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1. Introduction

There has been great interest in conformally invariant random curves and fractals in the
plane ever since it was realized that such geometric objects appear naturally in statistical
mechanics models at the critical temperature [13]. A major breakthrough in the field
occurred when O. Schramm [29] introduced the Schramm-Loewner evolution (SLE), a
stochastic process whose sample paths are conjectured (and in several cases proved) to
be the curves occurring in the physical models. We refer to [30] and [32] for a general
overview and some recent work on SLE. The SLE curves come in two varieties: the radial
one, where the curve joins a boundary point (say of the disc) to an interior point, and
the chordal case, where two boundary points are joined.

SLE describes a curve growing in time: the original curve of interest (say a cluster
boundary in a spin system) is obtained as time tends to infinity. In this paper we give a
different construction of random curves which is stationary, i.e. the probability measure
on curves is directly defined without introducing an auxiliary time. We carry out this
construction for closed curves, a case that is not naturally covered by SLE.

Our construction is based on the idea of conformal welding. Consider a Jordan
curve I bounding a simply connected region {2 in the plane. By the Riemann mapping
theorem, there are conformal maps f. mapping the unit disc D and its complement to
Q and its complement. The map f; 'of_ extends continuously to the boundary T=0D
of the disc, and defines a homeomorphism of the circle. Conformal welding is the inverse
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operation where, given a suitable homeomorphism of the circle, one constructs a Jordan
curve on the plane (see §2). In fact, in our case the curve is determined up to a Mébius
transformation of the plane. Thus random curves (modulo Mobius transformations) can
be obtained from random homeomorphisms via welding.

In this paper we introduce a random scale invariant set of homeomorphisms h,,: T—T
and construct the welding curves. The model considered here has been proposed by the
second author. The construction depends on a real parameter 8 (the “inverse temper-
ature”) and the maps are a.s. in w Holder continuous for 3<8.. For this range of 8
the welding map will be a.s. well defined. For >0, we expect the map h, not to be
continuous and no welding to exist. Our curves are closely related to SLE(s¢) for sx<4,
see the footnote on page 205 and [31]. The case =/, presumably corresponding to
SLE(4), is not covered by our analysis.

Since we are interested in random curves that are stochastically self-similar, it is
natural to take h with such properties. Our choice for h is constructed by starting with

the Gaussian random field X on the circle (see §3 for precise definitions) with covariance
EX(2)X(2) = —log|z—~|, (1)

where z,2’€C have modulus 1. X is just the restriction of the 2-dimensional massless
free field (Gaussian free field) on the circle. The exponential of 3X gives rise to a random

measure 7 on the unit circle T, formally given by
“dr = ePX () gy . (2)

The proper definition involves a limiting process

X
T4 = g gorx ¢
where X, stands for a suitable regularization of X, see §3.3 below.
Identifying the circle as T=R/Z=[0, 1), our random homeomorphism h: [0,1)—[0, 1)
is defined as

h(6) = m for €10,1). (3)

The main result of this paper can then be summarized as follows.

For 32<2 and almost surely in w, formula (3) defines a Hélder continuous circle
homeomorphism, such that the welding problem has a solution T', where T is a Jordan
curve bounding a domain Q= f, (D) with a Hélder continuous Riemann mapping f,. For
a given w, the solution is unique up to a Mobius map of the plane. Moreover, the curve
T is continuous in B€[0,v/2).
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We refer to §5 (Theorems 5.2 and 5.3) for the exact statement of the main result.
With minor changes our method generalizes to the situation where(!) the random
homeomorphism ¢ is replaced by ¢, c¢~!, where ¢, and ¢_ are random circle homeo-
morphisms having the same distribution as ¢ with parameters 3, and (_, respectively,
i.e. formally
depy ~eP+X(Z) gz,

In the case where ¢, are independent, we have the following result.

For every pair B.,3-<v?2 and almost surely in w, the welding problem for the
homeomorphism ¢.o¢~" has a solution I'=Tp, g_, where I'g, g_ is a Jordan curve
bounding the domains Q. =f, (D) and Q_=f_(C\D), with Holder continuous Riemann
mappings fi. For a given w, the solution is unique up to a Mobius map of the plane and

the curves I'g, g_ are continous in B, and 3_.

Apart from connection to SLE, the weldings constructed in this paper should be of
interest to complex analysts as they form a natural family that degenerates as 51v/2.
It would be of great interest to understand the critical case 3=v/2 as well as the low
temperature “spin glass phase” $>+/2. It would also be of interest to understand the
connection of our weldings to those arising from stochastic flows [2]. In [2] Holder con-
tinuous homeomorphisms are considered, but the boundary behavior of the welding and
hence its existence and uniqueness are left open.

In writing the paper we have tried to be generous in providing details on both the
function-theoretic and the stochastics notions and tools needed, in order to serve readers
with varied backgrounds. The structure of the paper is as follows. §2 contains background
material on conformal welding and the geometric-analysis tools we need later on. To be
more specific, §2 recalls the notion of conformal welding and explains how the welding
problem is reduced to the study of the Beltrami equation. Also we recall a useful method
due to Lehto [23] to prove the existence of a solution for a class of non-uniformly elliptic
Beltrami equations, and a theorem by Jones and Smirnov [18] that will be used to verify
the uniqueness of our welding. Finally we recall the Beurling—Ahlfors extension of circle
homeomorphisms to the unit disc. For our purposes we need to estimate carefully the
dependence of the dilatation of the extension in a Whitney cube by just using small
amount of information of the homeomorphism on a ‘shadow’ of the cube.

In §3 we introduce the 1-dimensional trace of the Gaussian free field and recall some

known properties of its exponential that we will use to define and study the random

(1) Heuristic arguments from Liouville quantum gravity suggest [11], [15] that there might be a
more precise relation between SLE and the welding of the homeomorphism d)llodp, which we do not
consider here as it would require considerable changes in our argument.
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circle homeomorphism. §4 is the technical core of the paper as it contains the main
probabilistic estimates we need to control the random dilatation of the extension map.
Finally, in §5 things are put together and the a.s. existence and uniqueness of the welding
map is proven.

Let us conclude by a remark on notation. We denote by ¢ and C generic constants
which may vary between estimates. When the constants depend on parameters such as
B we denote this by C(3).

Acknowledgements. We thank M. Bauer, D. Bernard, I. Binder, M. Nikula, S. Ro-

hde, S. Smirnov and W. Werner for useful discussions.

Note added in proof. After the manuscript was sent to publication, the works [3]
and [31] have appeared. The paper [3] by Airault, Malliavin and Thalmayer continues
the work on the welding of stochastic flows initiated in [2]. Sheffield’s preprint [31]
contains, among other things, confirmation for the close relation between welding of the

homeomorphism ¢ o¢_ and SLE, see the footnote on page 205.

2. Conformal welding

In this section we recall for the general readers benefit basic notions and results from
geometric analysis that are needed in our work. In particular, we recall the notion of
conformal welding, Lehto’s method for solving the Beltrami equations, the uniqueness
result for weldings due to Jones and Smirnov, and the last subsection contains estimates

for the Beurling—Ahlfors extension tailored for our needs.

2.1. Welding and Beltrami equation

One of the main methods for constructing conformally invariant families of (Jordan)
curves comes from the theory of conformal welding. Put briefly, in this method we
glue the unit disc D={z€C:|z|<1} and the exterior disc Do ={2€C:|2|>1} along a
homeomorphism ¢: T—T, by the identification

x~y, whenze€T=0D and y=¢(z)€T=0Dx.

The problem of welding is to give a natural complex structure to this topological sphere.
Uniformizing the complex structure then gives us the curve, the image of the unit circle.

More concretely, given a Jordan curve I‘C(@, let

fr:D—=Q, and f. Dy —Q_
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be a choice of Riemann mappings onto the components of the complement @\I‘:Q+ uQ_.
By Carathéodory’s theorem, f_ and f, both extend continuously to dD=0D,, and thus

p=frtof- (4)

is a homeomorphism of T. In the welding problem we are asked to invert this process;
given a homeomorphism ¢: T—T we are to find a Jordan curve I" and conformal mappings
f+ onto the complementary domains Q. so that (4) holds.

It is clear that the welding problem, when solvable, has natural conformal invariance
attached to it; any image of the curve I' under a Mdébius transformation of Cis equally a
welding curve. Similarly, if ¢: T—T admits a welding, then so do all its compositions with
Mobius transformations of the disc. Note, however, that not all circle homeomorphisms
admit a welding, for examples see [26] and [34].

The most powerful tool in solving the welding problem is given by the Beltrami
differential equation, defined in a domain Q) by

of af
a5 =u(z) P for a.e. z €Y, (5)

where we look for homeomorphic solutions fEI/Vlicl (©). Here (5) is an elliptic system
whenever |u(z)|<1 almost everywhere, and uniformly elliptic if |||/ <1.

In the uniformly elliptic case, homeomorphic solutions to (5) exist for every co-
efficient with ||u|lco<1, and they are unique up to post-composing with a conformal
mapping [5, p. 179]. In fact, it is this uniqueness property that gives us a way to produce

the welding. To see this, suppose first that

¢=flr, (6)

where f GWﬁ)’f (D; D)NC(D) is a homeomorphic solution to (5) in the disc D. Find then
a homeomorphic solution to the auxiliary equation

oF oF

Y xp(2) u(z)a for a.e. z€C. (7)

Now I'=F(T) is a Jordan curve. Moreover, as 0z F'=0 for |z|>1, we can set f_:=F|p_

and Q_:=F (D) to define a conformal mapping
foiDy — Q.

On the other hand, since both f and F solve the equation (5) in the unit disc D, by

uniqueness of the solutions we have

F(2)=fi°f(2), z€D, (8)
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for some conformal mapping f,:D=f(D)—Q,:=F(D). Finally, on the unit circle,

$(2)=flr(z)=f'of-(2), z€T. (9)

Thus we have found a solution to the welding problem, under the assumption (6). That
the welding curve I' is unique up to a Mobius transformation of C follows from [5,
Theorem 5.10.1]; see also Corollary 2.5 below.

To complete this circle of ideas, we need to identify the homeomorphisms ¢: T—T
that admit the representation (5), (6) with uniformly elliptic 4 in (5). It turns out
[6, Lemma 3.11.3 and Theorem 5.8.1] that such ¢’s are precisely the quasisymmetric
mappings of T, mappings that satisfy

2mi(s+t)) _ 27is
() 18T (e

s,teR ‘(b(eQTri(s—t)) —¢(e2ﬂis)| < Q0. (10)

2.2. Existence in the degenerate case: the Lehto condition

The previous subsection describes an obvious model for constructing random Jordan
curves, by first finding random homeomorphisms of the circle and then solving for each
of them the associated welding problem. In the present work, however, we are faced with
the obstruction that circle homeomorphisms with the exponentiated Gaussian free field
as derivative almost surely do not satisfy the quasisymmetry assumption (10). Thus
we are forced outside the uniformly elliptic partial differential equations and need to
study (5) with degenerate coefficients with only |u(z)|<1 almost everywhere. We are
even outside the much studied class of maps of exponentially integrable distortion, see
[5, §20.4.] In such generality, however, the homeomorphic solutions to (5) may fail to
exist, or the crucial uniqueness properties of (5) may similarly fail.

In his important work [23], Lehto gave a very general condition in the degenerate
setting for the existence of homeomorphic solutions to (5). To recall his result, assume

we are given the complex dilatation p=p(z), and write then

K(z)= M, z €,
1—|u(2)|
for the associated distortion function. Note that K(z) is bounded precisely when the
equation (5) is uniformly elliptic, i.e. ||u]lco <1. Thus the question is how strongly K(z)
can grow for the basic properties of (5) still to remain true. In order to state Lehto’s
condition we fix some notation. For given z€C and radii 0<r<R<o0, let us denote the

corresponding annulus by

A(z,r,R):={weC:r<|w—z| <R}
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In the Lehto approach, one needs to control the conformal moduli of image annuli in a
suitable way. This is done by introducing, for any annulus A(w,r, R) and for the given

distortion function K, the following quantity, which we call the Lehto integral:

R
1
L(z,r,R):= Lk (z,r, R)::/ 5 " @ (11)
v fo " K(z40e?)do ©

For the following formulation of Lehto’s theorem see [5, p. 584].

THEOREM 2.1. Suppose p is measurable and compactly supported with |u(z)|<1 for

almost every z€C. Assume that the distortion function

1
k(= LHIC)
1—|p(2)]
is locally integrable, that is
K € Li,(C), (12)

and that for some Ry>0 the Lehto integral satisfies
Lk(z,0,Rg)=00 forall zeC. (13)

Then the Beltrami equation

%(z):‘u(z)g—ﬁ(z) for a.e. zeC (14)

admits a homeomorphic Wli)cl -solution f:C—C.
As a consequence, the welding extends beyond the class of quasisymmetric functions.
COROLLARY 2.2. Suppose that ¢: T—T extends to a homeomorphism f:C—C sat-
isfying (12)—(14) together with the condition
K(z) € Lis (D). (15)

Then ¢ admits a welding: there are a Jordan curve rcC and conformal mappings

f+ onto the complementary domains of T' such that

Proof. Given the extension f:C—C, let us again look at the auxiliary equation

oF OF
25 —XD(Z),U(Z)g for a.e. z€C. (16)
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Since Lehto’s condition holds as well for the new distortion function

_ I+ (z)uz)|

K = e

we see from Theorem 2.1 that the auxiliary equation (16) admits a homeomorphic solution
F:C—C. Arguing as in (6)—(9), it will then be sufficient to show that

F(z)=fi°f(2), z€D,

where f, is conformal in D. But this is a local question; every point z€ID has a neigh-
borhood where K (z) is uniformly bounded, by (15). In such a neighborhood the usual
uniqueness results to solutions of (5) apply; see [5, p.179]. Thus f, is holomorphic, and

as a homeomorphism it is conformal. This proves the claim. O

Consequently, in the study of random circle homeomorphisms ¢=¢,,, a key step for
the conformal welding of ¢, will be to show that almost surely each such mapping admits
a homeomorphic extension to C, where the distortion function satisfies a condition such
as (13). In our setting where the derivative of ¢ is given by the exponentiated trace of
a Gaussian free field, the extension procedure is described in §2.4 and the appropriate
estimates it requires are proven in §4.

Actually, in §5, when proving our main theorem, we need to present a variant of
Lehto’s argument where it will be enough to estimate the Lehto integral only at a suitable
countable set of points z€T. We also utilize there the fact that the extension of our
random circle homeomorphism ¢ satisfies (15). In verifying the Holder continuity of the
ensuing map, we shall apply a useful estimate (Lemma 2.3 below) that estimates the
geometric distortion of an annulus under a quasiconformal map.

Given a bounded (topological) annulus ACC, with E being the bounded component
of C\ A, we denote by Dp(A):=diam(A) the outer diameter, and by D;(A):=diam(FE)

the inner diameter of A.

LEMMA 2.3. Let f be a quasiconformal mapping on the annulus A(w,r, R), with
distortion function K. It then holds that

Do (f(A(w,r, R))) 5 L 2nLi, (wrR)
Di(f(A(w, 7, R))) ~ 16 '

Proof. Recall first that for a rigid annulus A=A(w,r, R), we define its conformal
modulus by

mod(A4) =2 log 57
,
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while for any topological annulus A, one sets
mod(A) =mod(g(A)),

where g is a conformal map of A onto a rigid annulus. Then we have [5, Corollary 20.9.2]
the following basic estimate for the modulus of the image annulus in terms of the Lehto
integrals:

mod(f(A(w,r, R))) =2 2rLk,(w,r, R). (17)

On the other hand, by combining [35, Lemma 7.38 and Corollary 7.39] and [4, Exer-
cise 5.68 (16)] we obtain for any bounded topological annulus ACC,

i mmod(A) ~ Do (A)
16 = Dr(A)”
Put together, the desired estimate follows. O

2.3. Uniqueness of the welding

An important issue of the welding is its uniqueness, that the curve I' is unique up to com-
posing with a Mobius transformation of C. As the above argument indicates, this is es-
sentially equivalent to the uniqueness of solutions to the appropriate Beltrami equations,
up to a Mdbius transformation. However, in general the assumptions of Theorem 2.1
alone are much too weak to imply this.

In fact, in our case the uniqueness of solutions to the Beltrami equation (16) is
equivalent to the conformal removability of the curve F(T). Recall that a compact set
BcC is conformally removable if every homeomorphism of C which is conformal off B
is conformal in the whole sphere, and hence a Mobius transformation.

It follows easily that e.g. images of circles under quasiconformal mappings, i.e.
homeomorphisms satisfying (5), with ||u]|eo <1, are conformally removable, while Jor-
dan curves of positive area are never conformally removable.

For general curves the removability is a deep problem; no characterization of confor-
mally removable Jordan curves is known to this date. What saves us in the present work
is that we have the remarkable result of Jones and Smirnov in [18] available. We will not
need their result in its full generality, as the following special case will be sufficient for

our purposes.

THEOREM 2.4. (Jones-Smirnov [18]) Let QCC be a simply connected domain such
that the Riemann mapping ¥:D—Q is a-Hdélder continuous for some a>0.

Then the boundary 02 is conformally removable.

Adapting this result to our setting, we obtain the following result.
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COROLLARY 2.5. Suppose that ¢: T—T is a homeomorphism that admits a welding

$z)=fof-(2), z€T,

where fi are conformal mappings of D and D, respectively, onto complementary Jordan
domains €.
Assume that f_ (or f.) is a-Hdlder continuous on the boundary Do =T. Then

the welding is unique: any other welding pair (g4, g-) of ¢ is of the form
g+ = (I)Ofi)

where ®:C—C is a Mébius transformation.

Proof. Suppose we have Riemann mappings g, onto complementary Jordan domains
such that
97teog-(2)=¢(z)=filof-(2), =€T.

Then the formula

e g+°f+_1(2)7 ifZ€f+(D)7
\I’() {QOf_l(Z); if z€ f (Do)

defines a homeomorphism of C which is conformal outside I'= f+(T). From the Jones—
Smirnov theorem we see that ¥ extends conformally to the entire sphere, and thus it is
a Mobius transformation. O

As we shall see in Theorem 5.1, for circle homeomorphisms ¢ with the exponentiated
Gaussian free field as derivative, the solutions F' to the auxiliary equation (16) will
be Holder continuous almost surely. Then f_=F|p_ is a Riemann mapping onto a
complementary component of the welding curve of ¢p=¢,,. It follows that almost surely
¢=¢,, admits a welding curve I'=I",, which is unique, up to composing with a Mobius

transformation.

2.4. Extension of the homeomorphism

In this section we discuss in detail suitable methods for extending homeomorphisms
¢: T—T to the unit disc; by reflecting across T, the map then extends to C. Extensions of
homeomorphisms h: R—R of the real line are convenient to describe, and it is not difficult
to find constructions that sufficiently well respect the conformally invariant features of h.

Given a homeomorphism ¢: T—T on the circle, we hence represent it in the form

¢(€27rir) — eQwih(m), (18)
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where h: R—R is a homeomorphism of the line with h(z+1)=h(z)+1. We may assume
that ¢(1)=1, with h(0)=0.

We will now extend the 1-periodic mapping h to the upper (or lower) half-plane so
that it becomes the identity map at large height. Then a conjugation to a mapping of
the disc is easily done. For the extension we use the classical Beurling—Ahlfors extension
[10] modified suitably far away from the real axis.

Thus, given a homeomorphism h: R—R such that
h(z+1)=h(z)+1, z€R, with h(0)=0, (19)

we define our extension F' as follows. For 0<y<1 let

F(m—i—iy):%/o (h(m—i—ty)—i—h(x—ty))dt—i—z’/o (h(z+ty)—h(z—ty)) dt. (20)

Then F'=h on the real axis, and F' is a continuously differentiable homeomorphism.
Moreover, by (19), it follows that for y=1,

F(z+i)=z+i+co,
where cozfol h(t)dt—3€[—1,1]. Thus, for 1<y<2, we set

F(z)=z+(2-y)co, (21)
and finally have an extension of h with the extra properties

F(z)==z when y=Imm(z) >2, (22)
F(z+k)=F(2)+k, kelZ. (23)

The original circle mapping admits a natural extension to the disc,

W(z)=exp <2mF<logz)>, zeD. (24)

21

From (18) and (23) we see that this is a well-defined homeomorphism of the disc with
U|r=¢ and ¥(z)=z for |z|<e *". The distortion properties are not altered under this

locally conformal change of variables,
K(z,0)=K(w,F), z=&™" weH, (25)

so we will reduce all distortion estimates for ¥ to the corresponding ones for F'. Since F'

is conformal for y>2, it suffices to restrict the analysis to the strip

S=Rx]0,2]. (26)
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To estimate K (w, F') we introduce some notation. Let
D, ={[k27", (k+1)27"]: ke Z}
be the set of all dyadic intervals of length 2" and write
D={D, :n>0}.

Consider the measure
7([a, b]) = h(b) —h(a).

For a pair of intervals J={J1, J2} let us introduce the following quantity

(1) 7))

5,(3) = (27)
If J; and Js are the two halves of an interval I, then §,(J) measures the local doubling
properties of the measure 7. In such a case we define 0,(/)=4,(J). In particular, (10)
holds for the circle homeomorphism ¢(e2™*)=¢2™"(*) if and only if the quantities &, (I)
are uniformly bounded, for all (not necessarily dyadic) intervals I.

The local distortion of the extension F' will be controlled by sums of the expressions
0,(J) in the appropriate scale. For this, let us pave the strip S by Whitney cubes {C;};ep
defined by

Cr={(z,y):z€land 27" ' <y<2™"}

for I€D,,, n>0, and C;=1 x [%,2 for I€Dy. Given an I€D,, let j(I) be the union of I
and its neighbors in D,, and

j([) = {J: (Jl, JQ) : Jl, Ja EDn+5 and J1, Jo Cj([)} (28)

We then define
K (I):= Y 6. (29)
)

JeJg(
With these notions we have the basic geometric estimate for the distortion function,

in terms of the boundary homeomorphism.
THEOREM 2.6. Let h: R—R be a 1-periodic homeomorphism and let F:H—H be its

extension. Then, for each I€D,

sup K(z, F) < CoK (1), (30)

zeCrp

with a universal constant Cy.
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Proof. The distortion properties of the Beurling—Ahlfors extension are well studied
in the existing litterature, but none of these works gives directly Theorem 2.6, as the
main point for us is the linear dependence on the local distortion K,(I). The most
elementary extension operator is due to Jerison and Kenig [17] (see also [5, §5.8]), but
for this extension the linear dependence fails.

For the reader’s convenience we sketch a proof of the theorem. We will modify the

approach of Reed [27], and start with a simple lemma.

LEMMA 2.7. For each dyadic interval
I=[k27", (k+1)277,
with left half I=[k2™", (k+1)27"] and right half I,=I\I, we have

1 5, (I)

T T <)l < s,
j=1,2, with
i [o-h ) ar< Do)
and
o [ - ho) < 2l

Proof. The definition of 6-(I) gives the first estimate. As h(t)<h((k+3)27") on
the left half and h(t)<h((k+1)27") on the right half of I, we have

The last estimate follows similarly. O

To continue with the proof of Theorem 2.6, the pointwise distortion of the extension
F is easy to calculate explicitly, and we obtain [10], [27] the following estimate, sharp up

to a multiplicative constant,

: a(z,y) | Blz,y)\ [alz,y)  Bla,y)]"
Klotiy, F) < (ﬂ(w,y) Ttz y ) [a@,y)w,y ] ! (3D
where
a(z,y) =h(z+y)—h(z), Blz,y)=h(z)—h(r—y)
and

~ 1 [oty ¥
wap=hrn)- [ w0, = [ dhe-)
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Now the argument of Reed [27, pp. 461-464], combined with Lemma 2.7 and its estimates,
precisely shows that K (z+iy, F)<24maxd,(I), where I runs over the intervals with

endpoints contained in the set
{x, x:tiy,x:t%y,xj:y}. (32)

Thus, for example, if we fix k€Z and n€N, we get for the corner point z=k27" 442"
of the Whitney cube C; the estimate

K(k27"+i27", F)<24» 6;(3), I=(J1,)2), J1,J2 € Dpy3, (33)
J

where Jy, JoCj(I) as above. For a general point z=x+iy€Cy, we have to take a few
more generations of dyadic intervals. Here [:c, x+%y] has length at least 27773, On the
other hand, for any (non-dyadic) interval I with 2=™<|I|<2~™%!, one observes that it
contains a dyadic interval of length 2=™~! and is contained inside a union of at most

three dyadic intervals of length 27™. By this manner, one estimates

5:(1)<Y 6-(3), where J=(J1,J2), Jx € Dpyp and NI # @, k=1,2.
J

Choosing the endpoints of I from the set in (32) then gives the bound (30). Note that
the estimates hold also for n=0, since by (21) we have K (z, F)<2 whenever y>1. Hence
the proof of Theorem 2.6 is complete. O

3. Exponential of GFF and random homeomorphisms of T
3.1. Trace of the Gaussian free field

Let us recall that the 2-dimensional Gaussian free field (in other words, the massless free
field) Y in the plane has the covariance

EY (2)Y (2') =1log 1 r, 1’ € R

|x_$/| ) i *

Actually, the definition of this field in the whole plane has to be done carefully, because
of the blowup of the logarithm at infinity. However, the definition of the trace X:=Y|r
on the unit circle T avoids this problem, since it is formally obtained by requiring (in the
convenient complex notation) that

EX(2)X (") =log 2,2 €T. (34)

lz=2"|"
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The above definition needs to be made precise. In order to serve also readers with less
background in non-smooth stochastic fields, let us first recall the definition of Gaussian
random variables with values in the space of distributions D’(T). An element in F'eD’(T)
is real-valued if it takes real values on real-valued test functions. Identifying T with [0, 1),

a real-valued F' may be written as

F=ap+ Z(an cos 2mnt+ by, sin 27nt),

n=1

with real coefficients satisfying |ay,|, |b,|=0(n*) for some a€R. Conversely, every such
Fourier series converges in D'(T).

Let (22, F,P) stand for a probability space. A map X:Q—D'(T) is a (real-valued)
centered D’ (T)-valued Gaussian if for every (real-valued) ¥ €C§°(T) the map

wr— (X (w), ¥)

is a centered Gaussian on . Here (-,-) refers to the standard distributional duality.

Alternatively, one may define such a random variable by requiring that a.s.
X(w)=Ag(w)+ Z(AN (w) cos 2mnt+ By, (w) sin 27nt),
n=1

where A, and B, are centered Gaussians satisfying EA%2, EB2=0(n?) for some a€R.
The random variable X is stationary if and only if the coefficients Ay, A1, ..., B1, Bo, ...
are independent.

Due to Gaussianity, the distribution of X is uniquely determined by the knowledge
of the covariance operator Cx: C*(T)—D’'(T), where

(Cxt1,ha) = E(X (W), 1) (X (w), P2).

In case the covariance operator has an integral kernel, we use the same symbol for the

kernel, and in this case for almost every z€T one has

(Cx)(2) = /jT Cx (2, )i (w)m(dw),

where m stands for the normalized Lebesgue measure on T. Most of the above definitions
and statements carry over directly on S’(R)-valued random variables, but the above
knowledge is enough for our purposes.

The exact definition of (34) is understood in the above sense.
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Definition 3.1. The trace X of the 2-dimensional GFF (Gaussian free field) on T is
a centered D’ (T)-valued Gaussian random variable such that its covariance operator has

the integral kernel

1
Cx(z,2")=log P z,2 €T.

Observe that in the identification T=[0,1) the covariance of X takes the form

Cx (t,u) =log for t,uc[0,1). (35)

2sin |t —ul
The existence of such a field is most easily established by writing down the Fourier

expansion:

— 1
X= ; %(An cos 2mnt+ By, sin 2nt), t€]0,1), (36)

where all the coefficients A,,, B,~N(0,1), n>1, are independent standard Gaussians.
Writing X as

i i(oznz"JréznZ")

v
with |z|=1 and a=%(A+iB), it is readily checked that it has the stated covariance.

What makes the trace X of the 2-dimensional GFF particularly natural for the

circle homeomorphisms is its invariance properties, that X is Md&bius invariant modulo
constants. To see this, note that the covariance C(z,z’)=log(1/|z—2’|) satisfies the
transformation rule

C(9(2),9(2") = C(2,2')+ A(z)+B(7),

where A (resp. B) is independent of 2z’ (resp. z), whence the last two terms vanish in
integration against mean-zero test-functions.

It is well known that, with probability 1, X (w) is not an element in L!(T) (or a
measure on T), but it just barely fails to be a function-valued field. Namely, if £>0
and one considers the e-smoothened field (1—A)~°X one computes that this field has a
Holder-continuous covariance, whence its realization belongs to C(T) almost surely. This

follows from the following fundamental result of Dudley which we will use repeatedly.

THEOREM 3.2. Let (Yi)ier be a centered Gaussian field indexed by the set T, where
T is a compact metric space with distance d. Define the (pseudo)distance d' on T by
setting d'(t1,t2)=(E|Y;, —Y,|?)Y/? for ti,to€T. Assume that d': T xT—R is continu-
ous. For §>0 denote by N(§) the minimal number of balls of radius ¢ in the d'-metric
needed to cover T. If

/ ' /log N8 d6 < oo, (37)
0

then Y has a continuous version, i.e. almost surely the map T>t—Y; is continuous.
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For a proof we refer to [1, Theorem 1.3.5] or [19, Chapter 15, Theorem 4]. The second
result we will need is an inequality due to C. Borell and, independently, to B. Tsirelson,
I. Ibragimov and V. Sudakov. According to the inequality, the tail of the supremum is

dominated by a Gaussian tail:

IE”( sup [Yy| > “) < APt/ (38)
teT
where o7:=max;c7(EY;?)'/2, and the constants A and B depend on (T, d'), see [1, §2.1].
We shall also need an explicit quantitative version of this inequality in the special case

where T is an interval.

LEMMA 3.3. Let T=[xg,x0+{], and suppose that the covariance is Lipschitz contin-
uous with constant L, i.e. E|Y;—Yy|*<L[t—t'| for t,t'€T. Assume also that Y;,=0 for
a to€T. Then

P (sup il > Vi) < e(1-+u)e 7%,
te

where ¢ is a universal constant.

Proof. The result is essentially due to Samorodnitsky [28] and Talagrand [33]. It
is a direct consequence of [1, Theorem 4.1.2], since after scaling it is possible to assume
that L=1=/, and then or<1 and N(g)<1/£2. O

3.2. White noise expansion

The Fourier series expansion (36) is often not the most suitable representation of X for
explicit calculations. Instead, we shall apply a representation that uses white noise in
the upper half-plane, due to Bacry and Muzy [6]. The white noise representation is very
convenient, since it allows one to consider correlation between different scales both on the
stochastic side and on T in a flexible and geometrically transparent manner. Moreover,
as we define the exponential of the field X in the next subsection we are then able to
refer to known results in [6] and elsewhere.

To commence with, let A stand for the hyperbolic area measure in the upper half-

plane H,
dx dy

y?

AMdz dy) =

Denote by w a white noise in H with respect to the measure A\. More precisely, w is a

centered Gaussian process indexed by Borel sets A By (H), where

By(H) := {ACH Borel : A\(4) < oo and sup |z/fx|<oo},
(z,y),(z",y") €A



220 K. ASTALA, P. JONES, A. KUPIAINEN AND E. SAKSMAN

H+x

V4zx

T

Figure 1. White noise dependence of the fields H(x) and V(z).
i.e. Borel sets of finite hyperbolic area and finite width, and with the covariance structure
E(w(Al)w(Ag)):)\(AlﬂAg), Al,AQEBf(H).

We shall need a periodic version of w, which can be identified with a white noise on
TxR.. Thus, define W as the centered Gaussian process, also indexed by By(H), and
with covariance
E(W (A1)W(Ag)) = A(Am U (A2+n)>.
nez
We will represent the trace X using the following random field H(z). Consider the
wedge shaped region

1 1 2
H::{(x,y)eH:—2<x<2 and y>tan7m:|}
Y

and formally set
H(z):=W(H+z), xz€R/Z;

see Figure 1. The reader should think about the y-axis as parametrizing the spatial scale.
Roughly, the white noise at level y contributes to H(x) in that spatial scale.

To define H rigorously we introduce a short distance cutoff parameter e>0 and,
given any AeBy(H), let A.:={(z,y)€A:y>ec}. Then set

H.(xz):=W(H.+z). (39)

According to Dudley’s Theorem 3.2, one may pick a version of the white noise W

in such a way that the map
(0,1)xR> (e,2) — H(x)

is continuous. In the limit e—0%, we nicely recover X.
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LEMMA 3.4. One may assume that the version of the white noise is chosen so that
for any €>0 the map x— H.(x) is continuous, and as e—0% it converges in D'(T) to a
random field H. Moreover
H~X+G,

where G~N(0,2log?2) is a (scalar) Gaussian factor, independent of X.

Proof. Observe first that we may compute formally (as H(-) is not well defined
pointwise) for t€(0,1),

EH(0)H (t) = \(HN(H+t))+ AN(HN(H+t—1)).

The first term in the right-hand side can be computed as

)\(Hﬂ(H+t)):2/1/2 (/:o dg)dmzﬂ/tl/z(coth) dz =log

t/2 (tanz) /7 Y /2 sin %ﬂ't.

Hence we obtain by symmetry that

(40)

=2log2+log

1
EH(0)H(t) =log —— +log
s

in st sin 27(1—t)

5 5 2sin 7t

The stated relation between X and H follows immediately from this as soon as we prove
the rest of the theorem. Observe that the covariance of the smooth field H.(-) on T
converges to the above pointwise for t£0. A computation (that e.g. applies the fact that
the singularity of the kernel of the operator (1—A)~ is of order |z —y|?*~1) shows that
for any 6>0 the covariance of the field

[0,1]%[0,1) 3 (¢,2) — (1—A) ° H.(x) := H. 5(x)

(at e=0 one applies the covariance computed in (40)) is Holder continuous on the compact
set [0,1]x T, whence Dudley’s theorem yields the existence of a continuous version on
that set, especially H. s(-)— Hos(+) in C(T), and hence in D'(T). By applying (1—A)?
on both sides we obtain the stated convergence. Especially, we see that the convergence

takes place in any of the Zygmund spaces C~°(T), with §>0. O

The logarithmic singularity in the covariance of H(x) is produced by the asymptotic
shape of the region H near the real axis. It will often be convenient to work with the
following auxiliary field, which is geometrically slightly easier to tackle while for small
scales it does not distinguish between w and its periodic counterpart W. Thus, consider

this time the triangular set

Vi={(z,y)eH: -1 <z <;and 2z|<y<i}, (41)
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and let V. (z)=W (V.+=z) (see Figure 1). The existence of the limit V(z):=lim._,o+ Vz(-)
is established just like for H, and we get the covariance

EV (z)V(z') =log +2lz—2'|—1 (42)

2|z —a'|
for |x—a'|<3 (while for |[z—a’| > the periodicity must be taken into account).

Since the regions H and V have the same slope at the real axis, the difference
H(-)—V(-) is a quite regular field.

LEMMA 3.5. Set

§:= sup |[V(z)—H.(z)|
z€[0,1)
£€(0,1/2]

Then, almost surely, £ <oo. Moreover, Ee® <oo for all a>0.

Proof. We may write for e€ [07 %],

where T.(x) and G(x) are constructed as V(z) out of the sets
G={(z,y)eH:y>1} and T:=V\{(z,y)eH:y<3}.

Observe first that G(x) is independent of ¢ and it clearly has a Lipschitz covariance
in . Thus, by Dudley’s theorem and (38), almost surely the map G(-)eC(T) and,
moreover, the tail of ||G(-)|/¢(r) is dominated by a Gaussian, whence its exponential
moments are finite.

In a similar manner, the exponential integrability of

sup [T:(z)|
z€[0,1)
e€0,1]

is deduced from Dudley’s theorem and (38) as soon as we verify that there is an exponent
>0 such that for any [z—2’|<3 we have

E|T.(2) =T (2')]? < c(|lz—a'[+|e—€"])™. (43)

In order to verify this it is enough to change one variable at a time. Observe first that if
1>e>¢'>0, then
€

BT, (2)=To ()] = A\({(2,y) €T : €' <y <)) g/ ca® du < | —e|,

g’
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where we applied the inequality

arctan L7t
ng_iﬂ <2t3.
2 T

Next we estimate the dependence on z. Set z:=|z—z'|<%. We note that for any
Yo€ (0, 1) the linear measure of the intersection {(z,y):y=yo}N(TA(T+z)) is bounded
by min{2z,4y3}. Hence, by the definition of 7. and the fact that for z=|z—z’|<% the
periodicity of W has no effect on estimating 7', we obtain

E|T: ()~ T:(a")]* <E|To(2) ~To(2")[* = NTA(T+2))

1/2 4 2
<2z/ %+/
21/3 Y 0

which finishes the proof of the lemma. O

3 4 3
2 gy <o,

3.3. Exponential of X and the random homeomorphism h

We are now ready to define the exponential of the free field discussed in the introduction
and use it to define the random circle homeomorphisms.

By stationarity, the covariance
i (€) = Cov(H.(z)) =E| He(z) ?

is independent of z, as is the quantity vy (¢) defined analogously. Fix 3>0 (this parameter
could be thought of as an “inverse temperature”). Directly from the definitions, for any

and any bounded Borel function g on [0, 1), the processes
s eﬁHs(fb)*ﬁz'm(s)/?’ (44)
1
s / (BH= (W)= 16(2)/2 g 1) dy (45)
0
are L'-martingales with respect to decreasing €€ (0, 3], whence they converge almost
surely. Especially, the L'-norm stays bounded and the Fourier coefficients of the density
ePHe(@)=B°71(2)/2 converge as e—07.

Now comparing these expressions with (2) and Lemma 3.4, we are led to the exact

definition of our desired exponential

“dr = ePX(3) g7,
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Indeed, by the weak*-compactness of the set of bounded positive measures, we have the

existence of the almost sure limit measure(?)

d
as. lim ePHe(@)=F*m(e)/2,-G —zz =:7(dz) w*in M(T), (46)
e—0t 28
where M(T) stands for bounded Borel measures on T and G~N(0,2log 2) is a Gaussian
(scalar) random variable.

In a similar manner one deduces the existence of the almost sure limit

lim V=@ =B (©)/2 g . v(dz). (47)

e—0t
Lemma 3.5 and stationarity immediately yield the following result.

LEMMA 3.6. There are versions of T and v on a common probability space, together
with an almost surely finite and positive random variable G, with EG{ <oo for all a€R,
so that for all Borel sets B one has

o-7(B)<u(B) <Gir(B).
Gy

Observe that the random variable G; is independent of the set B. Thus, the measures
are a.s. comparable.

Limit measures of above type, i.e. measures that are obtained as martingale limits of
products (discrete, or continuous as in our case) of exponentials of independent Gauss-
ian fields have been extensively studied in the literature. The study of “multiplicative
chaos” starts with Kolmogorov and Yaglom, various versions of multiplicative cascade
models were advocated by Mandelbrot [24] and others, and Kahane (also together with
Peyriére) made fundamental contributions to the rigorous mathematical theory, see [20],
[21] and [22]. We shall make use of these works, and [6], in particular, which study in
detail random measures closely related to our v. We refer the reader to the papers of
Barral and Mandelbrot [7]-[9] for a thorough treatment of multifractal measures in terms
of the hidden cascade like structure.

For us the key points in constructing and understanding the random circle homeo-
morphism are the following properties of the measure 7 and its variant v.

(2) Observe that the limit measure is weak*-measurable in the sense that for any f€C(T) the
integral [} f(t) 7(dt) is a well-defined random variable. In this paper all our random measures on T are
measurable (i.e. they are measure-valued random variables) in this sense. A simple limiting argument
then shows that e.g. 7(I) is a random variable for any interval I CT.
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THEOREM 3.7. (i) Assume that 3<+/2. There are ai=a1(f), az=az(8)>0 and an
almost surely finite random constant c=c(w, 3) >0 such that for all subintervals 1C[0,1)

we have
1

c(w, B)
FEspecially, almost surely T is non-atomic and non-trivial on every subinterval.
(ii) Assume that 3<+/2. Then for every subinterval IC[0,1) the measure T satisfies

1 < (D) < clw, B)I1",

(D elP(w), pe <—oo, 52) (48)

(i) Let pe(1,2) be fixed and set

. P 2 p 2
D, = = 1= 15.
p {5 P1+iB2 2ﬂ1+2(p—1)52 < }
Then there is a version of T such that almost surely for every subinterval 1C[0,1) the

map B—7(I) extends to an analytic function in D, with the moment bound
Elr(I)|P <c(S)|I|"P) for B€S, (49)

where SCD, is any compact subset. Here the (complex) multifractal spectrum is given

by the function
G (8):=p—3(0*—p)Bi+pB3) >1  for f=Ppi+if2 € D,.

(iv) One can replace T by the measure v in the statements (i)—(iii).

Proof. We shall make use of one more auxiliary field, which (together with its ex-
ponential) is described in detail in [6].(3) Define

U:={(z,y)eH: -1 <2z <} and 2|z| <y},

and for z€R let U(z)=w(U+=x). Here note in particular that w is a non-periodic white
noise.

The covariance of U(-) is easily computed (see [6, equation (25), p.458]), and we
obtain

EU (z)U(z") =log where y:= |z —12/|. (50)

min{y, 1}’
As before define the cutoff field U, (z)=w(U.+2z). Then U, is (locally) very close to our
field V.(-). Indeed, let I be an interval of length [I|=1. Then V(-)|; is equal in law

(5) Uop corresponds to the simple case of log-normal multifractal random measure, see [6, equa-
tion (28), p.462], and T'=1 in [6, equation (15), p.455].
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to w(-+V)|z, since the periodicity of the white noise W will not enter. Thus we may
realize U.|; and V¢|; for e€(0, 3) in the same probability space so that

U~Ve=Z=w(z+{(z,y) eV:y>1}).
We may again apply Dudley’s theorem and equation (38) to the random variable

&= suI}) [V.(z)—U.(z)]| <oo a.s. (51)
(A
€€(0,1/2]
Especially, Ee® <oo for all a>0. In a similar manner as for the measures 7 and v one

deduces the existence of the almost sure limit

lim efU=@)=8*10()/2 gy . n(dz), (52)
e—0t
where the limit takes place locally weak* on the space of locally finite Borel measures on

the real axis. By letting Ga:=e", we thus have an analogue of Lemma 3.6,

G%T(B) <v(B)<Gr(B) (53)
for all BCI, and the auxiliary variable G satisfies EGL <oo for all p€R. As an aside,
note that we cannot have (53) for the full interval I=[0,1], as V is 1-periodic, while U
is not.

Now, for proving the theorem, by (51) and Lemma 3.5 it is enough to check the
corresponding claims (i)—(iii) for the random measure 7, as one may clearly assume that
71<3.

With this reduction in mind, we start with claim (ii), which in the case of positive
moments is due to Kahane (see [22] and [20]). Bacry and Muzy [6, Appendix D] gave
a proof for the measure 7 by adapting the argument of Kahane and Peyriere [22] (who
considered a cascade model). In Appendix A we discuss the case of complex 3 which, as
a consequence, gives a self-contained proof for the positive moments.

Finiteness of negative moments is stated in [9, Theorem 5.5]. For the reader’s con-
venience we include the details in Appendix B, following the lines of [25] that considers
a cascade model. The non-degeneracy of the measure 7 is based on LP-martingale esti-
mates (p>1) for 7(I). At the critical point =+/2 the LP bounds blow up for any p>1.
In fact, one may show that for 3>1/2 the measure 7 degenerates almost surely.

For the claim (iii), the fact (49) for  and 0<3<+/2 is [6, Theorem 4]. In this case
(49) is actually a direct consequence of the exact scaling law (54) below. The observation

that the dependence G—n(I) extends analytically into a suitable open subset is due to
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Barral [7]. The complex multifractal spectrum exponent ¢, (3) is not explicitely computed
there, and for that reason we include a proof of (49) in Appendix A.

In order to treat the rightmost inequality in (i), choose p€(1,2/4?%) and let as>0
be so small that b:=(,(8)—paz>1. Chebyshev’s inequality in combination with (49)
yields that P(n(I)>|I|*2)<|I|°. In particular, Y, P(n(I)>|I|"?)<oco, where one sums
over the dyadic subintervals of [0,1). The same holds true if one sums over the dyadic
subintervals shifted by their half-length. This observation in combination with the Borel—
Cantelli lemma yields the desired upper estimate in (i).

In turn, the finiteness of negative moments, together with a direct computation that

uses the exact scaling law (54) below, yields
2
Eg(I)? = C(p, OIS for all pe (oo, 52)
with (,(8)=p—36%(p*—p). Set r=—(_1(8)>0. By Chebyshev’s inequality, we get
P(n(I) < [I['*2") =P(n(I)~" > [1|7172") S = 1]

The argument for the lower bound in (i) is then concluded as in the case of the upper

bound, and one may choose a;=142r. O

Note that the exact scaling law of the measure n we used in the above proof is given

in [6, Theorem 4]. Indeed, for any &, A€(0, 1) one has the equivalence of laws
Uaa(A) 0,11~ Ga+Uc (0,175

where Gy~N(0,log(1/))) is a Gaussian independent of U. Therefore, one has the equiv-

alence of laws for measures on [0, 1],
n(A-)~ )\eﬁGk+10g()‘)62/2n, (54)

and hence scale invariance of the ratios

n(Az, Ayl) (e, yl)
n([Aa, M) n([a, b))

In turn, the exact scaling law of 7 is best described in terms of Md&bius transformations

(55)

of the circle. We do not state it, as we do not need it later on.

To finish this section, we are now able to define our circle homeomorphism h.

Definition 3.8. Assume that $2<2. The random homeomorphism ¢:T—T is ob-
tained by setting

¢(€27riw) _ eQﬂ'ih(w)’ (56)
where we let (0.2])
h(z)=hg(x)= T([O: ) for z€[0,1), (57)

and extend periodically over R.
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Theorem 3.7 (i) shows that ¢ is indeed a well-defined homeomorphism almost surely.

Moreover, we have the following consequence.

COROLLARY 3.9. Assume that 32<2. Then almost surely both ¢ and its inverse

map ¢~ 1 are Holder continuous.

Remark 3.10. As an aside, let us note that defining 7. as in the left-hand side of
equation (46), we have lim,_ o+ 7.=0 for 32>2. However, it is a natural conjecture
that letting h. to be given by (57) with 7 replaced by 7, the limit for h. exists in a
suitable (quite weak) sense as e—0" also for 32>2. Indeed, the normalized measure in
equation (57) appears in the physics literature as the Gibbs measure of a random energy
model for logarithmically correlated energies [12], [14], [16] and 3%>2 corresponds to a
low temperature “spin glass” phase. However, we do not expect the limiting h to be

continuous if 5%>2.

4. Probabilistic estimates for Lehto integrals

4.1. Notation and statement of the main estimate

We will now study the Lehto integral of equation (11) for the random homeomorphism
constructed in the previous section. As explained in §2.4, it suffices to work in the
infinite strip S=Rx 0, 2], where the extension F' of the random homeomorphism h is
non-trivial. We use the bound (30) for the (random) pointwise distortion K=K (z, F') of
this extension, and hence it turns out convenient to define K, in the upper half-plane by
setting

K,(z):=K,(I) whenever z€CJ. (58)

A lower bound for the Lehto integral (11) is then obtained by replacing K there by K.
We similarly define K, (z) for z€H, via the modified Beurling-Ahlfors extension of the
periodic homeomorphism defined by the measure v.

It turns out that we only need to control Lehto integrals centered at the real axis
and with some (arbitrarily small, but fixed) outer radius. For this purpose fix (large)
p€eN and choose p=27P, where the final choice of p will be done in §4.3 below.

Our main probabilistic estimate is the following result.

THEOREM 4.1. Let wo€R and let f<+/2. Then there exists b>0 and py>0 together
with §(0)>0 such that for positive p<pg and 0<06(p) the Lehto integral satisfies the

estimates
P(LKu(wOaQN72Q)<N6)<g(1+b)Na NGN (59)
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Observe that the estimates in the theorem are in terms of K, instead of K., which is
the majorant for the distortion of the extension of the actual homeomorphism. However,
this discrepancy will easily be taken care of later on in the proof of Theorem 5.1 using
the bounds in Lemma 3.5. The proof of the theorem will occupy most of the present
section, namely §84.2-4.4 below. Finally, we consider the almost sure integrability of the
distortion in §4.5.

We next fix the notation that will be used for the rest of the present section, and
explain the philosophy behind the theorem. Given wy we may choose the dyadic intervals
in Theorem 2.6 as wg+I. Then, by stationarity, we may assume that wog=0. Let S,

denote the circle of radius >0 with center at the origin. Define (with slight abuse), for

<20,
K,(r):= > K, (), (60)
I:CiNS, #2
and observe that N
Lk, (0,0V,20)>c > M,, (61)
n=1
where -
¢ dr
M,, :/ . (62)
o™ Kl/ (T)

Thus, in order to prove the theorem, it is enough to verify for 3<+/2 that for small
enough ¢>0 and 0<d<d(p) one has

N
IE”( > M, < Né) < o, (63)

n=1

If the summands M, in (63) were independent, the estimate would follow easily
from basic large deviation estimates. However, they are far from being independent.
Nevertheless, by the geometry of the setup in the white noise upper half-plane, one
expects that there is some kind of exponential decay of dependence, but due to the
complicated structure of the Lehto integrals we need to go through a non-trivial technical

analysis in order to be able to get hold on the exponential decay.

4.2. Correlation structure of the Mj’s

In this section we will study how the random variables M, are correlated with each
other. As one can easily gather from the representation of the field v in terms of the
white noise, all of the variables M,, with n=1,2,... are correlated with each other. Our

basic strategy is to estimate M, from below by the quantity

!
M, =mpspon
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(see (84) below), where the random variables m,, depend only on the white noise on the
scale ~p" and form an independent set. The variables s, will provide an estimate of
upscale correlations, i.e. the dependence of M/ on the white noise over the larger spatial
scales {(x,y):|z|>0""1}. In turn, the variables o, measure the downscale correlations
that corresponds to the dependence of M), on the white noise over {(z,y):|z|<Se" '}, It
turns out that the downscale correlations are harder to estimate.

We start with the upscale correlations and introduce some terminology. For a Borel
set SCH let Bg be the o-algebra generated by the randoms variables W (A), where A
runs over Borel subsets ACS. We will call a Bg measurable random variable for short S
measurable. Let

V= U (V+a),
zel

where we recall that V' is given by (41). Then v(I)/v(J) is Viuy measurable and, by (29),
we see that K, (I) is V) measurable (recall that j(/) denotes the union of I with its
neighboring dyadic intervals). From (60) we deduce that M, is Vp, measurable, where
B,,:=B(0,40"™). Indeed, the Whitney cubes C; that intersect the annulus

have IC B(0,20") and thus j(I)C B(0,40™).

We now decompose V(+)|p, to scales using the white noise. In general, for 0<e<e’,

let
V(z,e, ) =W((V+x)n{e<y<e'}). (64)
Set, for n>1,
Yn(2) =V (2,0,0" %) (65)
and, for k>0,
gk(x) :V(x, Qk+1/2, Qk71/2). (66)
Letting
Ap={zeH:y< " Y2}, (67)

we see that in any open set U the field 1, is (UyeU Vy)ﬂAn measurable. In a similar
way, Ci(z) is VoaN(Ar\Ag+1) measurable, and, since these regions are disjoint, the field

V' decomposes into a sum of independent fields

n—1

V=10t Goi=tnt2n. (68)

k=0
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Let v, be the measure defined as v but with V replaced by 1,,. Inserting the second
decomposition in (68) to the measure v we have, for any I, JC B,

v(I) < vn(I) SuPep, ePan (@)

< . 69
v(J) " v (J) infuep, efzn(®) (69)
The first decomposition in (68) then gives
3 ﬁzn(r)
SUPzeB,, € sty -1
L esk=0 ok = , 70
inf,cp efan(z) € Sn (70)
where .
BCr(z
SUP,cp, €
tnr =1 r 71
- inf,ep, €O ) (71
Thus, if we let
2" gy
M= | , (72)
om KVn (7”)
we arrive at the following lower bound for M,,:
M, > M,s,. (73)

This is the desired decoupling upscale. Note that the fields (; become more regular as k
decreases. This will lead to the following result.

PROPOSITION 4.2. The random variables t, . satisfy
P(t, > ug("_k)/2_1/4) < ce_“2/c, k=0,..,n—1, (74)

where ¢ is independent of o, n and k. Moreover, t, i and t, y are independent if k#k .

The proof of this proposition is postponed to §4.4 below.

The decoupling downscale is done to the random variables M,, in (72). Obviously
M,, and M,,, are dependent. However, as in (60), most of the terms K, ;:=K,, (I) are
independent of M., if m>n. The few which are not we will process further in a moment.

So let us first look at the dependence of the K, ; on the white noise. For UCR set
Vi =VuNA,. Then K, 1 is VJ'(L D measurable and M,,, is V' measurable. Some drawing
will convince the reader that if dist(j(I), 0) is not too small K, ; and M,, are independent
for m>n. Indeed, consider the ball B/, =B(0,2¢""'/?) so that B, 1CB,CB,. The
regions Vgn\ pr, are disjoint (see Figure 2). Thus the o-algebras ngn \vg, are independent

of each other for n=1,2,....
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Figure 2. A schematic picture of the regions Vg \B/ = Un; where the m,, are measurable.
n n

Let Z,, be the set of I€D such that the Whitney cube C; intersects the annulus
A(0, 0™,20") and j(I)NB],# (some drawing shows such I €D, ; for j=0,£1). More-
over, for each fixed r€ (o™, 20™) let Z,,(r) consist of those intervals I for which CyNS, #@
and j(I)NB],=@. By (60) we then have

KU7L(T)<9"<ZKHJ+ > g_"|IKn71> = 0" (Ln+Ln(r)), r€(0" 20"). (75)

I€1,, I€Z,(r)
Thus inserting (75) into (72) we get
2@" 1
> ————— o "dr. 76
Moz [ e (76)

The term L, (r) in the integrand (76) is independent of M,,,, m>n. However L, is

not and we will decouple it now. From (75) and (29) we get
Ly <) 60, (), (77)
J

where the sum runs over a set of J=(Jp,J2) with JkGUjZO,ianp%ﬂ and JyCB,,
k=1,2. In particular
| J\Bp| =277 T=2"Tp"  k=1,2. (78)
The sum in (77) has an n-independent number of terms (with multiplicities).
Next, estimate d,, (J) in terms of a Vgn\ g Mmeasurable term and perturbation:

:un(Jl\B;)+Vn(J1ﬂB;L) Un(J2\B},)+vn(J2NB],)

Vn(JQ\B%)-FI/n(JQmB;L) Vn(Jl\B,/l)-i-l/n(JlﬁBg)
. vn(J1\B},)+vn(J1NBY,) +Vn(J2\B;1)+l/n(J2mB;’)
N vn(J2\By,) vn(J1\By)

JiNBy) | vn(JNB},)
=4, (J1\B', J,\B' vn(1N By, n nz.
2 (J1\ By, J2\ n)+yn(J2\B;L) vn(J1\By,)

Sy, (J)




RANDOM CONFORMAL WELDINGS 233

Then decompose the perturbation further downscale

vn(JkNB)) = > vn(JN(B,, 1\B},)), k=12,
m=n+1
and (recalling (28)) define
Ln,n = Z 5%,,(‘]1\3;’ JQ\B’;L) (79)
(J1,J2)€T(I)
1€z,
and va (1N (Bl 1\Bp)) . va(J2N (Bl 1 \Bl)
Lin= 3 (SRS ) 6
(J17J2)6(7(1) n\J2 n n\J1 n
IeT,
for m>n+1. Then
Ln < Z Ln,m-
Defining
20" 1
L= —nq 81
" /Q" 1+Ln(r)+Ln,nQ " ( )
and using the inequality
(oo}
L)+ L0 S AL L) (143 L)
m=n+1
we get from (76) that
My =m0, (82)

with

Oy = <1+ i Ln,m>1 (83)

m=n+1
Combining this with (73) we arrive at the desired bound of M,, in terms of random

variables localized in the white noise:
M, =>mpsn0, = M), (84)

PROPOSITION 4.3. (i) The random variables m,, are Vgn\B; measurable, 0<m,, <1,

and they form an independent set. Moreover,
P(m, <z)<Cz for x>0,

where C' is independent of o and n.
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(ii) There exist a>0, g>1 and C<oo (independent of n, m and ) such that for

all m>n2>1 the random variable Ly, ,,, satisfies the estimate

P(Lpm > A) <CA"9pm=n=1/2)(1+a) (85)
Moreover, Ly, , is Vgn\B, measurable. Especially, Ly and Ly 0 are independent if
n>m' or n' >m.

The proof of this proposition is postponed to §4.4.

4.3. Law of large numbers and proof of Theorem 4.1

Here we prove our main probabilistic estimate assuming Propositions 4.2 and 4.3. By

(84), we need to consider

N N
PN::P<ZM;<N5> :]Ex<Zmnsnan<5N> = ExDy» (86)

n=1 n=1

where
N
Dy := {w : Z MpSnOn < 5N}.
n=1

For the sake of notational clarity, we used above (and will often use later on) the short-
hand x(A) for the characteristic function x 4. In order to obtain the desired bound for

Py, we insert suitable auxiliary characteristic functions in the expectation. Define

n—1

Xn= ] X(Lnm <276 T x(tnm <27 " log 3674) =[] X (87)
m=n+1 m=0 m#n

On the support of x,, we have

(oo}
> Lom<s 4

m=n+1

and thus (for <1, say)

L
Similarly, ZZ_:lo tn,m<log £671/% and so
Sp = 261/4,

Insert next

N N
1= [T Oat (1=xa)) = ] en+x5)

n=1 n=1
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in the expectation in (86), and expand to get

Pv= Y Expyxaxie
Ac{1,...,N}

where xA=]],c4 Xn and x%e=]],c 4 X5- On the support of xp,xax4. one has

N
No > Z My SpOp = 51/2 Z My,

n=1 neA

> ]EX<Zmn<61/2N>+ > ExGe, (88)

|A|>aN neA |[A|<aN

SO

where we choose a::% min{1, a}, with a taken from Proposition 4.3 (ii). Observe that «
is independent of p, 6 and N.
Let us consider the two sums on the right-hand side of (88) in turn. For the first

one we use independence: if m4:=)_ ., my then

P(m <38'?N)< e T H Ee™tn. (89)
ncA
By Proposition 4.3 (i),
Ee ™t < Cate ' < 2e7 20, (90)

where the auxiliary variable z=x(t) is chosen so that Cz(t)=e~**®). Here x(t)—0 and
tz(t)— oo as t—oo. Thus, assuming § small enough and taking ¢=¢t() such that

1/2
oty =2,

[0

in the case |A|>aN the right-hand side of (89) is bounded by 2Ve=%""*t()N  where
§172(8) =00 as 6—0". Hence

Z Ex<2mn<51/2N> <2Ne_g(§)N, (91)
|A|>aN neA

where g(d)—o00 as 6—07.

For the second sum in (88) we need to bound
Exg:=E H (1—
neB
for |B|>(1—a«a)N. For that purpose, we shall make use of the elementary identity

(oo}

Hl a; :Z 1;[1 ar), (92)
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valid for any sequence {a;};>1 with a;€[0,1] for all j>1. Recall equation (87) and set
Xnm =1=Xn,m- We also set xj, ,,:=0 for m<0. For any fixed n arrange the variables

X5.m With m€Z into a sequence in some order, and apply the identity (92) to write

l_X’ﬂ:l_ H Xnm ZX’I’L n+lX7’Ll’ (93)

mezZ l€Z
m#n 1#0

with certain variables ¥, ; satisfying 0<x,,; <1. Set

2= XoapiXng and  Xp = X6 X (94)
>0 <0

Then x:<1 (since x;,+X,, =1—x») and

<Y Xomr (95)

+i>0

We may then estimate

[Ta—xw=Tl0+x)=" > Tl

neB neB {sn=%}nep n€EB (96)
< 20 Ier > I
s:Ny>(1—2a)N n:sp=+ s:Ni<(1-2a)N nisp=-—

where N, is the number of n in the set B such that s, =+. We estimate the expectations
of the two products on the right-hand side in turn.

For the first product, let DC{1,..., N} with p:=|D|>(1—2a)N. List the elements
of D as n1<na<...<np. Then, as ng:;j <1,

EXy Xy < D EXo i1 X - Xy < D EX 12 X, -+ Xony (97)
l1>0 l1>0

where n;, is the smallest n; larger than n;+I;. Iterating we get
X, X, Z Z E H X, 41y (98)
r=1 (l1,...,lr)

where n;, , is the smallest n; larger than n;, +1l;, and n; =n;. Since the intervals

[nj,n;+1;] cover the set D, the r-tuples (i, ...,,) in the above sum satisfy

le >p—r. (99)
j=1
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Next, by Proposition 4.3 (ii), the factors in the product in (98) are independent, and

thus
T T
c _ c
E H an‘,j i+l T H EXTHJ- i+l
Jj=1 Jj=1

From (85) and (87) we deduce that
]EXij,n]Jrl <C(p )(5q/4(2q91+a)lj7

whereby

P
EXp, X5, <3 (0)89/%)" (291t =1 ls (100)
r=1 (ll’ . )

Using (99), we see that the right-hand side is bounded by
p "
o(1+a/2)p Z 0)84/4)" Z (290%/2)Xj=11s
r=1
For an upper bound, drop the constraints on /; to bound (100) by
p oo r
Q(1+a/2 pz 5q/4 (Z(qua/Q)l> )
r=1 =1
Choosing first ¢ small enough and then §<d(p), this is bounded by

0(9)51/49(1+a/2)p < C(Q)él/4g(l+a/2)(172a)N < 0(9)51/4g(l+2b)N

with a constant b>0 by our choice of a. The expectation of the first sum in equation
(96) is then bounded by
0(0)2]\[61/49(14’217)]\7' (101)

Consider finally the second sum in equation (96). We proceed as for the first sum,
this time considering a set DC {1, ..., N} with elements ny >ns>...>n, with p>aN. Now
we write X, <le>0 Xy ny—1, and end up with the analogue of equation (98):

p T
EXo, o Xn, <O > TIBXG n 1 (102)
r=1 (I1,...,0n) j=1

where n;; , is the largest n; smaller than n;, —I; and n;; =ni, and this time Proposi-

tion 4.2 was used for independence. From the same proposition we also get

. o2 =l 1/2 (00 5)2
EX:L,nflgce 2o (log 6)*
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For small enough ¢ we have 272/ p=!+1/2> (14 p=1/8)p=1/8 for all I>1. Hence
c r 2 —1/8 —1/8
HEij,mj—lj <c exp(c(logé) o~ (rg / +le)>.
j=1 j=1
As o<1, by (99) we also have

Tg_l/g—i-le >
=1

<p+j2i;lj>.

DN =

Thus
r -1/8 2 r
c co”/"(logd)°p ~
| I Exmjmj_lj < (exp2 " exp( —c(logd)2o /8 g L.
i1 i=1

Now recall that p>aN, take § small enough, and proceed as above by summing first
over the I;’s, and then performing a geometric sum over r in order to conclude that the

second sum in (96) has the upper bound

—1/8 2
2exp(cQ (I(Q)gé) Na>'

For small § this is by far dominated by the bound (101), and therefore
EXCB g 2N+151/4Q(1+2b)N' (103)

Going back to equation (88), and recalling (91) with (101) and (103), we conclude that,
for §<4(0),

which gives the claim of Theorem 4.1.

4.4. Proofs of the propositions

We will now prove Propositions 4.2 and 4.3 of §4.2, describing the statistics of my,, Ly m
and t, . We start by noting that the random measures v, () and " 'vy(p'~"-) are
equal in law. Especially, the m,, are independent and identically distributed, so that it

suffices to study my. Similarly (x|p, equals in law with ¢4

Bn_xrys and thus 2, x equals
tn—k+1,1 in law. The value £=0 is slightly different, but it can be treated exactly in the
same manner as the case k>1. Finally, Ly, ,,, and L; ,—, 11 are equal in law.

We first need the following lemma. Actually, only the statement (105) is needed for
the proofs of Propositions 4.2 and 4.3. The stronger claim (106) will be necessary only

later in the proof of Theorem 5.3.
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LEMMA 4.4. There exist q,q1>1 and C>0 (each independent of ) such that for
all intervals J,I1C [~ 1] satisfying |J|<2|I|, and with mutual distance at most 100|1],

P10 0) cons(IY .

Even a stronger statement is true: given Bmax€(0,v/2), one may choose q=q(Bmax),
41=q1(Bmax)>1 and C=C(Bmax)>0 so that

q1
IP’( qp L) >>\) gCAq(U> . (106)
BE(0,Bamax) V(L) 1]

Proof. We use the comparison (53) with the measure 7 in order to estimate

N
3

(J
v(I)

~

(J)
0 (107)

<Go

3
~

where we recall that all the moments of the variable Gy are finite. Next, in case |I|< 1—(1)0,
we may scale further by using the exact scaling law (55), and apply the translation invari-
ance of 1 to deduce that 1(J)/n(I)~n(J")/n(I"), where now I’, J'C[0,1] with 55 <|I’|
and |J'|<|J|/|I|<100].J'|. In case |I|> 155,

In this situation, if r<oo it follows from Theorem 3.7, or (130) in Appendix B, that
n(I')~t€L" uniformly with respect to I’. We can thus fix exponents 1<q<g<p<2/3>

and get, by (107), Holder’s inequality and Theorem 3.7,

no scaling is needed.

v(J)
v(I)

n(J")
n(1’)

. ‘J| ¢(p)/p
<cpy<e(g) . ao
q

<

-
q

where ((p)>1. The constant C' depends only on the exponents ¢, § and p. Thus

P(’:’((‘I])) > A) <ON1 ("I”)qqp)/p. (109)

The desired bound (105) follows by choosing the exponent ¢>1 close enough to p in order
to ensure that ¢1:=¢((p)/p>1.
In order to consider the maximal estimate (106), choose p>1 and ¢ >0 small enough

so that [0, Bmax]+B(0,3e0) CD,. A standard application of the Cauchy integral formula
and Theorem 3.7 (iii) and (iv) yield that

d
E| sup v({) p<c|I|QQ and E| sup —v(I) p<c|I|q2, (110)
BE(0,Bmax) BEV, fumax) 45
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where g2 =¢2(p, Bmax) >1 and c=c¢(p, Bmax). In turn, when considering the needed esti-

mate for the negative moments,

E( sup V(I)_T) <oo forall r>1, (111)
BE(0,Bmax)

we are not interested in the explicit dependence on |I|. We compute by applying Theo-
rem 3.7 (ii), Holder’s inequality and (110),

Bmax |
E( sup y(I)”’) <Ev(I)~"+rE / I e
BE(0,Bimax) 0 dp
PNV/P /' Bmax LA\
SCH+ (E sup  —v(I) ) </ Ev(I)~(r+bp dﬂ) .
BE(0,Bmax) A 0

Note above that, by the argument of Appendix B, for each ¢, the expectation
Ev(I)~"=Evg(I)~*

is locally bounded for €[0,v/2).
The proof of the lemma is now finished, exactly as in case of (105), by applying
the estimates (110) and (111), and noting that in the scaling argument the maximal

analogue of the variable G5 is just the original variable G5 corresponding to the value
ﬁ:ﬁma)v O

Let us then discuss my. Observe that the denominator of the integrand in (81) can
be dominated as -
14+ L+ Li(r) S1+Lia+ Y 27 km(r), (112)
m=0

where for r€(p,20) and m >0 one sets

ki (r) := Z Kirlens, 2o (113)
I€Dyptm

For any fixed r€(p,20) the sum (113) has at most four non-zero terms.

For m>0 denote by H,, the set of all pairs J=(Jy, J2) that contribute to k., (r)
in (113) for some r€(p,20). To estimate d,,(J), we may scale by the factor o~'/2 in
order to consider instead the identically distributed quantity v(J7)/v(J3), where now
Ji,J3C[-%,4]. Thus Lemma 4.4 applies. As we additionally have |.J;|=|.Js|, there is

g>1 and a constant C'>0 such that

P(6,,(J)>R)<CR™ forall J€ | Hom. (114)

m=0
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Choose next a>0 and y€(0,1) such that
40y 2m07D <
m=0

together with vg>1. Fix R>0. We observe that by these choices
0, (J)<a2"R foral JeH,,, m=>0 = Lq(r)<R for all r €(p,20).

Since we have the obvious estimate #H,, <c2™ for the number of pairs in H,,, by com-

bining the above implication with the uniform estimate (114), one may estimate

P(Ly(r(0)) > R for some 7€ (0,20)) < Y Y P(4,,(J) >a2"™R)
m=0 JEH

SCR™Y  c2m2 "™ CR™.
m=0
In a similar vain we may apply Lemma 4.4 to immediately obtain the corresponding
tail estimate for Lq ;. Indeed, by (79) this depends only on a finite (p-independent)
number of ratios 8, (I1, I2), with I, [y C[—4p,40] and |1}, |I2|>2770; see (78). Putting
things together, we obtain (for R>1, say) the bound

P(ml < é) <CR*<CR™!, (115)

where C is independent of p.

Consider next Ly, ,, with m>n and use Ly, ,~Lim—n+ti. By (80), L1 m—nt1 is
bounded from above by a sum of terms (with g-independent upper bound for their
number)

n(J)
n(I)’
where 278p<|I|<27%p and |J|< o™ "*+'/2 and in addition I, JC[—4g,4¢]. The constant

C above is independent of m, n and p. Via scaling the desired bound (85) is now a direct
m—n—1/2 .

consequence of Lemma 4.4, as we observe that |J|/|I|<Co

Finally we turn to t,; given in (71). By scaling, we may take the sup and the
inf over x€ B,NR of eﬁ’z’, where 1/;::1/)(-,93/2,91/2), and we may replace there QZ by
1/;::@2()—1[)(0). The covariance of v is clearly co~3/2-Lipschitz and the length of the
interval B,NR is 8o". Lemma 3.3 yields that

P(1)] > Mg 2734 < C(1+0)e /2,

which finishes the proof of the remaining Proposition 4.2.
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4.5. Integrability of K,,

In the next section we shall also make use of the the following observation.
LEMMA 4.5. Let 3<+/2. Then almost surely K,€L'([0,1]x][0,2]).

Proof. Recall that S=Rx[0,2] is tiled by the Whitney squares C;. By definition,
on such a square K, is a finite sum of ratios v(J;)/v(J2) with |J;|=|J2|<27* and of con-
trolled mutual distance as in Lemma 4.4. Thus, for |Ji| small enough Jj, lic on a common
interval of length % and we have a uniform bound for Ev(Ji)/v(J2)<||v(J1)/v(J2) |4,
q<2/B3?, from Lemma 4.4 (or more directly from (108)). For the finitely many J; not
fitting to such an interval we use again (108). Hence there is also a uniform bound for
EK,(I) and one obtains

E/ K,dz< Y |C/EK,(I)<C Y |Cy] <. O
(0.1]x[0,2] IcD([0,1]) I

5. Conclusion of the proof

In this final section we give a precise formulation to our main result as a theorem and
prove it using the work done in the previous sections. In order to make the setup clear,
let us recall that our random circle homeomorphism was defined in §3 via formulae (56)
and (57). Its extension to the unit disc is constructed by the method described in §2.4,
and formula (24) in particular.

The welding method described in §2 requires estimates for the Lehto integral of the
distortion function in D. Theorem 2.6 reduces these bounds to the boundary function,

and here the crucial estimates are provided by our Theorem 4.1 in §4.

THEOREM 5.1. Assume that 3°<2. Let ¢:T—T be the random circle homeomor-
phism from Definition 3.8, and let W:D—D be its extension as in (20)—(24). Let

A
R

1= p

be the complex dilatation of the extension on D, and set =0 outside D.
Then almost surely there exists a (random) homeomorphic Wli’cl—solution f:C=C
to the Beltrami equation

O:f=p0,f, ae. inC, (116)

that satisfies the normalization f(z)=z+o0(1) as z—o00. Moreover, there exists a>0

such that the restriction f:T—C is a.s. a-Hélder continuous.
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Proof. We sketch the proof along the lines of [5, Theorem 20.9.4], to which presen-
tation we refer for further details and background.
For any integer n>1 choose N,,=[p~ (***/2)"]€N, where b is as in Theorem 4.1. Set

Cnke = e2™kR/Nn for k= 1,...,N,.

Write also G,,:={(n.1,---,Cn,n, }- Thus the distance on T to the set G,, is bounded by
W/ang(l+b/2)n.
For a given n>1 and k€{1,..., N,,} let us denote by A, 1 the event

k
An = {w:LKV <]Vn’ g”,29> <n5},

and set An:Uiv;‘l Ap. k. Note that here we consider Lehto integrals in the half-plane.
Theorem 4.1 combined with stationarity yields that

St oo N, 0o I
Z]P’(An) < Z ZIP’(AMC) < Z N, o7 < Z o2 < 0.
n=1 n=1 k=1 n=1 n=1

Borel-Cantelli’s lemma yields that almost every w belongs to the complement of the

event

Also, we obtain by Lemma 3.6 that
K. <E’K,,

where almost surely E <oo.
From Theorem 2.6 and (58) we see that K(z, F'), the distortion of the extension of

h, is bounded by a constant times K (z). Hence Lemma 4.5 implies that almost surely

/ K(z,F) dzgco/ K, dz<COE2/ K, dz < .
[0,1]%[0,2] [0,1]1%[0,2] [0,1]1%[0,2]

We may thus forget the probabilistic setup by fixing an event wy €2 so that we are in

the following situaton: we are given the complex dilatation p on D, so that the distortion

_ 14|y
1—|pl

satisfies pointwise

K(eQﬂ'iz)<COKT(Z)<COE(WO)2KV(Z)7 z e H.
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Further, from the definition in (24) we have K=1 for |z|<e™*". Also, K, € L'NLS. on
the square [0, 1] x (0, 2], and for each n>ng and k€{1,..., N,,} it holds that

k k
LK.,. (Nv Qna 29) > E(w0)72LKV (Nv Qna 29) > n(sE(wO)i2 = 77,5/.

We next proceed as in the standard proof of Lehto’s theorem by approximating p

by e.g. the sequence

l
=— leN.
12 l+1“’ €

Let f; denote the corresponding normalized solution of the Beltrami equation with co-
efficient py, i.e. with the asymptotics f;(z)=z4o0(1) as z—00. Then every f; is a quasi-
conformal homeomorphism of C.

To show that (116) has a homeomorphic W1l-solution, we need to control the
approximations f;. For this we first apply [5, Lemma 20.2.3], which tells that the inverse

maps g;= fl_1 have the following modulus of continuity:

_ 16 (o e [ 1w () )
o)) < oy (1 ol [ LG ). mwee

Here the integrals are uniformly bounded as

1 Q)]
T (0] S

and K, €L*([0,1]x[0,2]). Thus the inverse maps g;=f;"* form an equicontinuous family.
In order to check the equicontinuity of the family {f;};>1 itself, we first consider a
point z€D. Writing 2a=1—|z|, observe that K is bounded in B(z,a) and, as

Kl ::K('afl)gKa
we have, for any [>1 and uE(O, %a),

1
>—logg—>oo, as u— 0%,
1K | B2y u

Lk, (z,u,1) > Lx(z,u,a)
Moreover, by Koebe’s theorem or [5, Corollary 2.10.2], we obtain
f(2D) C 5D. (117)
Thus, diam(f;(B(z,1)))<5, which may be combined with Lemma 2.3 to obtain

diam(f;(B(z,u))) —0, asu—0%, uniformly in [.
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This proves the equicontinity at interior points z€D. Equicontinuity at exterior points
follows e.g. from Koebe’s theorem.
In order to next consider the uniform behavior on T, note that it suffices to prove

local equicontinuity on points of [0, 1] for the family
Fy(2)= fi(e*™*), leN.

We first estimate the diameter of the image Fj(B(k/Np,,o"™)), assuming that n>=ny.
Applying the fact that diam(EF;(B(k/Ny,20)))<diam(f;(B((n,k,1)))<5 and using this

together with Lemma 2.3, we obtain
diam (F(B(k/Ny, 0™))) < diam(F} (B(k/Ny, 20)))16e 27 "0 < 80e ™', (118)

From these estimates we get the required equicontinuity. Namely, working now on
the circle T, since the set Gy, is evenly spread on T, the balls B((p x, 0" 1) cover a o"+2-
neighborhood of T in such a way that any two points that are in this neighborhood, with
distance not exceeding 0”12, lie in the same ball. Since this holds for every n>ng, we

infer from (118) that there are £9>0 and a>0 such that, uniformly in [,
|f1(z2)= filw)| < Clz—w|* if |z]| =1, 1—eg<|w|<1+eg and |z—w|<Leg. (119)

One may actually take a=c'/log(1/p). This clearly yields equicontinuity at the points
of T, and hence on C. We may now pass to a limit and one obtains W!!-homeomorphic
solution f(z)=lim; . fi(2) to the Beltrami equation as in [5, p. 585].

At the same time the estimate (119) shows that f: T—C is Hélder continuous. Since
f is analytic outside the disc, with f(z)=z+o0(1) at infinity, in fact it follows that f is
Holder continuous on C\D. O

Collecting the results established, we now arrive at the main theorem of this paper.

THEOREM 5.2. Let ¢=¢,, be the random circle homeomorphism, with the exponen-
tiated GFF as derivative, as defined in (56) and (57).
Then, for %<2 and almost surely in w, the mapping ¢ admits a conformal welding.

That is, there are a random Jordan curve
I'=Ty,z (120)

and conformal mappings f. onto the complementary domains of T such that ¢=f " o f_
on T.
Moreover, almost surely in w, the Jordan curve T in (120) is unique, up to composing

with a Mobius transformation ®=®,, of the Riemann sphere.
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Proof. We argue as in §2. Extend ¢ to a homeomorphism ¥:D—D and using this
define the complex dilatation pu(z) as in Theorem 5.1. Applying the theorem, we then
find a homeomorphic solution f to the auxiliary equation (116). This is conformal out-
side the disc, so we set f_=f|c\p. Inside the disc, K(z, f) is locally bounded, so the
uniqueness of the Beltrami equation gives f(z)=f.-¥(z), 2€D, where f, is a conformal
homeomorphism defined on D. Since the boundary 9f,(D)=90f_ (C\D)=f(T)=T is a

Jordan curve, f. extend to T, where we have

Finally, according to the proof of Theorem 5.1, f_ is Holder continuous in C\D, and thus

the uniqueness of the welding curve follows from the Jones—Smirnov Theorem 2.4. [

Once the random families of curves I'y, 3 have been constructed, it is natural to
enquire for their dependence on the parameter 3. In fact, according to Theorem 3.7 (iii),
the circle homeomorphisms ¢ depend analytically on 5. More precisely, in any compact
subinterval of [0,4/2), the dependence B+7(I), and hence B~ ¢(z), is analytic when
the measures are computed using the same fized realization of the white noise W in the
upper half-plane.

We show that, in the same manner, the welding curves themselves depend continu-
ously on . This should be compared with the analogous question for SLE curves which
is still open.

THEOREM 5.3. Almost surely the random welding curve is continuous in the param-

eter 3€(0,v/2).

Proof. After the maximal estimate (106), the proof follows closely the proof of The-
orem 5.2, and hence we only sketch the argument. By (106) in Lemma 4.4, we may
run through the proofs of Propositions 4.2 and 4.3, and obtain the analoguous maximal
versions. Actually, for Proposition 4.2, this is simple since the dependence of ¢, on 3
is linear. In turn, for Proposition 4.3, one uses fully the bound (106).

The argument of §4.3 now yields an estimate for the Lehto integral which is uniform
in B€(0, Bmax): for positive 0< 0o(Bmax) and §<6(0, Bmax)s With Bumax <2,

P(L, (wo, 0", 20) < N§ for all B€ (0, fmax)) < 01TV, (121)
In addition, we obtain a maximal version of Lemma 4.5:

sup K, € L*(]0,1]x]0,2]). (122)
BE(0,Bimax)
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Let us fix a realization of the white noise so that the estimates (121) and (122)
hold true for all Bax <2, with the understanding that the appropriate constants may
depend on Byax. Assume that 3;— B8.€(0,v/2). Let us denote by fi; (vesp. p; and
K;) the corresponding conformal maps (resp. random dilatation and distortion in D)
obtained in Theorem 5.2.

First of all, Theorem 2.6 yields a local uniform boundedness of K, and sup,>; K;
in D. These facts together with (121) and (122) yield equicontinuity for the maps fi ;
and their inverses (and even uniform local Holder continuity for f_ ;).

Next, since the random homeomorphism ¢ depends continuously on (3, the complex
dilatations p; converge pointwise to fic. At this stage a well-known argument (see e.g.
the proof of [5, Theorem 20.9.4]) shows that f; has a subsequence that converges to
a solution of the Beltrami equation with dilatation ps.. In particular, one applies the
estimate (122) to obtain uniform integrability for the derivatives of the solutions.

Finally, the uniqueness of the welding in the present situation is inherited for the nor-
malized solutions of the Beltrami equation, and this yields the local uniform convergence

for the whole sequences fi j to fi o, as was to be shown. O

Remark 5.4. One may easily verify that the distortion function K of our Beurling—
Ahlfors extension has a.s. the property K¢ L*(D), where the exponent s=s(3)—2 as
B1v/2. Especially, this shows that our random setting lies far from the setup where the
general (deterministic) theory of existence and uniqueness for solutions to degenerate
Beltrami equations still works. In fact, even the optimal deterministic results roughly
require an exponential type integrability of the distortion K (z)=(1+]|u|)/(1—|y|), for
details see [5, Theorems 20.3.1 and 20.5.2].

Finally, we state and prove the generalization of the previous two theorems for a
composition of two independent copies of our random homeomorphism discussed in the
introduction. Since the argument is essentially identical, we only sketch the needed

changes in the proof.

THEOREM 5.5. Let 0<f,, - <v2. Assume that ¢, and ¢_ are two independent
copies of the random homeomorphism (56) with parameters B+. Then, almost surely in
w, the welding problem for the homeomorphism ¢, o¢p=" has a solution I'=Ig, g_, where
I, p_ is a Jordan curve bounding the domains 1, = f(D) and Q_= f_ (D), with Hélder
continuous Riemann mappings fi. For a given w, the solution is unique up to a Mébius

map of the plane and the curves I'g, g_ are continous in B, and 3_.

Proof. Let us extend the circle homeomorphism ¢, inside the unit disc by the
Beurling—Ahlfors extension as in §2.4, and we now denote by ¢, also the extension.

Moreover, let p, stand for the dilatation of ¢, in ID. In a similar manner, define the
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Beurling-Ahlfors extension of ¢_ into C\D by ¢_(1/2)=1/¢_(z), and denote by u_ its
dilatation. Set
wi(z), if zeD,
ey ={ 1t
p-(z), if zeC\D.
Due to our specific choice of the extension, p has a compact support, see (22) and (24).

Since the estimates for the Lehto integral of the distortion function

14y

K=

in the new situation are identical to those presented in Theorem 4.1, the proof of The-
orem 5.1 carries through with only notational changes, yielding as before a solution to
the Beltrami equation

%(z) = u(z)%—f(z) for almost every z € C,

with the normalization F(z)—z=o0(1) as z—o0. In addition, F|r is Hélder continuous.
Next we define the analytic maps f,:D—C and f_:C\D—C via

F(z)=fio¢:(2), 2€D, and F(z)=fc¢_(z), z€C\D.
Especially, one obtains the key formula

Jeopr=f-o¢p- onT, (123)

which shows that the maps f. solve the stated welding problem. Uniqueness of the
solution is deduced as before by observing that f,|r is a Hélder map since f,=Fo¢ ",
where ¢! is Hélder continuous according to Corollary 3.9. Finally, the proof of The-
orem 5.3 can be repeated in order to verify the stated continuity with respect to (..
In the argument one needs to additionally observe that almost surely ¢7' is uniformly
Holder continuous with respect to 0., when the parameter is varying over any compact
subinterval of [0,4/2). In turn, this follows from the proof of the lower bound in Theo-
rem 3.7 (i) combined with a quantitative version of the inequality (111), obtained easily
from the scaling law (54). O

Appendix A. Analytic dependence

The analyticity of the dependence of multifractal random measures on the parameter 3
was established by Barral in [7]. We will prove the analyticity of B—n(I) (the proofs for
B—7(I) and B—v(I) are analogous) and the statements formulated in Theorem 3.7 (iii)



RANDOM CONFORMAL WELDINGS 249

via the techniques of that paper. To start with, we may clearly assume that I is dyadic,
more specifically 7=[0,2""™] with m>1. We apply the notation of §3, and denote, for

integers n>1, by F,, the o-algebra generated by the restriction of the white noise w to

{(z,y):y>2""}.
Define

Ule,n) = w((U+a)n{y>27"}),
and set, for f€C and z€R,

falz,B) = eﬁU(ﬂﬁan)—ﬁz’w(n)/Q7 (124)

where vy (n)=Cov(U(z,n))=14+nlog2. Then f,(z,B) is F,-measurable, and, by def-
inition, {f,(z,5)}n>1 is a complex martingale sequence with respect to the filtration

{Fn}n>1. By considering the real part in the exponent, we compute, for 8=/0 4102,
E| f(8, )| = c(8, p)2"(®" ~PIPHPE/2 iigh p>1, (125)

where ¢(3,p)=e((®*=P)BI+P83)/2  The proof below basically uses only this fact together
with the underlying hidden cascade-like structure of the hyperbolic white noise.

Set
g—m

o= [ @ Bdo= [ fule.)da (126)

I 0

Obviously {X,, },>1 is a complex martingale sequence. Let
fn-‘rl(‘xa 6)

it (2, ) = —14 LD 127
g +1( ) fn(xaﬂ) ( )

Then the g, (z, 8), n€N, are independent. In particular, g,+1(x, 8) is independent of F,,.
Let also I, j:=[(j—1)27", j27"] for 1<j<2".

Assume next that n>m and write
g—m
Xn+1_Xn:/ fn(x7ﬂ)gn+l(xa/6) dx
0

n—m gn—m
< Z + Z )/ fol@, B)gnt1(z, B)de =Y +Y".
j=1 j=1 In,j

jodd jeven

Conditioned on F,, the quantities g,1(-,3)ls, ,, for odd j, are independent by con-
struction. Hence the Burkholder—-Gundy inequality and the simple estimate || - || ;2 <|| - || ¢»
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2)}7/2
j odd
271*77’1' p
=(Z| ~)
j=1 171

Taking expectations and applying Holder’s inequality inside the integral yields

imply that

gn—m

E(IYlplfn)SIE(( Z

| Bt ds

7|

fn(xa 6)gn+1(xvﬂ) d.’t

n,j

gn—m

BYPS S sl [ Blfulo O)gun (o D) do

j=1 In.
S L P(E]£(0, 8) P +El fs1(0, B)IP)
j=1

< 2n7m27np2n((p2*P)ﬁf‘ﬂ’ﬁ;)/%

A similar estimate holds for Y’ and, by recalling that [I|=2""", it follows that
[ X g1 — X |lp < T[S0 B)/Po=(n=m)(G)=D/p for p > m, (128)
In turn, by applying directly (125) together with Hoélder’s inequality in (126), we obtain
1 Xl < 2|77, (129)

As the geometric convergence of the estimate (128) is uniform in any compact subset of
D, we get by a standard application of Cauchy’s integral formula and Borel-Cantelli’s

lemma, the a.s. limit

X := lim X,,

n—oo

and the convergence is locally uniform with respect to the parameter f€D,. Hence, X
is a.s. analytic in D), and, by summing up the estimates (128) and (129), we obtain in

any compact subset 3€S5CD), the estimate
1X ||, < C(S)| 1| @7,

as was to be shown.
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Appendix B. Negative moments

Here we prove the finiteness of all negative moments for the measure 7, defined in the
proof of Theorem 3.7. One first needs to verify non-degeneracy of 1 over any subinterval
([20], [21]; see also [6, Theorems 1 and 2]), and to this end we recall the functions f,, and
gn, from (124) and (127). We may write 1 as the a.s. limit

n(dz) =w*-lim f, (z, ;w) dzr =w*lim _Ho(l +g;) dx,
J:

where the densities g;=g;(z, 3, w) are independent. Moreover, Ef, (x)=1 for each x and
n, and f,(z) are a.s. bounded from below by a positive constant.

Let I be a dyadic subinterval and set Y, (w):= [} fn(z,w) dz. By Kolmogorov’s 0-1
law, the probability for lim,, ., Y,, =0 is either zero or one. The second alternative can
be ruled out by observing that EY, =|I| for all n and that {Y,},,>1 is an LP-martingale
with p>1, according to Theorem 3.7.

We are now ready to start the proof of
En(I)71<C<o0, 0<g<oo, (130)

for 32 <2. Here the constant C=C(q,|I|,3) depends only on the exponent g, the length
|7| and the parameter 5. Fix ¢>0. Define, for >0, the set U, ;:={(z,y)eU:e<y<t}.

As in (52) one deduces the existence of the limit measure

ne(dz) := lim PUe (@) =% Cov(Ue,)/2 g (131)

e—0t

Set M:=1m,2([0,1]), M, ::771/8([0, i]) and Mg:znl/g([%, 1}) By scaling and translation
invariance the random variables My, My and M are identically distributed. Moreover,

by comparing the exponents as in the proof of Lemma 3.5, we see that

where
B .= einsz[O,l] 5U1/8,1/2(7J)—52 Cov(Ui/s,1/2)/2

has all moments finite. By construction, the random variables M7, Ms and B are inde-
pendent.

Similarly, by comparing 1 and 7, /2, we see that it is enough to prove that

EM~%<oco for ¢>0. (133)
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We first prove this for small values of q. To this end, consider for s>0 the Laplace

transform
s (s) :=Ee M <Re sBOMAM2) <Ry, (sB)Wyy, (sB) =EW(sB)2. (134)

Since especially EB~! < oo, we may estimate P(B<1/s)<c/s. By substituting s? in place
of s in (134) and applying this inequality, we obtain

pr(5%) < S+ TR (), (135)

where one may assume that ¢>2.
Set f(s):=(c/s'/2+W¥(s)). Then (135) yields

J(7) = S+ War (%) < F(s). (136)

Since Wy (s)—0 as s—oo (while P(M=0)=0), we may choose so>0 with Wy(s0)<3,
whence (136) iterates to f(sgk)<2_2k for k>1. Together with the monotonicity of f,
this yields 6>0 such that f(s)<cs™ for s>0, especially ¥y (s)<cs™°.
We obtain that -
EM /2= c/ Ee*Ms%/271 s < .
0

In order to cover all values of ¢ in (133) we employ a simple bootstrapping argument.
Assume that EM ~9< oo for some ¢>0. By applying the inequality between the arithmetic
and geometric mean, the independence of B, M; and Ms, and the fact that B has all

negative moments finite, we may estimate
EM 21 <E(B(M;+Ms)) 21 < cB(M; M)~ %= c(EM ™) < 0. (137)

By induction, this finishes the proof.

References

[1] ADLER, R.J. & TAYLOR, J.E., Random Fields and Geometry. Springer Monographs in
Mathematics. Springer, New York, 2007.

[2] ArauLT, H., MALLIAVIN, P. & THALMAIER, A., Canonical Brownian motion on the space
of univalent functions and resolution of Beltrami equations by a continuity method along
stochastic flows. J. Math. Pures Appl., 83 (2004), 955-1018.

[3] — Brownian measures on Jordan—Virasoro curves associated to the Weil-Petersson metric.
J. Funct. Anal., 259 (2010), 3037-3079.

[4] ANDERSON, G.D., VAMANAMURTHY, M.K. & VUORINEN, M.K., Conformal Invari-
ants, Inequalities, and Quasiconformal Maps. Canadian Mathematical Society Series
of Monographs and Advanced Texts. Wiley, New York, 1997.



RANDOM CONFORMAL WELDINGS 253

AstarA, K., Iwaniec, T. & MARTIN, G., Elliptic Partial Differential Equations and
Quasiconformal Mappings in the Plane. Princeton Mathematical Series, 48. Princeton
University Press, Princeton, NJ, 2009.

Bacry, E. & Muzy, J.F., Log-infinitely divisible multifractal processes. Comm. Math.
Phys., 236 (2003), 449-475.

BARRAL, J., Techniques for the study of infinite products of independent random functions
(Random multiplicative multifractal measures II1), in Fractal Geometry and Applica-
tions: a Jubilee of Benoit Mandelbrot, Proc. Sympos. Pure Math., 72, Part 2, pp. 53-90.
Amer. Math. Soc., Providence, RI, 2004.

BARRAL, J. & MANDELBROT, B.B., Introduction to infinite products of independent
random functions (Random multiplicative multifractal measures I), in Fractal Geome-
try and Applications: a Jubilee of Benoit Mandelbrot, Proc. Sympos. Pure Math., 72,
Part 2, pp. 3-16. Amer. Math. Soc., Providence, RI, 2004.

[9] — Non-degeneracy, moments, dimension, and multifractal analysis for random multiplica-

[10]
[11]
[12]
[13]

[14]

[15]

[16]

[17]
[18]
[19]
[20]
21]
22]

[23]

[24]

tive measures (Random multiplicative multifractal measures II), in Fractal Geometry
and Applications: a Jubilee of Benoit Mandelbrot, Proc. Sympos. Pure Math., 72,
Part 2, pp. 17-52. Amer. Math. Soc., Providence, RI, 2004.

BEURLING, A. & AHLFORS, L., The boundary correspondence under quasiconformal map-
pings. Acta Math., 96 (1956), 125-142.

BINDER, 1. & SMIRNOV, S., Personal communication, 2010.

BoucHAUD, J.P. & FyYoporov, Y. V., Freezing and extreme-value statistics in a random
energy model with logarithmically correlated potential. J. Phys. A, 41 (2008), 372001,
12 pp.

CARDY, J., Scaling and Renormalization in Statistical Physics. Cambridge Lecture Notes
in Physics, 5. Cambridge University Press, Cambridge, 1996.

CARPENTIER, D. & LE DoussAL, P., Glass transition of a particle in a random potential,
front selection in nonlinear renormalization group, and entropic phenomena in Liouville
and sinh-Gordon models. Phys. Rev. E, 63 (2001), 026110, 33 pp.

DUPLANTIER, B. & SHEFFIELD, S., Liouville quantum gravity and KPZ. Invent. Math.,
185 (2011), 333-393.

Fyoporov, Y. V., LE DoussaL, P. & Ro0sso, A., Statistical mechanics of logarithmic
REM: duality, freezing and extreme value statistics of 1/ f noises generated by Gaussian
free fields. J. Stat. Mech. Theory Ezp., 2009 (2009), P10005, 32 pp.

JERISON, D.S. & KEenNiGg, C.E., Hardy spaces, A, and singular integrals on chord-arc
domains. Math. Scand., 50 (1982), 221-247.

JoNEs, P. W. & SMIRNOV, S. K., Removability theorems for Sobolev functions and quasi-
conformal maps. Ark. Mat., 38 (2000), 263-279.

KAHANE, J.-P., Some Random Series of Functions. Cambridge Studies in Advanced Math-
ematics, 5. Cambridge University Press, Cambridge, 1985.

— Sur le chaos multiplicatif. Ann. Sci. Math. Québec, 9 (1985), 105-150.

— Positive martingales and random measures. Chinese Ann. Math. Ser. B, 8 (1987), 1-12.

KAHANE, J.-P. & PEYRIERE, J., Sur certaines martingales de Benoit Mandelbrot. Adv.
Math., 22 (1976), 131-145.

LeEHTO, O., Homeomorphisms with a given dilatation, in Proceedings of the Fifteenth
Scandinavian Congress (Oslo, 1968), Lecture Notes in Mathematics, 118, pp. 58-73.
Springer, Berlin—Heidelberg, 1970.

MANDELBROT, B., Intermittent turbulence in self-similar cascades: divergence of high
moments and dimension of the carrier. J. Fluid Mech., 62 (1974), 331-358.



254

[25]
[26]
[27)
28]

[29]

K. ASTALA, P. JONES, A. KUPIAINEN AND E. SAKSMAN

MoLcHAN, G. M., Scaling exponents and multifractal dimensions for independent random
cascades. Comm. Math. Phys., 179 (1996), 681-702.

O1kAawA, K., Welding of polygons and the type of Riemann surfaces. Kodai Math. Sem.
Rep., 13 (1961), 37-52.

REED, T.J., On the boundary correspondence of quasiconformal mappings of domains
bounded by quasicircles. Pacific J. Math., 28 (1969), 653-661.

SAMORODNITSKY, G., Probability tails of Gaussian extrema. Stochastic Process. Appl., 38
(1991), 55-84.

ScHRAMM, O., Scaling limits of loop-erased random walks and uniform spanning trees.
Israel J. Math., 118 (2000), 221-288.

[30] — Conformally invariant scaling limits: an overview and a collection of problems, in Inter-

national Congress of Mathematicians (Madrid, 2006). Vol. I, pp. 513-543. Eur. Math.
Soc., Zurich, 2007.

SHEFFIELD, S., Conformal weldings of random surfaces: SLE and the quantum gravity
zipper. Preprint, 2010. arXiv:1012.4797 [math.PR].

SMIRNOV, S., Conformal invariance in random cluster models. I. Holomorphic fermions in
the Ising model. Ann. of Math., 172 (2010), 1435-1467.

TALAGRAND, M., Sharper bounds for Gaussian and empirical processes. Ann. Probab., 22
(1994), 28-76.

VAINIO, J. V., Conditions for the possibility of conformal sewing. Ann. Acad. Sci. Fenn.
Ser. A I Math. Dissertationes, 53 (1985), 43 pp.

[35] VUORINEN, M., Conformal Geometry and Quasiregular Mappings. Lecture Notes in Math-

ematics, 1319. Springer, Berlin—Heidelberg, 1988.

KARI ASTALA

University of Helsinki

Department of Mathematics and Statistics
P.O. Box 68

FI-00014 University of Helsinki

Finland

kari.astala@helsinki.fi

ANTTI KUPIAINEN

University of Helsinki

Department of Mathematics and Statistics
P.O. Box 68

FI-00014 University of Helsinki

Finland

antti.kupiainen@helsinki.fi

Received September 8, 2009
Received in revised form August 3, 2010

PETER JONES

Yale University

Department of Mathematics
10 Hillhouse Ave

New Haven, CT 06510
U.S.A.
jones@math.yale.edu

EERO SAKSMAN

University of Helsinki

Department of Mathematics and Statistics
P.O. Box 68

FI-00014 University of Helsinki

Finland

eero.saksman@helsinki.fi



