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Slices in the unit ball of the symmetric tensor
product of C(K) and Ly(u)

Maria D. Acosta and Julio Becerra Guerrero

Dedicated to Angel Rodriguez Palacios on the occasion of his 60th birthday.

Abstract. We prove that for the cases X=C(K) (K infinite) and X =L (u) (¢ o-finite and
atomless) it holds that every slice of the unit ball of the N-fold symmetric tensor product of X
has diameter two. In fact, we prove more general results for weak neighborhoods relative to the
unit ball. As a consequence, we deduce that the spaces of N-homogeneous polynomials on those
classical Banach spaces have no points of Fréchet differentiability.

1. Introduction

The characterization of the Radon—Nikodym property of a Banach space in
terms of the existence of arbitrarily small slices of any bounded, closed and convex
subset of it is well-known. But many of the classical Banach spaces lacks the
Radon—Nikodym property. In such cases, a modulus of non-dentability introduced
by Schachermayer, Sersouri and Werner [SSW] can be useful. For a bounded, closed
and convex subset C' of a Banach space, this number is given by d1(C):=inf{diam S
S is a slice of C'}. These authors proved that any Banach space X without the
Radon—Nikodym property satisfies that for every >0 there is subset C' of X with
diam C'=1 and such that §; (C)>1—e¢. For certain classical Banach spaces (endowed
with their usual norm), there are results stating that an appropriate ball satisfies
the above condition. We will state some of them. Nygaard and Werner [NW]
proved that every infinite-dimensional uniform algebra satisfies that every nonempty
relatively weak open set of the unit ball does have diameter two. Shvydkoy [Sh]
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obtained that every Banach space with the Daugavet property also satisfies the same
condition. Becerra and Lépez [BL] showed the previous result for spaces of vector-
valued continuous functions defined on an infinite compact space K (see also [Ra]).
They also characterized the spaces Ly (p, X) where the above phenomena happens.
Becerra, Lépez and Rodriguez showed that every non-empty weak open set of the
unit ball of any infinite-dimensional C*-algebra also has diameter two [BLR] (see
also [BLPR]).

Before stating the main results of the paper, we recall some basic definitions and
well-known facts. For a (real or complex) Banach space X, Sx and Bx will denote
the unit sphere and the unit ball of X, respectively. X* will be the topological
dual of X. We will consider the symmetric projective tensor product ®le <X . This
space is the completion of the linear space generated by {z®@N®z:2€ X} under the
norm given by

N N
K| :inf{z [Ai] 2= Z Aiz;@ N @x;, N €K and z; € Sx for all i € {1, ..., N}},
i=1 i=1
where K is the scalar field. Its topological dual can be identified with the space of
all N-homogeneous (and bounded) polynomials on X, denoted by PV (X). Every
polynomial PePY (X) acts as a linear functional P on the N-fold symmetric tensor
product through its associated symmetric N-linear form P and satisfies P(x)=
P(x, N, 2)=P(z@ N®z) for every element z€X.

The dual norm of the symmetric tensor product is the usual polynomial norm,
given by

[P =sup{|P(2)|:x € X, |« <1}, PePN(X).

Now we recall some basic notions that will be used. A slice of Bx (X is
a Banach space) is a subset of the form

S(Bx,x",a):={zx€ Bx:Rex"(z)>1-a},

where z*€Sx+ and 0<a<1. For an element u in Sx, the roughness of X at u,
n(X,u) is given by

(X, u) :=limsup Hu—’—hH"_Hu_h”_?
’ |h]|—0 (|2

Clearly 0<n(X,u)<2. It is well-known that (X, u)=0 if and only if the norm of
X is Fréchet differentiable at u. We will also use throughout the paper the equality

(X, ") =inf{diam S(Bx,z*,a):0<a<1}

valid for z*€Sx~ (see for instance [DGZ, Proposition 1.1.11}).
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In this paper we obtain the same kind of results that we stated at the beginning
for the N-fold symmetric projective tensor product of some classical Banach spaces
including C(K) and Li(p). Let us point out that there are just a few results on
isometric properties of the symmetric tensor product of Banach spaces (see [RT],
[BR], [ACKM] and [GGM]).

It is well-known that in the finite-dimensional case, the unit ball has arbitrar-
ily small slices. Let ©Q be a Hausdorff locally compact topological space. In the
Section 2, we prove that every infinite-dimensional space Cy(€2) (real or complex)
satisfies that every nonempty relatively weak open set of the unit ball of ®
has diameter two. As a consequence, it can be obtained that the space P (C’o( ))
has no points of Fréchet differentiability for every infinite and Hausdorff topological
space 2. Indeed, it is obtained that the modulus of roughness of every polyno-
mial is as large as it can be. Let us remark that Boyd and Ryan proved that the
space PN (X) is never smooth, for every Banach space X with dimension greater
or equal to two and N >2 [BR, Proposition 17] (see also [RT, Corollary 7]).

Section 3 is devoted to Ly (u). If p has atoms, then L;(u) has strongly exposed
points and so, the unit ball of the symmetric N-fold tensor product of L;(u) has
slices with arbitrarily small diameter. We prove that if p is a o-finite and atomless
measure and N is odd, then every weak open subset of the unit ball of the symmetric
N-fold projective tensor product of Lq(u) (real case) has diameter two. We also ob-
tain that every slice of the unit ball of ®le s L1(p) has diameter two, for every o-fi-
nite measure y without atoms, and for every N. Hence under the previous assump-
tions, the space PV (L (1)) has no points of Fréchet differentiability of the norm.

2. Results for C(K)

As usual, we denote by Cy(2) the Banach space of all the scalar-valued con-
tinuous functions on {2 vanishing at infinity, where 2 is a Hausdorff locally compact
topological space. We consider the real as well as the complex case.

As we already noticed, if €2 is finite, then the unit ball of ®fyq Co(€2) has
arbitrarily small slices. Our aim is to show that this is the only case where the
above condition happens. For such a purpose we will use the following easy and
technical result.

Lemma 2.1. Let Q be a locally compact and Hausdorff infinite topological
space. Then there are two sequences of non-empty open and relatively compact
sets {Vi}o2, and {U,}52 satisfying

V,CU, and U,NU,, =2, n#m,

and
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(1) two sequences of functions {gn}5>, and {h,}22, in Co(Q) satisfying
Gn—0, hy, —0,
and also for every positive integer n,
0<gn,hn <1, supph,CV,, |hu|l=1, suppg,CU, and g¢,(V,)={1};

(ii) sequences of continuous functions { fn}% 1, {gn}22, and {h,}32 1 in Co(£2)
satisfying

fon—=0, gn—>0, h,—>0,
and for all n

Suppfn7supphncvn7 fn(Q)7hn(Q)C[_171]7
there exist Sp,tn € Vi, such that fn(sn) = fn(tn) =1=hp(tn) = —hn(sn),
0<g,<1, suppg,CU, and g,(Vn)={1}.

Proof. Since 2 is infinite, we will prove that there is a sequence of disjoint
nonempty open sets {Up}52; whose closure is compact. In order to show that, we
start with a sequence {¢,}>2 ; of distinct points in €.

If {t,}22, has no cluster points, then one can choose a compact neighbor-
hood C; of t; such that it does not contain any other term of the sequence. By
using that to¢C1, and that ¢5 is not a cluster point of the sequence, then there is
a new compact neighborhood Cs of t2 such that C5 does not contain more terms of
the sequence and such that CoNC;=@. By continuing in the same way, a sequence
of sets {C, 122, is produced such that {U,,}5°,:={C,}°°| is a sequence of pairwise
nonempty open sets whose closure is compact.

In the case that the sequence {t,}22; has a cluster point tg, we can clearly
assume that tg#t, for n>1 and we proceed in the following manner. Since € is
Hausdorff and locally compact, we can choose compact subsets F; and C; of Q2
satisfying

tléél, toEﬁl and CiNF =a.

Since tq is a cluster point of the sequence and tg ek 1, F1 contains infinitely many ¢,,’s.
We choose a new element ta(g)éﬁ’l and, by using again that Q is Hausdorff and
locally compact, we can choose two disjoint compact neighborhoods of ¢,(2) and to,
respectively. By intersecting both sets with Fj, we then obtain compact subsets Cy
and Fy satisfying

tg(g)ECo'Q, tQQﬁ‘g, CoNFy,=@ and CiNCy=g.
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Assume that we have obtained n closed and disjoint subsets C, ...,C, of K,
whose interiors are non-empty and satisfying to¢(J;-, C;, then we choose Lo(n+1)
such that the element tc,(n+1)¢U?=1 C;. We now choose a compact neighbor-
hood Cy 41 of t5(n41) Ot containing to and such that Cnin(UiL, Ci)=2. Again
by using that every point has a basis of compact nelghborhoods there are nonempty
open sets V,, such that VnCC' We just write U, : —Cn

Finally, by Urysohn’s lemma, there are continuous functions g, and h,, on 2
satisfying

0<gn,hn <1, supph, CVy, |hn||=1, suppgn CU,, gn(Va)=1{1},

and so that g, and h,, belong to Cyp(2). Since the subsets {U,}52, are disjoint, the
sequences {g,}52; and {h, }22; are equivalent to the usual basis of ¢g, and so, they
converge to zero in the weak topology of Cy(€2). We already proved (i). In order
to obtain (ii) it suffices to use Us,—1UUs, instead of U,, and Va,_1UVs, instead
of V,,, and the functions gop,—1+9g2n, hon—1+han, hon_1— hay, satisfy the conditions
required of g,, f, and h,, respectively, in (ii). O

Proposition 2.2. Let Q be a locally compact and Hausdorff topological space
and N €N. If there exists a weak neighborhood relative to the unit ball of ®71:[5 Co(2)
with diameter less than two, then  is finite.

Proof. Assume that Q) is infinite. We will write X::®5S Co(2). Let W be
a non-empty weak open set relative to the unit ball of X. Since X is infinite-
dimensional, W contains an element in the unit sphere of X. In fact we can assume
that W contains an element = that can be expressed as

s

N

€= Z tiyi ’
=1

where t,€K, >7_, |ti|=1, 1,€Co(Q), |lys|| =1, and y" :=y@ Noy.

In the complex case we can assume that ¢;€RT. 1In this case, we use
Lemma 2.1 (i) and define the two sequences {u,}22; and {v,}22; in the N-fold
symmetric tensor product of Cy(£2) by

s s
unzztv(yl(l_gn)“‘hn)Na and Un:Zti(yi(l_g7z)+Wh7z)N7
=1 =1

where w is a complex number satisfying w’¥ =—1. Let us notice that for every AeC
with |A|=1, and every s€, depending on if s€V,, or s¢V,,, one has

[(Wi(1=gn) +Ahn)(5)| = [hn(s)[ <1 or [(yi(1=gn)+Ahn)(s)] = |(yi(1—gn))(s)| <1,
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hence ||up]|, ||vn||<1. In this case we take the norm-one polynomial on Cy(£2)
given by Q\ n=0, where t€() satisfies h,,(t)=1. This polynomial clearly satisfies
QN (un) —Qn(vn)=2

In the real case, if N is odd, then again by Lemma 2.1 (i) we define the
sequences in the following way

Uy = Z ti(yi(1 _g7z)+hn)N+Z ti(yi(1=gn)—hn)",

i€EP 1EN
Un = Z t?(yz(l _gn) _hn)N“‘Z t1(yz(1_gn)+hn)Na
i€P i€EN

where P:={i:t;>0} and N:={i:t;<0}. By the same argument as above we obtain
that ||unl, ||vn]|<1. In this case we consider the N-homogeneous polynomial on
Co(Q) given by Qn=6}, for some t€Q satisfying h,,(t)=1, that clearly satisfies
IQn[<1 and Qn ()~ Qn (va) =2.

Finally, if the space is real and N is even, we use Lemma 2.1 (ii) and consider
the elements

un = tiyi(1=ga)+ f) ¥+ D ti(Wi(1=gn) +ha) "

ieP iEN
w =3 ti(yi(L=gn) Fha) VY ti(yi(1—ga) + fu)V,
i€P i€EN

where P:={i:t;>0} and N:={i:t;<0}. It is immediate to check that u, and v,
belong to Bx. In this case, we consider the N-homogeneous polynomial given by

QN = 55;15::"
which clearly satisfies [|@Qn] <1 and

CjN( QN 'Un thn sn _1fn +Zth Sn) _1hn( )

i€eP 1EN
_Zt h Sn _1hn Zt fn, Sn n( n)
i€EP 1EN
=Dty LDV (- N
i€EP iEN i€P iEN
=2 |t
i=1
=2.

In any of the above cases, the sequences {uy} ; and {v,}>2; belong to X. Since
{352y, {gn}2 and {h,}22, are sequences weakly convergent to zero, and Cp(€2)
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has the Dunford—Pettis property, then it has the polynomial Dunford—Pettis prop-
erty [Ry, Theorem 2.1] and so the sequences {u,}52 ¢, {v,}52, converge weakly
to z. Hence u,, v, €W for n large enough. In any case,

QN (un) —Qn(vn)| =2,
and 80 2< ||uy, — v, || <diam W.
Hence, if there is a (non-empty) weak open set relative to the unit ball of X
with diameter less than two, then € is finite. O

In [Fe, Proposition 4.1], Ferrera proved that P~ (C(K)) has no points of Fréchet
differentiability for any infinite compact K and Ne€N (see also [BR, Prop-
osition 17]). As a consequence of the previous result and the facts already recalled
in the introduction, we obtain the largest possible modulus of roughness.

Corollary 2.3. If K is any infinite compact topological space, NE€N and P is
any homogeneous polynomial on C(K), then n(P™ (C(K)), P)=2. As a consequence,
the norm is not Fréchet differentiable at any homogeneous polynomial.

By using the same technique as before, we also deduce the following result,
valid in the real as well as in the complex case. Choi, Garcia, Maestre and Martin
recently obtained a result along the same line (see [CGMM, Corollary 2.10 and
Theorem 1.1]).

Proposition 2.4. Let K be an infinite compact Hausdorff topological space
and NeN. Given an N-homogeneous polynomial P on C(K) and §>0, there are
functions f, g€Se (k) such that

[Re P(f)| =[P =6, [ReP(g)|=|P[|=9,
Re P(f)Re P(9)>0, [[f—gll=If+gll=2.

Proof. We can clearly assume (by changing the sign of the polynomial) that
|2l =SUPjcp, ., Re P(f). Assume that fo€Sc (k) satisfies Re P(fo)>|P||—9d.
By Lemma 2.1, there are sequences of continuous functions {g, } 52 ; and {h,}>2;
on K satisfying
Jn 250 and hy, -0

and sequences of disjoint open sets, {V,}52, and {U,}>2,, satisfying

(2.1) 0<gn,hn<1, supph, CV,, |lhnll=1, suppgn CUn, gn(Vn)={1}.

Since {g,}02, and {h,}22, converge weakly to zero, the sequences

{untnzr ={fo(l=gn)+hntnzs and {ontniy={fo(1—gn)—hntnzq
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converge weakly to fy. Also, both sequences are in the unit ball of the space. We
check this assertion. If n€N and t€ K, by using conditions (2.1) and depending on
if teV,, or t¢V,, one of the two following possible cases holds

[(fo(1=gn)£hn) ()] =hn(D)],  [(fo(L=gn)Fhn) ()] =[fo(1=gn)l;

and so, both sequences {u,}52; and {v,}>2; are in the unit ball of C(K). Finally,
by using that the space C(K) has the Dunford-Pettis property and, by [Ry, The-
orem 2.1], it has the polynomial Dunford—Pettis property, that is, polynomials on
C(K) preserve weak convergence of sequences, we obtain that

P(un) = P(fo) and  P(va) = P(fo).
Hence, for n large enough, u,, and v, satisfy
Re P(up) > ||P|]|—d and ReP(vn)>||P|—4.
Now let us note that
[t —vn| = [|2hn]| = 2.

Since || fo]|=1, assume for instance that t€ K satisfies that | fo(¢)|=1, since the open
sets U, are mutually disjoint, for n large enough, t¢U,, and so

[[tn~+vnll = [[2fo(1=gn)l| = 2|(fo(1=gn)) ()| = 2 fo(t)| =2. T

3. Lq(p)-spaces

Our aim now is to show similar results for L;(u) (real or complex case). As we
already remarked, if u has an atom of finite measure, then By, (,) has a strongly
exposed point, and so the unit ball of ®7]:[5 Li(u) has slices of arbitrarily small
diameter. Under reasonable assumptions on the measure, the next result shows
that only two extreme cases happen: all slices of the unit ball of the above space
have diameter two or there are arbitrarily small slices.

Theorem 3.1. Let (2, X, 1) be a measure space and assume that u is o-finite
and atomless. For a positive integer N, we write X:®7JXSL1(M). Then every slice

of Bx has diameter 2. Consequently, n(PN (L1(u)), P)=2 for every P in SPN(Ly (1))

Proof. We use that X* is identified with PY(L1(u)). So, a slice is associ-
ated to a certain element P€Spn(r,(,)) and a positive real number §<1. We can
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clearly assume that || P||=sup Re P(f). Since the subset of simple functions
Y TE€BLy (1)

is dense in Ly () and S(Bx, P,§) is an open subset in the unit ball of X, we can
choose a function s=>"%_, a; xa,/1(A;) satisfying Re P(s)>1-4, for some positive
integer p, some measurable sets {A4;:1<i<p} that are mutually disjoint and have
positive measure, and some scalars satisfying > 7_, |o;|=1. By assumption, p has
no atoms, and so for each 1<i<p, there is a sequence {r; , }52; of Rademacher func-
tions supported on A; (see [AA, Definition 11.55]). The sequence {r;/pu(A;)}52,
is contained in the unit sphere of L;(u) and converges weakly to zero for each i.
We define {f; »}°2; and {g:n}>2, by

:XA,Lv"‘T'i,n and  g;pi= XA; —Tin
1(As) o p(Ai)

which are sequences of functions in Sz, (,) weakly converging to xa,/u(A4;), satis-
fying

fim:

Hfi,n_gi,nnzz, iE{l,...,p}.

We write f:=Y ", a;ifin and gn:=> +_| @;gin. Then {f,}52; and {g,}52, are
sequences in B, (,) weakly converging to the simple function s. Since L;(p) has the
Dunford-Pettis property, P is weakly sequentially continuous. Since Re P(s)>1—4,
Re P(fn,), Re P(gn,)>1—46 for ng large enough. It follows that /¥ g2 €S(Bx, P, d)
for suitable ngeN. For i€{1l,...,p}, let A\; be a scalar such that «;=|a;|\; and
|Ai|=1, and p; be such that p;\;=1. We consider the functionals u, ::Zle LiXA;
and v} =0, [1iTin, I Sp, (- It is clear that ul (fine)=pi=u},(gin,) and
v;kzo (fi,no ) =Hi= _U:,O (gimo )

If N is odd, then the N-homogeneous polynomial given by @, := (’U:LO)N satis-
fies ||Qnol|=1 and

Qno (fno) _Qno (gno) =2.

If N is even, then we take the N-homogeneous polynomial Q,:=(v
that satisfies |@Qn,||=1 and

* \N—1, %
no) Upg s

Qno (fno) _Qno (gno) =2.

In any case, we have that diam S(Bx,ﬁ, &)= fN —gh [|=2. In view of [DGZ,
Proposition 1.1.11], we obtain that n(PY(X), P)=2. O

From the above proof we also obtain the following consequence.

Corollary 3.2. Let (Q,3, 1) be a measure space, where p is o-finite and atom-
less. If N is a natural number and PEPN(L1(u)), then for every 6>0, there are
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elements f,g€Sr, () such that
[Re P(f)| = ||P||—d, [ReP(g)|= P-4,
ReP(f)ReP(g9) >0, | f—gll=If+gl=2.

To conclude this paper, let us state the analogous version of Theorem 3.1 for
non-empty weakly open sets of the closed unit ball. In this case, the proof works
only in some cases.

Theorem 3.3. Let (2, %, 1) be a measure space, where u is o-finite and atom-
less. For an odd natural number N, take X:=®7T1\{S Li(p), where we consider only
the real case. Then every non-empty open set of (Bx,w) has diameter two.

Proof. Assume that W is a non-empty weakly open set in (Bx,w). Since p has
no atoms, L (p) is infinite-dimensional and W contains an element in the unit sphere
of X. By denseness of the simple functions in Ll( ), W contains an element x that
can be expressed as 953:2?:1 a;sY, where Zl 1 lai]=1 and each s; is a normal-
ized simple function. Since N is odd, we can also assume that a;>0 for every i.
Now each simple function s; can be written as si:Z _1 85 xa,/1(A;j), where the
subsets Aq, ..., A, are measurable and pairwise disjomt sets with 0<p(A4;)<oo and
Z;”:l |Bij1=1 for every i. For every fixed 1<i<k, consider the subset

P = {] € {1, ,m} :ﬂij > 0}

Since p has no atoms, for each 1<j<m, we will denote by {r; ., }"2 a sequence
of Rademacher functions supported on A; (see [AA, Definition 11.55]). We recall
that {r; n/p(A;)}>2, is a sequence of functions in the sphere of L, (1) that converges
weakly to zero. Then we define the following sequences of functions

XA +r; n —Tin
Ujn = Zﬁz] ’u j; Z ﬁ” ;

JjEP; 1<j<m
Jgp:

and
Z 6 A; — Ty, n+ Z ﬂ XA, +T]n
ij ij ]
iEP; A) G HAD
J¢Pi

The sequences {u; ,}ney and {v; , }n2; of functions in S, (,,) are weakly converging
to ZJ 1 Bij xa,/1(Aj). Now we consider the elements in the unit ball of X given
by

k k
o N . N
Up, = E i, and vy = g QU
i=1 i=1
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Since Li(u) has the Dunford—Pettis property, we have that every polynomial
on Lj(p) is weakly sequentially continuous. Thus for n large enough u,,v,€W.
Now we will check that the distance between u,, and v,, is two.

For every natural number n, let us choose a function f€ Lo (1) such that

1l =1, /Af duzland/Afduzo for all j

1(A;)
The polynomial @) given by
N
Q(h)= (/ fhdu) . heLi(y)
Q

is in the unit ball of the space of N-homogeneous polynomials on L (x). By using
that N is odd, we obtain that

Qi) = (Z Big— Y. Bij)Nzl

JjEP; 1<j<m
JE€P;
and
N
Q= (- bt X 65) =1
jep; 1<j<m
J¢P;
Hence
k

@(un—vn) :22041; =2,

i=1
We deduce that diam W > ||u, —v, ||=2, as we wanted to show. [
The above theorem suggest the following open problem:

Open question. We do not know if the above result holds for the complex space
Li(u), nor for the real case if N is even.

Acknowledgements. The authors are grateful to Angel Rodriguez Palacios for
his valuable comments.
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