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Slices in the unit ball of the symmetric tensor
product of C(K) and L1(µ)
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Dedicated to Angel Rodŕıguez Palacios on the occasion of his 60th birthday.

Abstract. We prove that for the cases X=C(K) (K infinite) and X=L1(µ) (µ σ-finite and

atomless) it holds that every slice of the unit ball of the N-fold symmetric tensor product of X

has diameter two. In fact, we prove more general results for weak neighborhoods relative to the

unit ball. As a consequence, we deduce that the spaces of N-homogeneous polynomials on those

classical Banach spaces have no points of Fréchet differentiability.

1. Introduction

The characterization of the Radon–Nikodým property of a Banach space in
terms of the existence of arbitrarily small slices of any bounded, closed and convex
subset of it is well-known. But many of the classical Banach spaces lacks the
Radon–Nikodým property. In such cases, a modulus of non-dentability introduced
by Schachermayer, Sersouri and Werner [SSW] can be useful. For a bounded, closed
and convex subset C of a Banach space, this number is given by δ1(C):=inf{diam S :
S is a slice of C}. These authors proved that any Banach space X without the
Radon–Nikodým property satisfies that for every ε>0 there is subset C of X with
diam C=1 and such that δ1(C)>1−ε. For certain classical Banach spaces (endowed
with their usual norm), there are results stating that an appropriate ball satisfies
the above condition. We will state some of them. Nygaard and Werner [NW]
proved that every infinite-dimensional uniform algebra satisfies that every nonempty
relatively weak open set of the unit ball does have diameter two. Shvydkoy [Sh]
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obtained that every Banach space with the Daugavet property also satisfies the same
condition. Becerra and López [BL] showed the previous result for spaces of vector-
valued continuous functions defined on an infinite compact space K (see also [Ra]).
They also characterized the spaces L1(µ, X) where the above phenomena happens.
Becerra, López and Rodŕıguez showed that every non-empty weak open set of the
unit ball of any infinite-dimensional C∗-algebra also has diameter two [BLR] (see
also [BLPR]).

Before stating the main results of the paper, we recall some basic definitions and
well-known facts. For a (real or complex) Banach space X , SX and BX will denote
the unit sphere and the unit ball of X , respectively. X∗ will be the topological
dual of X . We will consider the symmetric projective tensor product

⊗N
π,s X . This

space is the completion of the linear space generated by {x⊗N...⊗x:x∈X} under the
norm given by

‖z‖= inf
{ N∑

i=1

|λi| : z =
N∑

i=1

λixi⊗ N...⊗xi, λi ∈K and xi ∈SX for all i∈{1, ..., N}
}

,

where K is the scalar field. Its topological dual can be identified with the space of
all N -homogeneous (and bounded) polynomials on X , denoted by PN (X). Every
polynomial P∈PN (X) acts as a linear functional P̂ on the N -fold symmetric tensor
product through its associated symmetric N -linear form P and satisfies P (x)=
P (x, N..., x)=P̂ (x⊗N...⊗x) for every element x∈X .

The dual norm of the symmetric tensor product is the usual polynomial norm,
given by

‖P‖= sup{|P (x)| : x∈X, ‖x‖≤ 1}, P ∈PN (X).

Now we recall some basic notions that will be used. A slice of BX (X is
a Banach space) is a subset of the form

S(BX , x∗, α) := {x∈BX : Re x∗(x)> 1−α},
where x∗∈SX∗ and 0<α<1. For an element u in SX , the roughness of X at u,
η(X, u) is given by

η(X, u) := lim sup
‖h‖!0

‖u+h‖+‖u−h‖−2
‖h‖ .

Clearly 0≤η(X, u)≤2. It is well-known that η(X, u)=0 if and only if the norm of
X is Fréchet differentiable at u. We will also use throughout the paper the equality

η(X∗, x∗)= inf{diamS(BX , x∗, α) : 0 < α< 1}
valid for x∗∈SX∗ (see for instance [DGZ, Proposition I.1.11]).
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In this paper we obtain the same kind of results that we stated at the beginning
for the N -fold symmetric projective tensor product of some classical Banach spaces
including C(K) and L1(µ). Let us point out that there are just a few results on
isometric properties of the symmetric tensor product of Banach spaces (see [RT],
[BR], [ACKM] and [GGM]).

It is well-known that in the finite-dimensional case, the unit ball has arbitrar-
ily small slices. Let Ω be a Hausdorff locally compact topological space. In the
Section 2, we prove that every infinite-dimensional space C0(Ω) (real or complex)
satisfies that every nonempty relatively weak open set of the unit ball of

⊗N
π,s X

has diameter two. As a consequence, it can be obtained that the space PN(C0(Ω))
has no points of Fréchet differentiability for every infinite and Hausdorff topological
space Ω. Indeed, it is obtained that the modulus of roughness of every polyno-
mial is as large as it can be. Let us remark that Boyd and Ryan proved that the
space PN(X) is never smooth, for every Banach space X with dimension greater
or equal to two and N≥2 [BR, Proposition 17] (see also [RT, Corollary 7]).

Section 3 is devoted to L1(µ). If µ has atoms, then L1(µ) has strongly exposed
points and so, the unit ball of the symmetric N -fold tensor product of L1(µ) has
slices with arbitrarily small diameter. We prove that if µ is a σ-finite and atomless
measure and N is odd, then every weak open subset of the unit ball of the symmetric
N -fold projective tensor product of L1(µ) (real case) has diameter two. We also ob-
tain that every slice of the unit ball of

⊗N
π,s L1(µ) has diameter two, for every σ-fi-

nite measure µ without atoms, and for every N . Hence under the previous assump-
tions, the space PN (L1(µ)) has no points of Fréchet differentiability of the norm.

2. Results for C(K)

As usual, we denote by C0(Ω) the Banach space of all the scalar-valued con-
tinuous functions on Ω vanishing at infinity, where Ω is a Hausdorff locally compact
topological space. We consider the real as well as the complex case.

As we already noticed, if Ω is finite, then the unit ball of
⊗N

π,s C0(Ω) has
arbitrarily small slices. Our aim is to show that this is the only case where the
above condition happens. For such a purpose we will use the following easy and
technical result.

Lemma 2.1. Let Ω be a locally compact and Hausdorff infinite topological
space. Then there are two sequences of non-empty open and relatively compact
sets {Vn}∞n=1 and {Un}∞n=1 satisfying

V n ⊂Un and Un∩Um = ∅, n �= m,

and
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(i) two sequences of functions {gn}∞n=1 and {hn}∞n=1 in C0(Ω) satisfying

gn
w−−! 0, hn

w−−! 0,

and also for every positive integer n,

0≤ gn, hn ≤ 1, supp hn ⊂Vn, ‖hn‖= 1, supp gn ⊂Un and gn(Vn)= {1};
(ii) sequences of continuous functions {fn}∞n=1, {gn}∞n=1 and {hn}∞n=1 in C0(Ω)

satisfying

fn
w−−! 0, gn

w−−! 0, hn
w−−! 0,

and for all n

supp fn, supp hn ⊂Vn, fn(Ω), hn(Ω)⊂ [−1, 1],

there exist sn, tn ∈Vn such that fn(sn)= fn(tn)= 1 = hn(tn)=−hn(sn),

0≤ gn ≤ 1, supp gn ⊂Un and gn(Vn)= {1}.

Proof. Since Ω is infinite, we will prove that there is a sequence of disjoint
nonempty open sets {Un}∞n=1 whose closure is compact. In order to show that, we
start with a sequence {tn}∞n=1 of distinct points in Ω.

If {tn}∞n=1 has no cluster points, then one can choose a compact neighbor-
hood C1 of t1 such that it does not contain any other term of the sequence. By
using that t2 /∈C1, and that t2 is not a cluster point of the sequence, then there is
a new compact neighborhood C2 of t2 such that C2 does not contain more terms of
the sequence and such that C2∩C1=∅. By continuing in the same way, a sequence
of sets {Cn}∞n=1 is produced such that {Un}∞n=1 :={C̊n}∞n=1 is a sequence of pairwise
nonempty open sets whose closure is compact.

In the case that the sequence {tn}∞n=1 has a cluster point t0, we can clearly
assume that t0 �=tn for n≥1 and we proceed in the following manner. Since Ω is
Hausdorff and locally compact, we can choose compact subsets F1 and C1 of Ω
satisfying

t1 ∈ C̊1, t0 ∈ F̊1 and C1∩F1 = ∅.

Since t0 is a cluster point of the sequence and t0∈F̊1, F1 contains infinitely many tn’s.
We choose a new element tσ(2)∈F̊1 and, by using again that Ω is Hausdorff and
locally compact, we can choose two disjoint compact neighborhoods of tσ(2) and t0,
respectively. By intersecting both sets with F1, we then obtain compact subsets C2

and F2 satisfying

tσ(2) ∈ C̊2, t0 ∈ F̊2, C2∩F2 = ∅ and C1∩C2 = ∅.
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Assume that we have obtained n closed and disjoint subsets C1, ..., Cn of K,
whose interiors are non-empty and satisfying t0 /∈⋃n

i=1 Ci, then we choose tσ(n+1)

such that the element tσ(n+1) /∈⋃n
i=1 Ci. We now choose a compact neighbor-

hood Cn+1 of tσ(n+1) not containing t0 and such that Cn+1∩(
⋃n

i=1 Ci)=∅. Again
by using that every point has a basis of compact neighborhoods, there are nonempty
open sets Vn such that V n⊂C̊n. We just write Un :=C̊n.

Finally, by Urysohn’s lemma, there are continuous functions gn and hn on Ω
satisfying

0≤ gn, hn ≤ 1, supp hn ⊂Vn, ‖hn‖= 1, supp gn ⊂Un, gn(Vn)= {1},
and so that gn and hn belong to C0(Ω). Since the subsets {Un}∞n=1 are disjoint, the
sequences {gn}∞n=1 and {hn}∞n=1 are equivalent to the usual basis of c0, and so, they
converge to zero in the weak topology of C0(Ω). We already proved (i). In order
to obtain (ii) it suffices to use U2n−1∪U2n instead of Un, and V2n−1∪V2n instead
of Vn, and the functions g2n−1+g2n, h2n−1+h2n, h2n−1−h2n satisfy the conditions
required of gn, fn and hn, respectively, in (ii). �

Proposition 2.2. Let Ω be a locally compact and Hausdorff topological space
and N∈N. If there exists a weak neighborhood relative to the unit ball of

⊗N
π,s C0(Ω)

with diameter less than two, then Ω is finite.

Proof. Assume that Ω is infinite. We will write X :=
⊗N

π,s C0(Ω). Let W be
a non-empty weak open set relative to the unit ball of X . Since X is infinite-
dimensional, W contains an element in the unit sphere of X . In fact we can assume
that W contains an element x that can be expressed as

x=
s∑

i=1

tiy
N
i ,

where ti∈K,
∑s

i=1 |ti|=1, yi∈C0(Ω), ‖yi‖=1, and yN :=y⊗N...⊗y.
In the complex case we can assume that ti∈R

+. In this case, we use
Lemma 2.1 (i) and define the two sequences {un}∞n=1 and {vn}∞n=1 in the N -fold
symmetric tensor product of C0(Ω) by

un =
s∑

i=1

ti(yi(1−gn)+hn)N , and vn =
s∑

i=1

ti(yi(1−gn)+whn)N ,

where w is a complex number satisfying wN =−1. Let us notice that for every λ∈C

with |λ|=1, and every s∈Ω, depending on if s∈Vn or s /∈Vn, one has

|(yi(1−gn)+λhn)(s)|= |hn(s)| ≤ 1 or |(yi(1−gn)+λhn)(s)|= |(yi(1−gn))(s)| ≤ 1,
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hence ‖un‖, ‖vn‖≤1. In this case we take the norm-one polynomial on C0(Ω)
given by QN =δN

t , where t∈Ω satisfies hn(t)=1. This polynomial clearly satisfies
Q̂N (un)−Q̂N(vn)=2.

In the real case, if N is odd, then again by Lemma 2.1 (i) we define the
sequences in the following way

un =
∑

i∈P

ti(yi(1−gn)+hn)N +
∑

i∈N

ti(yi(1−gn)−hn)N ,

vn =
∑

i∈P

ti(yi(1−gn)−hn)N +
∑

i∈N

ti(yi(1−gn)+hn)N ,

where P :={i:ti≥0} and N :={i:ti<0}. By the same argument as above we obtain
that ‖un‖, ‖vn‖≤1. In this case we consider the N -homogeneous polynomial on
C0(Ω) given by QN =δN

t , for some t∈Ω satisfying hn(t)=1, that clearly satisfies
‖QN‖≤1 and Q̂N (un)−Q̂N(vn)=2.

Finally, if the space is real and N is even, we use Lemma 2.1 (ii) and consider
the elements

un =
∑

i∈P

ti(yi(1−gn)+fn)N +
∑

i∈N

ti(yi(1−gn)+hn)N ,

vn =
∑

i∈P

ti(yi(1−gn)+hn)N +
∑

i∈N

ti(yi(1−gn)+fn)N ,

where P :={i:ti≥0} and N :={i:ti<0}. It is immediate to check that un and vn

belong to BX . In this case, we consider the N -homogeneous polynomial given by

QN = δN−1
sn

δtn

which clearly satisfies ‖QN‖≤1 and

Q̂N (un)−Q̂N(vn)=
∑

i∈P

tifn(sn)N−1fn(tn)+
∑

i∈N

tihn(sn)N−1hn(tn)

−
∑

i∈P

tihn(sn)N−1hn(tn)−
∑

i∈N

tifn(sn)N−1fn(tn)

=
∑

i∈P

ti+
∑

i∈N

ti(−1)N−1−
∑

i∈P

ti(−1)N−1−
∑

i∈N

ti

= 2
s∑

i=1

|ti|

= 2.

In any of the above cases, the sequences {un}∞n=1 and {vn}∞n=1 belong to X . Since
{fn}∞n=1, {gn}∞n=1 and {hn}∞n=1 are sequences weakly convergent to zero, and C0(Ω)
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has the Dunford–Pettis property, then it has the polynomial Dunford–Pettis prop-
erty [Ry, Theorem 2.1] and so the sequences {un}∞n=1, {vn}∞n=1 converge weakly
to x. Hence un, vn∈W for n large enough. In any case,

|Q̂N (un)−Q̂N(vn)|= 2,

and so 2≤‖un−vn‖≤diamW .
Hence, if there is a (non-empty) weak open set relative to the unit ball of X

with diameter less than two, then Ω is finite. �

In [Fe, Proposition 4.1], Ferrera proved that PN (C(K)) has no points of Fréchet
differentiability for any infinite compact K and N∈N (see also [BR, Prop-
osition 17]). As a consequence of the previous result and the facts already recalled
in the introduction, we obtain the largest possible modulus of roughness.

Corollary 2.3. If K is any infinite compact topological space, N∈N and P is
any homogeneous polynomial on C(K), then η(PN (C(K)), P )=2. As a consequence,
the norm is not Fréchet differentiable at any homogeneous polynomial.

By using the same technique as before, we also deduce the following result,
valid in the real as well as in the complex case. Choi, Garćıa, Maestre and Mart́ın
recently obtained a result along the same line (see [CGMM, Corollary 2.10 and
Theorem 1.1]).

Proposition 2.4. Let K be an infinite compact Hausdorff topological space
and N∈N. Given an N-homogeneous polynomial P on C(K) and δ>0, there are
functions f, g∈SC(K) such that

|Re P (f)|≥‖P‖−δ, |Re P (g)|≥‖P‖−δ,

Re P (f)Re P (g)>0, ‖f−g‖=‖f +g‖=2.

Proof. We can clearly assume (by changing the sign of the polynomial) that
‖P‖=supf∈BC(K)

Re P (f). Assume that f0∈SC(K) satisfies Re P (f0)>‖P‖−δ.
By Lemma 2.1, there are sequences of continuous functions {gn}∞n=1 and {hn}∞n=1

on K satisfying

gn
w−−! 0 and hn

w−−! 0

and sequences of disjoint open sets, {Vn}∞n=1 and {Un}∞n=1, satisfying

0≤ gn, hn ≤ 1, supp hn ⊂Vn, ‖hn‖= 1, supp gn ⊂Un, gn(Vn)= {1}.(2.1)

Since {gn}∞n=1 and {hn}∞n=1 converge weakly to zero, the sequences

{un}∞n=1 = {f0(1−gn)+hn}∞n=1 and {vn}∞n=1 = {f0(1−gn)−hn}∞n=1
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converge weakly to f0. Also, both sequences are in the unit ball of the space. We
check this assertion. If n∈N and t∈K, by using conditions (2.1) and depending on
if t∈Vn or t /∈Vn, one of the two following possible cases holds

|(f0(1−gn)±hn)(t)|= |hn(t)|, |(f0(1−gn)±hn)(t)|= |f0(1−gn)|,

and so, both sequences {un}∞n=1 and {vn}∞n=1 are in the unit ball of C(K). Finally,
by using that the space C(K) has the Dunford–Pettis property and, by [Ry, The-
orem 2.1], it has the polynomial Dunford–Pettis property, that is, polynomials on
C(K) preserve weak convergence of sequences, we obtain that

P (un)!P (f0) and P (vn)!P (f0).

Hence, for n large enough, un and vn satisfy

ReP (un)> ‖P‖−δ and Re P (vn)> ‖P‖−δ.

Now let us note that

‖un−vn‖= ‖2hn‖= 2.

Since ‖f0‖=1, assume for instance that t∈K satisfies that |f0(t)|=1, since the open
sets Un are mutually disjoint, for n large enough, t /∈Un and so

‖un+vn‖= ‖2f0(1−gn)‖≥ 2|(f0(1−gn))(t)|= 2|f0(t)|= 2. �

3. L1(µ)-spaces

Our aim now is to show similar results for L1(µ) (real or complex case). As we
already remarked, if µ has an atom of finite measure, then BL1(µ) has a strongly
exposed point, and so the unit ball of

⊗N
π,s L1(µ) has slices of arbitrarily small

diameter. Under reasonable assumptions on the measure, the next result shows
that only two extreme cases happen: all slices of the unit ball of the above space
have diameter two or there are arbitrarily small slices.

Theorem 3.1. Let (Ω, Σ, µ) be a measure space and assume that µ is σ-finite
and atomless. For a positive integer N , we write X=⊗N

π,sL1(µ). Then every slice
of BX has diameter 2. Consequently, η(PN (L1(µ)), P )=2 for every P in SPN (L1(µ)).

Proof. We use that X∗ is identified with PN (L1(µ)). So, a slice is associ-
ated to a certain element P ∈SPN (L1(µ)) and a positive real number δ<1. We can
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clearly assume that ‖P‖=supf∈BL1(µ)
Re P (f). Since the subset of simple functions

is dense in L1(µ) and S(BX , P̂ , δ) is an open subset in the unit ball of X , we can
choose a function s=

∑p
i=1 αi χAi/µ(Ai) satisfying Re P (s)>1−δ, for some positive

integer p, some measurable sets {Ai :1≤i≤p} that are mutually disjoint and have
positive measure, and some scalars satisfying

∑p
i=1 |αi|=1. By assumption, µ has

no atoms, and so for each 1≤i≤p, there is a sequence {ri,n}∞n=1 of Rademacher func-
tions supported on Ai (see [AA, Definition 11.55]). The sequence {ri,n/µ(Ai)}∞n=1

is contained in the unit sphere of L1(µ) and converges weakly to zero for each i.
We define {fi,n}∞n=1 and {gi,n}∞n=1 by

fi,n :=
χAi +ri,n

µ(Ai)
and gi,n :=

χAi−ri,n

µ(Ai)
,

which are sequences of functions in SL1(µ) weakly converging to χAi/µ(Ai), satis-
fying

‖fi,n−gi,n‖= 2, i∈{1, ..., p}.
We write fn :=

∑p
i=1 αifi,n and gn :=

∑p
i=1 αigi,n. Then {fn}∞n=1 and {gn}∞n=1 are

sequences in BL1(µ) weakly converging to the simple function s. Since L1(µ) has the
Dunford–Pettis property, P is weakly sequentially continuous. Since Re P (s)>1−δ,
Re P (fn0), Re P (gn0)>1−δ for n0 large enough. It follows that fN

n0
, gN

n0
∈S(BX , P̂ , δ)

for suitable n0∈N. For i∈{1, ..., p}, let λi be a scalar such that αi=|αi|λi and
|λi|=1, and µi be such that µiλi=1. We consider the functionals u∗

n0
:=

∑p
i=1 µiχAi

and v∗n0
:=

∑p
i=1 µiri,n0 in SL1(µ)∗ . It is clear that u∗

n0
(fi,n0)=µi=u∗

n0
(gi,n0) and

v∗n0
(fi,n0)=µi=−v∗n0

(gi,n0).
If N is odd, then the N -homogeneous polynomial given by Qn0 :=(v∗n0

)N satis-
fies ‖Qn0‖=1 and

Qn0(fn0)−Qn0(gn0)= 2.

If N is even, then we take the N -homogeneous polynomial Qn0 :=(v∗n0
)N−1u∗

n0
,

that satisfies ‖Qn0‖=1 and

Qn0(fn0)−Qn0(gn0)= 2.

In any case, we have that diamS(BX , P̂ , δ)≥‖fN
n0
−gN

n0
‖=2. In view of [DGZ,

Proposition I.1.11], we obtain that η(PN (X), P )=2. �

From the above proof we also obtain the following consequence.

Corollary 3.2. Let (Ω, Σ, µ) be a measure space, where µ is σ-finite and atom-
less. If N is a natural number and P ∈PN(L1(µ)), then for every δ>0, there are
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elements f, g∈SL1(µ) such that

|Re P (f)| ≥ ‖P‖−δ, |Re P (g)| ≥ ‖P‖−δ,

Re P (f)Re P (g)≥ 0, ‖f−g‖= ‖f +g‖= 2.

To conclude this paper, let us state the analogous version of Theorem 3.1 for
non-empty weakly open sets of the closed unit ball. In this case, the proof works
only in some cases.

Theorem 3.3. Let (Ω, Σ, µ) be a measure space, where µ is σ-finite and atom-
less. For an odd natural number N , take X :=

⊗N
π,s L1(µ), where we consider only

the real case. Then every non-empty open set of (BX , w) has diameter two.

Proof. Assume that W is a non-empty weakly open set in (BX , w). Since µ has
no atoms, L1(µ) is infinite-dimensional and W contains an element in the unit sphere
of X . By denseness of the simple functions in L1(µ), W contains an element x that
can be expressed as x:=

∑k
i=1 αis

N
i , where

∑k
i=1 |αi|=1 and each si is a normal-

ized simple function. Since N is odd, we can also assume that αi>0 for every i.
Now each simple function si can be written as si=

∑m
j=1 βij χAj /µ(Aj), where the

subsets A1, ..., Am are measurable and pairwise disjoint sets with 0<µ(Ai)<∞ and
∑m

j=1 |βij |=1 for every i. For every fixed 1≤i≤k, consider the subset

Pi := {j ∈{1, ..., m} : βij ≥ 0}.
Since µ has no atoms, for each 1≤j≤m, we will denote by {rj,n}∞n=1 a sequence

of Rademacher functions supported on Aj (see [AA, Definition 11.55]). We recall
that {rj,n/µ(Aj)}∞n=1 is a sequence of functions in the sphere of L1(µ) that converges
weakly to zero. Then we define the following sequences of functions

ui,n :=
∑

j∈Pi

βij

χAj +rj,n

µ(Aj)
+

∑

1≤j≤m

j /∈Pi

βij

χAj −rj,n

µ(Aj)

and

vi,n :=
∑

j∈Pi

βij

χAj −rj,n

µ(Aj)
+

∑

1≤j≤m

j /∈Pi

βij

χAj +rj,n

µ(Aj)
.

The sequences {ui,n}∞n=1 and {vi,n}∞n=1 of functions in SL1(µ) are weakly converging
to

∑m
j=1 βij χAj /µ(Aj). Now we consider the elements in the unit ball of X given

by

un :=
k∑

i=1

αiu
N
i,n and vn :=

k∑

i=1

αiv
N
i,n.
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Since L1(µ) has the Dunford–Pettis property, we have that every polynomial
on L1(µ) is weakly sequentially continuous. Thus for n large enough un, vn∈W .
Now we will check that the distance between un and vn is two.

For every natural number n, let us choose a function f∈L∞(µ) such that

‖f‖= 1,

∫

Aj

f
rj,n

µ(Aj)
dµ = 1 and

∫

Aj

f dµ = 0 for all j.

The polynomial Q given by

Q(h)=
(∫

Ω

fh dµ

)N

, h∈L1(µ)

is in the unit ball of the space of N -homogeneous polynomials on L1(µ). By using
that N is odd, we obtain that

Q(ui,n)=
(∑

j∈Pi

βi,j−
∑

1≤j≤m

j /∈Pi

βij

)N

= 1

and

Q(vi,n)=
(

−
∑

j∈Pi

βi,j +
∑

1≤j≤m

j /∈Pi

βij

)N

=−1.

Hence

Q̂(un−vn)= 2
k∑

i=1

αi = 2.

We deduce that diamW≥‖un−vn‖=2, as we wanted to show. �
The above theorem suggest the following open problem:

Open question. We do not know if the above result holds for the complex space
L1(µ), nor for the real case if N is even.

Acknowledgements. The authors are grateful to Angel Rodŕıguez Palacios for
his valuable comments.
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[CGMM] Choi, Y. S., Garćıa, D., Maestre, M. and Mart́ın, M., The Daugavet equation
for polynomials, Studia Math. 178 (2007), 63–82.

[DGZ] Deville, R., Godefroy, G. and Zizler, V., Smoothness and Renormings in
Banach Spaces, Pitman Monographs and Surveys in Pure and Applied Math-
ematics 64, Longman, Harlow, 1993.

[Fe] Ferrera, J., Norm-attaining polynomials and differentiability, Studia Math. 151
(2002), 1–21.
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