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Auslander—Reiten sequences on schemes

Peter Jorgensen

Abstract. Auslander—Reiten sequences are the central item of Auslander—Reiten theory,
which is one of the most important techniques for the investigation of the structure of abelian
categories.

This note considers X, a smooth projective scheme of dimension at least 1 over the field k,
and C, an indecomposable coherent sheaf on X. It is proved that in the category of quasi-coherent
sheaves on X, there is an Auslander—Reiten sequence ending in C.

Auslander—Reiten theory is one of the most important techniques for the in-
vestigation of the structure of abelian categories. It has been used extensively in
the representation theory of finite-dimensional algebras, and makes it possible to
understand many module categories both quantitatively and qualitatively. See [2]
for a comprehensive introduction.

The purpose of this note is to show that Auslander—Reiten sequences, the cen-
tral item of Auslander—Reiten theory, frequently exist in categories of quasi-coherent
sheaves on schemes. An Auslander—Reiten sequence is a short exact sequence

(1) 0—A-%B-C—0

so that a is left almost split and b is right almost split. For a to be left almost split
means that it is not a split monomorphism, and that each morphism A— M which
is not a split monomorphism factors through a. Dually, for b to be right almost split
means that it is not a split epimorphism, and that each morphism M —C which is
not a split epimorphism factors through b.

The precise result of this note is the following. Let X be a smooth projective
scheme of dimension d>1 over the field k£, and let C be an indecomposable coherent
sheaf on X. Then there exists an Auslander—Reiten sequence (1) in the category
of quasi-coherent sheaves on X. Moreover, A is isomorphic to (£971C)®w, where
$4-1C is the (d—1)st syzygy in a minimal injective resolution of C in the category
of quasi-coherent sheaves, and w is the dualizing sheaf of X.
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The sheaves A and B are not in general coherent, but only quasi-coherent. This
is analogous to ring theory: If C' is a finitely presented non-projective R-module
with local endomorphism ring, then by [1, Theorem 4] there is an Auslander—Reiten
sequence in the category of all R-modules,

0—A—B—C—0,

but A and B are not in general finitely presented.

However, observe that if X is a curve, then d=1, and then $¢!C is just C
which is coherent, so in this case, A and B are coherent. So if X is a curve, then
we recover the result known from [9] that the category of coherent sheaves on X
has Auslander—Reiten sequences.

Proposition 1. Let A be a k-linear abelian category with enough injectives
over the field k. Let C be an object with local endomorphism ring. Let A be another
object for which there is a natural equivalence

(2) Hom(C, —)' ~Ext?(—, A)

for some d>1, where the prime denotes dualization with respect to k.
Then there is a short exact sequence

(3) 0—¥i14—B-c—s0,

where b is right almost split. Here Y97 ' A is the (d—1)st syzygy in an injective
resolution of A.

Proof. There is a natural equivalence
Ext?(—, A) ~ Ext!(—, 2471 A),
and combined with equation (2) this gives the Auslander—Reiten formula
(4) Hom(C, —) ~Ext'(—, 2771 A).

It is standard that this implies the proposition. Namely, one takes a non-
zero element ¢ in Hom(C,C)" which vanishes on the Jacobson radical J of the
local ring Hom(C,C). Equation (4) gives that e corresponds to an element e in
Ext!(C, %% ' A), and the short exact sequence (3) can then be obtained as a repre-
sentative of e. [

Lemma 2. Let A be an abelian category with a short exact sequence
0—A-ST-H3TA—0,

where A~"5T is an injective envelope and where Ext'(Z,.A)=0.
If A has local endomorphism ring, then so does LA.
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Proof. Any morphism Y A-7+XA gives rise to a commutative diagram

for when o is given, consider 7 7% A which represents an element in Ext!(Z, A).
Since this Ext is 0, the morphism Z 7% 9 A must factor through 7 32 A. This gives
the morphism Z—-Z, and the morphism A-"+.4 and hence the diagram follows.

Observe that in the diagram, if « is an isomorphism, then so is ¢ because
A-5T is an injective envelope, and hence, so is o.

To show that End(X.A) is local, we must show that if o is a non-invertible
element, then idy 4 —o is invertible. That o is non-invertible means that it is not an
isomorphism. Embed o in a diagram as above. Then « is not an isomorphism, for
otherwise o would be an isomorphism, as observed above. So « is a non-invertible
element of End(A). But then id4—a is invertible because End(A) is local. That
is, id 4 —« is an isomorphism. But there is also a commutative diagram

0 A “5T x4 50

idg—a idzr—¢ idsg—0o

~

0 rA T i>2A >0,

and as observed above, when id4 —« is an isomorphism, so is ids 4 —o. That is,
ids 4 —o is an invertible element of End(X.A4). O

The following lemma uses the dualizing sheaf of a projective scheme, as de-
scribed for instance in [4, Section IIL.7]. The lemma can be found between the lines
in several papers, but seems not to be stated explicitly anywhere.

Lemma 3. Let X be a projective scheme of dimension d with Gorenstein sin-
gularities over the field k. Let w be the dualizing sheaf.

Let C be a coherent sheaf which has a bounded resolution of locally free coherent
sheaves. Then there are natural equivalences

ExtiQCth(C, —) =~ Exté_ciohx(—, Cow),

where QCoh(X) is the category of quasi-coherent sheaves on X.
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Proof. As X is projective over k, there is a projective morphism XLSpec(k).
This is certainly a separated morphism of quasi-compact separated schemes, so
according to [7, Example 4.2] the derived global section functor of X,

RI': D(QCoh X)) — D(Mod k)
(which equals the derived direct image functor R fx), has a right-adjoint
f': D(Mod k) — D(QCoh X).

The D’s indicate derived categories. It is easy to see that f'k=w[d], where [d]
indicates the operation of shifting complexes d steps to the left; cf. [7, Remark 5.5].
Observe also that since the singularities of X are Gorenstein, w is an invertible
sheaf.

Now consider the following sequence of natural isomorphisms which is taken
from [6, Section 4], where the object A is in D(QCoh X),

Hompqcoh x)(C; N)' = Hompmod k) (RI(RHomx (C, N)), k)

(a)
= HOHlD(QCOh X)(RHomX (CaN)a f’k)

(b) L
& Homp(QCoh x) (RHomX (C,O0x)®x N, f’k')

()
= HomD(QCoh X) (N, RHomx (RHomx (C, Ox), f'k‘))

(d) L
= Hompqcoh x) (N, C®@x f'k).

Here (a) is by adjointness between RT" and f' and (c) is by adjointness between (§L§
and RHom, while (b) and (d) hold because they clearly hold if C is a locally free
coherent sheaf, and therefore also hold for the given C because it has a bounded
resolution of locally free coherent sheaves, so is finitely built in D(QCoh X) from
such sheaves.

Now, f'k is w[d] and w is an invertible sheaf. Hence C(%)X f'k is just (Cow)[d).
Inserting this along with N'=M[i] with M in QCoh(X) gives natural isomorphisms

ExtQcon x (C, M) = Extgl, (M, Cow),
proving the lemma. [

Theorem 4. Let X be a smooth projective scheme of dimension d>1 over the
field k. Let w be the dualizing sheaf.
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Let C be an indecomposable coherent sheaf. Then there is an Auslander—Reiten
sequence in the category of quasi-coherent sheaves,

0— (2 10)®w — B—C—0.

Here Y971C is the (d—1)st syzygy in a minimal injective resolution of C in the
category of quasi-coherent sheaves.

Proof. The proof will give slightly more than stated: Let X be a projective
scheme over k of dimension d>1 with Gorenstein singularities, and let C be an
indecomposable coherent sheaf which has a bounded resolution of locally free co-
herent sheaves. Then we will prove that the indicated Auslander—Reiten sequence
exists. In the smooth case, each coherent sheaf has a resolution as required by
[4, Exercise II1.6.5].

The category of quasi-coherent sheaves QCoh(X) is clearly k-linear, and by
[5, Lemma 3.1], it is a Grothendieck category, that is, a cocomplete abelian category
with a generator and exact filtered colimits. Hence it has injective envelopes by
[8, Theorem 10.10], and in particular, it has enough injectives.

Also, the category of coherent sheaves is an abelian category and so has split
idempotents. It also has finite-dimensional Hom sets, as follows e.g. from Serre
finiteness, [4, Theorem I11.5.2(a)]. Hence the endomorphism ring of the indecom-
posable sheaf C is local; cf. [10, p. 52].

Finally, if we set ¢=0 in Lemma 3, then we get the natural equivalence

Hom(C, —) ~Ext?(—,Cow).

This is equation (2) of Proposition 1, with A=C®uw.
So all the conditions of Proposition 1 are satisfied, and hence, there is a short
exact sequence in QCoh(X),

0— 241 (Corw) - B¢ —0,

where b is right almost split. Since w is invertible, this sequence equals the one in
the theorem if we construct X4~ (C®w) by means of a minimal injective resolution
of CQw. So to finish the proof, we must show that a is left almost split. Since b is
right almost split, it is enough by classical Auslander—Reiten theory to show that
End(%471(C®w)) is a local ring, see e.g. [2, Proposition V.1.14].

For this, note that the minimal injective resolution gives short exact sequences

0— Y (Cow) — I — 2 (Cow) —0
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for [=0, ...,d—2, where ¥!(C®w)—Z! is an injective envelope. Hence, starting with
the knowledge that End(C®w)=~End(C) is local, successive uses of Lemma 2 will
prove that all the rings

End(C®w), ..., End(X2? 1 (Caw))

are local, provided that we can show
Ext!(Z!, 2 (Cow)) =0

for (=0, ...,d—2, that is,
(5) Ext™(Z!,Cow)=0 for [=0,...,d—2.
However, if 7 is any injective, then Lemma 3 gives

Ext/(Z,Cow) =2 Ext*(C,Z) =0
for j=1,...,d—1, and this implies (5). O

The theorem has the following immediate corollary which was already known
from [9].

Corollary 5. Let X be a smooth projective curve over the field k. Then the
category of coherent sheaves has right and left Auslander—Reiten sequences.

Indeed, if C and A are indecomposable coherent sheaves, then there are Aus-
lander—Reiten sequences of coherent sheaves,

0—CRQuw—B—C—0

and

0—A—B — Aw ' —0.
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