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Boundedness for pseudodifferential operators
on multivariate α-modulation spaces

Lasse Borup and Morten Nielsen

Abstract. The α-modulation spaces Ms,α
p,q (Rd), α∈[0, 1], form a family of spaces that

contain the Besov and modulation spaces as special cases. In this paper we prove that a pseudo-

differential operator σ(x, D) with symbol in the Hörmander class Sb
ρ,0 extends to a bounded oper-

ator σ(x, D) : Ms,α
p,q (Rd)!Ms−b,α

p,q (Rd) provided 0≤α≤ρ≤1, and 1<p, q<∞. The result extends

the well-known result that pseudodifferential operators with symbol in the class Sb
1,0 maps the

Besov space Bs
p,q(Rd) into Bs−b

p,q (Rd).

1. Introduction

In this paper we study pseudodifferential operators on the so-called α-modu-
lation spaces. It was proved by Yamazaki [23] that any pseudodifferential operator
σ(x,D) in the Hörmander class Op(Sb

1,0) extends uniquely to a bounded operator
from the Besov space Bs

p,q to Bs−b
p,q when s∈R and 1<p, q<∞. The main result of

the present paper is to generalize this result to the full scale of α-modulation spaces
M s,α

p,q (Rd). We prove that for α∈[0, 1], any pseudodifferential operator σ(x,D) in
the class Op(Sb

ρ,0(Rd×Rd)), with 1≥ρ≥α, extends to a bounded operator

σ(x,D) : M s,α
p,q (Rd)−!M s−b,α

p,q (Rd), 1<p, q <∞,(1.1)

where σ(x,D) is defined in terms of the symbol σ(x, ξ) by

σ(x,D)f(x) :=
1

(2π)d/2

∫
Rd

σ(x, ξ)f̂ (ξ)eixξ dξ, f ∈S(Rd).

The precise definition of the Hörmander class Sb
ρ,δ(R

d×Rd) is given in Sec-
tion 4. For ρ<1, we have a strict inclusion Sb

1,0(R
d×Rd)⊂Sb

ρ,0(R
d×Rd) so the
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estimate (1.1) holds for symbols not covered by the corresponding result for Besov
spaces. An example of a symbol σ∈Sb

1/2,0(R×R)\Sb
1,0(R×R) is the symbol asso-

ciated with the convolution kernel K(x)=ei/|x||x|−γ , γ>0. It can be shown that
K̂(ξ)∈Sγ/2−3/4

1/2,0 (R2), see [18, Chapter VII].
The family of α-modulation spaces was introduced by Gröbner [9]. Gröbner

used the general framework of decomposition type Banach spaces considered by
Feichtinger and Gröbner in [7] and [8] to build the α-modulation spaces. The
parameter α determines a specific type of decomposition of the frequency space Rd

used to define the space M s,α
p,q (Rd), the precise definition will be given in Section 2.

The α-modulation spaces contain the Besov spaces and the modulation spaces,
introduced by Feichtinger [6], as special cases. The choice α=0 corresponds to the
classical modulation spaces M s

p,q(Rd), and α=1 corresponds to the Besov scale of
spaces. The family of coverings used to construct the α-modulation spaces was
considered independently by Päivärinta and Somersalo in [15]. Päivärinta and
Somersalo used the partitions to extend the Calderón–Vaillancourt boundedness
result for pseudodifferential operators to the local Hardy spaces.

Pseudodifferential operators on α-modulation spaces has been considered by
Nazaret and Holschneider in [14]. Their results are based on a continuous wavelet-
type decomposition and can be seen as an extension of the fundamental results by
Córdoba and Fefferman [5]. Pseudodifferential operators on α-modulation spaces
have also been studied by one of the present authors in [4]. The results in [4]
are weaker than the corresponding results in the present paper and they apply
only to the univariate case. It is used in [4] that nice orthonormal brushlet bases
can be found for M s,α

p,q (R). At present, there is no construction of nice bases for
the multivariate α-modulation spaces. Pseudodifferential operators on modulation
spaces were first studied by Tachizawa [19], and later by a number of authors, see
e.g. [1], [2], [10], [11], [13], [20] and [21]. Extensions of Tachizawa’s results to the
case of ultramodulation spaces and pseudodifferential operators with symbols which
might grow faster than polynomials have been done by Pilipović and Teofanov [16]
and [17].

The structure of the paper is as follows. In Section 2 we give the precise defini-
tion of the α-modulation spaces based on a so-called bounded admissible partition
of unity (BAPU). The spaces are independent of the specific choice of BAPU, which
we exploit to construct a partition with “nice” functions from the Schwartz space
S(Rd). The construction of the BAPU is done in Section 2.1. In Section 3 we
make preparations for the main result in Section 4 by proving boundedness re-
sults for multiplier operators on α-modulation spaces. The main result is proved
in Section 4 using the multiplier result from Section 3. Since we do not have an
atomic decomposition of M s,α

p,q (Rd), d>1, the idea of the proof is to expand the
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symbol σ(x, ξ) in a Taylor series in x, and then estimate each contributing factor.
Hypoelliptic pseudodifferential operators on the α-modulation spaces are consid-
ered in Section 5. Finally, there is an appendix where we prove certain facts about
α-coverings needed for the construction of the BAPU in Section 2.1.

2. Modulation spaces

In this section we define the α-modulation spaces. The α-modulation spaces,
first introduced by Gröbner in [9], are a family of spaces that contain the classical
modulation and Besov spaces as special “extremal” cases. The spaces are defined
by a parameter α, belonging to the interval [0, 1]. This parameter determines a seg-
mentation of the frequency domain from which the spaces are built.

Definition 2.1. A countable set Q of subsets Q⊂Rd is called an admissible
covering if Rd=

⋃
Q∈QQ and there exists n0<∞ such that #{Q′∈Q:Q∩Q′ �=∅}≤

n0 for all Q∈Q. An admissible covering is called an α-covering, 0≤α≤1, of Rd if
|Q|�〈x〉αd (uniformly) for all x∈Q and for all Q∈Q where 〈x〉:=(1+|x|2)1/2 for
x∈Rd.

We let F(f)(ξ):=f̂(ξ):=(2π)−d/2
∫
Rd f(x)e−ixξ dx, f∈L1(Rd), denote the

Fourier transform.

Definition 2.2. Let Q be an α-covering of Rd. A corresponding bounded ad-
missible partition of unity (BAPU) {ψQ}Q∈Q is a family of functions satisfying

supp(ψQ)⊂Q,
∑
Q∈Q

ψQ(ξ)= 1 and sup
Q

‖F−1ψQ‖L1 <∞.

Definition 2.3. Given 1≤p, q≤∞, s∈R, and 0≤α≤1, let Q be an α-covering of
Rd and let {ψQ}Q∈Q be a BAPU. Then we define the α-modulation space M s,α

p,q (Rd)
as the set of distributions f∈S′(Rd) satisfying

‖f‖Ms,α
p,q

:=
( ∑

Q∈Q
〈ξQ〉qs

∥∥F−1(ψQFf)
∥∥q

Lp

)1/q

<∞,(2.1)

with {ξQ}Q∈Q being a sequence satisfying ξQ∈Q. For q=∞ we have the usual
change of the sum to sup over Q∈Q.

It is proved in [9] that the definition of M s,α
p,q (Rd) is independent of the

α-covering and of the BAPU, see also [8, Theorem 2.3]. In Section 2.1 below we
construct a BAPU {ψk}k∈Zd\{0}⊂S(Rd), satisfying |∂βψk(ξ)|≤Cβ〈ξ〉−α|β| for every
multi-index β∈Nd

0. We will use this particular BAPU to simplify the proof of our
main result in Section 4.
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2.1. Bounded admissible partitions of unity and their properties

The α-modulation spaces are defined using a bounded admissible partition of
unity, but the spaces are actually independent of the specific choice. The results in
Sections 3 and 4 rely on the fact that it is possible to construct a smooth BAPU
with certain “nice” properties. We have the following construction.

Proposition 2.4. For α∈[0, 1), there exists an α-covering of Rd with a cor-
responding BAPU {ψk}k∈Zd\{0}⊂S(Rd) satisfying

|∂βψk(ξ)| ≤Cβ〈ξ〉−|β|α,

for every multi-index β and k∈Zd\{0}.
Proof. For r>0, and k∈Zd\{0} we define the ball

Br
k :=

{
ξ ∈Rd :

∣∣ ξ−|k|α/(1−α)k
∣∣<r|k|α/(1−α)

}
.

By Lemma A.1, there exists r1>0 such that {Br1
k }k∈Zd\{0} is an α-covering of Rd.

There also exists 0<r2<r1, such that {Br2
k }k∈Zd\{0} are pairwise disjoint.

Fix r>r1. We now take Φ∈C∞(Rd) satisfying infξ∈B(0,r1) |Φ(ξ)|:=c>0 and
supp(Φ)⊂B(0, r). Let

gk(ξ) := Φ(|ck|−α(ξ−ck)), k∈Zd\{0},
where ck :=|k|α/(1−α)k. Clearly, we have gk∈C∞(Rd) with supp(gk)⊂Br

k. In fact,
{supp(gk)}k∈Zd\{0} is an α-covering of Rd. The covering is admissible (see Lemma
A.1) since {Br2

k }k∈Zd\{0}, with Br2
k ⊂supp(gk), are pairwise disjoint. It is easy to

see that the partition has “finite height”, i.e.,
∑

k∈Zd\{0} χsupp(gk)(ξ)≤n1 for some
uniform constant n1.

Notice that

|∂βgk(ξ)|= |ck|−α|β|∣∣(∂βΦ)(|ck|−α(ξ−ck))
∣∣≤Cβ|ck|−α|β|,

and since |ck|≥1 for all k∈Zd\{0}, we have

|∂βgk(ξ)| ≤C′
β〈ck〉−α|β|�〈ξ〉−α|β| for all ξ ∈Br

k.

Since we want a BAPU, we consider the sum g(ξ):=
∑

k∈Zd\{0} gk(ξ). Now,
{supp(gk)}k∈Zd\{0} has finite height, so g is well defined, and the finite overlap
ensures that |∂βg(ξ)|≤C′

β〈ξ〉−|β|α. Recall that gk(ξ)≥c for all ξ∈Br1
k , and since

{Br1
k }k∈Zd\{0} covers Rd, we have g(ξ)≥c. Thus, we can define

ψn(ξ) :=
gn(ξ)∑

k∈Zd\{0} gk(ξ)
.
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By Lemma B.2 in Appendix B, |∂βψk(ξ)|≤Cβ〈ξ〉−|β|α. In order to conclude, we
need to verify that supk∈Zd\{0} ‖F−1ψk‖L1<∞. Let ψ̃k(ξ)=ψk(|ck|αξ+ck). By
a simple substitution in each of the following integrals, we obtain

‖F−1ψk‖L1 = (2π)−d/2

∫
Rd

∣∣∣∣
∫
Rd

ψk(ξ)eixξ dξ

∣∣∣∣ dx

= (2π)−d/2

∫
Rd

∣∣∣∣
∫
Rd

ψ̃k(ξ)eixξ dξ

∣∣∣∣ dx

≤Cd

( ∑
|β|≤d+1

‖∂βψ̃k‖L1

) ∫
Rd

〈x〉−d−1 dx

≤C′
d,

where we have used Lemmas B.1 and B.3 for the last estimate. We conclude that
{ψk}k∈Zd\{0} is a BAPU corresponding to the α-covering {supp(gk)}k∈Zd\{0}. �

Let us briefly return to Definition 2.3. We rewrite (2.1) in terms of the BAPU
from Proposition 2.4, using the multiplier operators ψk(D),

‖f‖Ms,α
p,q

=
∥∥〈|k|1/(1−α)〉s‖ψk(D)f‖q

Lp

∥∥
lq(Zd)

.

We need the following result proved in [8, Theorem 2.3]. Define Ψk :=
∑

k′ ψk′ ,
where the sum is taken over all k′∈Zd\{0} with Br

k′∩Br
k �=∅. Then

‖f‖Ms,α
p,q

� ∥∥〈|k|1/(1−α)〉s‖Ψk(D)f‖q
Lp

∥∥
lq
.(2.2)

Recall that the definition ofM s,α
p,q (Rd) does not depend on the particular choice

of BAPU, see [9]. It is easy to see, using the BAPU above, that S(Rd) is dense in
M s,α

p,q (Rd), 1≤p, q<∞.

3. Differential operators on α-modulation spaces

In this section we consider a special class of pseudodifferential operators, namely
Fourier multipliers, and show that this class is well behaved on M s,α

p,q (Rd). One
important example of such an operator is the Bessel potential Jb :=(I−∆)b/2 de-
fined by Ĵbf(ξ)=〈ξ〉bf̂(ξ). It is well known that for the Besov spaces JbBs

p,q(R
d)=

Bs−b
p,q (Rd), and it is perhaps surprising that Jb has exactly the same lifting property

when considered on M s,α
p,q (Rd), α>0.
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Proposition 3.1. Let L=�d/2
. Suppose that the function σ∈CL(Rd) satis-
fies |∂βσ(ξ)|≤C〈ξ〉b−|β|ρ for |β|≤L, b∈R and 0≤ρ≤1. Let T be the Fourier mul-
tiplier given by T̂ f :=σf̂ . Then T extends to a bounded operator T : M s,α

p,q (Rd)!
M s−b,α

p,q (Rd) for 0≤α≤ρ, s∈R, 1<p<∞, and 1≤q≤∞, i.e.,

‖Tf‖Ms−b,α
p,q

≤C‖f‖Ms,α
p,q

for all f ∈M s,α
p,q (Rd).

Proof. For α=1 (i.e., in the Besov space case) the result is well known, see
e.g. [22, Chapter 2]. Suppose α<1. Let {ψk}k∈Zd\{0} be the BAPU from Proposi-
tion 2.4, and let ck=k|k|α/(1−α) be the center of the ball Br

k, see Section 2.1. Define
Ψk :=

∑
k′ ψk′ , where the sum is taken over all k′∈Zd\{0} with Br

k′∩Br
k �=∅. By

Proposition 2.4,

|∂βΨk(ξ)| ≤C〈ξ〉−α|β|,

with C independent of k∈Zd\{0}. Define

σk(ξ) := 〈ck〉−bσ(ξ)Ψk(ξ).

Since α≤ρ, we have

|∂βσk(ξ)| ≤ 〈ck〉−b
∑
γ≤β

(
β

γ

)
|∂γσ(ξ)| |∂β−γΨk(ξ)|

≤C〈ck〉−b
∑
γ≤β

(
β

γ

)
〈ξ〉b−|γ|ρ〈ξ〉−α(|β|−|γ|) ≤Cβ〈ck〉−b〈ξ〉b−α|β|.

Moreover, for ξ∈supp(Ψk) we have 〈ck〉�〈ξ〉, and |ξ−ck|d≤C|Br1
k |�〈ξ〉αd, which

implies that 〈ξ〉−α|β|≤C|ξ−ck|−|β|. Therefore,

|∂βσk(ξ)| ≤C′〈ξ〉−|β|α ≤C′′|ξ−ck|−|β|.

Now, by the Hörmander–Mikhlin multiplier theorem (applied to the multiplier
σ̃k(ξ):=σk(ξ+ck)) we deduce that σk extends to a bounded multiplier on Lp(Rd),
1<p<∞, with bound independent of k∈Zd\{0}. Since Ψk(ξ)=1 for ξ∈supp(ψk),
this implies that

‖F−1(ψkσf̂)‖Lp ≤C〈ck〉b‖F−1(ψkf̂)‖Lp ,

with C independent of k. The result now follows from Definition 2.3,

‖Tf‖q
Ms,α

p,q
�

∑
k∈Zd\{0}

〈ck〉qs‖F−1(ψkσf̂)‖q
Lp

≤C
∑

k∈Zd\{0}
〈ck〉q(s+b)‖F−1(ψk f̂)‖q

Lp
�‖f‖q

Ms+b,α
p,q

. �
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Remark 3.2. Related results in the case of modulation spaces have been ob-
tained by Tachizawa [19] and by Toft [21].

As a corollary, we deduce the following result about Jb=(1−∆)b/2, which will
be used to simplify the proof of our main result, Theorem 4.1.

Corollary 3.3. Given b∈R, let Jb=(1−∆)b/2. Then for 0≤α≤1, s∈R, 1<
p<∞, and 1≤q≤∞ we have JbM s,α

p,q (Rd)=M s−b,α
p,q (Rd), in the sense that

‖f‖Ms,α
p,q

�‖Jbf‖Ms−b,α
p,q

for all f ∈M s,α
p,q (Rd).

Proof. The result follows by Proposition 3.1 using the identity (Jb)−1=J−b. �

4. Pseudodifferential operators on α-modulation spaces

This section contains the main result. Recall that the Hörmander class
Sb

ρ,δ(R
d×Rd) is the family of functions σ∈C∞(Rd×Rd) satisfying

|σ|(b)N,M := max
|α|≤N
|β|≤M

sup
x,ξ∈Rd

〈ξ〉ρ|α|−δ|β|−b|∂α
ξ ∂

β
xσ(ξ, x)|<∞

for M,N∈N.

Theorem 4.1. Suppose b∈R, α∈[0, 1], σ∈Sb
ρ,0(R

d×Rd), α≤ρ≤1, s∈R, p∈
(1,∞), and q∈[1,∞). Then

σ(x,D) : M s,α
p,q (Rd)−!M s−b,α

p,q (Rd).

The proof of Theorem 4.1 in the case α=1 [i.e., M s,α
p,q (Rd)=Bs

p,q(R
d)] is rela-

tively easy since it is possible to use wavelet bases to reduce the proof to a matrix
estimate. However, we do not have this option in the general case since no nice
bases are known for M s,α

p,q (Rd) when d>1. In the case d=1, so-called brushlet
bases for M s,α

p,q (R) are available and it is indeed possible to use discrete methods
as demonstrated by one of the authors in [4]. Therefore, our proof of Theorem 4.1
is more in the spirit of the analytic methods used to prove the Besov space case
before wavelets and other atomic decompositions became available (see [23]).

Before we give the proof of Theorem 4.1, let us state and prove a technical
lemma. We let f̌ denote the inverse Fourier transform of f .

Lemma 4.2. Suppose σ∈S0
ρ,0, α≤ρ≤1. Then for |γ|≤K and m≥0, we have

I :=
∫
Rd

sup
z∈Rd

∣∣(∂γ
xσ(z, · )∂ν

ξψk)∨(x)
∣∣〈x〉m dx≤C|σ|(0)L,K ,

where L∈N satisfies L>m+d, and C does not depend on k∈Zd\{0}.
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Proof. Let σγ
η (x, ξ):=∂γ

x∂
η
ξ σ(x, ξ).

We have the equality

I =
∫
Rd

sup
z∈Rd

∣∣∣∣
∫
Rd

eixξσγ(z, ξ)∂ν
ξψk(ξ) dξ

∣∣∣∣〈x〉m dx.

Let ψ̃k(ξ):=ψk(|ck|αξ+ck). Then a substitution in each integral gives

I = |ck|−α|ν|
∫
Rd

sup
z∈Rd

∣∣∣∣
∫
Rd

eixξσγ(z, |ck|αξ+ck)∂ν
ξ ψ̃k(ξ) dξ

∣∣∣∣〈x〉m dx.

By using Lemma B.1 in the inner integral we get

I ≤C

∫
Rd

sup
z∈Rd

∑
|β|≤L

∫
Rd

∣∣∂β
ξ [σγ(z, |ck|αξ+ck)∂ν

ξ ψ̃k(ξ)]
∣∣ dξ〈x〉−L+m dx

and by Leibniz’s rule, we obtain

I ≤C′ ∑
|β|≤L

0≤η≤β

sup
z∈Rd

∫
Rd

|ck|α|η||σγ
η (z, |ck|αξ+ck)| |∂ν+β−η

ξ ψ̃k(ξ)| dξ
∫
Rd

〈x〉−L+m dx

≤C′′ ∑
|β|≤L

0≤η≤β

|σ|(0)|η|,K

∫
Rd

|∂ν+β−η
ξ ψ̃k(ξ)| dξ≤C′′′|σ|(0)L,K ,

where we have used Lemma B.3, α≤δ, and the fact that for ξ∈supp(ψ̃k),

|σγ
η (z, |ck|αξ+ck)| ≤ |σ|(0)|η|,K〈|ck|αξ+ck〉−ρ|η| ≤C|σ|(0)|η|,K〈ck〉−ρ|η|. �

Proof of Theorem 4.1. From the facts that J−aM s,α
p,q =M s+a,α

p,q , σ(x,D)Ja∈
OpSb+a

ρ,0 , and Jaσ(x,D)∈OpSb+a
ρ,0 when σ∈Sb

ρ,0, it follows that it is no restriction
to assume that s>3d and b=0. Moreover, it suffices to prove that ‖σ(x,D)f‖Ms,α

p,q
≤

C‖f‖Ms,α
p,q

for f∈S(Rd) since S(Rd) is dense in M s,α
p,q (Rd).

Fix f∈S(Rd). We need to estimate the Lp-norm of ψk(D)σ(x,D)f . Notice
that for g∈S(Rd),

[ψk(D)g](x)= (2π)−d/2

∫
Rd

eixyψk(y)ĝ(y) dy= (2π)−d/2

∫
Rd

ψ̂k(y)g(x+y) dy.(4.1)
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Letting σγ
η (x, ξ):=∂γ

x∂
η
ξ σ(x, ξ), we obtain

σ(x+y,D)f(x+y)

= (2π)−d/2

∫
Rd

ei(x+y)ξσ(x+y, ξ)f̂(ξ) dξ

= (2π)−d/2
∑

|γ|≤K−1

yγ

γ!

∫
Rd

ei(x+y)ξσγ(x, ξ)f̂ (ξ) dξ

+(2π)−d/2
∑

|γ|=K

K
yγ

γ!

∫
Rd

ei(x+y)ξ

∫ 1

0

(1−τ)K−1σγ(x+τy, ξ)f̂(ξ) dτ dξ

:=T (x, y)+R(x, y),(4.2)

where we have expanded σ(x+y, ξ) in a Taylor series around x. The order K is
chosen such that Kα>min{0, s+(1−α)(1+3d)}. Using (4.2) in (4.1), we obtain

ψk(D)σ(x,D)f(x)= (2π)−d/2

∫
Rd

ψ̂k(y)T (x, y) dy+(2π)−d/2

∫
Rd

ψ̂k(y)R(x, y) dy.

(4.3)

We estimate each of the two terms separately. For the first term we have
∫
Rd

ψ̂k(y)T (x, y) dy

= (2π)−d/2

∫
Rd

ψ̂k(y)
∑

|γ|≤K−1

yγ

γ!

∫
Rd

ei(x+y)ξσγ(x, ξ)f̂(ξ) dξ dy

= (2π)−d/2
∑

|γ|≤K−1

1
γ!

∫
Rd

eixξσγ(x, ξ)f̂ (ξ)
∫
Rd

eiyξψ̂k(y)yγ dy dξ

=
∑

|γ|≤K−1

1
γ!

∫
Rd

eixξσγ(x, ξ)∂γ
ξ ψk(ξ)f̂ (ξ) dξ.(4.4)

We apply the Lp norm to (4.4). Define Ψk :=
∑

k′ ψk′ , where the sum is taken over
all k′∈Zd\{0} with Br

k′∩Br
k �=∅. Using Minkowski’s inequality and the fact that

Ψk(ξ)=1 on supp(ψk), we get

(∫
Rd

∣∣∣∣
∫
Rd

ψ̂k(y)T (x, y) dy
∣∣∣∣
p

dx

)1/p

≤
∑

|γ|≤K−1

1
γ!

(∫
Rd

∣∣∣∣
∫
Rd

eixξσγ(x, ξ)∂γ
ξ ψk(ξ)f̂ (ξ) dξ

∣∣∣∣
p

dx

)1/p



250 Lasse Borup and Morten Nielsen

≤
∑

|γ|≤K−1

1
γ!

(∫
Rd

sup
z∈Rd

∣∣∣∣
∫
Rd

eixξσγ(z, ξ)∂γ
ξ ψk(ξ)f̂ (ξ) dξ

∣∣∣∣
p

dx

)1/p

=
∑

|γ|≤K−1

1
γ!

(∫
Rd

sup
z∈Rd

∣∣∣∣
∫
Rd

eixξσγ(z, ξ)∂γ
ξ ψk(ξ)Ψk(ξ)f̂(ξ) dξ

∣∣∣∣
p

dx

)1/p

.

We now use the relation (f̂ ĝ)∨=(2π)−d/2f ∗g to estimate the right-hand side with

∑
|γ|≤K−1

1
γ!

(∫
Rd

sup
z∈Rd

∣∣∣∣
∫
Rd

|(σγ(z, ξ)∂γ
ξ ψk(ξ))∨(y)| |Ψk(D)f(x−y)| dy

∣∣∣∣
p

dx

)1/p

≤
∑

|γ|≤K−1

1
γ!

(∫
Rd

∣∣∣∣
∫
Rd

sup
z∈Rd

|(σγ(z, ξ)∂γ
ξ ψk(ξ))∨(y)| |Ψk(D)f(x−y)| dy

∣∣∣∣
p

dx

)1/p

≤
∑

|γ|≤K−1

1
γ!

∥∥ sup
z∈Rd

(σγ(z, ξ)∂γ
ξ ψk(ξ))∨

∥∥
L1
‖Ψk(D)f‖Lp ,

where we used standard norm estimates for convolutions in the last estimate. Hence,
by Lemma 4.2 we may conclude that

(∫
Rd

∣∣∣∣
∫
Rd

ψ̂k(y)T (x, y) dy
∣∣∣∣
p

dx

)1/p

≤C|σ|(0)d+1,K‖Ψk(D)f‖Lp .(4.5)

Now we turn to the second term in (4.3). We let µk(ξ)=ψk(akξ), where ak :=
〈|k|1/(1−α)〉. Notice that∫

Rd

ψ̂k(y)R(x, y) dy=
∫
Rd

µ̂k(y)R(x, a−1
k y) dy.

We have,
∣∣∣∣

∑
|γ|=K

a−K
k

γ!

∫
Rd

yγ µ̂k(y)

∫
Rd

ei(x+a−1
k

y)ξ
∫ 1

0
(1−τ)K−1σγ (x+a−1

k τy, ξ)f̂(ξ) dτ dξ dy

∣∣∣∣

≤Ca−K
k

∑
|γ|=K

∫
Rd

〈y〉K |µ̂k(y)|
∣∣∣∣
∫ 1

0
(1−τ)K−1

∫
Rd

ei(x+a−1
k

y)ξσγ(x+a−1
k τy, ξ)f̂(ξ) dξ dτ

∣∣∣∣ dy.

Using Lemma B.4 with m=K+d+1+θd for a fixed 1<θ<2 we obtain the following
estimate for the right-hand side,

C′a−K̃
k

∑
|γ|=K

∫
Rd

〈y〉−d−1

〈y〉θd
sup

z∈Rd

|[σγ(z,D)f ](x+a−1
k y)| dy

=C′a−K̃
k

∑
|γ|=K

∫
Rd

〈y〉−d−1 sup
z∈Rd

|[σγ(z,D)f ](x+a−1
k y)|

〈y〉θd
dy
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≤C′a−K̃
k

∑
|γ|=K

∫
Rd

〈y〉−d−1 sup
z,η∈Rd

|[σγ(z,D)f ](x+η)|
〈akη〉θd

dy

≤C′a−K̃
k

∑
|γ|=K

∫
Rd

〈y〉−d−1 sup
z,η∈Rd

|[σγ(z,D)f ](x+η)|
〈η〉θd

dy,

≤C′a−K̃
k

∑
|γ|=K

sup
z,η∈Rd

|[σγ(z,D)f ](x+η)|
〈η〉θd

,

where K̃=Kα−(1+θd)(1−α)≥Kα−(1+2d)(1−α)>s+d(1−α) and we have used
that αk≥1 in the last but one inequality. Now,

( ∑
k∈Zd\{0}

asq
k

∥∥∥∥
∫
Rd

ψ̂k(y)R(x, y) dy
∥∥∥∥

q

Lp

)1/q

≤
(
C

∑
k∈Zd\{0}

a
(s−K̃)q
k

( ∑
|γ|=K

∥∥∥∥ sup
η,z∈Rd

|[σγ(z,D)f ](x+η)|
〈η〉θd

∥∥∥∥
Lp

)q)1/q

.

Since Lq :=C
∑

k∈Zd\{0} a
(s−K̃)q
k ≤C∑

k∈Zd\{0} |k|−d−1 is finite, we estimate the
right-hand side with

L
∑

|γ|=K

∥∥∥∥ sup
η,z∈Rd

|[σγ(z,D)f ](x+η)|
〈η〉θd

∥∥∥∥
Lp(dx)

=L
∑

|γ|=K

∥∥∥∥ sup
η,z∈Rd

∣∣[σγ(z,D)
∑

k∈Zd\{0} ψk(D)f
]
(x+η)

∣∣
〈η〉θd

∥∥∥∥
Lp(dx)

≤L
∑

|γ|=K

∑
k∈Zd\{0}

∥∥∥∥ sup
η,z∈Rd

|[σγ(z,D)ψk(D)f ](x+η)|
〈η〉θd

∥∥∥∥
Lp(dx)

.

We estimate the term Ak :=|[σγ(z,D)ψk(D)f ](x+η)|. Let fk(x):=[Ψk(D)f ](x).
We have

Ak =
∣∣∣∣
∫
Rd

(σγ(z, ξ)ψk(ξ))∨(x+η−y)fk(y) dy
∣∣∣∣

≤
∫
Rd

|(σγ(z, ξ)ψk(ξ))∨(x+η−y)| |fk(y)| dy

≤ sup
u∈Rd

|fk(u)|
〈x−u〉θd

∫
Rd

|(σγ(z, ξ)ψk(ξ))∨(x+η−y)|〈x−y〉θd dy.
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Now, by Petree’s inequality, 〈x−y〉θd≤21/2θ〈x−y+η〉θd〈η〉θd, so

sup
z,η∈Rd

Ak

〈η〉θd
≤C sup

η∈Rd

|fk(x−η)|
〈η〉θd

sup
z∈Rd

∫
Rd

|(σγ(z, ξ)ψk(ξ))∨(u)|〈u〉θd du

≤C′ sup
η∈Rd

|fk(x−η)|
〈η〉θd

|σ|(0)3d+1,K ,

where we used Lemma 4.2 and the fact that θ<2. Hence,
∑

|γ|=K

∑
k∈Zd\{0}

∥∥∥∥ sup
η,z∈Rd

|[σγ(z,D)ψk(D)f ](x+η)|
〈η〉θd

∥∥∥∥
Lp(dx)

=
∑

|γ|=K

∑
k∈Zd\{0}

aθd
k

∥∥∥∥ sup
η,z∈Rd

|[σγ(z,D)ψk(D)f ](x+η)|
aθd

k 〈η〉θd

∥∥∥∥
Lp(dx)

≤C′|σ|(0)3d+1,K

∑
k∈Zd\{0}

aθd
k

∥∥∥∥ sup
η∈Rd

|fk(x−η)|
〈akη〉θd

∥∥∥∥
Lp

.

Let

ĝk(ξ) := ad
kf̂k(akξ)= ad

kΨk(akξ)f̂(akξ),

and notice that supp(ĝk)⊂B(0, c) for some c>0 independent of k. The following
maximal inequality is proved in Triebel [22, p. 16]

sup
z∈Rd

|gk(x−z)|
〈z〉θd

≤CM [|gk|1/θ(x)]θ .

Expressing this in terms of fk, we get

sup
z∈Rd

|fk(x−z)|
〈akz〉θd

≤C[(M |fk|1/θ)(x)]θ ,

where C does not depend on k. We apply Lp-norms and use the maximal inequality
to obtain∥∥∥∥ |fk(x−z)|

〈akz〉θd

∥∥∥∥
Lp(dx)

≤C‖[(M |fk|1/θ)(x)]θ‖Lp(dx) =C‖[(M |fk|1/θ)(x)]‖θ
Lpθ(dx)

≤C′‖|fk|1/θ‖θ
Lpθ(dx) =C′‖fk‖Lp .

Putting these estimates together yields
∑

|γ|=K

∑
k∈Zd\{0}

∥∥∥∥ sup
η,z∈Rd

|[σγ(z,D)ψk(D)f ](x+η)|
〈η〉θd

∥∥∥∥
Lp(dx)

≤C′′|σ|(0)3d+1,K

∑
k∈Zd\{0}

aθd
k ‖Ψk(D)f‖Lp ,
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and consequently
( ∑

k∈Zd\{0}
asq

k

∥∥∥∥
∫
Rd

ψ̂k(y)R(x, y) dy
∥∥∥∥

q

Lp

)1/q

≤C′′|σ|(0)3d+1,K

∑
k∈Zd\{0}

aθd
k ‖Ψk(D)f‖Lp .

≤C′′′|σ|(0)3d+1,K

∥∥as
k‖Ψk(D)f‖Lp

∥∥
lq
,

since s>3d>(1+θ)d. Finally, we can put the estimates together to close the case
b=0 and s>3d. We have

‖σ(x,D)f‖Ms,α
p,q

� ∥∥as
k‖ψk(D)σ(x,D)f‖Lp

∥∥
lq(Zd\{0})

≤C

(∥∥∥∥as
k

∥∥∥
∫
Rd

ψ̂k(y)T (x, y) dy
∥∥∥

Lp(dx)

∥∥∥∥
lq

+
∥∥∥∥as

k

∥∥∥
∫
Rd

ψ̂k(y)R(x, y) dy
∥∥∥

Lp(dx)

∥∥∥∥
lq

)

≤C′(|σ|(0)d+1,K

∥∥as
k‖Ψk(D)f‖Lp

∥∥
lq

+|σ|(0)3d+1,K

∥∥as
k‖Ψk(D)f‖Lp

∥∥
lq

)

≤C′′|σ|(0)3d+1,K‖f‖Ms,α
p,q
.

This concludes the proof of the theorem. �

Remark 4.3. A closer examination of the arguments used in the proof reveals
that there exist M,N>0 (depending on s, q, and ρ) such that the norm of the
operator

σ(x,D) : M s,α
p,q (Rd)−!M s−b,α

p,q (Rd)

is bounded by C|σ|(b)M,N , with C a constant.

5. Hypoelliptic pseudodifferential operators

In this final section we consider an application of the result in the previous
section to hypoelliptic pseudodifferential operators, see [3] and [12]. Let us introduce
some notation. Let

S∞
ρ,δ :=

⋃
m∈R

Sb
ρ,δ and S−∞

ρ,δ :=
⋂

m∈R

Sb
ρ,δ.

Assume that b0, b∈R such that b0≤b. An element σ∈Sb
ρ,δ(R

d×Rd) is called hypo-
elliptic with parameters b0 and b if there are positive constants c and a such that

a〈ξ〉b0 ≤ |σ(x, ξ)|, 〈ξ〉≥ c,
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and

|∂α
ξ ∂

β
xσ(x, ξ)| ≤Cα,β |σ(x, ξ)|〈ξ〉−ρ|α|+δ|β|, 〈ξ〉≥ c.

Let HSb,b0
ρ,δ (Rd×Rd) the family of all such symbols. We have the following result,

see [12, Theorem 22.1.3].

Theorem 5.1. Suppose σ∈HSb,b0
ρ,δ , with δ<ρ. Then there exists τ∈HS−b0,−b

ρ,δ

such that I−σ(x,D)τ(x,D) and I−τ(x,D)σ(x,D) are both in Op(S−∞
ρ,δ ).

Let M−∞,α
p,q (Rd)=

⋃
s∈RM s,α

p,q (Rd). Using Theorem 5.1 and the result from the
previous section we have the following result.

Theorem 5.2. Suppose σ∈HSb,b0
ρ,δ , with δ<ρ and ρ≥α, and f∈M−∞,α

p,q (Rd).
If σ( · , D)f∈M s,α

p,q (Rd) for some s∈R, then f∈M s+b0,α
p,q (Rd).

Proof. Let S=σ( · , D), and let T=τ( · , D) be as in Theorem 5.1. Notice that
f=T (Sf)+(I−TS )f . By Theorem 4.1, T maps M s,α

p,q (Rd) to M s+b,α
p,q (Rd) and

(I−TS ) maps M−∞,α
p,q (Rd) to M s+b,α

p,q (Rd). �

The following example will conclude the paper.

Example 5.3. Consider the heat operator L given by

L(u) :=
∂u

∂t
−

d∑
j=1

∂2u

∂x2
j

.

The symbol of L is given by

l(τ, ξ)= (iτ+|ξ|2), (τ, ξ)∈R×Rd,

and one can easily verify that l∈HS2,1
1,0 . We consider an approximate inverse P to

L with symbol

a(τ, ξ)= (iτ+|ξ|2)−1η(τ, ξ), (τ, ξ)∈R×Rd,

where η is a smooth cut-off function that vanishes near the origin and is equal to 1
for large (τ, ξ). It is easy to check that a(τ, ξ)∈HS−1,−2

1,0 (Rd+1×Rd+1). There-
fore, if u∈M−∞,α

p,q (Rd+1), 1<p, q<∞, α∈[0, 1], and P (u)∈M s,α
p,q (Rd+1), then u∈

M s−1,α
p,q (Rd+1).

Acknowledgement. The authors would like to thank the reviewer for several
constructive comments, which greatly improved the presentation of this paper.
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A. Admissible coverings

In this section we discuss a general construction of an α-covering of Rd. This
type of covering was considered in [9] and in [15]. A proof of Lemma A.1 below
can be found in [9], but since Gröbner’s work has never been published, we have
included a proof for the sake of completeness. Construction of α-coverings are also
considered (from another perspective) in [15].

Notice that the set of balls {B(z,
√
d)}z∈Zd\{0} is an admissible 0-covering

of Rd. Define for some β∈(−1,∞), the bijection δβ on Rd by δβ(ξ):=ξ |ξ|β (with
inverse σβ′ , β′=−β/(1+β)). Since the set {B(z,R)}z∈Zd\{0} is admissible for
R≥√

d, so is {δβ(B(z,R))}z∈Zd\{0}. Moreover, we have the following result.

Lemma A.1. Suppose β≥0. Given R>0, there exists an r>0, such that

δβ(B(z,R))⊆B(δβ(z), r|z|β) for all z ∈Rd, with |z| ≥ 1.(A.1)

Likewise, given r>0 there exists an R>0, such that

B(δβ(z), r|z|β)⊆ δβ(B(z,R)) for all z ∈Rd.(A.2)

Proof. The proof is based on the following observation. For two points x, z∈Rd

and β∈(−1,∞), we have

|δβ(x)−δβ(z)|= ∣∣x|x|β−z|z|β∣∣≤ ∣∣x|x|β−x|z|β∣∣+∣∣x|z|β−z|z|β∣∣
= |x| ∣∣|x|β−|z|β∣∣+|z|β|x−z|= (|β| |x| |x̃|β−1+|z|β)|x−z|(A.3)

for some x̃∈L(x, z), by the mean-value theorem.
Given R>0, suppose x∈B(z,R). Then (A.3) yields |δβ(x)−δβ(z)|≤r|z|β for

some r>0 depending only on β and R. Now, take any y∈δβ(B(z,R)), i.e., y=δβ(x)
for some x∈B(z,R). Then |y−δβ(z)|≤r|z|β, which proves (A.1).

We turn to (A.2). Suppose first that |z|≤K for some K>r1+β. Then it is
easy to verify that there exists a radius P>0 such that B(δβ(z), r|z|β)⊂B(0, P ) for
all z. Likewise, there exists a radius R such that B(0, P )⊂δβ(B(z,R)) for all z.
This proves (A.2) for |z|≤K.

Suppose now that |z|>r1+β. Recall that δ−1
β =σβ′ , where β′ :=−β/(β+1).

Thus, to show the inclusion (A.2) is equivalent to show that

σβ′(B(z, r|z|−β′
))⊆B(σβ′(z), R).(A.4)

Suppose x∈B(z, r|z|−β′
) for some β′>−1, then

(1−r|z|−(1+β′))|z| ≤ |x| ≤ (1+r|z|−(1+β′))|z|.
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Since 1+β=(1+β′)−1, (A.3) yields

|δβ′(x)−δβ′(z)| ≤R|z|β′|z|−β′
=R

for some R>0 depending only on r and β′. Now, take any y∈δβ′(B(z, r|z|−β′
)), i.e.,

y=δβ′(x) for some x∈B(z, r|z|−β′
). Then, |y−δβ′(z)|≤R, which proves (A.4). �

Remark A.2. By (A.1) there exists a radius r1 such that

Rd ⊂
⋃

z∈Zd\{0}
B(δβ(z), r|z|β)

for all r≥r1. Fix such an r and let R:=R(r) be given such that (A.2) holds. Then,
since {δβ(B(z,R(r)))}z∈Zd\{0} is an admissible covering of Rd, so is

{B(δβ(z), r|z|β)}k∈Zd\{0}.

Suppose β≥0, and let α=β/(β+1). Then it is easy to see that |B(δβ(z), r|z|β)|
�〈y〉dα for all y∈B(δβ(z), r|z|β) independent of z∈Zd\{0}. Therefore, by Re-
mark A.2,

{B(δβ(z), r|z|β)}k∈Zd\{0}(A.5)

is an α-covering for any r>r1.

B. Some technical lemmas

In this brief section, we have included some of the technical lemmas used in Sec-
tion 2.1. The first two lemmas follow by standard computations. We let WK,1(Rd)
denote the Sobolev space of functions with derivatives of order up to K in L1(Rd).

Lemma B.1. Let K∈N and suppose h∈WK,1(Rd). Then there exists a con-
stant CK<∞ such that

〈ξ〉K |ĥ(ξ)| ≤C
∑

|β|≤K

‖∂βh‖L1 ≤C‖h‖W K,1 .

Lemma B.2. Let f, g∈C∞(Rd) and γ∈R. Suppose that for each multi-index
β there exists a constant Cβ<∞ such that |∂βf(x)|, |∂βg(x)|≤Cβ〈x〉γ|β|. If 0<c≤
|g(x)|≤C<∞, then there exists constants C′

β such that
∣∣∣∣∂β

(
f

g

)
(x)

∣∣∣∣≤C′
β〈x〉γ|β|.
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The final two lemmas give estimates on the BAPU after each function has
been dilated to have support near the origin. The estimates are used in the proof
of Theorem 4.1.

Lemma B.3. Define ψ̃k(ξ)=ψk(|ck|αξ+ck). Then for every β∈Nd there ex-
ists a constant Cβ independent of k∈Zd\{0} such that

|∂β
ξ ψ̃k(ξ)| ≤CβχB(0,r)(ξ).

Proof. Notice that

ψ̃k(ξ)=
Φ(ξ)∑

k′ Φ(|ck|α|ck′ |−α(ξ−ck′ )+ck)
.

Thus, the result follows by Lemma B.2 �

Lemma B.4. Let ck :=k|k|α/(1−α), k∈Zd\{0}, and define µk(ξ)=ψk(akξ),
where ak :=〈ck〉. Then for every m∈N there exists a constant Cm independent
of k such that

|µ̂k(y)| ≤Cma
(m−d)(1−α)
k 〈y〉−m.

Proof. By Proposition 2.4 we have for any β∈Nd,

|∂βµk(ξ)|= a
|β|
k |(∂βψk)(akξ)| ≤Ca

(1−α)|β|
k χ

B(1,a
−(1−α)
k )

(ξ),

since χBr
k
(akξ)=χB(1,a

−(1−α)
k )

(ξ). By Lemma B.1 we get

〈y〉m|µ̂k(y)| ≤Cm

∑
|β|≤m

‖∂βµk‖L1

≤C′
ma

−(1−α)d
k

∑
|β|≤m

a
(1−α)|β|
k ≤C′′

ma
−(1−α)d
k a

(1−α)m
k . �
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1. Bényi, Á. and Okoudjou, K., Bilinear pseudodifferential operators on modulation
spaces, J. Fourier Anal. Appl. 10 (2004), 301–313.

2. Boggiatto, P., Localization operators with Lp symbols on modulation spaces, in
Advances in Pseudo-Differential Operators, Oper. Theory Adv. Appl. 155,
pp. 149–163, Birkhäuser, Basel, 2004.
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monic Analysis, Birkhäuser, Boston, MA, 2001.
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16. Pilipović, S. and Teofanov, N., On a symbol class of elliptic pseudodifferential op-
erators, Bull. Cl. Sci. Math. Nat. Sci. Math. 27 (2002), 57–68.
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