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Products of residue currents of
Cauchy—Fantappie—Leray type

Elizabeth Wulcan

Abstract. With a given holomorphic section of a Hermitian vector bundle, one can associate
a residue current by means of Cauchy—Fantappie—Leray type formulas. In this paper we define
products of such residue currents. We prove that, in the case of a complete intersection, the
product of the residue currents of a tuple of sections coincides with the residue current of the
direct sum of the sections.

1. Introduction

Let f be a holomorphic function defined in some domain in C™ and let
Y=f7"1(0). Then there exists a distribution U such that fU=1, as shown by
Schwartz [16]. For example, one can let U be the principal value distribution [1/f],

defined as
Dy > ¢r—lim ?
e—0 |f‘>5 f

The existence of this limit was proven by Herrera and Lieberman, [9], using
Hironaka’s desingularization theorem. By the Mellin transform, see for example [13],
one can show that the limit is equal to the analytic continuation to A=0 of

(1.1) /\»—>/|f|2’\?

The residue current associated with f is defined as 9[1/f]; it has support on Y and
its action on a test form ¢€D,, ,,_1 is given by the analytic continuation to A=0 of

Al—>/8_|f|2)‘/\?.

This paper concerns products of residue currents. Recall that it is in general
not possible to multiply currents (or distributions). However, given a tuple of
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holomorphic functions f=(f1,..., fm), by certain limiting processes one can give
meaning to the expression

(1.2) 5[%%...@[}%}

as was first done by Coleff and Herrera, [7]. By the Mellin transform, this so called
Coleff-Herrera current, denoted by RéH, can be realized as the analytic continuation
to A=0 of
51 p 22 L 5 p j2x L

(1.3) O f1|* = Ao NO| fn | P —.

fi m
In case f defines a complete intersection, that is, the codimension of Y =f~1(0)
is m, then RéH has especially nice calculus properties. For example f,RéH:O for
all ¢, see [12], which yields one direction of the duality theorem, due to Passare, [11],
and Dickenstein—Sessa, [8], that asserts that if f is a complete intersection, then
a holomorphic function ¢ belongs to the ideal (f) if and only if ngéH:O.

In [14] Passare, Tsikh and Yger introduced an alternative approach to mul-
tidimensional residue currents by constructing currents based on the Bochner—
Martinelli kernel. For each ordered index set ZC{1l,...,m} of cardinality k, let
Ré be the analytic continuation to A=0 of

. - —
5 Fis Aot
BlFPAAY (-t e S

2 i
where |f|?=|f1|?>+...+|fm|?. Then R% is a well-defined (0, k)-current with support
on Y, which vanishes whenever k<codimY or k>min(m,n). If f is a complete

intersection, there is only one non-vanishing current, namely R{l which cor-

.,m}’
responds to the classical Bochner—Martinelli kernel and which we denote by R]’;M.
Then we have the following result.

Theorem 1.1. (Passare, Tsikh and Yger [14]) Assume that f is a complete
intersection. Then

R]J_;M = RéH'

The Bochner—-Martinelli residue currents Ré have been used for investigations in
the non-complete intersection case; for example, in [6], Berenstein and Yger used
them to construct Green currents.

Based on the work in [14] Andersson, [2], introduced more general globally
defined residue currents by means of Cauchy—Fantappie-Leray type formulas. Let
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us briefly recall his construction. Assume that f is a holomorphic section of the dual
bundle E* of a holomorphic m-bundle F— X over a complex manifold X. On the
exterior algebra over E we have mappings : A" E— A'E of interior multiplication
by f, and (5;20. Let & x(X, A'E) be the space of smooth sections of the exterior
algebra of E*@®T; | which are (0, k)-forms with values in A'E, and let Dy 1 (X, AE)
be the corresponding space of currents. The mappings ¢; extend to these spaces,
where it anticommutes with 9. Thus D(/L «(X,A'E) is a double complex and the
corresponding total complex is

5o pr-1 Vs T Vs
— L (X,E) — L'(X,E)— ...,

where L7(X, E)=@,,,_, D(’)’k(X,A’lE) and V;=d;—0. The exterior product, A,
induces a mapping

A LT(X,EYX LY (X, E)— LT*(X, E)
when possible, and V; is an antiderivation with respect to A.

If ¢ is a holomorphic function such that o=V yv for some v€ L7} (X, E), one can
prove, provided X is Stein, that there is a holomorphic solution v to the division
problem Ej Y fj=¢. Andersson’s idea to find such a v was to start looking for
a solution to Vyu=1. Assume that F is equipped with some Hermitian metric and
let s be the section of E with pointwise minimal norm such that §¢s=|f|? and let

j_ S o 5A(0s) )t sA(0s)1
“ Vs 5fs Ds Z (drs)! zl: [fI?

be the Cauchy—Fantappie-Leray form, introduced in [1] in order to construct in-
tegral formulas in a convenient way. Clearly uf€£! is well defined outside YV
and since Vs is of even degree the expression s/V ;s makes sense, and it follows
that Vu/=1 outside Y. In [2] it is proved that the form |f|**u/ has an ana-
Iytic continuation as a current to ReA\>—¢. The value at A=0, denoted by U/,
yields an extension of uf over Y. In analogy with the one function case, we will
sometimes refer to U7 as the principal value current. Clearly, if Y#@, Uf can
not fulfill V,;U/. In fact, V;U/=1-R/, where R/ =0|f|** Auf|y\=¢ now defines
the residue current of f. It holds that Rf=R,+...+R,,, where R; GDg’j(X, A,
p=codimY and p=min(m,n). Moreover, if pRf =0, then v=U f yields the desired
solution to Vjv=¢ and thus ¢ belongs to the ideal generated by f locally.

If E is a trivial bundle endowed with the trivial metric, the coefficients of RS
will actually be the Bochner-Martinelli currents Rﬁ. If f is a complete intersection,
the only non-vanishing coefficient will be Rf;M.

Our first goal is to define products of currents of the type U and R. Let us
consider (1.3). If we assume that each f; is a section of the dual bundle E} of a line
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bundle E; with frame e; and dual frame e}, the Cauchy-Fantappié-Leray form u/:
is just e;/ fi, so in fact (1.3) times the element ejA...Ae, can be expressed as

(1.4) |11 Ault AL AD fr | A

In light of this, it is most tempting to extend this product to include not only sections
of line bundles but sections f; of bundles of arbitrary rank. To be more accurate, we
assume that f; is a section of the dual bundle of a holomorphic m;-bundle E; — X.
Further, we assume that each FE; is equipped with a Hermitian metric, we let s;
be the section of F; of minimal norm such that 5fisi:|fi|2, and we let ufi be the
corresponding Cauchy—Fantappie-Leray form. Then (1.4) has meaning as a form
taking values in the exterior algebra over E=F1®...®FE,. Thus, in accordance
with the line bundle case, we can take the value at A=0 of (1.4) as a definition
of R A...AR, provided that the analytic continuation exists. However, this is
assured by Theorem 1.2, where products are defined also of principal value currents.

Theorem 1.2. Let f; be holomorphic sections of the Hermitian m;-bundles
Ef—X. Let uli be the corresponding Cauchy-Fantappié-Leray forms and let
Y;=f,1(0). Then

(1.5) A o2 ul" A A fopr [P a1 AD| oA Auds AL AD| 1) Audt

has an analytic continuation as a current to Re A>—¢.

We define T=U%r A...ANUTs+1 ARFs AL.ART as the value at A=0. Then T has
support on ﬂle Y; and it is alternating with respect to the principal value factors UT:
and symmetric with respect to the residue factors Ri.

Of course there is nothing special about the ordering that we have chosen; we
can just as well mix U’s and R’s.

If the bundle F is trivial, endowed with the trivial metric, and moreover if
f1@...® f is a complete intersection, then R/ A...A R will consist of only one term,
which can be interpreted as a product of the corresponding Bochner—Martinelli
currents RQM. In general, however, there will also occur terms of lower degree.

Theorem 1.3. Let
T=U A AU AR A AR
be defined as above. Let m=my+...4+m,. Then T=T,+...+T,, where TZED&I(A'E),

p=codim Y1 N...NY; and g=min(m,n). In particular, if f=f1D...® f, is a complete
intersection, then Rf™ A...ART" consists of only one term of top degree m.
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Observe that Theorems 1.2 and 1.3 extend Theorem 1.1 in [2].

Our next aim is to prove a generalized version of Theorem 1.1. Since, in the
particular case when the bundles E; are all line bundles, the current Rt A...ARf"
is just the Coleff-Herrera current of f times e; A...Ae,., we can formulate the equiv-
alence in the theorem as

(1.6) RN®-0F — RN ART™

Now, the obvious question is, does this equality extend to hold for sections of vector
bundles of arbitrary rank. Our main result states that this is indeed the case.

Theorem 1.4. Let f; be holomorphic sections of the Hermitian m;-bundles
E? and let f be the section f1®..&f, of E¥*=Ei®..@E". If f is a complete
intersection, that is, codim f~1(0)=my+...4+m,, then

RI =R ALART
That is, in a local perspective, given a tuple of functions split into subtuples,
the product of the Bochner—Martinelli currents of each subtuple is equal to the

Bochner-Martinelli current of the whole tuple of functions. We give an explicit
proof of Theorem 1.4 based on the existence of two V s-potentials.

Theorem 1.5. Let f=f1®..&f, be a section of E*=FE{®...0E". Assume
that f is a complete intersection. Then there exists a current V such that

(1.7) ViV=1-RIA.ART,
and furthermore a current UX AV such that
Vi(UIAV)=V-U/.
At first it might seem a bit peculiar to denote the second potential by U/AV.
However, notice that on a formal level, if we were allowed to multiply currents so
that V; acted as an antiderivation on the products, then
Vi(UAV)=(1-RNHAV-U'AN1—-RMA.ARTT),

since U/ is of odd degree. From Theorem 1.3 we know that R/ and R/*A...ARf"
take values in A™E, since f is a complete intersection. But since V and U/ have
positive degree in e; it is reasonable to expect the products VARS and U AR A
...ARfr to vanish. Thus we are left with V—U7, and the notation is motivated.

Proof of Theorem 1.4. Recall that V;U/=1—R/. Hence, applying V; twice
to UFAV yields

0=V3U'AV) =V, (U ~V)=RIAAR"~R,

and thus we are done. [
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The disposition of this paper is as follows. In Section 2 we give proofs of
Theorems 1.2 and 1.3. In Section 3 we prove Theorem 1.5. Finally, in Section 4 we
give an example of products of Cauchy—Fantappie—Leray currents and also discuss
a possible generalization of Theorem 1.4.

2. Products of residue currents of Cauchy—Fantappié—Leray type

We start with the proof of Theorem 1.2. For further use a slightly more general
formulation is appropriate. Indeed, the proof of Theorem 1.5 requires a broader
definition of products of currents. We need to allow also products of currents of
sections of the bundle E, which are not necessarily orthogonal, at least in certain
cases. Thus we give a new, somewhat unwieldy, version of Theorem 1.2 that however
covers all the currents that we will be concerned with.

By the notion that a form (or current) is of degree k in dz;, we will just mean
that it is a (e, k)-form. In the same manner, we will say that a form is of degree [
in e; when it takes values in AE.

Proposition 2.1. Let f=f1$...®f, be a holomorphic section of the bundle
E*=E{®..®E}, where Ef is a Hermitian m;-bundle. For a subset I={I1,...,I,}
of {1,...,r}, let fr denote the section fr,®...®fr, of Ej=FE] ®..0E] , let ufT
be the corresponding Cauchy—Fantappié-Leray form, let Yr=f;*(0), and let m;=
mp, +...4+mg,. If I', ..., I' are subsets of {1,...,7}, then

(2.1) A—> |fp|2)\uf1" /\.../\|f]s+1|2/\7.l,fi’s'*'1 /\5|f]s|2>\/\ufls /\.../\(§|f11|2/\/\ufi'1

has an analytic continuation to Re A>—¢.

We define T=U'tt A ANUF1s+1 ARTI* AL.ARTIY as the value at A=0. Then T
has support on ﬂle Yre and it is alternating with respect to the principal value
factors U and commutative with respect to the residue factors R.

Note that Theorem 1.2 corresponds to the particular case when each I7 is just
a singleton. The proof of Proposition 2.1 is very much inspired by the proof of
Lemma 2.2 in [14] and Theorem 1.1 in [2]. It is based on the possibility of resolving
singularities by Hironaka’s theorem, see [3], and the following lemma, which is
proven essentially by integration by parts.

Lemma 2.2. Letw be a strictly positive smooth function in C, ¢ a test function
in C, and p a positive integer. Then

dsNds

A o22
)n—)/v [s]**p(s) "
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and
A—> / 5(v>‘|s|2)‘)/\go(s)§

both have meromorphic continuations to the entire plane with poles at rational points
on the negative real axis. At A=0 they are both independent of v, and the second one
only depends on the germ of ¢ at the origin. Moreover, if p(s)=58(s) or o=dsA,
then the value of the second integral at A=0 is zero.

Proof of Proposition 2.1. We may assume that the bundle F=F1®...@FE, is
trivial since the statement is clearly local. Note that fi=>_, fi e} ;, where €] ;
is the trivial frame. The proof is based on the possibility to resolve singularities
locally using Hironaka’s theorem. Given a small enough neighborhood U of a given
point in X there exist an n-dimensional manifold U and a proper analytic map
II), : U —U such that if Z={z]1;, fi.;(z)=0} and Z:H,‘Ll(Z), then IT: Z]\Z—)L[\Z
is biholomorphic and such that moreover Z has normal crossings in U. This implies
that locally in U we have that IT; fi j=as j1i,j, where a;; are non-vanishing and
i,; are monomials in some local coordinates 7. Further, given a finite number of
monomials g1, ..., 4y, in some coordinates 7; defined in an n-dimensional manifold
U,, there exists a toric variety Ht and a proper analytic map II;: Z/N{t —U; such that
II; is biholomorphic outside the coordinate axes and moreover, locally it holds that,
for some 4, I} p; divides all IIf i, see [5] and [10]. Clearly, if p; divides p; in U
then IT} p1; divides ITj p1; in Zj{t. Thus after a number, say ¢, of such toric resolutions
I1;, we can locally consider each section f;: as a monomial times a non-vanishing
section. More precisely we have that II* fi =pu; f7,, where II=II; o...cIl; oIl p; is
a monomial and f} is a non-vanishing section of E%;.

Let ¢ be a test form with compact support. After a partition of unity we may
assume that it has support in a neighborhood U/ as above. Then, since II;, is proper,
the support of II} ¢ can be covered by a finite number of neighborhoods in which it
holds that I} ¢=a; ;i ;. If 9 is a test form with support in such a neighborhood,
then the support of II} 1 can be covered by finitely many neighborhoods in which
we have the desired property that the pullback of one monomial divides some of

1 and since IT

the other ones, and so on. Thus, for Re \>2max; my:, (2.1) is in L,

is biholomorphic outside a set of measure zero we have that
/ |Fre| P2 ultt A A freen |PAul w1 AD| 1o | P2 AT AL AD| fn P2 Aud T A
is equal to a finite number of integrals of the form
(2.2)
/H*(|fp|2)\ufﬂ’ A N frasa |PPufsv i N8| fro P Audts AL AD| fn P Auf ) A



164 Elizabeth Wulcan

Here

¢ = pe, 11 (-..pe 115, (pnI1}(0))),

where the p,’s are functions from some partitions of unity, so that the test form &
has support in a neighborhood where it holds that IT* f;i=p; f;;. In such a co-
ordinate neighborhood the pullback of s;: is fi; times a smooth form, so that
IT*(s7: A(Ospi)! 1) is jit times a smooth form. Moreover IT*| fri|?=|u;|?a;, where
a; is a strictly positive smooth function. Thus

M*ulr — Mz‘a;,ll _ Z Oézl,l7
. |44 M

where ;; are smooth forms taking values in A'E, and so (2.2) is equal to a finite
sum of integrals

2x X Xl ox A Gstllgy
/|Mt| ay —, Ao Alpser]ag4 Tor1

(2.3) e Mt
- a( ,ls —_
AN (|s P a3 ) A== A AO(|pa [ ag ) A

S

al,ll
Iy
1

Ag.

Expanding each factor 9| pj[**a}) by Leibniz’ rule results in a finite sum of terms.
Letting O fall only on the monomials j; yields integrals of the form

(2.4) /a’\|u'|2’\a—L/\5|ags PNLAD|o AN,
KL

where o; is one of the coordinate functions 7; that divide p;, a=ay...a; is a strictly

I is a monomial in 7, ¢/ is a monomial in 7;

positive smooth function, MLZM?---N
not divisible by any o; and o, =Cay, A...Aa, is a smooth form, where C is just
a constant that depends on the relation between ¢; and the number of ¢;’s in ;. The
remaining integrals, that arise when O falls on any of the a;, vanish in accordance

with Lemma 2.2. Indeed, consider one of the integrals obtained when 9 falls on ay,

PN LAND|02 P NDar A

A / S,
1233

This is just A times an integral of the form (2.4), so provided that we can prove the
existence of an analytic continuation of (2.4), it must clearly vanish at A=0.

Now an application of Lemma 2.2 for each 7, that divides any of the p;’s gives
the desired analytic continuation of (2.4) to Re A>—e&. Note that for o1, ..., 05 we get
integrals of the second type, for the remaining 7; we get integrals of the first type, so
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that the value at A=0 is a current with support on {z;0,(z)=0}N...N{z;01(2)=0}.
Thus the value of (2.3) at A=0 has support on

{z:ps(2) =0}N...0{2z; 1 (2) =0} = Y7o N...0 Y1,

where Y.=IT"'Y., and accordingly Ufrt A AUfs+t ARFI* ALAR/ is a current
with support on Y7sN...NY71.

Since the form (2.1) is alternating with respect to the factors |f:|**ufr and
A Aufri | it follows that Uit ALLA

Ufrsti AR AL.ARf1 is alternating with respect to the principal value factors

symmetric with respect to the factors J|f:

and symmetric with respect to the residue factors. O
We continue with the proof of Theorem 1.3.

Proof of Theorem 1.3. Notice that 7; is the analytic continuation to A=0 of
the terms

(2.5) el A A faed P ude 5 ADLfo P2 A A AD] 1P A

Is+1
where
fi &/\(5&)”71
and the total degree in dZ; (that is li+...4+1,—r+s) is [.
Following the proof of Proposition 2.1, a term of the form (2.5), integrated
against a test form ¢, is equal to a sum of terms like

Ol Qsi1,l,
26 [l P A P, O

ls41
Hor Hsi1

= Qg 1, = atg, .~
Al ) NS5 A A P A S,

s Ml

where the «;;,’s are smooth forms of degree I; in e;, the a;’s are non-vanishing
functions, the p;’s are monomials in some local coordinates 7; and (j~> is as in the
previous proof. We can find a toric resolution such that locally one of w1, ..., s
divides the other ones, so without loss of generality we may assume that pq divides
Moy ey g

We expand 9(|u1 by Leibniz’ rule. Observe that when 9 falls on a}
the integral vanishes as in the proof of Proposition 2.1, and thus it suffices to
consider the case when 0 falls on one of the 7; that divide pi, say on |o|?. If
I<p, we claim that this part of (2.6) vanishes when integrating with respect to o.
In fact, we may assume that ¢=¢;AdZ;, where ¢; is an (n,0)-form and dz;=
dzp, N...A\dZr, _,. Now dZ; vanishes on the variety Y1N...NY; of codimension p for

*a1)

degree reasons. Consequently II*(dZ;) vanishes on }710...0375, and in particular on
{z;0(2)=0}. However, this is a form in d7, with antiholomorphic coefficients since
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IT is holomorphic, and therefore each of its terms contains a factor do or a factor 7.
Indeed, if ¥(7) is a form in d7j, with antiholomorphic coefficients we can write

U(r)=V'(1)\do+¥"(7),

where U”(7) does not contain do. The first term clearly vanishes on {z;0(z)=0}
since do does. If ¥(7) vanishes on {z;0(z)=0}, then ¥”(7) also does, and hence
it contains a factor @ due to antiholomorphicity. In both cases the o-integral, and
thereby (2.6), vanishes according to Lemma 2.2. O

3. The complete intersection case

Our way of proving Theorem 1.4, that is, via Theorem 1.5, is inspired by
Proposition 4.2 in [2], in which potentials were used to prove Theorem 1.1. The
proof is self-contained and we hope that this construction of potentials will be of
use for further investigations in the case of a non-complete intersection.

Proof of Theorem 1.5. We let
V=U"4+UPARM+UB AR AR + . +U AR N AR
To motivate this choice of V', note that on a formal level
(3.1) V(U AR = ALLARTY) = R ALAR —RTALART,
so that
ViV=1-RI"A..AR.

Indeed, observe that V acts on Ui just as Vy,, so that VUfi=1—R/i. Thus, to
prove the first claim of the theorem we have to make this computation legitimate.

First, notice that if a form A()), depending on a parameter A\, has an analytic
continuation as a current to A=0, then clearly V ;A()) also has one. The action on
a test form ¢ is given by

i/A()\)AVfd).

However, by integration by parts with respect to V¢ and due to the uniqueness of
analytic continuations, this is equal to

/VfA(/\)Aqb.

To be able to perform the integration by parts in a stringent way we have to regard
the currents TGDg’k(AlE) as functionals on D,, , (A" 'EAA"E*). So far we have
been a little sloppy about this.
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Thus, to compute V¢V we consider the form

oM =[Pl ] fo PPl AD f P Ault
+ oot [ fr P AO 1 P2 AT AL AD| 1P AT
since, by definition, v*|y—o=V, and accordingly V V= (V yv*)|x=0. More precisely,
to verify (3.1), let us consider (recall that V jufi=1)
V(1 fi Pl AO| fioa |2 Aui=t A A f1 22 Audt)
= —0|f:)?* Al AD| i1 |2 AT AL D 1P At
+1£iP2] fi 1P Aufir ALLADL f1 P A R,

where R is a sum of terms of the form
|filP2ud A i1 PAAuT = AL AL F51PANO fi-a P A AD 1 PR A

that arise when V; falls on any u//, j<i. The value at A=0 of the first term is
just —RTi ARfi=1 A..AR'", and it follows from Lemma 3.1 that the second term has
an analytic continuation to A=0 equal to Rfi~* A...AR7'. The remaining terms, R,
vanish according to Lemma 3.3. Thus (1.7) is proved, and thereby the first part of
the theorem.

Furthermore, let

UINV =UANU+ U AU AR
+UIANUBARE AR 4. 4+ U AU AR A AR

We compute V of each term. To do this we use a form as above whose analytic
continuation to A=0 is equal to this particular current. Now, we actually need the
extended version of Theorem 1.2, that is Proposition 2.1. Indeed, consider

V(1 F 1P APl AD| fia |22 Audi=t AL AD| 1P Al
= 0| PP Aud AP AD| fi 1 )PP AT i AL AD| f1 P At
1P fil P uli AD| fia P AuTi=t AL AD) f1 P2 A
+1f1Puf AD|fi P Auti AD| fi 1 )P AT AL AD| f1 [P At
|f| 7 1—1 1
—L 1P AP i P2 A= AL A P A
+f1Puf AR,

The first term corresponds to —R/AUfiARTi-1 A.ARF1. Since f is a complete
intersection and R/ therefore is of top degree in dz; according to Theorem 1.3,
it is most reasonable to expect also this product to be of top degree in dz;, but
because of the factor U/ € £L71(E;) this is apparently not possible unless the product
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vanishes. This is indeed the case, as follows from Lemma 3.2. The second, third and
fourth terms have analytic continuations as Uf ARfi-1 AL ARN, UFARFiN..ARN
and —U/ ARFi=1 A..AR | respectively, by Lemma 3.1. The remaining terms vanish
according to Lemma 3.3. Hence
T
VHUIAV)=Y UFARI= A ARD
i=1

T
> (U ARF AL AR —UIART A ARTY)
=1

=V-U+U AR A...ART".

Finally, the term U AR A...AR”" vanishes by Lemma 3.4, and thus taking the
Lemmas 3.1-3.4 for granted, the theorem is proved. [

What remains is the technical part: to prove the lemmas. We have tried to
put them as simply as possible. Still the formulations may seem a bit strained.
Hopefully, the remarks will shed some light on what matters. We will use the word
codegree for the difference between the dimension n of X and the degree.

Lemma 3.1. Let f=f1®...® f, be a section of E*=Ef®...®E. Assume that
f is a complete intersection. Let s<r and s<r'<r. If h=Ff, or if h=f; for some
1>s, then

(3.2) AP P A A fann Pl A £ P AuTe AL AD 1P Al

has an analytic continuation to Re \>—e, which for A=0 is equal to the current
Ul N AU+ ARTs NLLARS
Moreover,

(3.3) RPN FIP 0T A fo PP A A fet|PruT  AD| f P AuTe AL AD| f1 P Audt

has an analytic continuation to Re \>—e, which for A=0 is equal to the current
UIANUT N ANUTs L AR AL ARTY.

Remark 1. The crucial point is that inserting a factor |h|?*, where h is any
tuple of holomorphic functions and | -| is any Hermitian metric, has no effect on

the value at A=0, as long as
codim{z; h(z) =0}NY,N...NY7 > codim Y;N...NY7,

since then all possibly “dangerous” contributions to the current will vanish for
degree reasons as in the proof of Theorem 1.3. That the currents are unaffected by
the factor |h|?* is closely related to them being their own standard extensions in
the sense of Barlet [4].
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Proof. We give a proof of the first claim of the lemma. The second one,
concerning (3.3), can be proved along the same lines.
For a compactly supported test form ¢, we consider

/|h|2)‘|fr/|2)‘ufr’/\.../\|fs+1|2)‘uf5+1/\5|fs|2)‘/\uf5/\.../\5|f1|2)‘/\uf1/\d>.

After a resolution of singularities as described in the proof of Proposition 2.1, for
Re A large enough, this integral is equal to a sum of

« lr As+1,1,
34/|uh|”luw|” N A A g [Prad

7"/ s+1
A asPad) A A D[P ad) A PR A,
s /.L

where the a;’s are strictly positive functions, the p;’s are polynomials in some
local coordinates 7;, the ;s are smooth forms and ¢~> is as in the proof of Prop-
osition 2.1. The existence of the analytic continuation to Re A>—¢ follows from
Lemma 2.2 as before.

Our aim is to prove that the factor |h|?* does not affect the value at A=0.
Let o be one of the coordinate functions 7 that divides pu,. When expanding each
factor 5(|uj|2)‘a;‘) by Leibniz’ rule we get two different types of terms, integrals
with an occurrence of a factor d|c®|?* for some «, and integrals with no such
factors. In the second case the extra factor |o|** does no harm, since, in fact, the
value at A=0 is independent of the number of |o|**’s in the numerator as long
as there is no @ in the denominator. Furthermore, we claim that each integral of
the first kind actually vanishes at A=0. The argument is analogous to the one in
the proof of Theorem 1.3. Let us first consider the case when h=f. Observe that
the terms in (3.2) are of degree at most mi+...4+m,s—r'+s<m—1 in dz;, where
m=mj+...4+m,. The crucial term —1 appears because of the (at least for the proof)
necessary condition that r>s, that is that we have at least one factor U. Thus,
it is enough to consider test forms of codegree in dz at most m—1. We assume
that ¢=¢rA\dZr, where ¢; is a smooth (n,0)-form and dzZ;y=dz;, A...AdZy,, where
p>n—(mi+...+m,)+1. Now, dZ; vanishes on the variety Y'=f"1(0), since it has
codimension m, and accordingly IT*(dZ;) vanishes on ?:H’IY, and in particular
on {z;0(z)=0}. Since it is a form in d7; with antiholomorphic coefficients, each of
its terms contains a factor @ or da, see the proof of Theorem 1.3, and so in both
cases the o-integrals vanish according to Lemma 2.2.

In the second case, when h=f;, the proof becomes slightly more complicated.
We want to prove that the o-integral vanishes due to the occurrence of a factor @ or
do as above, but now the desired factors @ and d& do not necessarily divide the test
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form ¢. We need to look at a “larger” form than ¢, in fact at the “largest” possible
“o-free” form. Without loss of generality we may assume that, for some numbers
s and 1, 1<s'<s<r"<y’, o divides pgri1,..., ths and ppryiq, .. ,ur/ but neither
[0, <oy fls' DOT [l i1, ...y . Recall that ufi=3", f’/|f1|2l where vl =5;A(Ds;)li1
Let the smooth form

of! Ao N[ D o P A0 A D2

L.

be denoted by Fj, and let

Y'={z2;fo1(2)=...= fs(2) = fr1(2) = ... = fr(2) = h(2) = 0}.

As above we may assume that ¢ consists of only one term ¢;AdzZ;. Then, by
inspection, the form FjAdZ; is of codegree at most

Myt i1+ FMgt+men 1 +...+mp —1" +1"
in dz;, which is strictly less than
codimY' =mg1+...+ms+mpri1+.Fme+my,

because of the assumptions of complete intersection. Consequently FjAdZ; vanishes
on Y’ and thus IT*(F;AdZ;) vanishes on II"'Y”, and in particular on {z;0(2)=0}.
Since it is a form in d7; with antiholomorphic coefficients, each of its terms contains
a factor @ or a factor d&. Using that 9| f|**=\|f|?*~DJ| f|?, we can write (3.4) as

Qprry 1,1,
[ P P 2 A a2 7
/41
Qusr 11,1,
/\5‘(|M5|2)\ MAZEL A AT (g1 [Pad) A %
ILLS s/+1
s'+1
A1 A A1
pliPad el ol P e Pad o

|y | P ”---|Ms+1|215+1 | |20+ [y [PGHD)

where the sign depends on the relation between ', 7", s and s’. Now the only way
a factor @ in the numerator (more precisely in IT*(F;)A@) could be cancelled out
when A is small is by the occurrence of a factor @ in one of ui, ..., ug, but that
would obviously contradict the assumption made above. Hence each term in the
integral must contain a factor @ or dg independently of the value of A and thus the
o-integral vanishes according to Lemma 2.2. [

Lemma 3.2. Let f=f1$...8 f, be a section of E*=E{&...&E" of rank m and
let h=f® f', where f' is a section of the dual bundle of a holomorphic m’'-bundle E’.
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Assume that h is a complete intersection. If r>s, then
(3.5)  ORPPAAUM AP T A A forr PP uT s AD| fo| P2 AuTe AL AD| f1) P AuT
has an analytic continuation to Re A\>—¢ that vanishes at A=0.

Remark 2. Notice that the value at A=0 corresponds to the current R* AU/ A
S ANUFs ARTs AL AR Since h is a complete intersection, R” is of degree m+m/’
in dz; according to Theorem 1.3, and therefore it is reasonable to expect also the
product to be of degree m+m’ in dz;. However, since the product contains at least
one principal value factor, the degree in e; must be strictly larger than the degree
in dZz;, and so, the product must vanish. We will see that the assumption that r>s
is crucial also for the proof.

Proof. After a resolution of singularities as described in the proof of Prop-
osition 2.1, we can write (3.5) integrated against a test form ¢ as a sum of terms of
the type

Qp,l g1,
AP St Al P A AP 2

Is+1
s+1

Al [P aX) A = A A ([P a) A A,
Ns M1
where the «;;,’s are smooth forms of degree I; in e;, the a;’s are non-vanishing
functions and the p;’s are monomials in some local coordinates 73 and (j~> is as in
the previous proofs.
We expand the factor 9(|un|**a})) by Leibniz’ rule and consider the term ob-
tained when 0 falls on |o|*}, where o is one of the 74’s that divide jj,. We prove

|2)\

that this term vanishes when integrating with respect to 0. The term that arises
when 0 falls on ap clearly vanishes as before, see the proof of Proposition 2.1. Since
the rank of E®E’ is m+m/, the terms in (3.5) are of degree at most m+m’—1 in
dz, since we have at least one U-factor. Thus it is enough to consider test forms
of codegree in dz at most m+m’—1. As in the previous proofs we may assume
that ¢=¢;Adz;. Tt follows that dZ; vanishes on Y =h"1(0) for degree reasons, and
thus I1*(dz;) vanishes on II"'Y. Since this is a form in d7; with antiholomor-
phic coefficients, each of its terms contains a factor & or do and consequently the
o-integral vanishes according to Lemma 2.2. [

Lemma 3.3. Let f=f1®...® f, be a section of E*=E{®..®E}. Assume that
f is a complete intersection and let s<r. Then

(3.6)  |fo )P uT A A fora PP AD fo|PA AU AL AD o PA AL AD| f1 P At
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and

(3.7) PPl AL Pl A A faa P00 AD) £ P A
A NOIFo P2 N f1 )P At

have analytic continuations to Re A>—e that vanish at A=0.

Remark 3. Morally, what this lemma says is that when applying Leibniz’ rule
to Vy acting on a product of principal value and residue currents, there will be no
contributions from Vy falling on a residue factor. Of course this is expected, since
the residue currents are V y-closed.

Proof. For (3.6) the result follows from Lemma 3.1 after an integration by parts
with respect to V. (Recall that ¢ is a form taking values in A" 'EAA"E*.) Note
that 9| f;|**=—V|f:|**. By Stokes’ theorem,

/|fr|2kufrA...A|fs+1|2*ufs+lA5|f5|2mufsA...Avf|ft|2AA...A5|f1|2*AuflA¢>

:i/(|ft|”—1)Vf(|fr|2kufrA---AIfs+1|2AufS+1
AO|fo|PX Auls AL AD| 1P Ault A ),

S0 it is enough to prove that this expression vanishes at A=0. Now, applying Leibniz’
rule to

V(| fr P2 udm A A fopn PPul 2 AD| £ PP Aus A AL f1 [P Al Ag).

gives a sum of terms, of which the ones arising when Vy falls on a factor uft for
1<t <r will vanish for degree reasons, whereas the others will be precisely as in the
hypothesis of Lemma 3.1. Moreover f; is an h of the second kind, so according to
Lemma 3.1 the factor |f;|** does not have any effect on the value at A=0. Thus we
are done.

In the case of (3.7), after an integration by parts, we have to prove that

/(|ft|2>\—1)Vf(|f|2/\uf/\|fr|2>‘ufr/\.../\|f8+1|2>\ufs+1

AO|f|?X Auls A AD| 1P Audt A )

vanishes at A=0. The term when V; falls on the factor |f|? uf is of the type in
Lemma 3.2. It is easy to see from the proof that the factor |f|?* does not affect the
value at A=0 and so this term vanishes. The remaining part is as in the hypothesis
of the latter statement of Lemma 3.1, thus the result follows as above. [
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Lemma 3.4. Let f=f1®...® f, be a section of E*=FE{®...®&E". Assume that
[ is a complete intersection. Let h=fr, ®...® f1,, where I={I1,....,I,}C{1,...,7}.
Then

(3.8) |h|22ul AD|f )22 Al AL AD| 1| Audt
has an analytic continuation to Re A\>—¢ that vanishes at A=0.

Remark 4. The value at A=0 corresponds to the current UM AR A ... AR,
Since the R-part is of top degree according to Theorem 1.3 this product should
formally vanish by arguments similar to those in Remark 2.

Proof. As in the proofs of the previous lemmas we start by a resolution of
singularities. Thus, the form (3.8) integrated against a test form ¢ is equal to
a sum of terms of the type

[l 5 73 P A5 A B P A S,
h Hor My

where «; ,, a;, p; and ¢~> are as above. Further, we can find a resolution to a certain
toric variety so that locally one of the monomials pi1, ..., 4, divides the other ones.
Without loss of generality we may assume that pq divides all p;’s. We expand
O(Ju1]**a?) by Leibniz’ rule. The term obtained when 0 falls on a7 vanishes as in
the proof of Proposition 2.1, so it is enough to consider the terms that arise when 0
falls on |o|>*, where o is one of the coordinates in .

We claim that the o-integral vanishes at A=0. As usual, we observe that the
terms of (3.8) are of degree at most m—1 in dZ;, where the —1 in this case is due
to the factor U”, so it suffices to consider test forms of codegree at most m—1.
We assume that ¢=¢;AdZ;, where ¢r is an (n,0)-form and dzZ;=dz, A...AdZ,,
where p<m—m+1. Then dZ; vanishes on the variety Y= f~1(0) for degree reasons,
and accordingly I1*(dz) vanishes on II"1Y, and in particular on {z;01(2)=0}. By
arguments as in the proof of Theorem 1.3 it follows that II* (dZ) must contain a factor
7 or do since it is a form in d7Ty with antiholomorphic coefficients, and hence the
o-integral vanishes as before. [

Remark 5. If f=fi, fo defines a complete intersection, then
= 1 = 1
A=) — [ARPY L AdlRP Ao
fi fa

is holomorphic at A=0, see [13], as was first proven by Berenstein and Yger. The
result has been claimed to extend to any finite number of functions f;, but we
have found no proofs in the literature. It was recently verified to be true in the
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case of three functions by Samuelsson [15]. His proof shows that, in the three-(or
more-)dimensional case, the question of analyticity becomes a global problem in the
resolutions, which makes it much more involved.

Provided the Mellin transform of the residue integral is shown to be analytic
in A=(A1, ..., A,), most likely, similar arguments could be used to prove that

t(A) := 0| |2 Audm AL AD| f1 P Audt

is analytic in A. Note that ¢((], ..., A))[x=o by definition is our current R* A...ARf".
Presuming ¢(\) to be analytic, we can give a soft proof of Theorem 1.4, based on
Theorem 1.1. Indeed, let

ther, (V) =0 f P Au,
and
1
o
where CFL and CH of course stand for Cauchy—Fantappie—Leray and Coleff-Herrera,
respectively. With this notation the equality in Theorem 1.1 can be expressed as

(3.9) trr (Mla=o =t (M)a=o.

Now let f and g be sections of the bundles F; and E3, respectively, and assume
that f@g is a complete intersection. By definition,

_ 1 _
téHm=a|f1|”EA...Aa|fm|”

RINR? =tlpy (M) At (V) a=o,
and
RI®T =t (Vla=o,
so we need to prove that
L (W) Ater (Va0 =t (V] a=o-
If Re )y is large enough, t&p; (A2) is in Li . , and so by (3.9)
(M) A, (A2) =0 = i (01) Atpr, (A2) 3=,
and analogously, if Re A\; is large enough
(M) Ao, (02) [xs=0 = £ (M) At (A2) ba=o-
Now, by assumption

(/\17 )\2) — tf()\l)/\t?(/\g),
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where o stands for either CFL or CH, is holomorphic at the origin, and thus it
follows that

thor (V) Atpr (N a=o = thy (V) Atdy (Vr=o,

but the right-hand side is, by (3.9), equal to té%i()\)b\:o, and so we obtain The-
orem 1.4 for r=2. However, the argument easily extends to arbitrary r, since

O A At DA AET () asmo = T O A At ) A AR (A)

A;=0

by (3.9) if A, j#i are large enough.

We should mention that the above method actually gives a proof of Theorem 1.4
in the special case when f is of rank 2 and g is of rank 1. It follows from Samuelsson’s
result, [15], and the fact that ¢(\) indeed is holomorphic if 7=2. The latter statement
is not hard to verify, see for example [17].

4. An example

We conclude this paper with an explicit computation, by which we enlighten
the possibility of extending Theorem 1.4 to a slightly weaker notion of complete
intersection. Indeed, when generalizing Theorem 1.1, or rather its line bundle for-
mulation (1.6), to sections of bundles of arbitrary rank, it is not obvious how one
should interpret the assumption of f being a complete intersection. In the formu-
lation of Theorem 1.4 we require the codimension of f~1(0) to be equal to the rank
of the bundle E. A less strong hypothesis would be to just demand the f;’s to
intersect properly, that is, that codim f~1(0)=p; +...+p, if p;=codim f;. However,
the following example shows that Theorem 1.4 does not extend to this case.

Example 1. Let f1(2)=2%, fa(2)=2122 and g(2)=2223. Then
Yi=f"1(0)={2;21=0},
Yy=g1(0)={z;22=0}U{z;23 =0},
Y=YNY;={z;21=20=0}U{2;21 =23 =0}.
Note that Yy and Y, have codimension 1, and that Y has codimension 2. Thus f
and ¢ intersect properly, although they do not define a complete intersection.
Let us compute (Rf AR9)y. Adopting the trivial metric we get
st =Fieitfaea=721(Z1e1+20e2) and [P =212 (|21 [ +22]),
so that
{: zZ1e1+Zzz2ez

u — 5 5% -
21|z +1z2)?)
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Let ¢ be a test form of bidegree (3,1) with support outside {z;20=0}. Then
R AR9.¢ is given by

5 Zie1+22e2
3|21 P (|21 P+ |22 P ) A T2
J R e O e e e

ARl

Note that the support of the current is on the zo-axis, as expected since ¢ has
support outside the zz-axis.

= &
/\8|222’3|2/\/\—3/\¢|)\:0
2223

To deal with test forms with support intersecting {z;22=0} we need to resolve
the singularity of f at the zz-axis. Let U be the blow-up of C2 along the z3-axis and
let IT: U — C?2 be the corresponding proper map. We can cover U by two coordinate

charts,
Q1 ={(r1,72,23); (11,7172, 23) =2€ C3},
QQZ{(01,02,23); (0’10’2,0’1,23):Z€C§}.
In Ql,
e1+To€z
Ml = 21272
R
and thus

€3

e1+Taeo = 2
—— 2= _NO|miTez3|* A ‘
7 (14|m2[2) Iri7a2s| T1T223 1A=0

_2—|: 1 :| e1+Toeo |:
3 T (14|m2f?)" " T2z

RH*f/\RH*g _ 8_|7'1|4A/\

3
1

:| Nes.

Let ¢ be a test form of bidegree (3,1); we can write ¢ as ¢rAdz, where dz=dz1 A
dzaNdzz and ¢r=p'(2) dZ1+¢*(2) dZa+¢3(2) dz3. Now fRf/\Rg/\d):fa R IA
RW9AIT*¢. To compute the contribution from the chart Qy, let éle‘[’%b, where y
is a function of some partition of unity with support in ;. We may without loss
of generality assume that x only depends on |7;| and also that x(0,0, z3)=1. Then
we get that Rn*f/\RH*g.J) is equal to

2 I | |1 1
3 /8[—3} /\61/\8[—] [Z—} Nes Ax@ (1, T1T2, 23) dZs Admy Ad(T172) Adzs
’7'1 3

2 1
:(27Ti)2§/(pi’(o,o,23)—61/\63/\d273/\d2:3
z3

2 =1 =1 1
:—§/8|:Z—%:| A@{Z—J |:Z_3:| /\61/\63/\(1)7
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where we have used the well known fact that
=[1 omi  oP~1
/z@ L—p} Ap(2) dz= mmiﬁ(o),

here, but nor elsewhere, i stands for the imaginary unit. Computing R™ /AR ¢
in Q9 gives yet another contribution. Altogether we get

(Rf/\Rg)QZ—g[i} |:i:| 5[%} NeaNes
3
—25[%} Aé[i] [i}AelAngrla_ 1 AO 1 |:i:|/\€2/\€3.
3 3 z3

Similar computations yield
=1 =1 1 17717 =A[1
Rg@gza{—]m{—} [—]Ael/\eg—a{—} = |[AD| - | Aeahes.

L %2 ]

2
29 z9 z3 Z1

For details, we refer to [17]. See also Theorem 5.2 in [18].
To conclude, Rf ARI#£R®9 and hence Theorem 1.4 does not generalize to
the case of proper intersections.
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