsets of R. We here set m=nN
and choose a=a,, and s,, in such a way that z+a/n is a zero of p,n(p; 2), while
z4a/nN —s,n is a zero of p,n(v; 2)=pn(v0;T(2)). By Lemma 4.3 this is possible
with 0<a<L/n and 0<s,<L/n for some L (and large n).

Using the Christoffel-Darboux formula (4.1), after multiplication by a—b the
preceding relation goes into:

a b
(5.11) —anN()pnN—1 (m T+ W)pnN (m T+ W)
+anN(V)pnN—1(V'x“‘i_SnN)p N lfl‘""i_an =0, (1)+0(1)
I nN n I nN €

Here, according to [7, (2.13)], on the right

N an(VO) <a(n—1)N+1(V) (nN)
nN—1(V;2)= 10; 2)Ppn—1(vo; T'(2
PnN 1( ) T/(Z) a(n—l)N+1(V) anN(V) Py ( 0 )p 1( 0 ( ))
AN i T(9) ).
where pg.k) (v; z) are the associated polynomials for which the recurrence relation is

k k k
ap;(v;2) = a1 () (v 2) 0k (V)P (v 2) +ay ()P, (v; ),

and p(()k)zl and p@l)EO. Recalling that z4+a/nN—s,n is a zero of p,n(v;z)=
pn(vo; T(2)), for z=x+a/nN —s,n the formula for p,n_1(v; z) takes the form

N  a,(wv)
T'(2) ann (V)

panl(V;Z): p(n—l)N(V;Z)'

Plugging this into (5.11) we obtain

a b
(5.12) —anN(H)PaN—1 (N7x+m>pnN <M7$+W)

+an(V0)%Z)p(n—l)N(V; Z)pnN(V; Z/) = 06(1)+0(1)7

where z=x+4a/nN —s,y and 2'’=2+b/nN — s, n.
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We set So=T'(SNI) and Iy=T(I), which are compact subsets of (—1,1), T'(I)
being an interval, and let wq be the density of vy (on [—1, 1]). For simpler notation
we also set wp=w(_1,1). Thus, the subscript 0 indicates that the corresponding object
lives on [—1,1]. Let us recall Lubinsky’s theorem [12, Therorem 1.1] according to
which

A (103 ) +ﬁ/\n(V0§y))_Sin7T(a_ﬁ) =o(1)

wo) YT woly) w(a—73)

uniformly in y€.5y and locally uniformly in o, B€R. Theorem 3.1 gives that

An (Vo3 y) Ky (vO;y+

wo(y)

wo(y)’

hence the preceding relation can be written as

nin(vo;y) — as n — 00,

I T A e e
uniformly in y€.5y and locally uniformly in o, BER. Let
T(z) =y, T(x—kniN—an) =y+ﬁ(y)
and
T(z+b/nN—s,n)=y+ b .
nwo(y)
Since

T(x+niN—an> ZT($)+T/(x)(nLN_SnN) +0(n™?),

it follows from

wr@)= Ty = 0

(see the discussion of (4.8)) that

(5.14) a==wr(zr)(a—nNs,n)+0(n1),
and a similar reasoning gives

(5.15) B=4wr(z)(b—nNs,n)+0(n").

Here the sign £=T7"(z)/|T"(x)| is independent of z€SNI.
Recall now that u=y-+a/nwo(y)=T(x+a/nN —s,n) is a zero of the poly-
nomial p,(vp; z) (indeed this amounts to the same as x+a/nN —s,n being a zero
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of ppn (V5 2)=pn(v0; T(2))). Hence (5.13) and the Christoffel-Darboux formula (4.1)

for u=y+a/nwo(y) and v=y+0/nwo(y) gives (after multiplication through by

a—p)

sinm(a—0)
Two(y)

=o(1).

(516) an(VO)pn—l(VO;u)pn(VO;U)_'_

In view of the fact that p,n(v;x)=pn(vo;T(z)), and u=T(z+a/nN—s,n), v=
T(x+b/nN —s,n) and y=T(x), and the expressions for a and § from (5.14) and
(5.15), this takes the form

a b
(517) an(VO)p(nfl)N (V; T+ W _5nN>pnN (V; T+ m _an>

sin(xrwp(z)(a—"b))
mwo (T (z))

=o(1)

uniformly in x€.SNTI and locally uniformly in beR.
Substituting this into (5.12) and recalling that with z=x+a/nN — s,y we have
T'(2)=T'(z)+0(n~1') and

1
w(z)= :tﬁwo(T(x))T’(x).
Finally we obtain

(5.18)

anN (1) PrN—1 (u; T+ %)pnzv <u; T+ %) +Smmji§2)(a_b) =o.(1)+o0(1)

uniformly for x€SNI and b lying in compact subsets of R. This formula was
deduced under the assumption that z+a/nN is a zero of p,n(p;z), and that
dist(z, x4+a/nN)<L/n with some fixed L. The o.(1) term is related to the choice
of F=T71[-1,1], and also N depends on e.

Let now 6>0 be a fixed small number, and set b=a+1/wp(z)+d into (5.18).
There is a A>0 such that

sin(—7—dnrwg(x)) S A

)

mw(x)
while

sin(—m+dnmwg(zx))

mw(x) <-4

uniformly in x€SNI. We may assume that e>0 is so small and n is so large that
the (0s(1)+o0(1))-term in (5.18) is, in absolute value, less than A/2. Thus, the
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first term on the left-hand side must change sign as b runs through the interval
[a+1/wg(z)—6,a+1/wgr(x)+d], which means that p,n(p; 2) has a zero in

1 1 1
(5.19) x+n—N|:a+m—5,a+wE(x) +(5:|

It also follows from the same argument that it cannot have a zero in

1 1
J)"f'm |:G+5,G+m—5:|.
Furthermore, if p,n(p; 2) has an additional zero on the interval (5.19) then it must
have at least three zeros there (it is of different signs at the endpoints), which is
impossible for small § by Lemma 4.3.

The same argument gives that p,n(u; z) has a single zero on

1) L 0
x-i—n—N {a—m— ,a—m'F ]
Finally, choosing this single zero instead of z+a/nN above, it follows that p,n(u; 2)
has a single zero on z+(1/nN)[a—0d, a+0] (which then must be z+a/nN). We can
conclude that the smallest zero of p,n(1; 2) that is larger than x4a/nN lies in the
interval (5.19), and for large n this property uniformly holds in z€SNI and a lying
in a compact subset of R (assuming still that z+a/nN is a zero of p,n (u; 2)).
Here I was a small neighborhood of any point Z* of S. Therefore, by com-
pactness, we can conclude the same uniformly on S.
In summary, so far we have proved that if 6 >0 is arbitrary, then there is an N
such that

(5.20) INN (Zp N k+1—TnNk)we(T)—1] < 20

for all large n, and this relation is uniform in €S and |zyp,r—2|<L/nN for any
fixed L.

6. Proof of Theorem 2.1 for the full sequence

Let F and T=Ty be selected as before for an £>0. In the preceding section we
proved (5.20); and now we show that for each j=0, ..., N —1 the analogous relation

(6.1) NN (TN +jk+1—TnN+jk)WE(T) 1] <20

holds for all large n, and this relation is uniform in z€.S and |znp4jr—x|<L/nN.
This proves Theorem 2.1.
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Let zp be the smallest accumulation point of F=supp(u). It is known that
any part of the support attract zeros of the orthogonal polynomials for large n (see
g. [15]), hence in any neighborhood of zy the number of zeros of p,,,1;(1; 2) tends to
infinity as m—o00. Thus, for large m, there are at least j zeros, say zm+j,1, .-, Zm+j,j
in that neighborhood. If Z,,:=(2m4j,1,.-s Zm+j,;) and Zyo=(zo,...,20), then the
vectors Z,, can be selected so that Z,,—Zy as m—o00. Our proof of (6.1) is based
on the following simple folklore fact: if
J
(6.2) dpz,, (@)= [ [ (@—2mss0)* dul),
k=1
and gy, (5 2)=pm(; 2)/¥m (1) are the monic orthogonal polynomials, then

J
(6.3 t15062) = (TT 020450 )z, i)
k=1
In fact, the polynomial g, (pz,,;2) on the right is the unique polynomial that min-
imizes the integral

(64) /R ( dMZm /Pnz H T—2Zm k) dM( )
k=

among all monic polynomials P, of degree m (see (4.2)). The right-hand side is
clearly at least as large as the infimum of

/Qmmfww
R

for all monic polynomials of degree m+j, for which the infimum is attained for
Qm+j=0m+j(p; -). Finally, the right-hand side of (6.4) equals [ qm;(1; -)? dp
for P, (2)=qm+;(1; )/ H?;:l(x—zmﬂ’k), therefore (6.3) follows.

Now we insert m=nN into (6.3), hence our task is to find asymptotics for
the zeros of ¢nn(ptz,5;%). So we are back in the case considered in the preceding
section, but now the measure p is replaced by the varying measure uz, , . Still, we
follow the same proof with u replaced everywhere by pz, ,; in particular, in the
present case the measure vz, associated with pz,_ , through T;- also changes with
n. Note however, that Z,,— Zy and Zj is outside of .S, therefore, the densities

‘“‘Zix(x) —wy, ()= (f[ (x—zm+j,k>>2w(w>

k=1

(6.5)

are uniformly equicontinuous on S and are uniformly bounded away from 0 and
infinity in a neighborhood of S. Furthermore, in this neighborhood they uniformly
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converge to
(6.6) wgz, (2) = (z—20) ¥ w(x),

as m— oo.

The proof in the preceding section was based on (5.13) and on (5.10). If we
can show that these are valid uniformly when p is replaced by uz, , then the rest
of the proof goes through word by word.

For clearer discussion, let vz, and vy z, be the measures v and vy associated
with pz,, via Ti« (see (5.4) and (5.5)). The fixed measure pz, is just like pu, so
we certainly have (5.13) when g is replaced by gz, and vy is replaced by v, z,.
Therefore, for the validity of (5.13) for pz,, it is enough to show that with u=
y+a/muo(y) and v=y-+8/muo(y),

m?

1
(6.7) E|Km(V0,Zm§ u,v)— K (vo,z,; 4, v)| = 0(1).
With some small >0 consider the measure
(6.8) iy, (@) = (2 —20)7 +0) dpu(w),

and let v and v 5, be the associated measures (through Ti-). This pj is larger
than pz,, for large m, and is larger than pz,, hence g 4 is larger than vy z,, for
large m, and is larger than v, z,. We can apply Theorem 3.1 to the measures v ;.
and 19, z,. Since, as m—00, we have for the densities on [—1, 1] the limit relation
wo,z,,, (Y) —wo, z, (y) uniformly in ye[—1,1], it easily follows from Theorem 3.1 and
from the monotonicity (in the measure) of the Christoffel functions that

Hm_mAm (VO‘Z"L;y—’—g) = lim mAp, (VOAZO; y+g> = 711}0’20 (y)
e l msmeee ' m wo(y)
(with wo(y)=w-11)(y)=1/my/1-y?) and
. Wy, 7, (y)

. « .,
Jim o (15.2,50+ ) =

wo(y)

uniformly in y€T(SNI) and « lying in some compact subset of R. Now insert into
Lubinsky’s inequality (3.2) first vo,z,, <1 », and then vy z, <vj 5 to conclude for
u=y+a/mwy(y) and v=y+F/mwo(y) that

1 *
B (10,25 w, 0) = Kin(15, 2,3 u, v)| = 0(1) +0(1)
and
1

(00,2031 0) — Kn (04 2,510, 0)| = 0 (1) o(1),

and these prove (6.7) since §>0 is arbitrarily small.
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As for the analogue of (5.10) for the measures pz,, , i.e. for

1
(6.9) E(Km(uz’" iU, 0) — K (Vz,, 5 u—8m, v—8m)) = 0:(1)+w(1)

with u=z+a/m and v=x+b/m, we use the same argument. In fact,

1
—(Km(pz,,5u,0) = Km(pizo5u,v)) = o(1)

is obtained by comparing both terms on the left with Ky, (u3, ;u,v) (see (6.8) for
the definition of pu7; ) via (3.2) (this produces an error term op(1) on the right but
6>0 is arbitrarily small and the left-hand side is independent of 6), and

1
E(Km(yzm;u—sm,v—sm)—Km(l/ZO;u—sm,v—sm)) =o0.(1)+0(1)

is obtained by comparing the two terms on the left with Km(ygo;u—sm,v—sm)
via (3.2). This is possible because all the appearing Christoffel functions converge
to the appropriate limits. Indeed, for the convergence of the Christoffel func-
tions with fixed weight just apply Theorem 3.1, and for A,,(uz,, ;x+a/m) and
Am(Vz, ;x+a/m) this is the content of Lemma 6.1 below. Finally, (6.9) is ob-
tained from these and from (5.10) applied to the fixed measures pz, and vz,. This
completes the proof of Theorem 2.1 pending the proof of Lemma 6.1 below.

Lemma 6.1.

: CLay w(x)(z—z0)%F
A
and

; Cay _w(@)(z—z)*
(6.11) Tim m,, (uz,n,“%) = el

uniformly in SN1I.

Proof. Let E1 be what we obtain from E by omitting a small interval around zg.
If this interval is small enough, then

wg(z)<wg, () <wg(r)+0, z€l,

whatever >0 is given (see Lemmas 4.1 and 4.2). Let p; be the restriction of
(1—0)pz, to Ey (see (6.2) and (6.6) for the definition of the measure pz,). Then,
for large m, we have uz_ > 1, so

m —

(1-0)wz,(z)

m—00 m—00 WE, (33)

lim inf m A, (Mzm;x+i> > lim mAp, (M1;x+3> =
m m
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uniformly in €S and locally uniformly in a€R, where we used Theorem 3.1 for
at the equality (the measure py is automatically regular). Now for #—0 we obtain
that

lim inf mA,, (HZm ; x—i—g) > w.
m—o00 ' m wg(z)

Next let
ity (2) = diazey (@) +0 (=) = (—20)% +6) du(x)
be the measure (6.8). For large m we have .z, <p7, , hence

Wz, (J))
we(z)

. a
lim sup mA,, (UZW,,; T+ _) <
m

m—00

follows if we apply Theorem 3.1 to u7 and let 6—0. All these relations are uniform
in z€ S and locally uniform in a€R, and therefore (6.10) follows.

In a completely similar way, from the uniform convergence of wz,, to wg,
on Fj- it follows that (1—0)vz,<vz,A <(146)vz,, for large m, and so (6.11) is
a consequence of

_ Wz, (.’E)

. a
lim mM\,, (Z/ZO s —)
m wr(x)

m—0oQ

(see Theorem 3.1) by comparison. [

7. Proof of Theorem 2.2
For x€S it follows from (5.18) that

has the form
enn (@) [sin(rwg (2)b+onn (2))+0:(1)+0o(1)]

with some ¢, (z)=cnne(z) and opn(r)=0nnN(z) and with o.(1)+0(1) uniform
in z€S and |b|<B for any fixed B. For a fixed j=0,1, ..., N—1 using the analogous
argument from the preceding section with pz , we similarly obtain that

b
pnN—i—j <U7 T+ W)
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is

J
(H@c—znw,w)cifj’v<x>[sin<w<x>b+a§3}v<x>>+os<1>+o<1>1
k=1
with some cg])\,(x):cg])\,s(x) and ar(lj) (x):agjz,’s(x), and with o.(1)4+0(1) uniform
in z€S and |b|<B. We can simply write all these as

b .
(15242 ) = e o) in(mp @) 3, (0) 0. (1) o 1)
with the same uniformity range for o.(1)+o0(1) as before. Note however, that here

¢m/(z) and o, (z) depend on €>0 (via the choice T=Ty). Simple trigonometry
shows that then for any a,be[—B, B,

1 b
m m m

e () e o142

:am(U) a_b

with p., (2) =pm(u; z) of the form

i) @)em1(2)| N i,y )0+ SO

Let here m=nN. When z+a/m is a zero of p,, (14; 2), then

b
(b—a)K,, (u; x+ g, x+ —)
m m

m

a b
= am(1)Pm—1 (u; x+—>pm wr+—,
m m

for which we have another asymptotic formula in (5.18). These two asymptotic
formulae give (note that b is still a free variable)

1

A, () e (T)em—1(x) sin(0m—1 () —om (x)) = M +o:(1)+0(1),
and hence
1 ) a b sintwg(z)(a—b) 1 o (1)+o(1)
(7-1) n—NKnN (Mx—'_n_N’x—'_n_N)_ ﬂ'fa—b) w(r)  a—b

which is essentially what we want to prove but only for the indices nN.
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Next we show that (7.1) implies the same for all other indices. Using the
Cauchy—Schwarz inequality we get for 1<j<N from the definition of K, and A,
n (1.2) and (3.1) that

|KﬂN+j(M; uvv)_K’ﬂN(M; ’u,,’U)|

nN+j
=1 > pelmwpr(psv)
k=nN-+1
nN+j 1/2 , nN+j 1/2
S< > pi(um)) ( > pi(m%))
k=nN+1 k=nN+1

()‘;N-q-ﬁ-l( u)— )\nI{/—i-l( ))/ ()‘;N+J+1( v)— )‘m{ul(ﬂ?v))l/z-

Setting here u=z+a/(nN+j) and v=x+b/(nN+7j), it follows from the limit rela-
tions (see Theorem 3.1) that

nlgglo nN)\nN+j+1(,ua )_ nlggo nN)\"NJrl('u; u) - wE(x)

and from similar relations for v that the difference

L PR L k PR
— \n j y T Y T T T A \n s L -y L "
nN N " nN—+j nN+j nN N a nN+j nN—+j

is o(1) (as n—00) uniformly in €S and a,b lying in compact subsets of R. Here
we can apply for the second term on the right the asymptotic formula in (7.1)
(with a and b there replaced by a’ and b’ for which a//nN=a/(nN+j) and b’ /nN=
b/(nN+37)) and we can conclude (7.1) for the indices nN +j instead of nN.

In summary, we have for all indices n as n— o0,

1 _a b\ sinmwg(r)(a—b) 1  o.(1)+o(1)
i <,u,x+—,x+—> B m(a—b) w(x)  a=b

(7.2)

Here o.(1)+0(1) is uniform in €S and a and b lying in compact subsets of R. The
left-hand side is independent of €, so the (0:(1)+o0(1))-term is simply o(1). This is
Theorem 2.2 when a—b stays away from 0.

Next we deduce the statement in Theorem 2.2 from Theorem 3.1 when a—b is
close to zero. Indeed, consider the polynomials

Qn(u)=Qn(u)= %Kn (u; T+ % x+u).
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From the definition of K, and A, in (1.2) and (3.1) and from Cauchy’s inequality
we can infer that

1 aN—1/2 B
Qu() < S0 (it 2) M) 2,

so there are a d, D >0 such that if €S then |@Q,,(u)| <D for all u€[—d, d] (recall that
in a neighborhood of S the density w is bounded away from 0, hence the claimed
boundedness follows from the monotonicity in the weight of the Christoffel functions
and from Theorem 3.1 — applied to some minorizing measure that is constant on
the neighborhood in question). By Bernstein’s inequality on the derivative of poly-
nomials (see e.g. [5, Corollary 4.1.2]) we then have |Q} (u)|<2nD/d for |u|<d/2,
hence

(7.3) %

b 2D
K, (u;x+3,x+—) —Kn(u;x+3,x+9)’ < |b—al
n n n n d

uniformly in €S and locally uniformly in a, b€R and for large n for which we have
[b—al/n<d/2.
Given £>0 we have by Theorem 3.1,

wg(x)
w(x)

1
(7.4) ‘—KH(M;HE,HE)— <e
n n n

for n>ngy with some ng, uniformly in the aforementioned range. Finally, there is
a 6>0 such that for [b—a|<d we have

wp(z) sinnwg(z)(a—b) 1
w(x) m(a—Db) w(x)

(7.5) <e

uniformly in £€S. The inequalities (7.3)—(7.5) show that if |b—a|<min{é,ed/2D}
and n>ng then

< 3e

’lKn (u;x—l-g,x—l- b) _ sinTwg(z)(a—b)
n n

n r(a—b)  w(x)

provided z€ S and a is lying in some compact subset of the real line.
For |b—a|>min{d,ed/2D} we can use (7.2) to deduce for all large n, say n>ny,
the same inequality with 3e replaced by o.(1)+e. Thus,

K, u;$+g,x+9 _, sinrws(z)(a—b) 1
n n n m(a—b) w(z)

uniformly in the specified range.
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8. Proof of Theorem 3.1

It was proved in [19] that if v is a regular measure with support ECR, E is
regular with respect to the Dirichlet problem (in R\ E) and O is an open subset
of E on which p is absolutely continuous and its density w is continuous, then

(8.1) nlgglo nh,(v;x) = o)
locally uniformly in O. In [19] the emphasis was on proving (8.1) a.e. in an interval I,
provided logwe L*(I) (and p is regular), but the proof gives the (easier) limit (8.1)
under a continuity condition, and also the local uniformity of this limit within O.

Next we get rid of the regularity of E. Let e>0 and let H, H', HCInt(H') be
compact subsets of O consisting of finitely many intervals. By Ancona’s theorem [1]
for every >0 there is an E; CFE which is regular with respect to the Dirichlet
problem and cap(E;)>cap(E)—n. We may clearly assume that H' CInt(FE;). This
implies for small 7 that (see Lemmas 4.1 and 4.2)

wg(r) <wp, (z) Swp(r)+e

uniformly on H’. If vy is the restriction of v to Fj, then we can apply (8.1) to Fy,
and hence

liminf nA, (v;z) > lim nA,(v1;2)= w(z) > w(z)
n— o0 n— o0 WE, (],‘) wE(x)—i—a

uniformly on H, which, for e—0, gives

- w(z)
. ) .
®2) B ) 2 )

Next, let EC FEo, where Fy consists of finitely many intervals and is such that
cap(Es)<cap(E)+n. Then for small  (see Lemmas 4.1 and 4.2)

wg(r)—e <wp,(z) <wgp()

uniformly in H'. Extend w from H’ to a continuous function on Es such that it is
positive on Ey\ H'. Then ws(x) dz is a regular measure, hence

dva(x) = wo(x) dr+dv|g,\ g/

is also regular, and bigger than v. On applying (8.1) to v it follows that

limsupn,(v;z) < lim n\,(vo;x) = <
msupnAn(v ) < Ty mAn (25 ) = 0 ) S o) —<
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and on letting e —0 we get

lim sup n\, (v; x) <
n—o00 wE(x)
uniformly on H. Since here HCO is arbitrary, this and (8.2) show that, indeed,
in (8.1), E need not be regular.

Finally, we turn to the proof of the theorem. By the continuity of w on S
there are positive continuous functions w; and ws on some open neighborhood O
of S such that w=w;=ws on S and wi; <w<ws on O. We may also suppose that
O consists of finitely many intervals and its closure O is part of an open set where
1 is absolutely continuous. By the localization theorem [18, Theorem 5.3.3] the
measures fi|g and | g\ o are regular, and of course wi (x) dr and ws(z) dr are also
regular on O. Hence, again by the localization theorem of [18], 1 =w1 (x) dz+p|p o
and po=ws(x) dx+p|p\o are regular measures with support E, and pu; <p<ps.
According to what we have shown above, as n— oo,

w1 (y)

, , wa(y)
nAn(p1;y) — o) and  nA,(p2;y) — on(y)
uniformly on any H, where SCInt(H) and H is a compact subset of O. If a€
[—A, A] with some A and x€ S, then for large n the point y=x+a/n belongs to H.
Therefore, with some ng, for n>ng we have

a
w1 (x—l——)
nAn (ul;x+g> > ne_e> (@) —2e,
n a wg(x)
WE (x—l——)
n
and similarly
N a
wa(o+7)
nA\p, (ug;x—f—E) < . te< wa() +2¢.
n a wg(z
WE (x—l——)
n

Now the claim in the theorem follows from these inequalities, the fact that wq(z)=
wa(z)=w(x), z€S, and from

An (1 2) < Anps 2) < Ao 2).

9. Proof of Theorem 3.2

This is much like the proof of Theorem 3.1 if one uses the result of Findley [6,
Theorem 11] on asymptotics of Christoffel functions for regular measures on [—1, 1]
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under local Szeg6 condition. One uses polynomial mappings and appproximation
exactly as in [19] (together with the fact that the polynomial maps — actually
Cl-maps — in question preserve Lebesgue points). We skip the details.

10. Proof of Theorem 2.3

Let po be a measure that is w(xp)dz in a small neighborhood I of zy and
agrees with p outside this neighborhood. This is a regular measure in view of the
localization theorem of [18, Theorem 5.3.3].

Then, by Theorems 2.1 and 2.2 the statements in the theorem hold with pug
in place of u (note that po has constant density in I). We shall use this pg
and Lubinsky’s comparison method to deduce the conclusion for p. First we deal
with (2.2).

Let p*=max{w(xo), w(z)} de+dus in the aforementioned neighborhood I of xg
and let p*=p outside this neighborhood. Then pu<p* and po<p*, and clearly xg
is a Lebesgue point for the Radon-Nikodym derivative w*(x)=max{w(zo), w(x)}
of p*. This p* is automatically regular since u<p* and p and p* have equal support.

For either of o=p, o, p* we can apply Theorem 3.2:

lim n\, (a;xo—i—g) = w(zo) .

n—00 n WE (],‘0)

If we substitute this for po<p* and p<p* into Lubinsky’s inequality (3.2), then we
get

1 a b 1 a b
- Ky (M;$0+—,$0+—> -—K, (M0;$0+—,$0+—) =o(1)
n n n n n n

uniformly in a€[—L/n, L/n] for any fixed L. Now we can deduce (2.2) since, as we
have just mentioned, it holds for py.

Once (2.2) is established, (2.1) is easy to deduce if we set a=a,, into (2.2) so
that zg+a/n is a zero of p, (u4; z) (which is the original argument of [10]). Lemma 4.4
tells us that this is possible for some |a,|<9/wg(xo) provided n is sufficiently large.
In this case (2.2) takes the form

a b
Puin—1 (x0+ E)p” (M’ To+ E) sinTwg (o) (a—0b)
= 0(1)’
a—b m(a—b)w(xp)
so with the argument applied after (5.18) we obtain that for any fixed §>0 there is
a zero of p,(p; ) in

an(1)

1 1
To+— [a+7—6,a+
n

1
we(zo) wg(To) +6] '
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Lemma 4.4(i) gives that there is only one zero in this interval for small § and then
this is the smallest zero lying to the right of xg+a/n. In a similar fashion, the
largest zero lying to the left of zo+a/n lies in the interval

zo+—la————8,a———
n wre(re)  we(zo)

Repeating the same argument with any zero zg+a/n of p, (u; z) lying in the interval
[xo—L/n,x0+L/n], the limit (2.1) follows, since §>0 is arbitrary here.
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